Zapiski nauqnyh seminarov POMI Tom 248, 1998 g.

M. N. ˚kovlev RAZREXIMOST^ PERIODIQESKO` KRAEVO` ZADAQI DL˚ SISTEMY OBYKNOVENNYH DIFFERENCIAL^NYH URAVNENI` PERVOGO POR˚DKA PRI NALIQII (β, γ, δ)-PAR SRAVNENI˚

Pust~ β, γ, δ ∈ R^n s fflementami β_j ∈ {−1, 1}, γ_j ∈ {0, 1}, δ_j ∈ {0, 1} (j = 1, . . . , n). Nazovem (β, γ, δ)-paroæ sravneniØ periodiqeskoæ kraevoæ zadaqi dlØ sistemy obyknovennyh differencial~nyh uravneniæ pervogo porØdka du_i dt = f_i(t, u_1, . . . , u_n), 0 6 t 6 1, (i = 1, . . . , n) s kraevymi usloviØmi

u_i(0) = u_i(1) (i = 1, . . . , n),

paru vektorov v, w ∈ R^n, v 6 w takih, qto β_iγ_i [ f_i(t, u_1, . . . , u_{i−1}, v_i, u_{i+1}, . . . , u_n) − dv_i dt ] = = β_iγ_if_i(t, u_1, . . . , u_{i−1}, v_i, u_{i+1}, . . . , u_n) 6 0 β_iδ_i [ f_i(t, u_1, . . . , u_{i−1}, w_i, u_{i+1}, . . . , u_n) − dw_i dt ] = = β_iδ_if_i(t, u_1, . . . , u_{i−1}, w_i, u_{i+1}, . . . , u_n) ¿ 0 pri 0 6 t 6 1, γ_j u_j ¿ v_j, δ_j u_j 6 w_j (j = 1, . . . , n) (i = 1, . . . , n). Naliqie netrivial~noæ pary sravneniØ pozvolØet oslabit~ usloviØ teorem suwestvovaniØ. Pri dokazatel~stve ispol~zuetsØ privodimaØ niße teorema o nepodvißnoæ toqke.

Teorema o nepodvißnoæ toqke. Pust~ T nepustoe zamknutoe

vypukloe mnoßestvo v banahovom prostranstve H takoe, qto esli λ ∈ [0, 1] i v ∈ T , to λv ∈ T . Pust~ mnoßestvo T ∩ S(0, r) – nepusto. Zdes~ S(0, r) – zamknutyæ xar v prostranstve H. Pust~ operator A(v) deæstvuet iz T ∩ S(0, r) v T , t.e. A(T ∩ S(0, r)) ⊆ T , 231

232 M. N. ˚KOVLEV

i vpolne nepreryven. Pust~, dalee dlØ vseh λ ∈ (0, 1) i w ∈ T s ‖w‖ = r imeet mesto neravenstvo λA(w) ≠ w. Togda operator A(u) imeet nepodvißnu¸ toqku v ∈ T ∩ S(0, r), t.e. v = A(v), v ∈ T ∩ S(0, r). Dokazatel~stvo. Rassmotrim operator Φ(v), opredelØemyæ so-

otnoxeniem

Φ(v) = A(v) pri ‖A(v)‖ 6 r rA(v) ‖A(v)‖ pri ‖A(v)‖ > r. Operator Φ(v) opredelen i vpolne nepreryven na T ∩ S(0, r) i Φ(T ∩ S(0, r)) ⊆ T ∩ S(0, r). Znaqit po teoreme Xaudera o nepodvißnoæ toqke suwestvuet w ∈ T ∩ S(0, r) takaØ, qto w = Φ(w). V sluqae Φ(w) = A(w) teorema dokazana. Pust~ teper~ Φ(w) = rA(w)/‖A(w)‖. Togda w = λ_0A(w), gde 0 6 λ_0 ≡ r/‖A(w)‖ < 1 i ‖w‖ = r, qto nevozmoßno. Sledovatel~no Φ(w) = A(w). Teorema dokazana.

