N. A. Kitanin FORM–FAKTORY MODELI q–BOZONOV V PREDELE KRISTALLIZACII

Vvedenie

V fftoæ rabote budut poluqeny determinantnye predstavleniØ dlØ form-faktorov modeli q-bozonov na rexetke. Vyqislenie form-faktorov ØvlØetsØ vaßnym xagom na puti poluqeniØ determinantnyh predstavleniæ dlØ temperaturnyh, zavisØwih ot vremeni, korrelØcionnyh funkciæ. Takie predstavleniØ byli poluqeny dlØ gaza nepronicaemyh bozonov [6, 7] i dlØ XXO magnetika [8]. Analogiqnoe predstavlenie my rassqityvaem poluqit~ dlØ modeli q-bozonov v predele kristallizacii. �ta model~, vvedennaØ i rexennaØ metodom algebraiqeskogo anzatca Bete v rabotah [4, 5], ØvlØetsØ interesnym rexetoqnym obobweniem modeli odnomernogo Boze-gaza i v to ße vremØ kvantovym analogom klassiqeskogo uravneniØ Ablovica–Ladika. Sleduet otmetit~, qto predel kristallizacii v otliqii ot predela nepronicaemyh bozonov i XXO modeli ne ØvlØetsØ toqkoæ svobodnyh fermionov.

Model~ q-bozonov

Model~ q-bozonov byla vvedena v rabote [4]. Algebra qbozonov zadaetsØ tremØ operatorami a, a^+, N = N^+

[N, a^+] = a^+, [N, a] = −a,

aa^+ − qa^+a = q^{−N} , q = e^{2γ} .

(1.1)

Ona voznikaet v teorii kvantovyh grupp kak q-deformirovannaØ algebra Geæzenberga–VeælØ (sm., naprimer, [3]). PerehodØ k operatoram B^+ = a^+q^{− 1}2^N , B = (B^+)^+, poluqim algebru s sootnoxeniØmi

[N, B^+] = B^+ , [N, B] = −B, [B, B^+] = q^{−2N} . (1.2)

V predele q → 1 sootnoxeniØ (1.2) perehodØt v obyqnye bozonnye kommutacionnye sootnoxeniØ. 231

232 N. A. KITANIN

Model~ q-bozonov na rexetke zadaetsØ gamil~tonianom

H_q = − 1 2 M∑ n=1 ( B^+_n B_{n+1} + B_n B^+_{n+1} − 2N_n ) (1.3)

s periodiqeskimi graniqnymi usloviØmi B_{n+M} = B_n. Operatory B_n, B^+_n , N_n kommutiru¸t v raznyh uzlah i udovletvorØ¸t (1.2) v odnom uzle.

Odnim iz interesnyh qastnyh sluqaev (1.3) ØvlØetsØ predel kristallizacii (q → ∞). Gamil~tonian v predele kristallizacii primet vid H = − 1 2 M∑ n=1 ( ψ^+_n ψ_{n+1} + ψ_n ψ^+_{n+1} − 2N_n ) . (1.4)

Operatory ψ^+_n , ψ_n, N_n kommutiru¸t sledu¸wim obrazom [ N_i, ψ^+_j ] = ψ^+_i δ_{ij} [N_i, ψ_j] = −ψ_iδ_{ij} [ ψ_i, ψ^+_j ] = π_iδ_{ij} , gde π_i – lokal~nyæ vakuumnyæ proektor π_i = (|0⟩⟨0|)_i . V rabote [5] pokazano, qto sobstvennye sostoØniØ i sobstvennye znaqeniØ (1.3), (1.4) mogut byt~ naædeny metodom algebraiqeskogo anzatca Bete (sm., naprimer, [1]). L-operator modeli imeet vid

L_n(λ) = ( e^λ χB^+_n χB_n e^{−λ} ) , (1.5)

gde χ = (1 − q^{−2})^12 .

Kommutacionnye sootnoxeniØ dlØ fftih L-operatorov moßno zapisat~ v standartnoæ forme R(λ, μ)L_n(λ) ⊗ L_n(μ) = L_n(μ) ⊗ L_n(λ)R(λ, μ) s R-matriceæ

R(λ, μ) = f(λ, μ) 0 0 0 0 g(λ, μ) 1 0 0 q^{−2} g(λ, μ) 0 0 0 0 f(λ, μ)

, (1.6)

FORM–FAKTORY MODELI q–BOZONOV 233 gde funkciØ f(λ, μ), g(λ, μ) ime¸t vid f(λ, μ) = e^{−2γ} sinh (λ − μ + 2γ) sinh (λ − μ) , g(λ, μ) = e^{−2γ} sinh 2γ sinh (λ − μ) . (1.7)

