B. V. Bazaliæ, S. N. Kazmin

OB ODNO` KRAEVO` ZADAQE SO STARXE` PROIZVODNO` V GRANIQNOM USLOVII DL˚ PARABOLIQESKOGO URAVNENI˚ VTOROGO POR˚DKA

PosvØwaetsØ ¸bile¸ Ol~gi Aleksandrovny Ladyßenskoæ

Zadaqi so starximi proizvodnymi v graniqnyh usloviØh dlØ paraboliqeskih uravneniæ vtorogo porØdka estestvennym obrazom voznika¸t v priloßeniØh. Naprimer, pri izuqenii dvißeniæ ßidkosti so svobodnoæ graniceæ [1], pri issledovanii razreximosti zadaqi Stefana [2] poØvlØetsØ neobhodimost~ izuqeniØ kraevyh zadaq s graniqnym usloviem, soderßawim proizvodnu¸ po vremeni. V teorii veroØtnosteæ pri izuqenii markovskih processov sformulirovana kraevaØ zadaqa s graniqnymi usloviØmi, soderßawimi vtorye proizvodnye po kasatel~- nym napravleniØm. V rabote [3] pri nekotoryh ograniqeniØh na kofffficienty i pravu¸ qast~ zadaqi poluqeno predstavlenie rexeniØ qerez sootvetstvu¸wie fundamental~nye rexeniØ v sluqae poluprostranstva. V predstavlennoæ rabote issleduetsØ razreximost~ analogiqnoæ kraevoæ zadaqi pri estestvennyh predpoloßeniØh na dannye zadaqi lokal~nym metodom, harakternym dlØ uravneniæ vtorogo porØdka (sm. [4, gl. 4]), v prostranstvah Gel~dera. RassmatrivaetsØ sluqaæ dvuh prostranstvennyh peremennyh, v kotorom moßno oboætis~ standartnymi prostranstvami H^{l,l/2}, dlØ bolee vysokih razmernosteæ my ograniqimsØ tol~ko zameqaniem o vybore podhodØwih prostranstv. Analogiqnym metodom mogut byt~ issledovany zadaqi soprØßeniØ so vtorymi proizvodnymi po kasatel~nym napravleniØm.

1. Postanovka zadaqi i osnovnoæ rezul~tat. Pust~ Ω ⊂ R2 –

proizvol~naØ oblast~ s graniceæ Γ, Ω_T = Ω×(0, T ), Γ_T = Γ×(0, T ), ω – nekotoraØ koordinata na Γ. TrebuetsØ opredelit~ funkci¸ 40

OB ODNO` KRAEVO` ZADAQE 41 u(x, t) po usloviØm: ∂u ∂t − Lu = f_0(x, t), (x, t) ∈ Ω_T ; 2∑ i=1 b_i(x, t) ∂u ∂x_i − L_0u = f_1(x, t), (x, t) ∈ Γ_T ; (1) u(x, 0) = φ(x), gde ∂u ∂t − Lu = ∂u ∂t − 2∑ j,i=1 a_{ij} (x, t)u_{xixj} + 2∑ i=1 a_i(x, t)u_{xi} + a(x, t)u ravnomerno paraboliqeskiæ operator, L_0u = γ(ω, t)u_{ωω} + c(ω, t)u, γ(ω, t) ¿ γ_0 = const > 0, (b, n) ¿ δ = const > 0, n – vnutrennØØ k Ω normal~, b = (b_1(x, t), b_2)x, t)).

Zadaqu (1) dlØ dal~neæxego udobno predstavit~ v sledu¸- wem ffkvivalentnom vide. TrebuetsØ opredelit~ funkcii u(x, t), v(x, t), opredelennye na Ω_T i Γ_T sootvetstvenno, po usloviØm: ∂u ∂t − Lu = f_0(x, t), (x, t) ∈ Ω_T ; 2∑ i=1 b_i(x, t) ∂u ∂x_i − L_0 v = f_1(x, t), u − v = 0, (x, t) ∈ Γ_T ; u(x, 0) = φ(x), x ∈ Ω; v(x, 0) = ψ(x), x ∈ Γ. (2)