Zameqanie 1. Oqevidno, qto v kaqestve mnoßestva T moßet byt~

vzØto vse banahovo prostranstvo H.

Zameqanie 2. Uslovie teoremy: “dlØ vseh λ ∈ (0, 1) i w ∈ T

s ‖w‖ = r imeet mesto neravenstvo w ≠ λA(w)” pri dostatoqno bol~xom r, oqevidno, vypolnØetsØ, esli dlØ vseh vozmoßnyh rexeniæ, prinadleßawih T , uravneniØ w = λA(w), w(λ) ∈ T, 0 < λ < 1 imeet mesto nezavisimaØ ot λ ∈ (0, 1) ocenka

‖w(λ)‖ 6 γ ≠ γ(λ) = const .

Sootvetstvu¸waØ teorema o nepodvißnoæ toqke ustanovlena ranee v [1].

Rassmotrim periodiqesku¸ kraevu¸ zadaqu dlØ sistemy obyknovennyh differencial~nyh uravneniæ pervogo porØdka du_i dt = f_i(t, u_1, . . . , u_n), 0 6 t ≤ 1 (i = 1, 2, . . . , n) (1)

u_i(0) = u_i(1) (i = 1, . . . , n). (2)

RAZREXIMOST^ PERIODIQESKO` KRAEVO` ZADAQI 233

Pust~

1) α ∈ R^n – vektor s fflementami α_j ∈ {−1, 0, 1} (j = 1, . . . , n); 2) β ∈ R^n – vektor s fflementami β_j ∈ {−1, 1} (j = 1, . . . , n); 3) γ ∈ R^n – vektor s fflementami γ_j ∈ {0, 1} (j = 1, . . . , n); 4) δ ∈ R^n – vektor s fflementami δ_j ∈ {0, 1} (j = 1, . . . , n); 5) m, M ∈ R^n – vektory s fflementami m_j 6 0, M_j ¿ 0 (j = 1, . . . , n). Teorema 1. Pust~

β_if_i(t, u_1, . . . , u_n) sign u_i ¿ ¿ ai(t, u1, . . . , ui−1)|ui| − gi(t, u1, . . . , ui−1), (3) 1∫ 0 a_i(t, u_1, . . . , u_{i−1})dt > 0 g_i(t, u_1, . . . , u_{i−1}) ¿ 0, β_iγ_if_i(t, u_1, . . . , u_{i−1}, 0, u_{i+1}, . . . , u_n) 6 0 (4) β_iδ_if_i(t, u_1, . . . , u_{i−1}, 0, u_{i+1}, . . . , u_n) ¿ 0 (5) i funkcii f_i(t, u_1, . . . , u_n), g_i(t, u_1, . . . , u_{i−1}), a_i(t, u_1, . . . , u_{i−1}) nepreryvny (i = 1, . . . , n) pri 0 6 t 6 1, γ_j u_j ¿ 0, δ_j u_j 6 0 (j = 1, . . . , n). Togda periodiqeskaØ kraevaØ zadaqa (1), (2) imeet, po kraæneæ mere, odno rexenie u(t) takoe, qto

γ_j u_j(t) ¿ 0, δ_j u_j(t) 6 0 (j = 1, . . . , n) pri 0 6 t 6 1.

Dokazatel~stvo. NarØdu s zadaqeæ (1), (2) rassmotrim λ-semeæ-

stvo (0 6 λ 6 1) periodiqeskih kraevyh zadaq β_i du_i dt − a_i(t, ⟨ u_1 ⟩, . . . , ⟨ u_{i−1} ⟩)u_i = λ [ β_i f_i(t, ⟨ u_1 ⟩, . . . , ⟨ u_n ⟩)− −a_i(t, ⟨ u_1 ⟩, . . . , ⟨ u_{i−1} ⟩)⟨ u_i ⟩ ] (i = 1, . . . , n) (6) u_i(0) = u_i(1) (i = 1, . . . , n). (7) Zdes~ ⟨ u_j ⟩ = 0 pri γ_j = δ_j = 1 max{0, u_j} pri γ_j = 1, δ_j = 0 min{0, u_j} pri γ_j = 0, δ_j = 1 u_j pri γ_j = δ_j = 0.

