A. Novotny, P. Penel~, V. A. Solonnikov ISSLEDOVANIE ZADAQI OBTEKANI˚ OGRANIQENNOGO TELA V˚ZKO` SȷIMAEMO` ȷIDKOST^ı V PROSTRANSTVAH GEL^DERA

§1 Vvedenie

My rassmatrivaem vnexn¸¸ stacionarnu¸ zadaqu dlØ uravneniæ izotermiqeskogo dvißeniØ vØzkoæ sßimaemoæ ßidkosti, kotoraØ sostoit v nahoßdenii vektornogo polØ skorosteæ ⃗v(x) = (v_1, v_2, v_3) i poloßitel~noæ plotnosti ρ(x) = 1 + σ(x) (x ∈ Ω, Ω – vnexnØØ trehmernaØ oblast~), udovletvorØ¸wih uravneniØm Nav~e–Stoksa (sm. [1]) −μ∇^2⃗v − (μ + λ)∇ div ⃗v + ∇σ + v_∞ ∂⃗v ∂x_3 = ⃗F (σ, ⃗v), div ⃗v + div ( σ(⃗v + ⃗v_∞) ) = 0 (1.1)

i kraevym usloviØm ⃗v | ∂Ω = −⃗v_∞, ⃗v(x) → 0, σ(x) → 0 (|x| → ∞). (1.2) Zdes~ μ i λ – postoØnnye kofffficienty vØzkosti (μ > 0, λ + 2 3 μ ¿ 0), ⃗v∞ – postoØnnyæ vektor, napravlennyæ vdol~ osi x3:

⃗v_∞ = v_∞⃗e_3, v_∞ = const ≠ 0, ⃗e_3 = (0, 0, 1), i, nakonec, ⃗F (σ, ⃗v) = (1 + σ) ⃗f − div ((1 + σ)⃗v ⊗ ⃗v ) − v_∞ ∂ ∂x_3 (σ⃗v), gde ⃗f – zadannoe vektornoe pole vnexneæ sily.

V rabote [1] byla dokazana razreximost~ zadaqi (1.1), (1.2) v prostranstvah Soboleva W^l_p(Ω); v nastoØweæ rabote ffta zadaqa issleduetsØ v gel~derovskih prostranstvah funkciæ. My rassmatrivaem takße lineænu¸ zadaqu −μ∇^2⃗v − (μ + λ)∇ div ⃗v + ∇σ + v_∞ ∂⃗v ∂x_3 = ⃗F , div ⃗v + div σ( ⃗w + ⃗v_∞ ) = 0, ⃗v | |_{∂Ω} = −⃗v_∞, ⃗v (x) → 0, σ(x) → 0 (|x| → ∞) (1.3)

247

248 A. NOVOTNY, P. PENEL^, V. A. SOLONNIKOV s zadannymi ⃗w (x) i ⃗F (x), ispol~zuØ, kak i v [1], “metod razloßeniØ”, soglasno kotoromu rexenie razyskivaetsØ v vide ⃗v = ⃗u + ∇φ, (1.4) gde ⃗u – solenoidal~noe vektornoe pole s nulevoæ normal~noæ komponentoæ na ∂Ω. Podstaviv (1.4) v (1.3) i vvedØ podhodØwim obrazom “davlenie” p(x), legko pridti k sledu¸wim sootnoxeniØm: −μ∇^2⃗u + v_∞ ∂⃗u ∂x_3 + ∇p = ⃗F , div ⃗u = 0 ⃗u | ∂Ω = −⃗v_∞ − ∇φ | ∂Ω, ⃗u → 0, p → 0 (|x| → ∞), (1.5)

∇^2φ = − div (σ( ⃗w + ⃗v_∞ )) , ∂φ ∂n | |_{∂Ω} = −⃗v_∞ · ⃗n = −v_∞n_3, ∇φ → 0 (|x| → ∞), (1.6)

σ + (2μ + λ) div σ (( ⃗w + ⃗v_∞ )) = p − v_∞ ∂φ ∂x_3 , σ → 0 (|x| → ∞). (1.7)

Analiz fftih sootnoxeniæ, provedennyæ v [1], pozvolil dokazat~ razreximost~ zadaqi (1.3) v sobolevskih prostranstvah. Qtoby sdelat~ ffto v prostranstvah Gel~dera, okazalos~ udobnym vvesti funkci¸ σ = σ + v_∞ ∂φ ∂x_3 , qto estestvenno privodit k zamene (1.6) i (1.7) na

σ + (2μ + λ) div (σ( ⃗w + ⃗v_∞ )) = p + (2μ + λ)v_∞ div ( ∂φ ∂x_3 ( ⃗w + ⃗v_∞ ) ) , σ → 0 (|x| → ∞), (1.8)

∇^2φ − v^2_∞

∂^2φ ∂x^2_3

= − div (σ( ⃗w + ⃗v_∞ )) + v_∞ ( div ∂φ ∂x_3 ⃗w ) , ∂φ ∂n | |_{∂Ω} = −v_∞n_3, ∇φ → 0 (|x| → ∞). (1.9)

ISSLEDOVANIE ZADAQI OBTEKANI˚ 249 Perehodim k formulirovke rezul~tatov nastoØweæ raboty. Napomnim, qto prostranstva Gel~dera C^l(Ω) opredelØ¸tsØ pri l¸- bom necelom l > 0 kak prostranstva funkciæ s koneqnoæ normoæ |u|_Cl_{(Ω)} = ∑ |j|<l sup_Ω |D^ju(x)| + [u]^{(l)}_Ω , gde [u]^{(l)}_Ω = ∑ |j|=[l] sup x,y∈Ω |x − y|^{−l+[l]} |D^j u(x) − D^j u(y)| j = (j_1, j_2, j_3), |j| = j_1 + j_2 + j_3.

My vvodim takße vesovye prostranstva C^l_m(Ω) i C_m(Ω), m > 0, s normami |u|_Cl_{m(Ω)} = ∑ |j|6l^{|D} ju|_{m,Ω} + [u]^{(l)}_{m,Ω}, gde |v|_{m,Ω} = sup_Ω (1 + |x|)^m|v(x)| ≡ |u|_{Cm(Ω)}, [v]^{(l)}_{m,Ω} = ∑ |j|=[l] sup_Ω (1 + |x|)^m[D^ju]^{(l−[l])}_{K(x)} ,

K(x) = {y ∈ Ω : |x − y| < 1}. Krome togo, pri l = α ∈ (0, 1) my opredelØem ~C^α_m(Ω) kak prostranstvo funkciæ s normoæ |u| e_{Cαm(Ω)} = sup_Ω (1 + |x|)^m 1 + log(1 + |x|) |u(x)| + [u]^{(α)}_{m,Ω}. Temi ße simvolami C^α_m(Ω), ~C^α_m(Ω) oboznaqa¸tsØ prostranstva vektorno- i tenzorno-znaqnyh funkciæ u i pod normoæ vektora (ili tenzora) ponimaetsØ maksimum norm vseh ego komponent. V qastnosti, qasto budut vstreqat~sØ normy proizvodnyh porØd- ka r, D^r u = {D^j u}_{|j|=r} : ‖D^ru‖ = max_{|j|=r} ‖D^j u‖; ‖∇u‖ ≡ ‖Du‖. Oboznaqim qerez X_α(Ω), α ∈ (0, 1) prostranstvo vektornyh poleæ ⃗u (x) = (u_1, u_2, u_3) s normoæ |⃗u |_{Xα(Ω)} = |⃗u |_{1,Ω} + |D⃗u |_{3/2,Ω} + |D^2⃗u |_Cα_{7/4(Ω)}