My budem ispol~zovat~ prostranstva Gel~dera H^{k+α}(Ω), H^{k+α,(k+α)/2}(Ω_T ), k – celoe qislo, α ∈ (0, 1), v kotoryh vvedeny normy |u|^{(k+α)}_Ω i |u|^{(k+α)}_{ΩT} sootvetstvenno i polunormy ⟨ u ⟩^{(k+α)} Ω = ∑ k ⟨ D^k_x u ⟩^{(α)}_{x,Ω}, ⟨ u ⟩^{(α)}_{x,ΩT} = sup_{x,y,t} |u(x, t) − u(y, t)| |x − y|^α , ⟨ u ⟩^{(k+α)} Ω_T = ⟨ u ⟩ (k+α) x,Ω_T + ⟨ u ⟩ (k+α) t,Ω_T , ⟨ u ⟩ (α) t,Ω_T = sup x,t,τ |u(x, t) − u(y, τ )| |t − τ |^α , ⟨ u ⟩^{(k+α)} x,Ω_T = ∑ 2r+s=k ⟨ D^r_t D^s_x u ⟩^{(α)}_{x,ΩT} , ⟨ u ⟩^{(k+α)} x,Ω_T = ∑ 0<k+α−2r−s<2 ⟨ D^r_t D^s_x u ⟩^{(k+α} �2r�s) 2 t,Ω_T ,

42 B. V. BAZALI`, S. N. KAZMIN

i prostranstva H_0^{k+α,(k+α)/2}(Ω_T ), v kotoryh sami funkcii i ih dopustimye proizvodnye po t obrawa¸tsØ v nul~ pri t = 0 (sm. [4]. s. 16, 349). Podmnoßestvo funkciæ v(x, t) iz H^{2+α,(2+α)/2}(Γ_T ), dlØ kotoryh D^2_x v ∈ H^{1+α,(1+α)/2}(Γ_T ) obrazu¸t podprostranstvo ^H^{k+α,(k+α)/2}(Γ_T ), v kotorom vvoditsØ norma ‖v‖^{(2+α)} Γ_T = |v| (2+α) Γ_T + |D 2 x v|^{(1+α)} Γ_T .

Budem predpolagat~, qto

Γ ∈ H3+^α, φ(x) ∈ H2+^α(Ω), ψ(x) ∈ H^{2+α}(Γ), f_0 ∈ H^{α,α/2}(Ω_T ), f_1 ∈ H^{1+α,(1+α)/2}(Γ_T ), kofffficienty operatora L prinadleßat prostranstvu H^{α,α/2}

(Ω_T ), kofffficienty operatora L0 i b_i(x, t) prinadleßat pro-

stranstvu H^{1+α,(1+α)/2}(Γ_T ) i vypolnØ¸tsØ usloviØ soglasovaniØ nulevogo porØdka.

Teorema. Pri sdelannyh predpoloßeniØh zadaqa (2) imeet edin-

stvennoe rexenie u ∈ H^{2+α,(2+α)/2}(Ω_T ), v ∈ ^H^{2+α,(2+α)/2}(Γ_T ) i vypolnØetsØ neravenstvo |u^{(2+α)} Ω_T + ‖v‖ (2+α) Γ_T 6 c ( |f_0|^{(α)}_{ΩT} + |f_1|^{(1+α)}_{ΓT} + |φ|^{(2+α)}_Ω + |ψ|^{(3+α)}_Γ ) . (3)

2. Model~naØ zadaqa v poluprostranstve. V oblasti R^+_{2T} =

{(x, t) : x_1 ∈ R_1, x_2 > 0, t ∈ (0, T )} s graniceæ R_{1T} = {(x_1, t) : x_1 ∈ R_{1T} , t ∈ (0, T )} rassmotrim zadaqu nahoßdeniØ funkciæ u(x, t), v(x_1, t), opredelennyh na R^+_{2T} i R_{1T} sootvetstvenno, po usloviØm: ∂u ∂t − Δu = 0, (x, t) ∈ R^+_{2T} ; ∂u ∂x_2 + β ∂u ∂x_1 + γ ∂^2v ∂x^2_1 − f_1(x, t), u − v = f_2(x, t), (x, t) ∈ R_{1T} ; u(x, 0) = 0, v(x_1, 0) = 0; f_1 ∈ H_0^{1+α,(1+α)/2}(R_{1T} ),

f_2 ∈ H^{2+α,(2+α)/2}(R_{1T} ), f_2(x_1, 0) = 0, β ∈ R_1, γ ¿ γ_0 > 0.

(4)

Lemma. Zadaqa (4) imeet edinstvennoe rexenie i vypolnØ¸tsØ

neravenstva

⟨ u ⟩^{(2+α)}_{R+2T} + ⟨ v ⟩^{(2+α)}_{R1T} + ⟨ D^2_{x1} v ⟩^{(1+α)}_{R1T} 6 c ( ⟨ f_1 ⟩^{(1+α)}_{R1T} + ⟨ f_2 ⟩^{(2+α)}_{R1T} ) (5)

OB ODNO` KRAEVO` ZADAQE 43 s ne zavisØweæ ot T postoØnnoæ i |u|^{(2+α)} R^+_{2T} + ‖σ‖

(2+α) R_{1T} 6 c(T ) ( |f_1|^{(1+α)} R_{1T} + |f2| (2+α) R_{1T} ) (6) s ograniqennoæ postoØnnoæ pri ograniqennyh T .