234 M. N. ˚KOVLEV

L¸boe rexenie u(t, λ) = {u_1(t, λ), . . . , u_n(t, λ)} zadaqi (6), (7) udovletvorØet neravenstvam γ_j u_j(t, λ) ¿ 0, δ_j u_j(t, λ) 6 0 (j = 1, . . . , n) pri 0 6 t 6 1, 0 6 λ 6 1.

DlØ opredelennosti ustanovim neravenstva γ_j u_j(t, λ) ¿ 0 (j = 1, . . . , n). V samom dele dopustim protivnoe. Pust~ pri nekotorom i i nekotorom λ min_06_t6_1 u_i(t, λ) = u_i(t^∗, λ) < 0. Vozmoßny dva sluqaØ

1) u_i(t, λ) 6 0 pri vseh 0 6 t 6 1;

2) suwestvu¸t qisla t_1, t_2 ∈ [0, 1] takie, qto u_i(t_1, λ) = u_i(t_2, λ) = 0, du_i dt (t_1, λ) > 0, du_i dt (t_2, λ) < 0.

V sluqae 1) imeem ⟨ u_i(t, λ) ⟩ = 0 pri vseh 0 6 t 6 1 i potomu β_i du_i dt − a_i(t, ⟨ u_1 ⟩, . . . , ⟨ u_{i−1} ⟩)u_i 6 0 u_i(0, λ) = u_i(1, λ).

Otkuda poluqaem u_i(t, λ) ¿ 0. T.e. u_i(t, λ) ≡ 0, qto protivoreqit predpoloßennomu neravenstvu u_i(t^∗, λ) < 0. V sluqae 2) pri t = t_1 imeem iz uravneniæ (6) i neravenstv (4) β_i du_i(t_1, λ) dt 6 0, qto privodit k protivoreqi¸, esli β_i = 1. Pri t = t_2 iz uravneniæ (6) i neravenstv (4) imeem β_i du_i(t_2, λ) dt 6 0, i, sledovatel~no, pri β_i = −1 du_i(t_2, λ) dt ¿ 0, qto opØt~ privodit k protivoreqi¸.

Takim obrazom neravenstva γ_j u_j(t, λ) ¿ 0, δ_ju_j (t, λ) 6 0 (j = 1, . . . , n) pri 0 6 λ 6 1, 0 6 t 6 1 ustanovleny. Dalee, imeem β_i d|u_i(t, λ)| dt − a_i(t, u_1, . . . , u_{i−1})|u_i(t, λ)| ¿ ¿ λgi^(t, u1(t, λ), . . . , ui−1(t, λ)^)

RAZREXIMOST^ PERIODIQESKO` KRAEVO` ZADAQI 235 |u_i(0, λ)| = |u_i(1, λ)| (i = 1, . . . , n) i potomu max 06t61^{|ui(t, λ)|} 6^{ci} ( max 06t61^{|ui(t, λ)|, . . . , max}06t61^{|ui−1(t, λ)|} ) . Ots¸da max 06t61^{|ui(t, λ)|} 6^{c ≠ c(λ)} pri^0 6^λ 6^{1 (i = 1, . . . , n).} DlØ zaverxeniØ dokazatel~stva teoremy ostaetsØ primenit~ teoremu o nepodvißnoæ toqke.

Primer. Rassmotrim zadaqu du_1 dt = ( t − 1 4 ) u_1 − u_1 u^3_2 + e^{u2} − 1, 0 6 t 6 1 du_2 dt = t^5u_2 + u^5_1 u^3_2 + 6, 0 6 t 6 1 u_1(0) = u_1(1), u_2(0) = u_2(1).