250 A. NOVOTNY, P. PENEL^, V. A. SOLONNIKOV a qerez Y_α(Ω) – prostranstvo funkciæ φ(x), x ∈ Ω, udovletvorØ- ¸wih uslovi¸ φ(x) →_{|x|→∞} 0 i ime¸wih koneqnu¸ normu

|φ|_{Yα(Ω)} = |Dφ|_Cα_2�_{ε1 (Ω)} + |D^2φ|_Cα_2�_{ε2 (Ω)} + |D^3φ|_Cα_{2 (Ω)}, gde ε_i ∈ (0, 1/4), ε_2 < ε_1. Nakonec, opredelim Z_α(Ω) kak prostranstvo tenzorov F = (F_{ik})_{i,k=1,2,3} s koneqnoæ normoæ |F|_{Zα(Ω)} = |F|_{2,Ω} + |DF|_Cα_{5/2(Ω)}. Osnovnye rezul~taty nastoØweæ raboty svodØtsØ k sledu¸we- mu. Teorema 1.1. Pust~ ⃗w ∈ Xα(Ω) i pust~ | ⃗w |_{Xα(Ω)} + |v_∞| 6 δ s nekotorym dostatoqno malym δ > 0. Togda pri l¸bom ⃗F = ⃗f + div F, gde ⃗f ∈ C^α(Ω) – vektornoe pole s kompaktnym nositelem, F ∈ Z_α(Ω) i div F = (^3 ∑ j=1 ∂F_{jk} ∂x_j )k=1,2,3, zadaqa (1.3) imeet edinstvennoe

rexenie (⃗v, σ) so sledu¸wimi svoæstvami: ⃗v ∈ X_α(Ω), σ ∈ C^α_{2−ε}(Ω), ∇σ ∈ C^α_2 (Ω), ε ∈ (0, 1/4). Ono udovletvorØet neravenstvu |⃗v |_{Xα(Ω)} +|σ|_Cα_2�_{ε (Ω)} +|∇σ|_Cα_{2 (Ω)} 6

6 c^(|^⃗f |Cα(Ω) +|F|Z_α(Ω) +|v∞|^) . (1.10) Teorema 1.2. Pust~^⃗f ∈ C^α(Ω) – vektornoe pole s kompaktnym

nositelem, priqem | ⃗f |_Cα_{(Ω)} + |v_∞| 6 r s nekotorym dostatoqno malym r > 0. Togda zadaqa (1.1), (1.2) imeet edinstvennoe rexenie (⃗v, σ) takogo ße klassa, kak v teoreme 1.1, i

|⃗v |_{Xα(Ω)} + |σ|_Cα_2�_{ε(Ω)} + |∇σ|_Cα_{2 (Ω)} 6 c ( | ⃗f |_Cα_{(Ω)} + |v_∞| ) . (1.11)

ISSLEDOVANIE ZADAQI OBTEKANI˚ 251

Zameqanie 1. Teoremy 1.1 i 1.2 verny takße pri uslovii

dostatoqno bystrogo ubyvaniØ ⃗f na beskoneqnosti, naprimer, ⃗f ∈ Cα_m(Ω), m > 3. V fftom sluqae moßno predstavit~ ⃗f v vide ⃗f = ⃗f^′ + ∇F^′, gde ⃗f^′ – finitnoe vektornoe pole klassa C^α(Ω), a F^′ ∈ Z_α(Ω). Moßno poloßit~ ⃗f^′ = ζ ⃗f , ζ ∈ C^∞_0 (R^3), ζ(x) = 1 pri |x| 6 R_0, ζ(x) = 0 pri |x| ¿ R_0 + 1, vybrav R_0 tak, qtoby oblast~ |x| ¿ R_0 soderßalas~ v Ω, i opredelit~ F^′ formuloæ F^′ = (F^′_{ik})_{i,k=1,2,3}, F^′_{ik} = 1 4π ∫ R3^{xi − yi|x − y|3 (1 − ζ(y))fk (y) dy.} Iz dokazyvaemogo niße predloßeniØ 2 sleduet, qto |F^′ |_{Zα(Ω)} 6 c| ⃗f |_Cα_{m(Ω)}, m > 3. §2. Vspomogatel~nye lineænye zadaqi V fftom paragrafe privodØtsØ ocenki rexeniæ lineænyh zadaq −μ∇^2⃗u + v_∞ ∂⃗u ∂x_3 + ∇p = ⃗f + div F, div ⃗u = 0 (x ∈ Ω) ⃗u | |_{∂Ω} = ⃗a, ⃗u → 0, p → 0 (|x| → ∞), (2.1)

− ∇^2ψ_1 = ∇ · ⃗h (x ∈ Ω), ψ_1 | |_{∂Ω} = b, ψ_1 → 0 (|x| → ∞), (2.2) − ∇^2ψ_2 = ∇ · ⃗h (x ∈ Ω), ∂ψ_2 ∂n | |_{∂Ω} = b, ψ_2 → 0 (|x| → ∞), (2.3)

z + div(⃗ωz) = q, (2.4) a takße potenciala ⃗v(x) = ∫ R3^{K(x − y)⃗g (y)dy. (2.5)} Rassmotrim, preßde vsego, potencial (2.5).

252 A. NOVOTNY, P. PENEL^, V. A. SOLONNIKOV

Predloßenie 1 [2]. Pust~ K = H – fundamental~naØ matrica

rexeniæ uravneniæ Ozeena −μ∇^2⃗u + v_∞ ∂⃗u ∂x_3 + ∇p = 0, div ⃗u = 0. (2.6)

Togda dlØ funkcii ⃗v (x) (2.5) spravedlivy ocenki |∇⃗v | m_{2 ,}R3 6 c|⃗g |_{m,}R3, |D^2⃗v | m+1_{2 ,}R3 + [D^2⃗v ]^{(α)}m_{2 +1,}R_3 6 c|⃗g |_Cα_{m(}R3_), (2.7)

v kotoryh 2 6 m < 3.

V qastnosti, esli ⃗g = ⃗f + ∇F, gde ⃗f i F udovletvorØ¸t usloviØm teoremy 1.1 v R^3, to ⃗v ∈ X_α(R^3) i

|⃗v |_{Xα(}R3_) 6 c ( | ⃗f |_Cα_(R3_) + |F|_{Zα(}R3_) ) . Deæstvitel~no, pri ukazannom uslovii imeem ⃗v = ∫ R3^{H(x − y) ⃗f (y)dy +} ∫ R3^{H(x − y)∇Fdy.} Ocenka pervogo slagaemogo vytekaet iz ocenok dlØ fundamental~noæ matricy H, a vtorogo – iz neravenstva (2.7).

Predloßenie 2 [3]. Pust~ K – matrica, sostoØwaØ iz gladkih

singulØrnyh Øder Kal~derona–Zigmunda, a integral v (2.5) ponimaetsØ kak singulØrnyæ. Esli ⃗g ∈ C^α_m(R^3), α ∈ (0, 1), m ∈ (0, 3), to ⃗v ∈ ~C^α_m(R^3), i |⃗v | e_{Cαm(}R_{3)} 6 c|⃗g |_Cα_{m(}R3_). (2.8)

Esli, krome togo, ⃗g = ∇G + ⃗g_0, (2.9)

gde G = (G_{ik})_{i,k=1,2,3} ∈ C_m(R^3), a ⃗g_0 ∈ C_{m0} (R^3), m_0 > m, to

|⃗v |_Cα_{m(}R3_) 6 c ( [⃗g ]^{(α)}_{m,}R_3 + |⃗g_0|_{m0,}R3 + |G|_{m,}R3 ) . (2.10)

Dokazatel~stvo predloßeniØ 2 privedeno v priloßenii. PredloßeniØ 1 i 2 pozvolØ¸t ocenit~ rexeniØ zadaq (2.1)– (2.3).