Dokazatel~stvo. Oboznaqim preobrazovanie Fur~e po x i pre-

obrazovanie Laplasa po t funkcii f(x, t) qerez ~f (λ, p) = ∞∫ 0 e^{−pt} dt ∞∫ −∞ f(x, t)e^{−iλx} dx, togda zadaqu (4) moßno zapisat~ v vide (p + λ2)~u(λ, x2, p) − d^2 ~u d x^2 (λ, x2, p) = 0; ∂~u ∂x_2 (λ, 0, p) + iβλ~u(λ, 0, p) − γλ2~v(λ, p) = ~f1(λ, p), (7) ~u(λ, o, p) − ~v(λ, p) = ~f_2(λ, p). Pust~ ~u(λ, x_2, p) = ~m(λ, p) exp(−x_2 √ p + λ^2) ubyva¸wee na beskoneqnosti rexenie (7), togda iz graniqnyh usloviæ poluqaem ~m(λ, p) = = − ~K(λ, p) ~f1(λ, p) − ~K(λ, p) (√ p + λ^2 − iβλ ) ~f_2(λ, p) + ~f_2(λ, p), ~K(λ, p) = ( γλ^2 + √ p + λ^2 − iβλ )_{−1} . (8)

Proobrazom funkcii ~K(λ, p) pri preobrazovanii Laplasa est~ funkciØ ^K(λ, t), dlØ vyqisleniØ kotoroæ moßno vospol~zovat~sØ predstavleniem ( γλ^2 + √ p + λ^2 − iβλ )_{−1} = ∞∫ 0 e^{−τ(γλ2 +} √_{p+λ2 −iβλ} ) dτ, i, poskol~ku proobraz funkcii exp(−τ √ p + λ^2) izvesten, to ^K(λ, p) = e^{−λ} 2t 2 √ π t^{3/2} ∫ τ e^{−τγλ2 −τ 2 /4t+iτβλ} dτ.

44 B. V. BAZALI`, S. N. KAZMIN

Togda proobraz funkcii ~K(λ, p) est~ funkciØ K(x, t) = 1 2π3^/2 ∞∫ 0 τ t^{−3/2} e^{−τ 2 /4t} ∞∫ 0 e^{−λ2(t+γτ)} cos λ(x + βτ ) dλ dτ =

= 1 4π ∞∫ 0 τ t^{3/2}(t + γτ )^{1/2} e^{−τ 2 /4t} e^{− (x+βτ)} 2 4(t+γτ) dτ. FunkciØ u(x, t), rexenie zadaqi (4), moßet byt~ naædena po znaqeni¸ ee normal~noæ proizvodnoæ na granice, t.e. po proobrazu funkciæ ~m(λ, p) √ p + λ^2. Zametim, qto proobrazy funkcii ~f_1(λ, p) √ p + λ^2, ~f_2(λ, p)(p + λ^2 − iβλ √ p + λ^2) est~ funkcii iz klassa H_0^{α,α/2}. Pofftomu dostatoqno issledovat~ svoæstva gladkosti funkcii g(x, t) = t∫ −∞ dτ ∞∫ −∞ K(x − ξ, t − τ ) f(ξ, τ ) dξ, f ∈ H_0^{α,α/2}. My pokaßem, qto g(x, t) ∈ H_0^{1+α,(1+α)/2}(R_{1T} ) i poluqim sootvetstvu¸wie ocenki. Polezno otmetit~, qto poluqennye niße ocenki dlØ g(x, t) takovy, qto postoØnnye v nih osta¸tsØ ograniqennymi pri γ → 0, β → 0, t.e. oni ime¸t takoæ ße vid, kak i dlØ Ødra c t^{−1} exp(−x^2/4t), sootvetstvu¸wego simvolu (p+λ^2)^{−1/2}. Oboznaqim

g_1(x, t) = D_x g = t∫ −∞ dτ ∞∫ −∞ K_1(x − ξ, t − τ )f(ξ, τ ) dξ, K_1(x, t) = D_x K(x, t). Pust~ t^′ < t, togda imeem

g_1(x, t) − g_1(x, t^′) = t∫ 2t0_{−t} dτ ∞∫ −∞ K_1(x − ξ, t − τ )[f(ξ, τ ) − f(ξ, t)] dξ−