Poloßim β_1 = β_2 = 1, γ_2 = δ_1 = 0, γ_1 = δ_2 = 1. Imeem f_1(t, 0, u_2) = e^{u2} − 1 6 0, poskol~ku δ_2u_2 6 0 f_2(t, u_1, 0) = 6 > 0

f_1(t, u_1, u_2) sign u_1 ¿ ( t − 1 4 ) |u_1| − 1 f_2(t, u_1, u_2) sign u_2 ¿ t^5|u_2| − 6.

V silu teoremy 1 suwestvuet rexenie u(t) = {u_1(t), u_2(t)} takoe, qto u_1(t) ¿ 0, u_2(t) 6 0.

Teorema 2. Pust~ β_if_i(t, u_1, . . . , u_n) sign u_i ¿ a_i(t, u_1, . . . , u_{i−1})|u_i|− −g_i(t, u_1, . . . , u_{i−1}), a_i(t, u_1, . . . , u_{i−1}) > 0, g_i(t, u_1, . . . , u_{i−1}) ¿ 0 (i = 1, . . . , n) (3^′) γ_iβ_if_i(t, u_1, . . . , u_{i−1}, m_i, u_{i+1}, . . . , u_n) 6 0, m_i 6 0 (i = 1, . . . , n) (4^′) δ_iβ_if_i(t, u_1, . . . , u_{i−1}, M_i, u_{i+1}, . . . , u_n) ¿ 0, M_i ¿ 0 (i = 1, . . . , n) (5^′)

236 M. N. ˚KOVLEV

pri 0 6 t 6 1, γ_j u_j ¿ m_j , δ_j u_j 6 M_j (j = 1, . . . , n). Zdes~ funkcii f_i(t.u_1, . . . , u_n), a_i(t, u_1, . . . , u_{i−1}), g_i(t, u_1, . . . , u_{i−1}) nepreryvny pri

0 6 t 6 1, γj uj ¿ mj , δj uj 6 Mj (j = 1, 2, . . . , n). Togda periodiqe-

skaØ kraevaØ zadaqa (1), (2) imeet, po kraæneæ mere, odno rexenie u(t) = {u_1(t), . . . , u_n(t)} takoe, qto γ_j u_j(t) ¿ m_j , δ_j u_j(t) 6 M_j pri

0 6 t 6 1, (j = 1, . . . , n).

Dokazatel~stvo. Rassmotrim λ-semeæstvo kraevyh zadaq (6),

(7), gde teper~ ⟨ u_j ⟩ opredelØetsØ sootnoxeniØmi

⟨ u_j ⟩ = u_j pri γ_j = δ_j = 0 max{u_j, m_j } pri γ_j = 1, δ_j = 0 min{u_j, M_j } pri γ_j = 0, δ_j = 1 max{min{u_j, M_j }, m_j} pri δ_j = γ_j = 1. (8)

Pokaßem, qto l¸boe rexenie u(t, λ) zadaqi (6), (7) udovletvorØet neravenstvam γ_j u_j(t, λ) ¿ m_j , δ_j u_j(t, λ) 6 M_j (j = 1, . . . , n) pri

0 6 t 6 1, 0 6 λ 6 1. V samom dele dopustim protivnoe. Pust~

pri nekotorom i i nekotorom λ verno sootnoxenie min 06t61^{ui(t, λ) = ui(t∗, λ) < mi.} Togda ⟨ u_i(t^∗, λ) ⟩ = m_i i iz sistemy uravneniæ (6) uqityvaØ neravenstva (4^′), imeem pri t^∗ ∈ (0, 1) −a_i(t^∗, ⟨ u_1 ⟩, . . . , ⟨ u_{i−1} ⟩)u_i(t^∗, λ) = = λ [ β_if_i(t^∗, ⟨ u_1 ⟩, . . . , ⟨ u_{i−1} ⟩, m_i, ⟨ u_{i+1} ⟩, . . . , ⟨ u_n ⟩)− −a_i(t^∗, ⟨ u_1 ⟩, . . . , ⟨ u_{i−1}) ⟩m_i ] ili −a_i(t^∗, ⟨ u_1 ⟩, . . . , ⟨ u_{i−1} ⟩) [ u_i(t^∗, λ) − m_i + (1 − λ)m_i ] = = λβ_if_i(t^∗, ⟨ u_1 ⟩, . . . , ⟨ u_{i−1} ⟩, m_i, ⟨ u_{i+1} ⟩, . . . , ⟨ u_n ⟩). (∗) LevaØ qast~ ravenstva (∗) strogo poloßitel~na, v to vremØ kak pravaØ qast~ nepoloßitel~na. Poluqennoe protivoreqie i dokazyvaet neravenstva γ_j u_j(t, λ) ¿ m_j (j = 1, . . . , n). Dalee, kak pri dokazatel~stve teoremy 1.