ISSLEDOVANIE ZADAQI OBTEKANI˚ 253

Teorema 2.1. Pust~ ∂Ω ∈ C^{2+α}, α ∈ (0, 1), ⃗a ∈ C^{2+α}(∂Ω), a^⃗f i F

udovletvorØ¸t usloviØm teoremy 1.1. Togda zadaqa (2.1) imeet edinstvennoe rexenie ⃗v ∈ X_α(Ω), p ∈ ~C^α_2 (Ω), ∇p ∈ ~C^α_{5/2}(Ω), i

|⃗u |_{Xα(Ω)} + |p| e_Cα_{2 (Ω)} + |∇p| e_Cα_{5/2(Ω)} 6

6 c^(|^⃗f |Cα(Ω) + |F|Z_α(Ω) + |⃗a |C2+α(∂Ω)^) . (2.11)

PostoØnnaØ c (zavisØwaØ ot nositelØ ⃗f) ostaetsØ ograniqennoæ, kogda v_∞ → 0.

Dokazatel~stvo. Prodolßim^⃗f i F v R^3 \ Ω s sohraneniem klas-

sa; togda ffti funkcii budut zadany vo vsem prostranstve R^3 i | ⃗f |_Cα_(R3_) + |F|_{Zα(}R3_) 6 c ( | ⃗f |_Cα_{(Ω)} + |F|_{Zα(Ω)} ) . (2.12)

Rassmotrim funkcii

⃗u^′ = ∫ R3^{∇H(x − y)F(y)dy +} ∫ R3^{H(x − y) ⃗f (y)dy,} p^′ = ∇ ∫ R3^{∇E(x − y) : F(y)dy −} ∫ R3^{∇E(x − y) ⃗f (y)dy,} gde H – fundamental~naØ matrica rexeniæ sistemy Ozeena (2.6), a E(x − y) =^1_{4π|x−y|} – fundamental~noe rexenie uravnenie Laplasa. Oni udovletvorØ¸t v R^3 sisteme uravneniæ

−μ∇^2⃗u^′ + v_∞ ∂⃗u^′ ∂x_3 + ∇p^′ = ⃗f + div F, div ⃗u^′ = 0

i, vsledstvie predloßeniæ 1 i 2 i neravenstva (2.12), |⃗u^′|_{Xα(}R3_) + |p^′| e_Cα_{2 (}R3_) + |∇p^′| e_Cα_{5/2(}R3_) 6

6 c^(|^⃗f |Cα(Ω) + |F|Z_α(Ω)^) . (2.13)

Funkcii ⃗u^{′′} = ⃗u − ⃗u^′, p^{′′} = p − p^′ ØvlØ¸tsØ rexeniØmi zadaqi −μ∇^2⃗u^{′′} + v_∞ ∂⃗u^{′′} ∂x_3 + ∇p^{′′} = 0, ∇ · ⃗u^{′′} = 0 (x ∈ Ω), ⃗u^{′′} | |_{∂Ω} = ⃗a − ⃗u^′ | |_{∂Ω}, ⃗u^{′′} → 0, p^{′′} → 0 (|x| → ∞)

254 A. NOVOTNY, P. PENEL^, V. A. SOLONNIKOV i ih povedenie na beskoneqnosti opredelØetsØ povedeniem H i E. ˚sno, qto ⃗u^{′′} ∈ X_α(Ω), p^{′′} ∈ C^α_2 (Ω), ∇p^{′′} ∈ C^α_{5/2}(Ω), i

|⃗u^′|_{Xα(Ω)} + |p^{′′}|_Cα_{2 (Ω)} + |∇p^{′′}|_Cα_{5/2(}R3_) 6

6 c^(|⃗a |_C2+α_{(∂Ω)} + |⃗u^′|_C2+α_{(∂Ω)}^) 6 6 c^(|⃗a|_C2+α_{(∂Ω)} + |^⃗f |Cα(Ω) + |F|Z_α(Ω)^) .

Ots¸da i iz (2.13) vytekaet (2.11). Teorema dokazana.

Po takoæ ße sheme oceniva¸tsØ rexeniØ zadaq (2.2) i (2.3).

Teorema 2.2. Predpoloßim, qto ∂Ω ∈ C^{2+α}, α ∈ (0, 1). Togda re-

xenie zadaq (2.2) i (2.3) udovletvorØet neravenstvam

|∇ψ_1| e_{Cαm1 (Ω)} 6 c ( |⃗h|_Cα_{m1 (Ω)} + |b|_C1+α_{(∂Ω)} ) , |∇ψ_2| e_{Cαm1 (Ω)} 6 c ( |⃗h|_Cα_{m1 (Ω)} + |b|_Cα_{(∂Ω)} ) , (2.14)

|D^2ψ_1| e_Cα_{m2 (Ω)} 6 c ( |∇ · ⃗h|_Cα_{m2 (Ω)} + |b|_C2+α_{(∂Ω)} ) , |D^2ψ_2| e_Cα_{m2 (Ω)} 6 c ( |∇ · ⃗h|_Cα_{m2 (Ω)} + |b|_C1+α_{(∂Ω)} ) , (2.15)

Esli ∂Ω ∈ C^{3+α}, to

|D^3ψ_1|_Cα_{m3 (Ω)} 6 c ( [D∇ · ⃗h]^{(α)}_{m3,Ω} + max_Ω0 |D∇ · ⃗h(x)|+ + |∇ · ⃗h|_{m3,Ω} + |⃗b|_C3+α_{(∂Ω)} ) , (2.16)

|D^3ψ_2|_Cα_{m3 (Ω)} 6 c ( [D∇ · ⃗h]^{(α)}_{m3,Ω} + max_Ω0 |D∇ · ⃗h(x)|+ + |∇ · ⃗h|_{m3,Ω} + |⃗b|_C2+α_{(∂Ω)} ) . Zdes~ Ω^′ – ograniqennaØ oblast~, takaØ, qto dist(Ω \ Ω^′, ∂Ω) > 0, 1 < m_1 6 2, 1 < m_2, m_3 < 3.

Dokazatel~stvo. Rexenie zadaqi (2.2) ili (2.3) moßno pred-

stavit~ v vide ψ_i = ψ^′_i + ψ^{′′}_i , i = 1, 2, (2.17)

ISSLEDOVANIE ZADAQI OBTEKANI˚ 255 gde ψ^′_i(x) = ∫ R3^{E(x − y)∇ · ⃗h dy =} ∫ R3^{∇E(x − y) · ⃗h dy,} priqem vektornoe pole ⃗h prodolßeno iz Ω v R^3 \ Ω i zadano vo vsem prostranstve R^3, a ψ^{′′}_i – rexeniØ sledu¸wih zadaq v oblasti Ω:

∇^2ψ^{′′}_1 = 0, ψ^{′′}_1 | |_{∂Ω} = b−ψ^′_1 | |_{∂Ω} ≡ b_1, ψ^{′′}_1 → 0 (|x|→∞), ∇^2ψ^{′′}_2 = 0, ∂ψ^{′′}_2 ∂n | |_{∂Ω}= b − ∂ψ^{′2} ∂n | |_{∂Ω} = b_2, ψ^{′′}_2 → 0 (|x|→∞). (2.18)

˚sno, qto formula (2.17) spravedliva pri l¸bom dostatoqno regulØrnom prodolßenii ⃗h(x) v R^3 \ Ω (tot ße rezul~tat poluqaetsØ, esli poloßit~

ψ^′_i(x) = ∫ Ω E(x − y)∇ · ⃗hdy = ∫ Ω ∇E · ⃗hdy + ∫ ∂Ω E(⃗h · ⃗n )dS_y ).