V [5] dokazano, qto gamil~tonian (1.3) kommutiruet so sledom matricy monodromii T (λ)

T (λ) = T (λ) = L_M (λ) . . . L_1(λ) = ( A(λ) B(λ) C(λ) D(λ) ) pri l¸bom λ i sledovatel~no sobstvennye sostoØniØ modeli mogut byt~ poluqeny kak^N ∏ j=1 B(λ_j )|0⟩ esli nabor {λ_j }^N_1 udovletvo-

rØet uravneniØm Bete e^{2Mλj} = ∏ k≠j f(λ_k, λ_j) f(λ_j , λ_k) . (1.8)

V predele kristallizacii funkcii f(λ, μ), g(λ, μ) primut vid f(λ, μ) = e^{2λ} e^{2λ} − e^{2μ} , g(λ, μ) = e^{λ+μ} e^{2λ} − e^{2μ} . UravneniØ (1.8) v fftom sluqae sil~no uprowa¸tsØ

exp {2(M + N )λ_j} = (−1)^{(N−1)} exp { 2 2∑ k=1 λ_k } . (1.9)

�ti uravneniØ moßno rexit~ toqno. My zapixem ih rexeniØ, ispol~zuØ impul~sy p_j = −2iλ_j

p_j =

2πI_j + N∑ k=1 p_k M + N , N = 2n + 1

p_j =

2πI_j + π + N∑ k=1 p_k M + N , N = 2n. (1.10)

Netrudno dokazat~, qto takim obrazom stroitsØ polnyæ nabor sobstvennyh sostoØniæ modeli.

234 N. A. KITANIN

2. SkalØrnye proizvedeniØ DlØ vyqisleniØ razliqnyh korrelØtorov v pervu¸ oqered~ neobhodimo poluqit~ predstavlenie dlØ funkciæ ~S ({λ^B_j }, {λ^C_k }) = ⟨0|C(λ^C_1 ) . . . C(λ^C_N )B(λ^B_N ) . . . B(λ^B_1 )|0⟩. (2.1) Ispol~zuØ kommutacionnye sootnoxeniØ, zadavaemye R-matri-ceæ (1.6), predstavim ~S ( {λ^B_j }, {λ^C_k } ) v sledu¸wem vide ~S ({λ^B_j }, {λ^C_k }) = ∑ AD N∏ α=1 a(λ^A_α ) N∏ β=1 d(λ^D_β )K_N ( {λ^C } {λ^B } {λ^A} {λ^D} ) , (2.2)

gde summirovanie vedetsØ po vsem razbieniØm mnoßestva {λ^B_j } ∪

{λ^C_k } na dva podmnoßestva {λ^B_j } ∪ {λ^C_k } = {λ^A_α } ∪ {λ^D_β } takih, qto card{λ^B_j } = card{λ^C_k } = card{λ^A_α } = card{λ^D_β } = N , a

a(λ) i d(λ) – vakuumnye sobstvennye znaqeniØ operatorov A(λ)

i D(λ).

Kofffficienty K_N ( {λ^C } {λ^B } {λ^A} {λ^D} ) tesno svØzany so statsummoæ, sootvetstvu¸weæ neodnorodnoæ xestiverxinnoæ modeli s graniqnymi usloviØmi “domennoæ steny” (sm., naprimer, [1]). Sleduet otmetit~, qto ffti kofffficienty opredelØ¸tsØ iskl¸- qitel~no R-matriceæ i ne zavisØt ot vida L-operatora. XestiverxinnaØ model~, sootvetstvu¸waØ R-matrice (1.6), zadaqetsØ L-operatorom ~L_{α,k}(λ_α, ν_k) =

= e^γ a(λ_α, ν_k) 0 0 0 0 e^{−γ} b(λ_α, ν_k) c(λ_α, ν_k) 0 0 c(λ_α, ν_k) e^γ b(λ_α, ν_k) 0 0 0 0 e^{−γ} a(λ_α, ν_k)

(2.3)

a(λ_α, ν_k) = sinh (λ_α − ν_k − γ), b(λ_α, ν_k) = sinh (λ_α − ν_k + γ), c(λ_α, ν_k) = −sinh 2γ.

(2.4)

UsloviØ “domennoæ steny” sostoØt v tom, qto na na verhneæ i nißneæ granice vse strelki napravleny vnutr~. a na pravoæ i levoæ granice – narußu.