− t∫ 2t0_{−t} dτ ∞∫ −∞ K_1(x − ξ, t^′ − τ )[f(ξ, τ ) − f(ξ, t^′)] dξ+

OB ODNO` KRAEVO` ZADAQE 45 + 2t0_{−t}∫ −∞ dτ ∞∫ −∞ K_1 [ (x − ξ, t − τ ) − K_1(x − ξ, t^′ − τ ) ] [f(ξ, τ )−f(ξ, t^′)] dξ+

+ ∞∫ −∞ [ f(ξ, t) − f(ξ, t^′) ] 2(t−t0)∫

0 K_1(x − ξ, τ ) dτ ≡ 4∑ k=1 I_k. Legko proverØ¸tsØ neravenstva ∞∫ −∞ K_1(x, t) dx 6 { c t^{−1}; cγ^{−1/2} t^{−3/4}, ∞∫ −∞ | | | | ∂K_1 ∂t (x, t) | | | | dx 6 { c t^{−2}; cγ^{−1/2} t^{−7/4}. (9)

Seæqas my vospol~zuemsØ verhnimi ocenkami, spravedlivymi dlØ vseh γ ¿ 0. Togda, naprimer, |I_1| 6 c⟨ f ⟩^{(α/2)}_t t∫ 2t0_{−t} (t − τ )^{α/}2 t − τ dτ 6 c⟨ f ⟩^{(α/2})t (t − t^′)^{α/2}. Analogiqno ocenivaetsØ slagaemoe I_2 i s pomow~¸ teoremy o srednem slagaemom I_3. DlØ slagaemogo I_4 imeem

I_4 = 2(t−t0)∫

0 dτ ∞∫ −∞ K_1(x − ξ, τ ) [ f(ξ, t) − f(x, t) ] dξ−

− 2(t−t0)∫

0 dτ ∞∫ −∞ K_1(x − ξ, τ ) [ f(ξ, t^′) − f(x, t^′) ] dξ. V silu ocenki ∞∫ −∞ |x − ξ|^α dξ ∞∫ 0 τ e^{−τ 2 /4t} t^{3/2}(t + γτ )^{1/2} | | | | x − ξ + βτ t + γτ | | | | e^− (x�ξ+βτ)^2 4(t+γτ) dτ 6 6^c_{t3/2} ∞∫ −∞ dξ ∞∫ 0 τ e^{−τ 2 /4t} (t + γτ )1^/2 (|x − ξ + βτ |^α + |βτ |^α) e^{− (x} �ξ+βτ)^2 4(t+γτ) (t + γτ )1^/2 dτ 6

46 B. V. BAZALI`, S. N. KAZMIN

6^c_{t3/2} ∞∫ 0 τ (t + γτ )1^/2 e^{−τ 2 /4t} [ (t + γτ )^{α/}2 + |βτ |^α ] dτ 6 c t^{−1+α/2}, imeem |I_4| 6 c⟨ f ⟩^{(α)}x (t − t^′)^{α/2}, tak qto ⟨ g_1(x, t) ⟩^{(α/2)}_t 6 c ( ⟨ f ⟩^{(α)}_x + ⟨ f ⟩^{(α/2)}_t ) . (10) Ocenim teper~ raznost~ g_1(x, t) − g_1(x^′, t), predstavlØØ ee v vide

g_1(x, t) − g_1(x^′, t) = t∫ −∞ ∫ |x−ξ|62|x−x0| K_1(x − ξ, t − τ )[f(ξ, τ ) − f(x, τ )] dξ−

− t∫ −∞ dτ ∫ |x−ξ|62|x−x0| K_1(x − ξ, t − τ )[f(ξ, τ ) − f(x^′, τ )] dξ+

+ t∫ −∞ dτ ∫ |x−ξ|>2|x−x0| K_1 [ (x − ξ, t − τ ) − K_1(x^′ − ξ, t − τ ) ]×

×[ f(ξ, τ ) − f(x^′, τ ) ] dξ+ + t∫ −∞ dτ ∫ |x−ξ|>2|x−x0| K_1(x − ξ, t − τ ) [ f(x^′, τ ) − f(x, τ ) ] dξ ≡ 4∑ k=1 i_k. Privedem nekotorye ocenki dlØ K_1(x, t). Vo-pervyh, |K_1(x, t)| 6 c t^{3/2} ∞∫ 0 τ t + γτ e^{−τ 2 /4t} e^{− (x+τβ)} 2 8(t+γτ) dτ 6 c t^{3/2} . (11)

Dalee zameqaem, qto 1 (t + γτ )1^/2 e^{− (x+τβ)} 2 8(t+γτ) = c ∞∫ 0 e^{−2λ2(t+γτ)} cos λ(x + βτ ) dλ =