Prodolßim ⃗h tak, qtoby ⃗h ∈ C^α_{m1} (R^3) i

|⃗h |_Cα_{m1 (}R3_) 6 c|⃗h |_Cα_{m1 (Ω)}.

Imeem: |ψ^′_i(x)| 6 ∫ R3^{|∇E(x − y)||⃗h (y)|dy 6} 6 c^∫ R3^{dy|x − y|2(1 + |y|)m1 |⃗h|m1 6 c|} ⃗h|_{m1} (1 + |x|)^{m1−1} . (2.19)

Krome togo, v silu predloßeniØ 2 |∇ψ^′_i| e_{Cαm1 (}R_{3)} 6 c|⃗h |_Cα_{m1 (}R3_) 6 c|⃗h |_Cα_{m1 (Ω)}. (2.20)

RexeniØ zadaq (2.18) vedut sebØ na beskoneqnosti kak fundamental~noe rexenie uravneniØ Laplasa, i dlØ nih spravedlivy ocenki

|∇ψ^{′′}_1 |_Cα_{m1 (Ω)} 6 c|b_1|_C1+α_{(∂Ω)} 6 c ( |b|_C1+α_{(∂Ω)} + |⃗h|_Cα_{m1 (Ω)} ) , |∇ψ^{′′}_2 |_Cα_{m1 (Ω)} 6 c ( |b|_Cα_{(∂Ω)} + |⃗h|_Cα_{m1 (Ω)} ) .

256 A. NOVOTNY, P. PENEL^, V. A. SOLONNIKOV Ots¸da i iz (2.19), (2.20) vyteka¸t ocenki (2.14). DlØ ocenki vtoryh proizvodnyh ispol~zuem drugoe prodolßenie ⃗h, takoe, qto |∇ · ⃗h |_Cα_{m2 (}R3_) 6 c|∇ · ⃗h |_Cα_{m2 (Ω)}. (2.21)

Oqevidno, qto |ψ^′_i(x)| 6 ∫ R3\Ω^{|E(x − y)||∇ · ⃗h(y)|dy+} ∫ Ω |∇E(x − y)||⃗h (y)|dy + ∫ ∂Ω |E(x − y)||⃗h · ⃗n |dS_y 6 6^(|^⃗h |m_1 + |∇ ·^⃗h |Cα_{m2} (Ω)^{) ( 1}_{1 + |x|} +^1_{(1 + |x|m1−1}^) , |∇ψ^′_i(x)| 6 c|∇ · ⃗h|_Cα_{m2 (}R3_) ∫ R3^{dy|x − y|2(1 + |y|)m2 6} 6^{c|∇ · ⃗h |Cαm2 (Ω)} (1 + |x|)^{m2−1}

(2.22)

i v silu predloßeniØ 2

|D^2ψ^′_i| e_{Cαm2 (}R_{3)} 6 c|∇ · ⃗h |_Cα_{m2 (Ω)}. (2.23)

Tak kak m_2 < 3, to dlØ rexeniæ zadaq (2.18) spravedlivy ocenki

|D^2ψ^{′′}_1 |_Cα_{m2 (}R3_) 6 ( |b|_C2+α_{(∂Ω)} + |ψ^′_1|_C2+α_{(∂Ω)} ) 6 6 c^(|b|_C2+α_{(∂Ω)} + |∇ ·^⃗h |Cα_{m2} (Ω)^) ,

|D^2ψ^{′′}_2 |_Cα_{m2 (}R3_) 6 c ( |b|_C1+α_{(∂Ω)} + |∇ · ⃗h |_Cα_{m2 (Ω)} ) . (2.24)

Tem samym dokazana ocenka (2.15).

Perehodim k ocenke tret~ih proizvodnyh ψ_i. Potrebuem, qtoby narØdu s (2.21) byla spravedliva ocenka [ D(∇ · ⃗h ) ]_{(α)} m3,R3^6_{6 c ([D(∇ · ⃗h )](α)} m3,R3^{+ max}Ω0^{|D(∇ · ⃗h )| + max}Ω0^{|∇ · ⃗h |)}

ISSLEDOVANIE ZADAQI OBTEKANI˚ 257 (ona budet imet~ mesto, esli |∇ · ⃗h |_C1+α_(R3_{\Ω)} 6 c|∇ · ⃗h |_C1+α_{(Ω}0_)). Pri fftom uslovii narØdu s (2.22)–(2.24) budut vypolneny neravenstva

|D^3ψ^′_i|_Cα_{m3 (}R3_) 6 c ( [D∇ · ⃗h]^{(α)}_{m3,}R_3 + |∇ · ⃗h|_{m3,}R3 ) 6 6 c^([D∇ ·^⃗h]^{(α)}_{m3,Ω} + max_{Ω0} |D∇ ·^⃗h| + |∇ ·^⃗h|m_3,Ω^) ,

|D^3ψ^{′′}_1 |_Cα_{m3 (}R3_) 6 c ( |b|_C3+m_{(∂Ω)} + |ψ^′_1|_C3+α_{(∂Ω)} ) 6 6 c^([D∇·^⃗h]^{(α)}_{m3,Ω} +max_{Ω0} |D∇·^⃗h|+|∇·^⃗h|m_3,Ω+|^⃗b|_C3+α_{(∂Ω)}^) ,

|D^3ψ^{′′}_2 |_Cα_{m3 (}R3_) 6 c ( [D(∇ · ⃗h)]^{(α)}_{m3,Ω} + max_Ω0 |D(∇ · ⃗h)| + |∇ · ⃗h|_{m3,Ω} + +|⃗b|_C2+α_{(∂Ω)} ) . Iz fftih neravenstv i vytekaet (2.16). Teorema dokazana.

Nakonec, privedem (v udobnoæ dlØ nas forme) ocenku rexeniØ uravneniØ perenosa (2.4), dokazannu¸ v [4].

Teorema 2.3. Pust~ ⃗ω ∈ C^0(Ω), ⃗ω · ⃗n^|_{∂Ω} = 0, div ⃗ω → 0 pri |x| → ∞ i | ⃗ω |_C1+α_{(Ω)} 6 δ_1 ≪ 1. (2.25)

Togda pri l¸bom q ∈ C^α_m(Ω), m ¿ 0 (v sluqae m = 0 trebuetsØ, qtoby q ∈ C^α(Ω) i q → 0 pri |x| → ∞) suwestvuet edinstvennaØ funkciØ z ∈ C^α_m(Ω), udovletvorØ¸waØ (2.4) v slabom smysle ∫ Ω (zη − ⃗ω · ∇η) dx = ∫ Ω qηdx, ∀ η ∈ C^∞_0 (Ω) i podqinØ¸waØsØ neravenstvu

|z|_Cα_{m(Ω)} 6 c|q|_Cα_{m(Ω)}. (2.26)

Krome togo, |z|_{m,Ω} 6 c|q|_{m,Ω}. (2.27) Soverxenno analogiqnoe predloßenie spravedlivo dlØ vektornogo uravneniØ perenosa ⃗z + A⃗z + div(⃗ω ⊗ ⃗z ) = ⃗q, (2.28) gde ⃗z = (z_1(x), z_2(x), z_3(x)), div( ⃗ω ⊗ ⃗z ) = (^3 ∑ k=1 ∂ ∂x_k ωk(x)zi(x))i=1,2,3 i A = (A_{ik}(x))_{i,k=1,2,3}.