FORM–FAKTORY MODELI q–BOZONOV 235 Statsumma fftoæ modeli moßet byt~ vyqislena metodom, opisannym v rabote [2]. Pri fftom obnarußivaetsØ, qto ona ravna statsumme neodnorodnoæ xestiverxinnoæ modeli, sootvetstvu- ¸weæ trigonometriqeskoæ R-matrice, vyqislennoæ v [2]. V rezul~tate poluqim

Z_N =

(−1)^N N∏ α=1 N∏ k=1 sinh (λ_α − ν_k − γ) sinh (λ_α − ν_k + γ) ∏ α<β sinh (λ_α − λ_β ) ∏ k<l sinh (ν_l − ν_k) det_N M,

(2.5)

gde matrica M imeet vid M_{α,k} = sinh 2γ

sinh (λ_α − ν_k − γ) sinh (λ_α − ν_k + γ)

. (2.6)

Starxiæ kofffficient K_N ( {λ^C } {λ^B} {λ^A} {λ^D} ) vyraßaetsØ qerez

statsummu Z_N sledu¸wim obrazom: K_N ( {λ^C } {λ^B } {λ^A} {λ^D} ) =

= e^{−2γN 2} N∏ j,k=1 sinh (λ^B_j − λ^C_k ) −1 Z_N ( {λ^B_j }, {λ^C_k + γ} ) , (2.7)

Dokazatel~stvo fftoæ formuly praktiqeski v toqnosti povtorØet privedennoe v [1] dokazatel~stvo analogiqnoæ formuly dlØ racional~noæ R-matricy.

Ostal~nye kofffficienty vyraßa¸tsØ qerez starxiæ kofffficient po formule K_N ( {λ^C} {λ^B} {λ^A} {λ^D} ) = ∏ j∈AC ∏ k∈DC f ( λ^{AC}_j , λ^{DC}_k ) × ( ∏ l∈AB ∏ m∈DB f ( λ^{AC}_l , λ^{DB}_k ) ) ×

×K_{n0} ( {λ^{AB}} {λ^{DC} } {λ^{AB}} {λ^{DC} } ) K_{N−n0} ( {λ^{AC} } {λ^{DB} } {λ^{AC} } {λ^{DB} } ) . (2.8)

236 N. A. KITANIN

V predele kristallizacii poluqa¸tsØ dovol~no prostye determinantnye predstavleniØ dlØ kofffficientov. Starxiæ kofffficient v fftom sluqae primet vid K_N ( {λ^C } {λ^B} {λ^C } {λ^B} ) =

= ∏ j<l ( e^{2λBj} − e^{2λBl} ) ∏ k<m ( e^{2λCm} − e^{2λCk} ) −1 × ×det_N K ( {λ^B_j }, {λ^C_k } ) , (2.9)

gde matrica K zadaetsØ sledu¸wim obrazom K_{jk} = exp ( (2N − 1)λ^C_k + λ^B_j ) e^{2λC}k − e^{2λBj} . DlØ ostal~nyh kofffficientov poluqim K_N ( {λ^C } {λ^B } {λ^A} {λ^D} ) =

= ∏ j<l ( e^{2λBj} − e^{2λBl} ) ∏ k<m ( e^{2λCm} − e^{2λCk} ) −1 × ×(−1)^{([P ]+[Q])} det_{n0} K ( {λ^{DC} }, {λ^{AB}} ) × ×det_{N−n0} K ( {λ^{DB} , {λ^{AC}} ) ,

(2.10)

gde P i Q – ffto perestanovki {λ^B} → {λ^{AB}} ∪ {λ^{DB} }, {λ^C } →

{λ^{AC} } ∪ {λ^{DC} } sootvetstvenno.

V dal~neæxem my budem rassmatrivat~ skalØrnye proizvedeniØ sostoØniæ normirovannyh special~nym obrazom S ( {λ^B_j }, {λ^C_k } ) = ⟨ 0| N∏ k=1 C(λ^C_k )^{N∏}_{j=1} B(λ^B_j )|0 ⟩ , (2.11) gde B(λ^B_j ) =^{B(λBj )}_{d(λBj )} , C(λ^C_j ) =^{B(λCj )}_{d(λCj )} .