= c ∞∫ 0 e^{−2λ2(t+γτ)} [ cos λx cos λβτ − sin λx sin λβτ ] dλ. (12)

OB ODNO` KRAEVO` ZADAQE 47

Imeem, naprimer, s pomow~¸ integrirovaniØ po qastØm | | | | ∞∫ 0 e^{−2λ2(t+γτ)} cos λβτ cos λx dλ | | | | =

= | | | | 1 x^2 ∞∫ 0 d^2 dλ^2 ( e^{−2λ2(t+γτ)} cos λβτ ) cos λx dλ | | | | 6 6^c_{x2}^[(t + γτ )^{1/2} + |β|τ + β^{2 τ 2}_{(t + γτ )1/2}^].

ProvodØ analogiqnye ocenki dlØ vtorogo slagaemogo v kvadrat-

nyh skobkah v (12), poluqim |K_1(x, t)| 6 6^c_{x2 t3/2} ∞∫ 0 τ (t + γτ )1^/2 e^{−τ 2 /4t} [ (t + γτ )1^/2 + |β|τ + β^2τ^2

(t + γτ )1^/2 ] dτ 6 6^c_{t1/2 x2} . (13)

Analogiqnym obrazom moßno poluqit~ ocenki | | | | ∂K_1(x, t) ∂x | | | | 6^c_{t2} ,^|^{∂K1(x, t)}_{∂x}^| 6^c_{t1/2|x|3} . (14) S pomow~¸ ocenok (11), (13) poluqaem |i_1| 6 c⟨ f ⟩^{(α)}_x ∫ |x−ξ|62|x−x0| |x − ξ|^α dξ t∫ −∞ |K_1(x − ξ, t − τ )|dτ =

= c⟨ f ⟩(^α)_x ∫ |x−ξ|62|x−x0| |x − ξ|^α dξ {^{t−|x−ξ|2} ∫ −∞ |K_1(x − ξ, t − τ )|dτ +

t∫ t−|x−ξ|^2 |K_1(x − ξ, t − τ )|dτ } 6

48 B. V. BAZALI`, S. N. KAZMIN 6 c⟨ f ⟩^{(α)}_x^∫ |x−ξ|62|x−x0| |x − ξ|^α {^{t−|x−ξ|2} ∫ −∞ dτ (t − τ )3^/2 +

+ t∫ t−|x−ξ|^2 dτ (t − τ )1^/2|x − ξ|2 } 6 c⟨ f ⟩^{(α)}_x |x − x^′|^α. Ocenki dlØ i_2 i i_3 ime¸t takoæ ße vid, priqem pri ocenke i_3 ispol~zuetsØ teorema o srednem i neravenstva (14). Nakonec, |i_4| 6 c⟨ f ⟩^{(α)}_x |x − x^′|^α ∞∫ 0 | K(2|x − x^′|, t) − K(−2|x − x^′|, t) | dt. Odnokratnoe integrirovanie po qastØm v predstavlenii K(x, t) daet neravenstvo | K(x, t) |6 c t^{1/2}|x| . S drugoæ storony, teorema o srednem i (11) privodØt k neravenstvu | K(a, t) − K(−a, t) |6 c|a|t^{−3/2}, a sledstviem dvuh poslednih neravenstv ØvlØ¸tsØ ocenki ∞∫ 0 | K(2|x − x^′|, t) − K(−2|x − x^′|, t) | dt 6 6 c^{ |x−x0|^2 ∫ 0 dt t^{1/2}|x − x^′| + ∞∫ |x−x0|^2 |x − x^′|dt t^{3/2} } 6 const, |i_4| 6 ⟨ f ⟩^{(α)}_x |x − x^′|^α. Poluqennye ocenki da¸t ⟨ g_1(x, t) ⟩^{(α)}_x 6 c⟨ f ⟩^{(α)}_x . (15) Ispol~zuØ poqti takie ße rassußdeniØ, kak pri dokazatel~stve (10), poluqim neravenstvo ⟨ g(x, t) ⟩^{((1+α)/2)} t 6 ⟨ f ⟩^{(α/2)}_t . (16)

