Zapiski nauqnyh seminarov POMI Tom 251, 1998 g.

N. M. Bogoliubov

NON-HERMITIAN INTEGRABLE MODELS

Abstract. The non-Hermitian integrable models with the q-bosons as the dynamical variables are considered. It is shown that the exponential phase operators are the special limit of the q-bosons. The introduced phase-differences model is studied in the connection with the dynamical roughening systems.

1. Q-bosons and exponential phase operators

Let us consider the q-boson algebra [1] defined by three independent operators B, B^†, and N = N^†:

[N, B^+ ] = B^+ , [N, B] = −B, (1)

[B, B^+ ] = q^{−2N} .

The c-number q is taken to be q = e^γ . We take real γ > 0. The q−boson operators (1) can be expressed in terms of the ordinary canonical bosons b^†, b, [b, b^†] = 1, (2)

such that

B = (B^†)^† = √ [N + 1] N + 1 b ,

N = b^†b, (3)

the ’box’ is [n] = 1 − q^{−2n} 1 − q^{−2} . (4)

The exponential phase or Susskind–Glogowers operators [2] ϕ, ϕ^† were introduced as the decomposition of the bose operators b = √ N + 1ϕ, b^† = ϕ^† √ N + 1. (5) 22

NON–HERMITIAN INTEGRABLE MODELS 23

and are intensively studied in quantum optics and solid state physics [3]. These operators satisfy the commutation relations: [ϕ, ϕ^†] = π, [N, ϕ] = −ϕ, [N, ϕ^†] = ϕ^†, (6) in which π is the vacuum projector π =| 0⟩⟨0 | and N is the number operator. The operators ϕ, ϕ^† can be expressed in terms of the Fock number states | n⟩, as: ϕ = ∞∑ n=0 | n⟩⟨n + 1 |, ϕ^† = ∞∑ n=0 | n + 1⟩⟨n | . (7) In fact, the operator ϕ is “one-sided unitary” or an isometric, although ϕϕ^† = 1, one has ϕ^†ϕ = 1− | 0⟩⟨0 | . From the representations (3), (5) it follows that the q-boson operators (1) are connected with the exponential phase operators: B = √ [N + 1]ϕ, B^† = ϕ^† √ [N + 1].

In the limit γ → ∞: B → ϕ, B^† → ϕ^†. (8) The algebra (1) transfers into the algebra (6), since q^{−2N} → π when γ → ∞. When γ → 0 the q-bosons become ordinary bosons. It means that the q-bosons provide the smooth deformation from the ordinary bosons (2) to the phase operators (6).

The q-coherent states | z⟩_q are defined as the eigenvectors of the annihilation operator B [4]: B | z⟩_q = z | z⟩_q . (9) The normalized q-coherent states are equal to

| z⟩_q = E^{− 12}q (| z |^2) ∞∑ n=0 z^n √ [n]! | n⟩, | z |< (1 − q^{−2})^{− 12} , z ∈ C, (10)

24 N. M. BOGOLIUBOV

where the q-exponent E_q(z) is defined by the equality

E_q(z) = ∞∑ n=0 z [n]!

(11)

and [n]! ≡ ∏_∞ n=0[n]. When q → 1 the states (11) transfer into the standard coherent states of the bose oscillator

| z⟩_1 = e^{− j}

zj^2_2^∞∑ n=0 z^n √ n! | n⟩, b | z⟩_1 = z | z⟩_1 , (12)

while in the limit q → 0 they are equal to:

| z⟩_0 = √ 1− | z |^2 ∞∑ n=0 z^n | n⟩, ϕ | z⟩_0 = z | z⟩_0 . (13)

These eigenstates of the exponential phase operator (13) were discussed in [5, 6]. The action of the projector operator on these states is equal to:

π | z⟩_0 = √ 1− | z |^2 | 0⟩. (14)

Let us consider now the expectation value of operators in coherent states (12). It is easy to obtain the following expressions 1⟨z | B | z⟩_1 = Ψ_q (ρ)e^{iφ}, 1⟨z | B^† | z⟩_1 = Ψ_q (ρ)e^{−iφ}. (15)

Here we have used the representation z = √ ρe^{iφ} for the complex parameter and Ψ_q(ρ) = e^{−ρ} √ ρ ∞∑ n=0 ρ^n n! √ [n + 1] n + 1

(16)

is the q-deformation of the Carruthers and Nieto function [5] Ψ(ρ) = e^{−ρ} √ ρ ∞∑ n=0 ρ^n n! √ n + 1 . It is clear that when γ → ∞

Ψ_q (ρ) → Ψ(ρ), (17)

NON–HERMITIAN INTEGRABLE MODELS 25 and Ψ_q (ρ) → √ ρ, (18)

for γ → 0. In the classical limit (ρ → ∞):

Ψ(ρ) → 1 + O ( 1 ρ ) . (19)

2. Non-Hermitian integrable models

In the present work we shall discuss the model defined by the Hamiltonian on a chain [7]