FORM–FAKTORY MODELI q–BOZONOV 237 Ispol~zuØ (2.2), (2.10), a takße formulu dlØ determinanta summy dvuh matric, poluqim dlØ skalØrnogo proizvedeniØ S{λ^B_j }, {λ^C_k } = = ∏ j<l ( e^{2λBj} − e^{2λBl} ) ∏ k<m ( e^{2λCm} − e^{2λCk} ) −1 × ×det_N F ( {λ^B_j }, {λ^C_k } ) , (2.12)

F_{jk} = r(λ^B_j ) exp

ı_{(2}

N � 1)λ^B_j + λ^C_k^ȷ � r(λ^C_k ) exp^ı(2N � 1)λ^C_k + λ^B_j^ȷ e2^{λBj} � e2^{λC}k , (2.13)

gde r(λ) =^{a(λ)}_{d(λ)} . V modeli Q-bozonov r(λ) = e^{2λM} . Takim obrazom matrica F imeet vid F_{jk} = exp ı_{(2}

N + 2M � 1)λ^B_j + λ^C_k ȷ � exp^ı(2N + 2M � 1)λ^C_k + λ^B_j^ȷ e2^{λBj} � e2^{λC}k . (2.14)

V sluqae kogda nabory {λ^B} i {λ^C } sovpada¸t i udovletvorØ¸t uravneniØm Bete (1.9), determinant (2.12) netrudno vyqislit~. Snova perehodØ k impul~sam, poluqim dlØ normy betevskoæ volnovoæ funkcii ⟨ψ(p_1, . . . , p_N )|ψ(p_1, . . . , p_N )⟩ = = ∏ j≠k 1 e^{ipj} − e^{ipk} e^{iP (N−1)}M (M + N )^{N−1}, (2.15)

gde P =^N ∑ j=1 p_j .

3. Matriqnye fflementy exp{αQ(m)}

Pri rassmotrenii korrelØtorov modeli nepronicaemyh bozonov [7] i XXO modeli [8] vaßnu¸ rol~ igraet srednee znaqenie operatora exp{αQ(m)}, gde Q(m) – ffto operator qisla qastic na otrezke dliny m. V modeli q-bozonov takße moßno poluqit~ determinantnoe predstavlenie dlØ matriqnyh fflementov fftogo operatora, no tol~ko ispol~zuØ dual~nye polØ (sm., naprimer, [1]). V predele kristallizacii v kaqestve dual~nyh poleæ moßno ispol~zovat~ kanoniqeskie bozonnye operatory.

238 N. A. KITANIN

My budem rassmatrivat~ matriqnye fflementy vida R_m ( {λ^B_j }, {λ^C_k } ) = = ⟨ 0| N∏ k=1 C(λ^C_k ) exp{αQ(m)}^{N∏}_{j=1} B(λ^B_j )|0 ⟩ . (3.1)

Matricu monodromii modeli moßno predstavit~ v sledu¸- wem vide

T (λ) = T_2(λ)T_1(λ)

T_2(λ) = L_M (λ) . . . L_{m+1}(λ) = ( A_2(λ) B_2(λ) C_2(λ) D_2(λ) )

T_1(λ) = L_m(λ) . . . L_1(λ) = ( A_1(λ) B_1(λ) C_1(λ) D_1(λ) ) . (3.2)

Ispol~zuØ ffto razbienie, funkci¸ (3.1) moßno predstavit~ sledu¸wim obrazom R_m ( {λ^B_j }, {λ^C_k } ) = ∑ I,II e^{αn1} ∏ I r_2(λ^B_I )_1 ⟨ 0| ∏ I C1(λ^C_I )^∏_I B1(λ^B_1 )|0 ⟩ 1 ×

× ∏ II r_1(λ^B_{II} )_2 ⟨ 0| ∏ II C2(λ^C_{II})^∏_{II} B2(λ^B_{II})|0 ⟩ 2 × ( ∏ I ∏ II e^{2λBI} e^{2λBI} − e^{2λBII} ) ( ∏ I ∏ II e^{2λCII} e^{2λCII} − e^{2λCI} ) ,

gde summa beretsØ po vsem razbieniØm mnoßestv {λ^B} i {λ^C} na dva podmnoßestva {λ^B_I }, {λ^B_{II}} i {λ^C_I }, {λ^C_{II}} sootvetstvenno, takih qto card{λ^B_I } = card{λ^C_I } = n_1 n_1 = 0, 1, . . . , N

card{λ^B_{II}} = card{λ^C_{II}} = N − n_1 ≡ n_2.