OB ODNO` KRAEVO` ZADAQE 49

Neravenstva (10), (15), (16) oznaqa¸t, qto ⟨ g(x, t) ⟩^{((1+α))} 6 c⟨ f ⟩^{(α)}, (17) priqem iz naxih rassußdeniæ sleduet, qto c ne zavisit ot T . Ocenki veliqin max |g(x, t)|, max |g_1(x, t)| fflementarny: |g_1(x, t)| 6 c t^{α/2}⟨ f ⟩^{(α)}_x , |g(x, t)| 6 c t^{1/2} max |f|, ots¸da |g(x, t)|^{(1+α)} 6 c(T ) |f|^{(α)}. (18) Oboznaqim Φ(x_1, t) proobraz funkcii ~m(λ, p) √ p + λ^2. V terminah zadaqi (4) ocenki (17), (18) oznaqa¸t ⟨ Φ ⟩^{(1+α)} 6 c ( ⟨ f_1 ⟩^{(1+α)} + ⟨ f_2 ⟩^{(2+α)} ) , ⟨ Φ ⟩^{(1+α)} 6 c(T ) ( |f_1|^{(1+α)} + |f_2|^{(2+α)} ) . (19)

Iz rezul~tatov [4, gl. 4] sleduet, qto funkciØ

u(x_1, x_2, t) ∈ H_0^{2+α,(2+α)/2}(R^+_{2T} ), priqem ⟨ u ⟩^{(2+α)} 6 c⟨ Φ ⟩^{(1+α)} s postoØnnoæ, ne zavisØweæ ot T , |u|^{(2+α)} 6 c(T )|Φ|^{(1+α)}. Teper~ iz graniqnyh usloviæ v (4) poluqim

v(x_1, t) ∈ H^{2+α,(2+α)/2}(R_1T ), D^2_{x1} v(x_1, t) ∈ H_0^{1+α,(1+α)/2}(Γ_T ), a ocenki (5), (6) est~ sledstvie ocenok (19), qto i dokazyvaet lemmu.

3. Dokazatel~stvo teoremy. Preßde vsego pokaßem, qto zadaqu

(2) moßno svesti k zadaqe dlØ funkciæ u ∈ H_0^{2+α,(2+α)/2}(Ω_T ), v ∈ ^H_0^{2+α,(2+α)/2}(Γ_T ).

Pust~ w(x, t) – rexenie zadaqi Koxi ∂w ∂t − Lw = ~f_0(x, 0), (x, t) ∈ R_{2T} ; w(x, 0) = ~φ(x),

50 B. V. BAZALI`, S. N. KAZMIN

gde ~f_0(x, 0)( ~φ(x)) est~ prodolßenie f_0(x, 0)(φ(x)) na R_2 s sohraneniem normy, tak qto |w|^{(2+α)} 6 c ( |f_0|^{(α)} + |φ|^{(2+α)} ) . Pust~ u_1(x, t) = u(x, t) − w(x, t), v_1(x, t) = v(x, t) − ψ(x). DlØ fftih funkciæ iz (2) poluqim zadaqu ∂u_1 ∂t − L u_1 = f_0(x, t) − f_0(x, 0) ≡ F_0(x, t), (x, t) ∈ Ω_T ; 2∑ i=1 b_i(x, t) ∂u_1 ∂x_i + L0 v1 = f1(x, t) − 2∑ i=1 b_i(x, t) ∂w ∂x_i + L0ψ ≡ F1(x, t), u_1 − v_1 = −w(x, t) + ψ(x) ≡ F_2(x, t), (x, t) ∈ Γ_T ; (20) u_1(x, 0) = 0, v_1(x, 0) = 0, x ∈ Ω Po postroeni¸ i iz usloviæ soglasovaniØ poluqaem F_0 ∈ H_0^{α,α/2}(Ω_T ), F_1 ∈ H_0^{1+α,(1+α)/2}(Γ_T ),

F_2 ∈ H_0^{2+α,(2+α)/2}(Γ_T ), F_2(x, 0) = 0 Poskol~ku ∂u_1/∂t(x, 0) = 0, to ∂v_1/∂t(x, 0) = ∂w/∂t(x, 0) = L φ(x) + f_0(x, 0) ∈ H^α(Γ). V tom sluqae, kogda Γ_T = R_1 × (0, T ), moßno postroit~ funkci¸ w_1(x_1, t) ∈ H^{2+α,(2+α)/2}(R_{1T} ) po usloviØm w_1(x, 0) = 0, ∂w_1/∂t(x, 0) = ∂v_1/∂t(x, 0) (sm. [4, gl. 4], |w_1|^{(2+α)} 6 c(|f_0|^{(α)} + |φ|^{(2+α)}).

Dalee po tak opredelennoæ funkcii w_1(x, t) postroim rexenie zadaqi vida (4): ∂z ∂t − Δz = 0, (x, t) ∈ R^+_{2T} ;

OB ODNO` KRAEVO` ZADAQE 51 ∂z ∂x_2 + ∂^2 v_3 ∂ x^2_1

= 0, z − v3 = w1(x1, t), (x1, t) ∈ R1_T ; (21)

z(x, 0) = 0, v_3(x_1, 0) = 0.