H_ϕ = − 1 2 M∑ n=1 (ϕ^†_{n+1}ϕ_n + g(1 − π_n))

= − 1 2 M∑ n=1 (ϕ^†_{n+1}ϕ_n + gϕ^†_nϕ_n)

(20)

under the periodic boundary conditions j + M = M . The exponential phase operators ϕ^†_n, ϕ_n satisfy the commutation relations [ϕ_n, ϕ^†_m] = π_nδ_{nm}, [N_n, ϕ_m] = −ϕ_nδ_{nm}, [N_n, ϕ^†_m] = ϕ^†_mδ_{nm}, (21)

where π_n is the vacuum projector π_n = (| 0⟩_n⟨0 |_n) and N_n is the number of particles operator on the n-th lattice site. In (20) g is the interaction constant.

The kinetic term of the Hamiltonian (20) describes the nearestneighbour hopping from the left to right with equal amplitudes and the site term is proportional to the vacuum projector. When the constant g = 0, (20) reduces to the free phase model introduced and discussed in [8–10], and the corresponding free Hamiltonian commutes with its Hermitian conjugate. The introduction of the term proportional to the vacuum projector breaks this symmetry and: [H_ϕ, H^†_ϕ] ≠ 0.

The non-Hermitian phase-differences model (20) is the γ → ∞ limit of the q-boson non-Hermitian integrable model defined by the Hamiltonian: H_{NQB} = − 1 2 M∑ n=1 ( B^†_{n+1}B_n + g χ B^†_nB_n ) , (22)

where B^†_n, B_n and N_n are independent operators of q-boson algebra (1), and χ = 1 − q^{−2}. The solution of this model will be presented elsewhere.

26 N. M. BOGOLIUBOV

When γ → 0 the Hamiltonian H_{NQB} +^g_{2χ}N̂ transfers into the integrable non-Hermitian boson model H_{NB} = − 1 2 (_M ∑ n=1 b^†_{n+1}b_n − g 2 N^2_n ) , (23)

where b^†_n, b_n are canonical boson operators and N_n = b^†_nb_n.

One can calculate the expectation value of the introduced Hamiltonians in the coherent basis | z⟩_1 = ⊗^M_{n=1} | z_n⟩^n_1 , z_n = ρ_ne^{iφ}n, where | z_n⟩^n_1 are (12). Applying (15) to the Hamiltonian (22) we have 1⟨z | H_{NQB} | z⟩_1 = = − 1 2 M∑ n=1 ( Ψ_q (ρ_{n+1})Ψ_q (ρ_n)e^{i(φ}n^{+1−φ}n^) + g χ^2 (1 − e^{−χρ}n) ) , where Ψ_q (ρ) is (16). In the phase limit (γ → ∞) 1⟨z | H_ϕ | z⟩_1 = − 1 2 M∑ n=1 ( Ψ(ρ_{n+1})Ψ(ρ_n)e^{i(φ}n^{+1−φ}n^) + g(1 − e^{−ρ}n ) ) , which in the classical limit (ρ → ∞), due to (19), transfers into the Hamiltonian of the XY classical magnet chain. 3. Solution of the non-Hermitian phase model

The model (20) is solved for its eigenstates and eigenvalues by the algebraic Bethe ansatz in [7]. The L−operator of the model is defined as

L_n(u) = ( u^{−1} − guπ_n ϕ^†_n ϕ_n u ) , (24)

where u ∈ C, and ϕ^†_n, ϕ_n, π_n are (21). This operator-valued matrix satisfies the bilinear relation: R(u, v)L_n(u) ⊗ L_n(v) = L_n(v) ⊗ L_n(u)R(u, v), (25) in which R(u, v) is the 4 × 4 R-matrix with the non-zero elements equal to R_{11}(u, v) = R_{44}(u, v) = f(v, u), R_{22}(u, v) = R_{33}(u, v) = g(v, u), R_{23} = 1,

(26)

NON–HERMITIAN INTEGRABLE MODELS 27

with f(v, u) = u^2 u^2 − v^2 , g(v, u) = uv u^2 − v^2

. (27)

The monodromy matrix is introduced in the usual way as

T (u) = L_M (u) . . . L_1(u) = ( A(u) B(u) C(u) D(u) ) . (28)

The commutation relations of the elements of the monodromy matrix are given by the equation (25) with the same R−matrix (26). The transfer matrix, trace of the monodromy, τ (u) = T rT (u) = A(u) + D(u), satisfies the commutation relation

[τ (u), τ (v)] = 0 (29)

for all u, v ∈ C. The transfer matrix plays the role of the generating function of the integrals of motion, the introduced Hamiltonian (20) being one of these.