FORM–FAKTORY MODELI q–BOZONOV 239 Ispol~zuØ (2.12), poluqim

R_m ( {λ^B_j }, {λ^C_k } ) = ∏ j<1 ( e^{2λBj} −e^{2λBl} ) ∏ k<m ( e^{2λCm} −e^{2λCk} ) −1 × ∑ I,II

(−1)^{([P ]+[Q])} det_{n1} U_1 ( {λ^B_I }, {λ^C_I } ) × ×det_{N−n1} U_2 ( {λ^B_{II}}, {λ^C_{II}} ) , (3.3) gde P i Q – ffto perestanovki {λ^B } → {λ^B_I } ∪ {λ^B_{II}}, {λ^C } → {λ^C_I } ∪

{λ^C_{II}} sootvetstvenno, a matricy U_1 i U_2 ime¸t vid

U_{1jk} = e^α e^{2λBj} − e^{2λC}k × × ( exp((2N + 2M − 1)λ^B_j + λ^C_k )− − exp((2N + 2M − 2n_1 − 2m + 1)λ^B_j + (2m + 2n_1 − 1)λ^C_k ) ) , U_{2jk} = 1 e^{2λBj} − e^{2λC}k × × ( exp((2N + 2M − 2m − 2n_1 − 1)λ^B_j + ((2m + 2n_1 + 1)λ^C_k ))− − exp((2N + 2M − 1)λ^C_k + λ^B_j ) ) . (3.4) Matriqnye fflementy U_1 i U_2 zavisØt ot n_1, i sledovatel~no formula dlØ determinanta summy matric v fftom sluqae ne rabotaet. Odnako, esli vvesti vspomogatel~nye bozonnye operatory, to ffta zavisimost~ isqezaet. Vvedem qetyre pary operatorov

ψ^+_j , ψ_j , j = 1, 2, 3, 4

[ψ_j ψ_k] = [ψ^+_j ψ^+_k ] = 0, [ψ_j ψ^+_k ] = δ_{j,k},

deæstvu¸wih vo vspomogatel~nom prostranstve Foka s vakuumom |0)

ψ_j |0) = 0, (0|ψ^+_j = 0.

Ispol~zuØ kommutacionnye sootnoxeniØ meßdu operatorami

ψ^+_j , ψ_j nesloßno dokazat~ sledu¸wie ravenstva

det_{n1} U_1({λ^B_I }, {λ^C_I }) = (0|det_{n1} V_1({λ^B_I }, {λ^C_I })|0) det_{N−n1} U_2({λ^B_{II}}, {λ^C_{II}}) = (0|det_{N−n1} V_2({λ^B_{II} }, {λ^C_{II}})|0),

(3.5)

240 N. A. KITANIN gde matricy V_1 i V_2, zavisØwie ot vspomogatel~nyh operatorov, ime¸t vid

V_{1jk} = e^α exp(ψ^+_2 + ψ_1) e^{2λBj} − e^{2λC}k (exp((2N + 2M − 1)λ^B_j + λ^C_k )−

− exp((2N + 2M − 2m + 1)λ^B_j + +(2m − 1)λ^C_k + 2(λ^C_k − λ^B_j )(ψ^+_1 + ψ_2))

(3.6)

V_{2jk} = exp(ψ^+_1 + ψ_3) e^{2λC}k − e^{2λBj} (exp((2N + 2M − 1)λ^C_k + λ^B_j )−

− exp((2M − 2m − 1)λ^B_j + +(2N + 2m + 1)λ^C_k + 2(λ^B_j − λ^C_k )(ψ^+_3 + ψ_4)).

(3.7)

Posle podstanovki sootnoxeniæ (3.5) v (3.3) moßno primenit~ formulu dlØ determinanta summy R_m({λ^B_j }, {λ^C_k }) = ∏ j<l ( e^{2λCm} −e^{2λCk} ) −1 × × ( 0|det_N V (α, m, {λ^B_j }, {λ^C_k })|0 ) , (3.8) gde V_{jk}(α, m) = V_{jk} + V_{2jk} . V nekotoryh qastnyh sluqaØh, primenØØ formulu (3.8), moßno poluqit~ sootnoxeniØ, pozvolØ¸wie izbavlØt~sØ ot vspomogatel~nyh operatorov. Ispol~zuØ oqevidnoe ravenstvo R_m({λ^B_j },

{λ^C_k }) |_{α=0}= S({λ^B_j }, {λ^C_k }), poluqim

(0|det_N V (0, m, {λ^B_j }, {λ^C_k })|0) = det_N F ({λ^B_j }, {λ^C_k }), (3.9)

gde matrica F zadaetsØ formuloæ (2.14). �to sootnoxenie igraet vaßnu¸ rol~ pri vyqislenii form-faktorov.

4. Form-faktor Zdes~ budut vyqisleny matriqnye fflementy operatorov ϕ_m i ϕ^+_m v bazise normirovannyh betevskih sostoØniæ.