258 A. NOVOTNY, P. PENEL^, V. A. SOLONNIKOV

Teorema 2.4. Pust~ ⃗q i pust~ ⃗ω udovletvorØ¸t usloviØm teo-

remy 2.3, A ∈ C^α(Ω), A → 0 pri |x| → ∞ i |A|_Cα_{(Ω)} 6 δ_1. Togda suwestvuet edinstvennoe vektornoe pole ⃗z ∈ C^α_m(Ω), udovletvorØ¸wee v slabom smysle uravneni¸ (2.4) i podqinØ¸weesØ neravenstvam |⃗z|_Cα_{m(Ω)} 6 c|⃗q|_Cα_{m(Ω)}, |⃗z|_{m,Ω} 6 c|⃗q|_{m,Ω}. (2.29) Zametim, qto gradient rexeniØ uravneniØ (2.4) udovletvorØet uravneni¸ tipa (2.28), a imenno, ∇z + (∇ ⊗ ⃗ω)∇z + div ⃗ω ⊗ ∇z = ∇q − z∇ div ⃗ω. Pofftomu spravedlivo sledu¸wee utverßdenie:

Teorema 2.5. Esli ⃗ω ∈ C^2(Ω) udovletvorØet usloviØm (2.3) s ma-

lym δ_1, to rexenie uravneniØ (2.4) podqinØetsØ neravenstvam |∇z|_Cα_{m1 (Ω)} 6 c ( |∇q|_Cα_{m1 (Ω)} + |z∇ div ⃗ω|_Cα_{m1 (Ω)} ) , |∇z|_{m1,Ω} 6 c (|∇q|_{m1,Ω} + |z∇ div ⃗ω|_{m1,Ω}) , m_1 ¿ 0. Nakonec, imeet mesto

Teorema 2.6. Pust~ ⃗ω ∈ C^2(Ω) udovletvorØet usloviØm teore-

my (2.3) s malym δ_1 i, krome togo, ⃗ω | |_{∂Ω} = 0.

Predpoloßim takße, qto Δq = div ⃗B (v slabom smysle), priqem ⃗B ∈ C^α_{m2} (Ω). Togda |∇ div ⃗ωz| e_{Cαm2 (Ω)} 6 6 c^(|^⃗B|Cα_{m2} (Ω) +|S(⃗ω)∇z|Cα_{m2} (Ω) +|z∇ div ⃗ω|Cα_{m2} (Ω) +|z div ⃗ω|_C1+α_{(∂Ω)}^) , gde S(⃗ω) = {^{∂ωi}_{∂xk} +^{∂ωk}_{∂xi} }_{i,k=1,2,3}, m_2 ∈ (1, 2]. Dokazatel~stvo. My ograniqimsØ formal~nymi vykladkami,

kotorye mogut byt~ legko opravdany. Legko videt~, qto Δ div ⃗ωz = Δq − Δz = ∇ · ⃗B − Δz,

ISSLEDOVANIE ZADAQI OBTEKANI˚ 259 priqem Δz udovletvorØet uravneni¸

Δz + div ⃗ωΔz = = Δq − 3∑ j=1 ( ∂ ∂x_j div ∂⃗ω ∂x_j z + div ∂⃗ω ∂x_j ∂z ∂x_j ) = ∇ · ⃗D, gde ⃗D = ⃗B − S(⃗ω)∇z − z∇ div ⃗ω. Sledovatel~no, Δz = ∇ · ⃗G, gde ⃗G – rexenie vektornogo uravneniØ ⃗G + div ⃗ω ⊗ ⃗G − ( ⃗G · ∇)⃗ω = ⃗D = ⃗B − S(⃗ω)∇z − z∇ div ⃗ω. Takim obrazom, div ⃗ωz ØvlØetsØ rexeniem zadaqi Δ div ⃗ωz = ∇ · ( ⃗B − ⃗G), div ⃗ωz | |_{∂Ω} = z div ⃗ω | |_{∂Ω}, i vsledstvie teorem 2.2 i 2.5, |∇ div ⃗ωz| e_{Cαm2 (Ω)} 6 c ( | ⃗B|_Cα_{m2 (Ω)} +| ⃗G|_Cα_{m2 (Ω)} +|z div ⃗ω|_C1+α_{(∂Ω)} ) 6 6 c^(|^⃗B|Cα_{m2} (Ω) +|S(⃗ω)∇z|Cα_{m2} (Ω) +|z∇ div ⃗ω|Cα_{m2} (Ω) +|z div ⃗ω|_C1+α_{(∂Ω)}^) , qto i trebovalos~.

§3 Dokazatel~stvo teoremy 1.1 My dokaßem teoremu 1.1, ustanoviv, qto zadaqi (1.5), (1.8), (1.9) ime¸t rexeniØ so sledu¸wimi svoæstvami: ⃗u ∈ X_α(Ω), p ∈ ~C^α_2 (Ω), ∇p ∈ ~C^α_{5/2}(Ω), φ ∈ Y_α(Ω), σ ∈ C^α_{2−ε}(Ω), ∇σ ∈ C^α_2 (Ω). (ε ∈ (ε_2, ε_1), ε_i to ße, qto v opredelenii prostranstva Y_α(Ω)). Vospol~zuemsØ principom sßatyh otobraßeniæ. DlØ l¸boæ funkcii ~φ ∈ Y_α(Ω) opredelim (⃗~u, ~p) kak rexenie zadaqi (1.5) s funkcieæ ~φ v kraevom uslovii i oboznaqim qerez ~σ rexenie uravneniØ (1.8) s funkciØmi ~p i ~φ v pravoæ qasti. Dalee, podstavim ~σ i ~φ v pravu¸ qast~ uravneniØ (1.9). Rexenie poluqennoæ

260 A. NOVOTNY, P. PENEL^, V. A. SOLONNIKOV takim obrazom zadaqi opredelit operator T : ~φ → φ, nepodvißnaØ toqka kotorogo sootvetstvuet rexeni¸ zadaq (1.5), (1.8), (1.9).

Pereædem k ocenkam upomØnutyh vyxe funkciæ. Poloßim ⃗~u = ⃗u_1 + ⃗u_2, ~p = p_1 + p_2,

gde (⃗u_i, p_i) – rexeniØ zadaq

−μ∇^2⃗u_1 + v_∞ ∂⃗u_1 ∂x_3 + ∇p_1 = ⃗F ≡ ⃗f + div F, div ⃗u_1 = 0, ⃗u_1 | |_{∂Ω} = −⃗v_∞, ⃗u_1 → 0, p_1 → 0 (|x| → ∞),

−μ∇^2⃗u_2 + v_∞ ∂⃗u_2 ∂x_3 + ∇p_2 = 0, div ⃗u_2 = 0, ⃗u_2 | |_{∂Ω} = −∇ ~φ | |_{∂Ω}, ⃗u_2 → 0, p_2 → 0 (|x| → ∞), i pust~ takße ~σ = σ_1 + σ_2, gde σ_i – rexeniØ uravneniæ perenosa σ_1 + (2μ + λ) div σ_1( ⃗w + ⃗v_∞) = p_1,

σ_2 + (2μ + λ) div σ_2( ⃗w + ⃗v_∞) = p_2 + (2μ + λ)v_∞ div ( ∂ ~φ ∂x_3 ( ⃗w + ⃗v_∞) ) . Nakonec, poloßim φ = φ_1 + φ_2, gde ∇^2φ_1 − v^2_∞

∂^2φ_1 ∂x_3 = − div (σ_1( ⃗w + ⃗v_∞)) , ∂φ_1 ∂n | |_{∂Ω} = −v_∞n_3, ∇φ_1 → 0 (|x| → ∞),

∇^2φ_2 − v^2_∞

∂^2φ_2 ∂x_3 = − div (σ_2( ⃗w + ⃗v_∞)) + v_∞ div ( ∂ ~φ ∂x_3 ⃗w ) , ∂φ_2 ∂n | |_{∂Ω} = 0, ∇φ_2 → 0 (|x| → ∞).