RAZREXIMOST^ PERIODIQESKO` KRAEVO` ZADAQI 237

Teorema 3. Pust~ suwestvu¸t qislo r > 0 i qislo μ ∈ {−1, 1}

takie, qto μ n∑ j=1 u_jf_j (t, u_1, . . . , u_n) ¿ 0 (9) pri ∑_n j=1 u^2_j = r^2, 0 6 t 6 1, γ_j u_j ¿ m_j , δ_j u_j 6 M_j (j = 1, . . . , n) μγ_if_i(t, u_1, . . . , u_{i−1}, m_i, u_{i+1}, . . . , u_n) 6 0 (10) pri γ_j u_j ¿ m_j , δ_j u_j 6 M_j (j = 1, . . . , n), ∑_n j=1 u^2_j 6 r^2, 0 6 t 6 1 μδ_if_i(t, u_1, . . . , u_{i−1}, M_i, u_{i+1}, . . . , u_n) ¿ 0 (11) pri γ_j u_j ¿ m_j , δ_j u_j 6 M_j (j = 1, . . . , n), ∑_n j=1 u^2_j 6 r^2, 0 6 t 6 1 i funkcii f_i(t, u_1, . . . , u_n) (i = 1, . . . , n) nepreryvny pri 0 6 t 6 1, γ_j u_j ¿ m_j , δ_j u_j 6 M_j (j = 1, . . . , n), ∑_n j=1 u^2_j 6 r^2. Togda periodiqeskaØ kraevaØ zadaqa (1), (2) imeet, po kraæneæ mere, odno rexenie u(t) takoe, qto

γ_ju_j (t) ¿ m_j , δ_j u_j(t) 6 M_j (j = 1, . . . , n), n∑ j=1 u^2_j (t) 6 r^2 pri 0 6 t 6 1.

Dokazatel~stvo. NarØdu s zadaqeæ (1), (2) rassmotrim λ-semeæ-

stvo (0 6 λ 6 1) periodiqeskih kraevyh zadaq μ du_i dt − u_i = λ [μf_i(t, ⟨ u_1 ⟩, . . . , ⟨ u_n ⟩) − ⟨ u_i ⟩] , 0 6 t 6 1, ui(0) = ui(1), (i = 1, . . . , n). (12)

Zdes~ ⟨ u_j ⟩ opredelØetsØ sootnoxeniØmi (8). L¸boe rexenie u(t, λ) zadaqi (12) udovletvorØet γ_j u_j(t, λ) ¿ m_j , δ_j u_j(t, λ) 6 M_j (j = 1, . . . , n), 0 6 t 6 1, 0 6 λ 6 1.

Dokaßem spravedlivost~ neravenstv γ_j u_j(t, λ) ¿ m_j . Dopustim protivnoe. Pust~ pri nekotorom i i nekotorom λ verno neravenstvo min_06_t6_1 u_i(t, λ) = u_i(t^∗, λ) < m_i. Togda ⟨ u_i(t^∗, λ) ⟩ = m_i. Pofftomu iz sistemy differencial~nyh uravneniæ (12), uqityvaØ sootnoxeniØ (10), imeem pri t^∗ ∈ (0, 1) −m_i < λμγ_if_i(t^∗, ⟨ u_1(t^∗, λ) ⟩, . . . , ⟨ u_{i−1}(t^∗, λ) ⟩, m_i, ⟨ u_{i+1}(t^∗, λ) ⟩, . . . ,