Naqnem s togo, qto rassmotrim funkci¸ G ( {λ^B_j }, {λ^C_k } ) = ⟨ 0| N−1∏ k=1 C(λ^C_k )ϕM^{N∏}_{j=1} B(λ^B_j )|0 ⟩ . (4.1)

FORM–FAKTORY MODELI q–BOZONOV 241 Ispol~zuØ razbienie (3.2) s m = M − 1 i uqityvaØ qto v fftom sluqae B_2 = ϕ^+_M , C_2 = ϕ_M poluqim predstavlenie G ( {λ^B_j }, {λ^C_k } ) = ∑ I,II ∏ I r_2(λ^B_I ) ⟨ 0| ∏ I C1(λ^C_I )^∏_I B1(λ^B_1 )|0 ⟩ 1 × × ∏ II r_1(λ^C_{II}) ∏ II 1 d_2(λ^B_{II}) ∏ II 1 d_2(λ^C_{II}) × ( ∏ I ∏ II e^{2λBI} e^{2λB}I − e^{2λB}II ) ( ∏ I ∏ II e^{2λCII} e^{2λC}II − e^{2λC}I ) ,

(4.2)

gde summa beretsØ po vsem razbieniØm mnoßestv {λ^B} i {λ^C} na dva podmnoßestva {λ^B_I }, {λ^B_{II}} i {λ^C_I }, {λ^C_{II}} sootvetstvenno, takih qto card{λ^B_I } = card{λ^C_I } = n_1 n_1 = 0, 1, . . . , N − 1

card{λ^B_{II} } = card{λ^C_{II}} + 1 = N − n_1 ≡ n_2.

Ispol~zuØ (2.12), poluqim

G ( {λ^B_j }, {λ^C_k } ) = ∏ j<1 ( e^{2λBj} −e^{2λBl} ) ∏ k<m ( e^{2λCm} −e^{2λCk} ) −1 ×

exp N∑ j=1 λ^B_j + N−1∑ k=1 λ^c_k ∑ I,II

(−1)^{([P ]+[Q])} ∏ II exp(2(M + n_1 − 1)λ^C_{II})× ∏ j<l ( e^{2λBIIj} −e^{2λBII}l ) ∏ m<k ( e^{2λCII}k−e^{2λCIIm} ) det_{n1} H_1 ( {λ^B_I }, {λ^C_I } ) , (4.3) gde H_{1jk} = 1 e^{2λBj} − e^{2λC}k − ( exp(2(N + M − 1)λ^B_j )−

− exp(2(N − n_1 + 1)λ^B_j + 2(M + n_1 − 2)λ^C_k ) ) . (4.4)

Nekotorye somnoßiteli v pravoæ qasti formuly (4.3) moßno

242 N. A. KITANIN zapisat~ kak determinanty ∏ j<l ( e^{2λBIIj} − e^{2λBIIl} ) = det_{N−n1} h(λ^B_{II} ) ∏ m<k ( e^{2λCIIk} − e^{2λCIIm} ) = det_{N−n1} ~h ( λ^C_{II} ) , gde matricy h i ~h zada¸tsØ formulami h_{jk}=e^{2(k−1)λBj} ~h_{1k} = ~h_{k1} = δ_{1k}, ~h_{jk}=e^{2(N−n}1^{−j−2)λC}k�1 j > 1, k > 1. PeremnoßaØ ffti matricy i podstavlØØ rezul~tat v (4.3), polu- qim G ( {λ^B_j }, {λ^C_k } ) = ∏ j<1 ( e^{2λBj} −e^{2λBl} ) ∏ k<m ( e^{2λCm} −e^{2λCk} ) −1 ×

exp N∑ j=1 λ^B_j + N−1∑ k=1 λ^c_k ∑ I,II

(−1)^{([P ]+[Q])} det_{n1} H_1 ( {λ^B_I }, {λ^C_I } ) × det_{N−n1} H_2 ( {λ^B_{II} }, {λ^C_{II}} ) (4.5) s matriceæ H_2, ime¸weæ vid

H_{2j1} = 1

H_{2j1} = 1 e^{2λBj} − e^{2λCk}�^1 ( exp(2(n_1 + M − 1)λ^C_{k−1} + 2(N − n_1)λ^B_j ) ) − − exp ( 2λ^B_j + 2(M + N − 2)λ^C_{k−1})λ^C_{k−1} ) k > 1. (4.6)