FunkciØ v_3(x_1, t) ∈ ^H^{2+α,(2+α)/2} i ∂v_3/∂t(x, 0) = ∂v_1/∂t(x, 0). V tom sluqae, kogda Γ – proizvol~naØ krivaØ klassa H^{3+α}, s pomow~¸ razbieniØ edinicy na Γ, rasprØmleniØ kuskov granicy i rexeniØ zadaq vida (21) moßno postroit~ funkci¸ v_3(x, t) ∈ ^H^{2+α,(2+α)/2}(Γ_T ), ∂v_3/∂t(x, 0) = ∂v_1/∂t(x, 0) pri x ∈ Γ i, krome togo,

‖v_3‖^{(2+α)}_{ΓT} 6 c(T ) ( |f_0|^{(α)}_{ΩT} + |φ|^{(2+α)}_Ω ) , ⟨ v_3 ⟩^{(2+α)}_{ΓT} + ⟨ D^2_ω v_3 ⟩^{(1+α)}_{ΓT} 6 c ( ⟨ f_0 ⟩^{(α)}_{ΩT} + ⟨ φ ⟩^{(2+α)}_Ω ) . Esli v sisteme (20) vvesti novu¸ neizvestnu¸ funkci¸ v_2(x, t) = v_1(x, t) = v_3(x, t) i pereoboznaqit~ (u_1, v_2) qerez (u, v), to pridem k sledu¸weæ zadaqe, ffkvivalentnoæ ishodnoæ zadaqe (2). TrebuetsØ naæti funkcii u(x, t), v(x, t), opredelennye na Ω_T i Γ_T sootvetstvenno, po usloviØm: ∂u ∂t − L u = Φ_0(x, t), (x, t) ∈ Ω_T ; 2∑ i=1 b_i(x, t) ∂u ∂x_i + L0 v = Φ1(x, t), u − v = Φ_2(x, t), (x, t) ∈ Γ_T ; u(x, 0) = 0, v(x, 0) = 0; Φ0 ∈ H 0 α,α/2(Ω T ), Φ1 ∈ H 0 1+α,(1+α)/2(Γ T ), Φ2 ∈ H 0 2+α,(2+α)/2(Γ T ),

(22)

priqem | Φ_0 |^{(α)}_{ΩT} + | Φ_1 |^{(1+α)}_{ΓT} + | Φ_2 |^{(2+α)}_{ΓT} 6

6 c^(| f0 |^{(α)}_{ΩT} + | f1 |^{(1+α)}_{ΓT} + | φ |^{(2+α)}_Ω + | ψ |^{(3+α)}_Γ^) .

Dokazatel~stvo razreximosti sistemy (22) provoditsØ po sheme, izloßennoæ v [4, gl. 4, §7]. Pust~ H_1 = H_0^{2+α,(2+α)/2}(Ω_T ) ^H_0^{2+α,(2+α)/2}(Γ_T )

52 B. V. BAZALI`, S. N. KAZMIN

– banahovo prostranstvo s fflementami w = (u, v),

H_2 = H_0^{α,α/2}(Ω_T )H_0^{1+α,(1+α)/2}(Γ_T )H_0^{2+α,(2+α)/2}(Γ_T )

– banahovo prostranstvo s fflementami h = (Φ_0, Φ_1, Φ_2). Operator A, zadavaemyæ levymi qastØsm sistemy (22), ograniqenno deæstvuet iz H_1 v H_2. V sootvetstvii so shemoæ postroim ograniqennyæ operator R : H_2 → H_1, kotoryæ poluqaetsØ putem skleivaniØ rexeniæ model~nyh zadaq, sootvetstvu¸wih vnutrennim i graniqnym toqkam oblasti Ω. DlØ naxeæ sistemy suwestvennoæ ØvlØetsØ model~naØ zadaqa ∂u ∂t − 2∑ i,j=1 a_{ij} (x^{(k)}_0 , 0)

∂^2 u ∂z_i ∂z_j = Φ0(x, t), (z, t) ∈ R+2_T ; 2∑ i=1 b_i(x^{(k)}_0 , 0) ∂u ∂z_i + γ(x(^k)0 , 0)

∂^2 v ∂ z^2_1 = Φ1(z, t), u − v = Φ_2(z, t), (z, t) ∈ R_{1T} , u(z, 0) = 0, v(z, 0) = 0;

Φ_k ∈ H 0 k+α,(k+α)/2, k = 0, 1, 2, x(k) 0 ∈ Γ, kotoru¸ nesloßnymi preobrazovaniØmi moßno svesti k zadaqe vida (4). S pomow~¸ operatora R na malom promeßutke vremeni stroitsØ ograniqennyæ operator A^{−1} v zadaqe (22), i pokazyvaetsØ, qto rexenie sistemy (2) za koneqnoe qislo xagov moßno postroit~ dlØ l¸bogo koneqnogo T , qto i dokazyvaet naxu teoremu.