238 M. N. ˚KOVLEV ⟨ u_n(t^∗, λ) ⟩) − λm_i 6 −m_i + (1 − λ)m_i 6 −m_i. Poluqennoe protivoreqenie (−m_i < −m_i) dokazyvaet neravenstvo γ_j u_j (t, λ) ¿ m_j pri t^∗ ∈ (0, 1). Pust~ teper~ t^∗ = 0. Togda pri μ = 1 μ du_i dt (0, λ) ¿ 0 i − m_i < λμγ_if_i(0, ⟨ u_1(0, λ) ⟩, . . . , ⟨ u_{i−1}(0, λ) ⟩, m_i, ⟨ u_{i+1}(0, λ) ⟩, . . . , ⟨ u_n(0, λ) ⟩) − λm_i 6 −m_i opØt~ protivoreqie. V sluqae t^∗ = 1 v silu ravenstva u_i(0, λ) = u_i(1, λ) delo svoditsØ k sluqa¸ t^∗ = 0. Sluqaæ μ = −1 rassmatrivaetsØ analogiqno.

Iz sistemy uravneniæ (12), uqityvaØ, qto ⟨ u_j(t, λ) ⟩ = u_j(t, λ), poluqaem 1 2 μ d dt n∑ j=1 u^2_j (t, λ) − (1 − λ) n∑ j=1 u^2_j (t, λ) =

= λμ n∑ j=1 u_jf_j (t, u_1, . . . , u_n). (13)

Rassmotrim l¸boe rexenie u(t, λ) zadaqi (12), dlØ kotorogo max 06t61 n∑ j=1 u^2_j (t, λ) 6 r^2.

Pokaßem, qto max 06t61 n∑ j=1 u^2_j (t, λ) ≠ r^2 pri 0 < λ < 1.

Dopustim protivnoe. Pust~ max 06t61 n∑ j=1 u^2_j (t, λ) = n∑ j=1 u^2_j (t^∗, λ) = r^2.

Esli t^∗ ∈ (0, 1), to iz ravenstva (13) imeem λμ n∑ j=1 u_j (t^∗, λ)f_j (t^∗, u_1(t^∗, λ), . . . , u_n(t^∗, λ))+

RAZREXIMOST^ PERIODIQESKO` KRAEVO` ZADAQI 239

+(1 − λ) n∑ j=1 u^2_j (t^∗, λ) = 0. (14)

Ravenstvo (14) nevozmoßno pri 0 6 λ < 1 v silu neravenstva (9). Pust~ teper~ t^∗ = 0. Togda pri μ = 1, uqityvaØ, qto d dt n∑ j=1 u^2_j (t, λ) | | | |_{t=0} 6 0

imeem 0 ¿ λμ^{n∑}_{j=1} uj(0, λ)fj (0, u1(0, λ), . . . , un(0, λ)) + (1 − λ)^{n∑}_{j=1} u^2_j (0, λ). Poluqennoe neravenstvo nevozmoßno v silu neravenstva (9). Pri μ = −1, uqityvaØ ravenstva u_i(0, λ) = u_i(1, λ) (i = 1, . . . , n) i sledu¸wie iz nih neravenstvo d dt n∑ j=1 u^2_j (t, λ) | | | |_{t=0} ¿ 0.

Ispol~zuØ ravenstvo (13) pridem k protivoreqi¸, okonqatel~no dokazyva¸wemu neravenstvo max 06t61 n∑ j=1 u^2_j (t, λ) ≠ r^2 pri 0 < λ < 1

dlØ l¸bogo rexeniØ u(t, λ) periodiqeskoæ kraevoæ zadaqi (12), prinadleßawego xaru S(0, r) s centrom v toqke 0 banahova prostranstva vektor-funkciæ s normoæ { max 06t61 n∑ j=1 u^2_j (t) }_{1/2} . (15)

DlØ zaverxeniØ dokazatel~stva teoremy 3 ostaetsØ primenit~ teoremu o nepodvißnoæ toqke k preobrazovani¸ z = λF (u) xara S(0, r), zadavaemomu sootnoxeniØmi μ dz dt − z = λ [ μf(t, ⟨ u ⟩) − ⟨ u ⟩ ] z(0) = z(1).