Qtoby moßno bylo ispol~zovat~ formulu dlØ determinanta summy matric snova vvedem qetyre vspomogatel~nyh polØ. Netrudno proverit~, qto vypolnØ¸tsØ sledu¸wie ravenstva

det_{n1} H_1({λ^B_I }, {λ^C_I }) = (0|det_{n1} G_1({λ^B_I }, {λ^C_I })|0)

det_{N−n1} H_2({λ^B_{II}}, {λ^C_{II}}) = (0|det_{N−n1} G_2({λ^B_{II} }, {λ^C_{II}})|0),

(4.7)

FORM–FAKTORY MODELI q–BOZONOV 243

gde matricy v pravyh ime¸t vid

G_{1jk} = exp(ψ^+_2 + ψ_1) e^{2λBj} − e^{2λC}k (exp(2(N + 2M − 1)λ^B_j )−

− exp(2(N + 1)λ^B_j +

+2(M − 2)λ^C_k + 2(λ^C_k − λ^B_j )(ψ^+_1 + ψ_2))

(4.8)

G_{2j1} = 1

G_{2jk} = exp(ψ^+_1 + ψ_3) e^{2λBj} − e^{2λCk}�^1 exp(2(N + M − 1)λ^C_{k−1}+

+2(λ^B_j − λ^C_{k−1})(ψ^+_3 + ψ_4))−

− exp(2λ^B_j + +2(N + N − 2)λ^C_{k−1}) k > 1.

(4.9)

Teper~ moßno primenit~ formulu dlØ determinanta summy G ( {λ^B_j }, {λ^C_k } ) = ∏ j<1 ( e^{2λBj} −e^{2λBl} ) ∏ k<m ( e^{2λCm} −e^{2λCk} ) −1 ×

exp N∑ j=1 λ^B_j + N−1∑ k=1 λ^c_k ( 0|det_N G ( {λ^B }, {λ^C} ) |0 )

G_{j1} = 1, G_{jk} = G_{1j,k}�_1 + G_{2jk} k > 1.

(4.10)

Razloßim determinant v pravoæ qasti (4.10) po pervoæ stroke ( 0|det_N G ( {λ^B }, {λ^C} ) |0 ) = N∑ l=1 exp ∑ j≠1 λ^B_j − N−1∑ k=1 λ^C_k × (−1)^l (0|det_{N−1}V (0, M − 1 , {λ^B_1 , . . . , λ^B_{l−1}, λ^B_{j+1}, . . . , λ^B_N }{λ^C})|0 ) , (4.11)

gde matrica C zadana formuloæ (3.8). Ispol~zuØ sootnoxeniØ (3.9), moßno predstavit~ G ( {λ^B_j }, {λ^C_k } ) , ne ispol~zuØ vspomogatel~nyh operatorov. ( 0|det_N G ( {λ^B }, {λ^C} ) |0 ) = det_N H({λ^B_j }, {λ^C_k })

H_{j1} = 1 H_{jk} = 1 e^{2λBj} − e^{2λCk}�^1 ( exp(2(N + M − 1)λ^B_j ) − − exp(2λ^B_j + 2(M + N − 2)λ^C_{k−1}) ) k > 1. (4.12)

244 N. A. KITANIN

V sluqae, kogda {λ^B_j }, {λ^C_k } ØvlØ¸tsØ rexeniØmi uravneniæ Bete (1.9), matriqnye fflementy H moßno zapisat~ sledu¸wim obrazom H_{jk} = − e^{i(P −pj )} + e^{i(Q−qk}�^{1 +pj )} e^{ipj} − e^{iqk}�^1 , k > 1, (4.13) gde p_j = −2iλ^B_j , q_k = −2iλ^C_k , P = N∑ j=1 p_j, Q = N−1∑ k=1 q_k. Qtoby poluqit~ predstavlenie dlØ matriqnyh fflementov

ϕ_M v bazise normirovannyh betevskih sostoØniæ vospol~zuemsØ

formuloæ dlØ normy (1.9). Esli vospol~zovat~sØ tem, qto {λ^B_j },

{λ^C_k } ØvlØ¸tsØ rexeniØmi uravneniæ Bete i primenit~ nußnoe

qislo raz, operator sdviga (sm. [1]) moßno poluqit~ predstavlenie dlØ matriqnyh fflementov ϕ_m pri l¸bom m G_N (m, {p}, {q}) = M^{−1}(M + N )^{−N+ 32} Ze^{−imΘ} ( M + N M + N − 1 ) N_{2 −1} × × ( 1 + ∂ ∂x ) det_{N−1} (D_1 − xD_2) |_{x=0}. (4.14)