ISSLEDOVANIE ZADAQI OBTEKANI˚ 261

Oqevidno, φ_1 ne zavisit ot ~φ, a φ_2 zavisit ot ~φ lineæno. Takim obrazom, T ~φ = φ_1 + l( ~φ)

i uravnenie T φ = φ moßet byt~ zapisano v vide

ψ = l(φ_1 + ψ), (3.1)

gde ψ = φ−φ_1. Ocenim φ_1 i pokaßem, qto l ØvlØetsØ nepreryvnym operatorom v Y_α, norma kotorogo mala pri malyh v_∞ i | ⃗w|_{Xα} . Vsledstvie teorem 2.1, 2.3–2.6,

|⃗u_1|_{Xα} + |p_1| e_Cα_{2 (Ω)} + |∇p_1| e_Cα_{5/2(Ω)} 6 ( |f|_Cα_{(Ω)} + |F|_{Zα(Ω)} + |v_∞| ) , |⃗u_2|_{Xα} + |p_2| e_Cα_{2 (Ω)} + |∇p_2| e_Cα_{5/2(Ω)} 6 c|∇ ~φ|_C2+α_{(∂Ω)},

|σ_1|_Cα_2�_{ε(Ω)} + |∇σ_1|_Cα_{2 (Ω)} 6 c ( |p_1|_Cα_2�_{ε(Ω)} + |∇p_1|_Cα_{2 (Ω)} ) 6 6 c^(|f|Cα(Ω) + |F|Z_α(Ω) + |v∞|^) , |∇ div σ_1( ⃗w + ⃗v_∞)| e_Cα_{2 (Ω)} 6 6 c^(|^⃗f|Cα(Ω) +|F|Z_α(Ω) +|S( ⃗w)∇σ1|Cα_2 (Ω)+ +|σ_1∇ div ⃗w|_Cα_{2 (Ω)} + |σ_1 div ⃗w|_C1+α_{(∂Ω)} )6 6 c^(|f|Cα(Ω) + |F|Z_α(Ω) + |v∞|^) , |σ_2|_Cα_2�_{ε(Ω)} + |∇σ_2|_Cα_{2 (Ω)} 6 c ( |p_2|_Cα_2�_{ε(Ω)} + |∇p_2|_Cα_{2 (Ω)} ) + +c|v_∞| (| | | |div ∂ ~φ ∂x_3 ( ⃗w + ⃗v_∞) | | | |_{Cα2} �ε^{(Ω)} +

+ | | | |∇ div ∂ ~φ ∂x_3 ( ⃗w + ⃗v_∞) | | | |_{Cα2 (Ω)} ) 6 c| ~φ|Y_α , |∇ div σ_2( ⃗w + ⃗v_∞)| e_Cα_{2 (Ω)} 6 6 c ( |v_∞| | | | |∇ div ∂ ~φ ∂x_3 ( ⃗w + ⃗v_∞) | | | |_{Cα2 (Ω)} |S( ⃗w)∇σ^2|^{Cα}2^{(Ω)} ) + +c ( |σ_2 div ⃗w|_C1+α_{(∂Ω)} + |σ_2∇ div ⃗w|_Cα_{2 (Ω)} ) 6 6 c (|v∞| + | ⃗w|X_α ) | ~φ|Y_α .

262 A. NOVOTNY, P. PENEL^, V. A. SOLONNIKOV �ti ocenki da¸t vozmoßnost~ ocenit~ φ_1 i φ_2. Tak kak ε_3 < min(ε_1, ε_2) <^1_4 , to v silu teoremy 2.2 |φ_1|_{Yα} 6 c ( |σ_1( ⃗w+⃗v_∞)|_Cα_2�_{ε(Ω)} +| div σ_1( ⃗w + ⃗v_∞)|_Cα_{2 (Ω)} +|v_∞|+

+ |∇ div σ_1( ⃗w + ⃗v_∞)| e_Cα_{2 (Ω)} ) 6 c^(|^⃗f |Cα(Ω) + |F|Z_α(Ω) + |v∞|^) , |φ_2|_{Yα} 6 c ( |σ_2( ⃗w + ⃗v_∞)|_Cα_2�_{ε(Ω)} + |v_∞| | | | | ∂ ~φ ∂x_3 ⃗w | | | |_{Cα2} �ε^{(Ω)} + +| div σ_2( ⃗w + ⃗v_∞)|_Cα_{2 (Ω)} + |v_∞| | | | |div ( ∂ ~φ ∂x_3 ⃗w )| | |_{Cα2 (Ω)} +

+|∇ div σ_2( ⃗w+⃗v_∞)| e_Cα_{2 (Ω)} +|v_∞| | | | |∇ div ( ∂ ~φ ∂x_3 ⃗w )| | | e_{Cα2 (Ω)} ) 6 6 c (|v∞| + | ⃗w|X_α ) | ~φ|Y_α , t.e. ‖l‖ 6 c(|v_∞| + | ⃗w|_{Xα} ) 6 cδ. Esli cδ < 1, to uravnenie (3.1) odnoznaqno razreximo v xare |ψ|_{Yα} 6 η, gde η ¿^{‖l‖ |φ1|Yα}_{1−‖l‖} . Ocenka (1.10) sleduet iz poluqennyh vyxe neravenstv. Tem samym teorema 1.1 dokazana.

§4. Dokazatel~stvo teoremy 1.2

Razreximost~ zadaqi (1.1), (1.2) ustanavlivaetsØ tak ße, kak v [1]. Moßno vospol~zovat~sØ metodom posledovatel~nyh priblißeniæ. Poloßim ⃗v_0 = −⃗v_∞, σ_0 = 0 i opredelim ⃗v_{k+1}, σ_{k+1}, k = 0, 1, . . . kak rexeniØ zadaq

−μ∇^2⃗v_{k+1} − (μ + λ)∇ div ⃗v_{k+1} + ∇σ_{k+1} + v_∞ ∂⃗v_{k+1} ∂x_3 = ⃗F (σ_k, ⃗v_k), div ⃗v_{k+1} + div (σ_{k+1}(⃗v_k + ⃗v_∞)) = 0 ⃗v_{k+1} | ∂Ω = −⃗v_∞, ⃗v_{k+1} → 0, σ_{k+1} → 0 (|x| → ∞). Pri fftom ⃗F (σ_0, ⃗v_0) = ⃗f i ⃗v_1, σ_1 opredelØ¸tsØ kak rexenie zadaqi Ozeena

−μ∇^2⃗v_1 + v_∞ ∂⃗v_1 ∂x_3 + ∇σ_1 = ⃗f , div ⃗v_1 = 0, ⃗v_1 | |_{∂Ω} = −⃗v_∞, ⃗v_1 → 0, σ_1 → 0 (|x| → ∞).

ISSLEDOVANIE ZADAQI OBTEKANI˚ 263 Oqevidno, qto ⃗v_1 ∈ X_α(Ω), σ_1 ∈ ~C^α_2 (Ω), ∇σ_1 ∈ ~C^α_{5/2}(Ω) i

|⃗v_1|_{Xα(Ω)} + |σ_1| e_Cα_{2 (Ω)} + |∇σ_1| e_Cα_{5/2(Ω)} 6 c ( | ⃗f |_Cα_{(Ω)} + |v_∞| ) 6 cr. Legko videt~, qto ⃗F (σ_k, ⃗v_k) = (1 + σ_k) ⃗f + ∇F_k, F_k = (1 + σ_k)⃗v_k ⊗ ⃗v_k + ⃗v_∞ ⊗ σ_k⃗v_k, priqem (1 + σ_k) ⃗f ∈ C^α(Ω), F_k ∈ Z_α(Ω), tak qto ⃗F (σ_k, ⃗v_k) udovletvorØet usloviØm teoremy 1.1. Pri fftom |F_k|_{Zα(Ω)} 6 c ( | ⃗v_k |^2_{Xα(Ω)} + |σ_k|^2_Cα_2�_{ε(Ω)} + |∇σ_k|^2_Cα_{2 (Ω)} ) i v silu teoremy 1.1