Zameqanie. Rexenie sistemy (2) nasleduet gladkostnye svoæ-

stva rexeniØ model~noæ zadaqi (4). V model~noæ zadaqe ~v(λ, p) = ~K(λ, p) ~f (λ, p), gde f(x, t) ∈ H_0^{1+α,(1+α)/2} est~ nekotoraØ kombinaciØ funkciæ f_1(x, t) i f_2(x, t). Takim obrazom, vtoraØ proizvodnaØ funkcii v(x_1, t) po x_1 imeet obraz ~F (λ, p) = −λ^2 ~K(λ, p) ~f(λ, p) = λ ~K(λ, p) ~h(λ, p), h ∈ H_0^{α,α/2}. Esli vospol~zovat~sØ nißnimi ocenkami v (9), to moßno pokazat~, qto | D^2_x v(x, t) − D^2_x v(x, t^′) |6 c γ^{−1/2}⟨ h ⟩^{α/2)}_t (t − t^′)^{α/2+1/4},

OB ODNO` KRAEVO` ZADAQE 53

qto i sledovalo oßidat~, poskol~ku λ γ λ^2 + √ p + λ^2 − iβλ ∼ λ (iγ1^/2λ + p1^/4)2 ∼ λ λiγ^{1/2} + p^{1/4} . Tot fakt, qto D^2_x v(x, t) v deæstvitel~nosti prinadleßit H^{1+α,(1+α)/2} ØvlØetsØ sledstviem struktury Ødra ~K(λ, p): ~F (λ, p) = −λ^2 ~f (λ, p) γ λ^2 + √ p + λ^2 − iβλ =

= − 1 γ [ ~f (λ, p) − ( √ p + λ^2 − iβλ) ~f (λ, p) γ λ^2 + √ p + λ^2 − iβλ ] , pri fftom, kak my pokazali, vtoroe slagaemoe imeet proobraz iz H^{1+α,(1+α)/2}.

V sluqae Ω ⊂ R_n, n ¿ 3, my poluqim ~K(λ, p) = [_{n−1} ∑ i=1 γ_i λ^2_i + √ p + |λ|^2 − i(β, λ) ]_{−1} , i, sledovatel~no, ∑_{n−1} i=1 γ_i v_{xixj} ∈ H^{1+α,(1+α)/2}, otkuda ewe ne sleduet, qto v_{xixj} ∈ H^{1+α,(1+α)/2}, qto pri vybrannom metode neobhodimo dlØ dokazatel~stva razreximosti sistemy (2). �to oznaqaet, qto v sluqae n ¿ 3 vmesto prostranstv H^{k+α,(k+α)/2} nußno vvesti v rassmotrenie bolee specializirovannye prostranstva.

Avtory priznatel~ny V. A. Solonnikovu za poleznye obsußdeniØ problemy.

Rabota byla qastiqno podderßana proektom INTAS 94–2187 i Meßdunarodnym nauqnom fondom (grant U-97000).

Literatura

1. V. A. Solonnikov, Razreximost~ zadaqi v dvißenii vØzkoæ nesßimaemoæ ßidkosti, ograniqennoæ svobodnoæ graniceæ. — Izv. AN SSSR 41, No. 6 (1977), 1388–1424.

2. B. V. Bazaliæ, Zadaqa Stefana. — Dokl. AN USSR, ser. A No. 1 (1986), 3–7.

3. B. I. Kopytko, Semigroups of operators describing a multidimensional diffusion with partly reflacting barrier on a hyperplane. — Random Oper. Stovh. Eqs. 1, No. 1 (1992), 95–102.

4. O. A. LadyßenskaØ, V. A. Solonnikov, N. N. Ural~ceva, Lineænye i kvazilineænye uravneniØ paraboliqeskogo tipa. Nauka, M., 1967.

54 B. V. BAZALI`, S. N. KAZMIN Bazaliy B. V., Kazmin S. N. On one boundary problem with higher derivative at boundary condition for second order parabolic equation.

Existence in the Hölder class of boundary value problem with the second tangential derivatives of solution in the boundary conditions for parabolic second order equation with two spacial variables is proved.

Postupilo 21 maØ 1997 g. Institut prikladnoæ matematiki i mehaniki NAN Ukrainy, g. Doneck