240 M. N. ˚KOVLEV

Teorema 4. Pust~ a(t) i g(t), integriruemye na [0, 1] funkcii i

μ ∈ {−1, 1} takie, qto g(t) 6 0, μ n∑ j=1 u_jf_j (t, u_1, . . . , u_n) ¿ a(t) n∑ j=1 u^2_j + g(t), 1∫ 0 a(t)dt > 0 (16) μγ_if_i(t, u_1, . . . , u_{i−1}, 0, u_{i+1}, . . . , u_n) 6 0 (i = 1, . . . , n) (17) μδ_if_i(t, u_1, . . . , u_{i−1}, 0, u_{i+1}, . . . , u_n) ¿ 0 (i = 1, . . . , n) (18) pri γ_j u_j ¿ 0, δ_j u_j 6 0 (j = 1, . . . , n), 0 6 t 6 1. Togda periodiqeskaØ kraevaØ zadaqa (1), (2) imeet, po kraæneæ mere, odno rexenie u(t) takoe, qto γ_j u_j(t) ¿ 0, δ_j u_j(t) 6 0 (j = 1, . . . , n), n∑ j=1 u^2_j (t) 6 2μ 1∫ 0 g(t, s)g(s)ds pri 0 6 t 6 1. Zdes~ g(t, s) funkciØ Grina differencial~nogo operatora Lu ≡ du dt − 2μa(t)u, (0 6 t 6 1) s kraevymi usloviØmi u(0) = u(1).

Dokazatel~stvo. NarØdu s zadaqeæ (1), (2) rassmotrim λ-semeæ-

stvo (0 6 λ 6 1) periodiqeskih kraevyh zadaq μ du_i dt − a(t)u_i = λ [ μf_i(t, ⟨ u_1 ⟩, . . . , ⟨ u_n ⟩) − a(t)⟨ u_i ⟩ ] , 0 6 t 6 1, (i = 1, . . . , n) (19)

u_i(0) = u_i(1) (i = 1, . . . , n). (20) L¸boe rexenie u(t, λ) kraevoæ zadaqi (19), (20) udovletvorØet neravenstvam γ_j u_j(t, λ) ¿ 0, δ_j u_j(t, λ) 6 0 (j = 1, . . . , n) pri 0 6

RAZREXIMOST^ PERIODIQESKO` KRAEVO` ZADAQI 241

λ 6 1, 0 6 t 6 1. Pofftomu ⟨ uj(t, λ) ⟩ = uj (t, λ) (j = 1, . . . , n). Dalee,

uqityavØ neravenstvo (16), imeem 1 2 μ d dt n∑ j=1 u^2_j (t, λ) − a(t) n∑ j=1 u^2_j (t, λ) ¿ λg(t) (21) n∑ j=1 u^2_j (0, λ) = n∑ j=1 u^2_j (1, λ). (22)

SootnoxeniØ (21), (22) obespeqiva¸t apriornu¸ ocenku vseh vozmoßnyh rexeniæ zadaqi (19), (20), nezavisimu¸ ot λ pri 0 < λ < 1. OstaetsØ primenit~ teoremu o nepodvißnoæ toqke.

Literatura

1. M. N. ˚kovlev, Neotricatel~nye rexeniØ kraevyh zadaq dlØ kvazilineænyh uravneniæ vtorogo porØdka. — Tr. Matem. in-ta AN SSSR 96 (1968), 105–110.

Yakovlev M. N. Solvability of a periodic boundary-value problem for a system of first-order ordinary differential equations with (β, γ, δ)- comparison pairs.

Existence theorems are proved for an incomplete set of upper and lower functions.

Postupilo 3 noØbrØ 1997 g.

S.-Peterburgskoe otdelenie Matematiqeskogo instituta im. V. A. Steklova RAN