ξ_{k+1} = |⃗v_{k+1}|_{Xα(Ω)} + |σ_{k+1}|_Cα_2�_{ε(Ω)} + |∇σ_{k+1}|_Cα_{2 (Ω)} 6

6 c^((1+|σk|Cα_{2�ε}(Ω))|^⃗f|Cα(Ω) +|v∞|^)+c^′ξ^2_k 6 6 c(rξk +r) +c^′ξ^2_k, (4.1)

esli tol~ko |⃗v_k|_{Xα(Ω)} + |v_∞| 6 δ. (4.2) Ots¸da legko poluqaetsØ, qto pri dostatoqno malom r neravenstvo ξ_k 6 ξ vleqet za soboæ ( pri uslovii (4.2)) ξ_{k+1} 6 ξ, gde ξ – koren~ kvadratnogo uravneniØ c^′ξ^2 − (1 − cr)ξ + cr = 0, t.e. ξ = 1 − cr 2c^′ − √ (1 − cr)^2 4c^{′ 2} − cr c^′ = 4c^′cr 1 − cr + √ (1 − cr)^2 − 4c^′r . ˚sno, qto pri malom r qislo δ takße budet dostatoqno malo, a znaqit spravedliva ravnomernaØ ocenka

|⃗v_{k+1}|_{Xα(Ω)} + |σ_{k+1}|_Cα_2�_{ε(Ω)} + |∇σ_{k+1}|_Cα_{2 (Ω)} 6 ξ 6 cr.

DlØ dokazatel~stva shodimosti posledovatel~nosteæ {⃗v_k} i {σ_k} zametim, qto raznosti ⃗w_{k+1} = ⃗v_{k+1} − ⃗v_k, τ_{k+1} = σ_{k+1} − σ_k (k ¿ 1)

264 A. NOVOTNY, P. PENEL^, V. A. SOLONNIKOV udovletvorØ¸t sootnoxeniØm

−μ∇^2 ⃗w_{k+1} − (μ + λ)∇ div ⃗w_{k+1} + ∇τ_{k+1} + v_∞ ∂ ⃗w_{k+1} ∂x_3 = = τ_k ⃗f + ∇(F_k − F_{k−1}),

div ⃗w_{k+1} + div (τ_{k+1}(⃗v_k + ⃗v_∞)) = − div(σ_k ⃗w_k), ⃗w_{k+1} | |_{∂Ω} = 0, ⃗w_{k+1} → 0, τ_{k+1} → 0 (|x| → ∞). OcenivaØ ⃗w_{k+1}, kak i v [1], §8, s pomow~¸ ffnergetiqeskogo neravenstva i zameqaØ, qto ∫ Ω |F_k − F_{k−1}|^2 6 c ∫ Ω ( | ⃗w_k|^2(|⃗v_k|^2 + |σ_k|^2) + |τ_k|^2|⃗v_{k−1}|^2 ) dx 6 6 cr^2 ∫ Ω | ⃗w_k|^2 |x|^2 dx + ∫ Ω |τ_k|^2dx 6 cr^{2 ∫}_Ω^(|D ⃗wk|^2 + |τk|^{2)} dx, ∫ Ω |τ_{k+1}|^2dx 6 c ∫ Ω ( |D ⃗w_k|^2 + r^2|τ_k|^2 + |F_k − F_{k−1}|^2 ) dx

(sm. [1], neravenstvo (5.23)), poluqaem ∫ Ω ( |D ⃗w_{k+1}|^2 + |τ_{k+1}|^2 ) dx 6 cr^∫_Ω^(|D ⃗wk|^2 + |τk|^{2)} dx, qto dokazyvaet shodimost~ {D⃗v_k} i {σ_k} v norme L_2(Ω). Znaqit, {⃗v_k} shoditsØ v norme C^{2+α} 0 (Ω^′) a σ_k – v C^{1+α} 0 (Ω^′), α^′ < α, v l¸boæ ograniqennoæ podoblasti Ω^′ ⊂ Ω k rexeni¸ zadaqi (1.1), (1.2), i v silu (4.1) ffto rexenie udovletvorØet neravenstvu (1.11). Edinstvennost~ rexeniØ takße legko ustanavlivaetsØ s pomow~¸ ffnergetiqeskogo neravenstva. Takim obrazom, teorema 1.2 dokazana.

Neskol~ko slov v zakl¸qenie ob asimptotike rexeniØ na beskoneqnosti. Tak kak ⃗u ∈ X_α(Ω), a φ ∈ Y_α(Ω), to osnovnoæ vklad v nee vnosit vektornoe pole ⃗u, kotoroe moßno rassmotret~ kak

ISSLEDOVANIE ZADAQI OBTEKANI˚ 265 rexenie zadaqi −μ∇^2⃗u + v_∞ ∂⃗u ∂x_3 + (⃗u · ∇)⃗u + ∇p = ∇F^′ + (1 + σ) ⃗f , div ⃗u = 0, ⃗u | ∂Ω = −⃗v_∞ − ∇φ | ∂Ω, ⃗u → 0, p → 0 (|x| → ∞), (4.3)

gde p = σ + (2μ + λ) div σ(⃗v + ⃗v_∞) + v_∞^{∂φ}_{∂x3} i F^′ = −σ⃗v⊗⃗v−⃗u⊗∇φ−∇φ⊗⃗u−∇φ⊗∇φ−v_∞σ⃗e_3⊗⃗v ∈ C^α_m(Ω), 2 < m < 3. Pri F^′ = 0 dlØ rexeniØ fftoæ zadaqi spravedliva asimptotiqeskaØ formula, analogiqnaØ izvestnomu rezul~tatu R. Finna [5] ⃗u(x) = H(x)⃗a + ⃗u^′(x), (4.4) gde ⃗a – nekotoryæ postoØnnyæ vektor i ⃗u^′(x) = O(|x|^{−1−ω}), ω > 0 (ne ostanavlivaØs~ na vyqislenii pokazatelØ ω, ravnogo 1/2 − ε v sluqae F = 0, zametim, qto ffta formula ukazyvaet na anizotropnyæ harakter ubyvaniØ vektornogo polØ ⃗u pri |x| → ∞). Ona byla vyvedena iz predstavleniØ rexeniØ v vide summy ob¨- emnogo potenciala s Ødrom H, a takße potencialov prostogo i dvoænogo sloØ po poverhnosti ∂Ω. Pri F^′ ≠ 0 v fftom predstavlenii poØvlØetsØ novyæ qlen ⃗w(x) = ∫ Ω H(x − y)∇F^′(y)dy =

= ∫ ∂Ω H(x − y) (⃗nF^′ (y)) dS_y + ∫ Ω ∇H(x − y) : F^′(y)dy ≡ ⃗w^′(x) + ⃗w^{′′}(x). Tak kak v silu neravenstva (2.7_1) | ⃗w^{′′}(x)| 6 c|F^′ |_m(1 + |x|)^{−m/2}, m/2 > 1, i pri bol~xih |x| ⃗w^′(x) = H(x) ∫ ∂Ω ⃗n F^′ dS + O ( |x|^{−1−ω} ) , to Øsno, qto formula (4.4) spravedliva dlØ rexeniØ zadaqi (4.3), a znaqit i dlØ ⃗v = ⃗u + ∇φ.

266 A. NOVOTNY, P. PENEL^, V. A. SOLONNIKOV §5. Priloßenie: dokazatel~stvo predloßeniØ 2 Zdes~ privoditsØ dokazatel~stvo predloßeniØ 2, kotoroe my vosproizvodim iz raboty [3].