Zdes~ my vospol~zovalis~ bolee udobnoæ zapis~¸ dlØ opredelitelØ matricy H. Konstanta Z, |Z| = 1 zavisit ot P , Q i M , my ne privodim zdes~ ee Øvnogo vida, t.k. pri vyqislenii korrelØtora ona isqezaet. V formule (4.14) vvedeno takße oboznaqenie

Θ = Q − P . Matricy D_1 i D_2 opredeleny sledu¸wim obrazom D_{1jk} = e^{i2 pj} ( cos^1_2 (Θ − p_j ) tan^1_2 (p_j − q_k)

+ sin 1 2 (Θ − p_j) ) (4.15) D_{2jk} = e^{i2 pN} ( cos^1_2 (Θ−p_N ) tan^1_2 (p_N −q_k)

+sin 1 2 (Θ−p_N ) ) . (4.16)

Netrudno vyqislit~ takße matiqnye fflementy operatora ϕ^+_m. DlØ fftogo vospol~zuemsØ oqevidnym sootnoxeniem G^{(+)}_N (m, {p}, {q}) = G^∗_{N+1} (m, {q}, {p}) ,

FORM–FAKTORY MODELI q–BOZONOV 245 gde zvezdoqka oboznaqaet kompleksnoe soprØßenie. V rezul~tate poluqim

G^{(+)}_N (m, {p}, {q}) = M^{−1}(M + N )^{−N+ 12} ( M + N + 1 M + N ) N_2 Z^∗e^{imΘ}× × ( 1 + ∂ ∂x ) det_N ( D^{(+)}_1 − xD^{(+)}_2 ) |_{x=0} , (4.17)

gde card{p} = card{q} − 1 = N , a matricy D^{(+)}_1 i D^{(+)}_2 opredeleny sledu¸wim obrazom

D^{(+)}_{1jk} = e^{i2 qk} ( cos^1_2 (Θ − q_k) tan^1_2 (q_k − p_j)

+ sin 1 2 (Θ − q_k) ) (4.18)

D^{(+)}_{2jk} = e^{− i2 qN+1} ( cos^1_2 (Θ − q_{N+1}) tan^1_2 (q_{N+1} − p_j)

+ sin 1 2 (Θ − q_{N+1}) ) . (4.19)

Takim obrazom poluqeno predstavlenie dlØ form-faktorov modeli q-bozonov v predele kristallizacii. Formula (4.14)– (4.18) vo mnogom napomina¸t formuly dlØ form-faktorov HHO modeli, poluqennye v [8] i, sootvetstvenno, mogut byt~ ispol~- zovany dlØ poluqeniØ determinantnyh predstavleniæ dlØ zavisØxih ot vremeni korrelØtorov.

Avtor blagodaren A. G. Izerginu i N. M. Bogol¸bovu za poleznye obsußdeniØ i predostavlennye ottiski.

�ta rabota byla podderßana grantom Rossiæskogo Fonda Fundamental~nyh Issledovaniæ (proekt No. 95–01–00476a).

V konce raboty dolßen byt~ referat: avtor, nazvanie raboty i tekst referata na angliæskom Øzyke.

Literatura

1. V. E. Korepin, A. G. Izergin, and N. M. Bogolyubov, Cambridge University Press, Cambridge (1993).

2. A. G. Izergin, D. A. Coker, and V. E. Korepin, Preprint ITP–SB–91–46 (1991). 3. N. M. Bogolyubov and R. K. Bullough, — Journ. Phys. A 25 (1992), 4057. 4. R. K. Bullough, N. M. Bogolyubov, and G. D. Pang, — Phys. Rev. B 47 (1993), 11495.

5. R. K. Bullough, N. M. Bogolyubov, G. D. Pang, and J. Timonen, Chaos, Solutions and Fractals, ed. M. Lakshmanan. vol. 5, 1995, pp. 2639.

6. A. Lenard, — L. Math. Phys. 5 (1964), 930–943.

246 N. A. KITANIN

7. A. R. Its, A. G. Izergin, and V. E. Korepin, — Comm. Math. Phys. 120 (1990), 205–222.

8. F. Colomo, A. G. Izergin, V. E. Korepin, and V. Tognetti, — Teor. Mat. Fiz. 94 (1993), 19–51.

Kitanine N. A. Form factors of the q-boson model in the crystallozation limit.

The determinant representations for the form factors of the q-boson hopping model are obtained using the algebraic Bethe anzatz. This result proves to be very similar to the representation for the form factors of the XXO model

Postupilo 13 i¸lØ 1996 g.

S.-Peterburgskoe otdelenie Matematiqeskogo instituta im.V. A. Steklova RAN