Vsledstvie usloviØ ∫ |ξ|=1 K(ξ)dξ = 0, moßno zapisat~ ⃗v(x) v vide ⃗v(x) = ∫ |x−y|61 K(x − y) [⃗g(y) − ⃗g(x)] dy + ∫ |x−y|¿1 K(x − y)⃗g(y)dy. Ots¸da sleduet ocenka |⃗v(x)| 6 c ( [⃗g ]^{(α)}_m ∫ |x−y|61 dy |x − y|^{3−α}(1 + |x|)^m +

+|⃗g |_m ∫ |x−y|¿1 dy |x − y|^3(1 + |y|)^m ) 6 6 c1(1 + |x|)^{−m}[⃗g ]^{(α)}_m + c2|⃗g |m(1 + 1x|)^{−m} [log(1 + |x|) + 1] .

Pri uslovii (2.9) ot logarifmiqeskogo mnoßitelØ moßno izbavit~sØ, prointegrirovav po qastØm v odnom iz qlenov: ∫ |x−y|¿1 K(x − y)⃗g(y)dy = ∫ |x−y|¿1 K(x − y)⃗g_0(y)dy+

+ ∫ |x−y|¿1 ∇K(x − y)G(y)dy − ∫ |x−y|=1 K(x − y)G⃗ndS_y. �to privodit k neravenstvu | | | | ∫ |x−y|¿1 K(x − y)⃗g(y)dy | | | | 6 c^[|⃗g0|m_0^∫ |x−y|¿1 dy |x − y|^3(1 + |y|)^{m0} +

+|G|_m ( ∫ |x−y|¿1 dy |x − y|^4(1 + |y|)^m + ∫ |x−y|=1 dS_y (1 + |y|)^m )] 6 6 c^[|⃗g0|m_0 (1 + |x|)^{−m0} (1 + log(1 + |x|)) + |G|m(1 + |x|)^{−m]} 6 6 c(1 + |x|)^{−m} (|⃗g0|m_0 + |G|m) . (5.1)

ISSLEDOVANIE ZADAQI OBTEKANI˚ 267 Ocenim teper~ [⃗v ]^{(α)}m . Esli |x − z| ≡ ρ < 1, to ⃗v(x) − ⃗v(z) = ∫ |x−y|62ρ K(x − y) [⃗g(y) − ⃗g(x)] dy−

− ∫ |x−y|62ρ K(z − y) [⃗g(y) − ⃗g(z)] dy+

+ ∫ |x−y|¿2ρ [K(x − y) − K(z − y)] [⃗g(y) − ⃗g(z)] dy. (5.2)

˚sno, qto summa pervyh dvuh integralov ne prevoshodØt cρ^α(1+ |x|)^{−m}[⃗g]^{(α)}m . Dalee, | | | | ∫ 2ρ6|x−y|63 [K(x − y) − K(z − y)] [⃗g(y) − ⃗g(z)] dy | | | | 6 6 cρ^∫ 2ρ6|x−y|63 dy |x − y|^{4−α}(1 + |x|)^m [⃗g ]^{(α)}_m 6 cρ^α[⃗g ]^{(α)}_m (1 + |x|)^m ,

| | | | ∫ |x−y|¿3 [K(x − y) − K(z − y)] [⃗g(y) − ⃗g(z)] dy | | | | 6 6^∫ |x−y|¿3 | |K(x − y) − K(z − y) | ||⃗g(y)|dy+

+ ∫ |x−y|¿3 | |K(x − y) − K(z − y) | |dy|⃗g (z)| 6 6 cρ^{( ∫} |x−y|¿3 dy |x − y|^4(1 + |y|)^m + 1 (1 + |z|)^m ∫ |x−y|¿3 dy |x − y|^4 ) 6 6^{cρ[⃗g ](α)m} (1 + |x|)^m . Takim obrazom, |⃗v (x) − ⃗v (z)| 6 cρ^α|⃗g |_Cα_{m(}R3_)(1 + |x|)^{−m},

268 A. NOVOTNY, P. PENEL^, V. A. SOLONNIKOV i (2.7) dokazano.

Ocenim, nakonec, ⃗v (x) − ⃗v (z) pri uslovii (2.9). Pust~ ζ(t) – gladkaØ monotonnaØ funkciØ poloßitel~nogo argumenta, ravnaØ edinice pri t 6 1 i nul¸ pri t ¿ 2. Poloßim K_1(x) = K(x)ζ(|x|), K_2(x) = K(x)(1 − ζ(|x|)), ⃗v_i (x) = ∫ R3^{Ki(x − y)⃗g (y)dy, i = 1, 2.} DlØ ⃗v_1(x)−⃗v_1(z) spravedlivo predstavlenie tipa (5.2), a imenno, ⃗v_1(x) − ⃗v_1(z) = ∫ |x−y|62ρ K_1(x − y) [⃗g (y) − ⃗g (z)] dy−

− ∫ |x−y|62ρ K_1(x − y) [⃗g (y) − ⃗g (z)] dy+

+ ∫ 2ρ6|x−y|63 [K_1(x − y) − K_1(z − y)] [⃗g (y) − ⃗g (z)] dy, i pofftomu |⃗v_1(x) − ⃗v_1(z)| 6 cρ^α[⃗g ]^{(α)}_m (1 + |x|)^{−m}.

Dalee, iz formuly

⃗v_2(x) = ∫ R3^{K2(x − y)⃗g0(y)dy +} ∫ R3^{∇K2(x − y)G(y)dy} legko sleduet |⃗v_2(x) − ⃗v_2(z)| 6 6 c^(ρ^∫ |x−y|¿1 dy |x − y|^3(1 + |y|)^{m0} |⃗g_0|_{m0}+

+ρ ∫ |x−y|¿1 dy |x − y|^4(1 + |y|)^m |G|_m ) 6 6 cρ^α(1 + |x|)^{−m} (|⃗g0|m_0 + |G|m) qto vmeste s (5.1) dokazyvaet (2.9). Predloßenie dokazano.

ISSLEDOVANIE ZADAQI OBTEKANI˚ 269 Literatura

1. A. Novotny̆, M. Padula, Lp-approach to steady flows of viscous compressible fluids in exterior domain. — Arch. Rat. Mech. Anal. 126 (1994), 243–297.

2. V. A. Solonnikov, Estimates of Oseen’s potentials in weighted Hölder spaces. — Math. Nachrichten 177 (1996), 307–321.

3. V. A. Solonnikov, Asimptotika Ozeena i Stoksa v zadaqe o stacionar-

nom dvißenii dvuh nesmexiva¸wihsØ ßidkosteæ. — (v peqati).

4. A. Novotny̆, About steady transport equation, II. Schauder estimates in domain with smooth boundaties. to appear in Portugaliae Mathematica.

5. R. Finn, Estimates at infinity for stationary solutions of the Navier–Stokes equations. — Bull. Math. Soc. Sci. Math. Phys. R. P. R. 3, No. 4 (1959), 387–418.

Novotny̆ A., Penel P., Solonnikov V. A. Investigation of a problem governing a viscous compressible flow past a body in Hölder spaces.

It is shown that the stationary exterior problem for the equations of notion of a viscous compressible liquid uniquely solvable in weighted Hölder spaces, if exterior forces and the value of velocity at infinity are sufficiently small. As a weight function, a power function (1 + |x|)^{−m}, m > 0 is taken. The proof, which is carried out by the method of decomposition, relies on the estimates of sindular integers and of solutions of the transport equations in weighted spaces.

Postupilo 1 marta 1996 g.

ETMA, Université de Toulon et du Var BP.132–F 83957 La Garde Cedex France

ETMA, Université de Toulon et du Var BP.132–F 83957 La Garde Cedex France

S.-Peterburgskoe otdelenie Matematiqeskogo instituta im.V. A. Steklova RAN