The monodromy matrix (28) satisfies the relation

e^{ζN̂} T (u)e^{12 ζσ3} = e^{12 ζσ3} T (u)e^{ζN̂} , (30)

where N̂ = M∑ n=1 N_n (31)

is the total number operator. It follows from (30) that the transfer matrix commutes with the total number operator:

[τ (u), N̂] = 0. (32)

From the definitions (24) and (28) one finds by the direct calculation that

u^M A(u) = 1 + u^2 {_{M−1}∑ n=1 ϕ^†_{n+1}ϕ_n − gπ_n } + . . . + u^{2M} (−g)^M M∏ n=1 π_n and likewise u^M D(u) = u^2ϕ^†_1ϕ_M + . . . + u^{2M} .

From (29) and (32) it follows that the operator

H_ϕ = − 1 2 ( gM + ∂u^M τ (u) ∂u^2 |_{u=0} ) = − 1 2 M∑ n=1 (ϕ^†_{n+1}ϕ_n + g(1 − π_n)), (33)

28 N. M. BOGOLIUBOV

which is the Hamiltonian of the introduced model (20), commutes with the transfer matrix and with the total number operator

[H_ϕ, τ (u)] = [H_ϕ, N̂] = 0. (34)

The operator B(u) (28) is interpreted as a creation operator as it follows from the relation (30) that N̂ B(u) = B(u)(N̂ +1). The N -particle eigenstates of the transfer matrix τ (u) are taken to be of the form

| Φ_N (u_1, u_2, . . . , u_N ⟩ = N∏ j=1 B(u_j ) | Ω⟩, (35)

with | Ω⟩ = ∏_M n=1 | 0⟩_n, where the state | 0⟩_n is the local Fock vacuum state: ϕ_n | 0⟩_n = 0. The parameters u_j have to satisfy the Bethe equations:

(u^{−2}_n − g)^M = (−1)^{N−1} N∏ m=1 u^2_n u^2_m

. (36)

The eigenvalues Θ_N (v) of τ (v) to which the eigenvalues (35) belong are such that

τ (v) | Φ_N (u_1, u_2, ldots, u_N ⟩ = Θ_N (v) | Φ_N (u_1, u_2, . . . , u_N ⟩

and one finds that

Θ_N (v) = (v^{−1} − gv)^M N∏ m=1 u^2_m u^2_m − v^2 + v^M N∏ m=1 v^2 v^2 − u^2_m

. (37)

By using (33) it is easy to calculate the eigenspectrum of the operator H_ϕ in (20). The N -particle eigenenergies are equal to:

E_N = − 1 2 ( gM + ∂u^M Θ_N (u) ∂u^2 |_{u=0} ) = − 1 2 N∑ n=1 u^{−2}_n . (38)

The state conjugated to (35) is ⟨Φ̄_N (u_{1,}u_2, . . . , u_N |= ⟨0 | ∏_N n=1 C(u_n) where C(λ) is the element of the monodromy matrix (28) with the dual pseudovacuum defined by the equation ⟨0 | ϕ^† = 0. This state is the eigenvector of the transfer matrix τ (v) with the same eigenvalue Θ_N (v) (37), and thus of the considered Hamiltonian (20) with the eigenenergy (38).

NON–HERMITIAN INTEGRABLE MODELS 29

4. Dynamical roughening models

The Heisenberg chain defined by the Hamiltonian

H_{spin} = − M∑ j=1 ( σ^z_j σ^z_{j+1} − 1 4 ) − M∑ j=1 σ^+_j σ^−_{j+1}, (39)

is widely used as the dynamical model for interface growth [11–12]. This model is connected with the R-matrix (26). The bilinear relation (25) is satisfied by the L-operator L(n | u) = ( uσ^+_n σ^−_n σ^−_n σ^+_n u −^1_u σ^+_n σ^−_n ) . (40)

The Hamiltonian (39) of the spin model is expressed through the transfer matrix τ (u) constructed by the L-operators (40):

H_{spin} = − 1 2 ∂ ∂u ln τ (u) |_{u=1} + M 2 . (41)

The N -particle eigenenergy of the spin Hamiltonian (39) is equal to:

E_N = − N∑ n=1 1 u^2_n − 1

, (42)

where the parameters u_n satisfy the Bethe equations

(1 − u^{−2}_n )^M = (−1)^{N−1} N∏ m=1 u^2_m u^2_n

. (43)

One can think that a spin configuration | σ⟩ describes a set of particles on a chain: + corresponds to a particle and − to a vacant site. The Hamiltonian (39) creates then the hopping of particles to the left, provided the final state is empty. In the surface growth it is known as the single-step asymmetric exclusion model. If we define height variables through h_{j+1} − h_j =^1_2 [σ_{j+1} + σ_j ], then this rule describes how material attaches to and evaporates from the surface. It is argued [11] that the system (39) corresponds to a discretized version of noisy Burgers equation: ∂u ∂t = ∂^2u ∂x^2 + 2u ∂u ∂x (+noise). (44)

If one interprets u = h^′ as the slope of a one-dimensional surface, then (44) becomes the Kardar–Parisi–Zhang equation [13], which governs the

30 N. M. BOGOLIUBOV

shape fluctuations of various growth models. Thus the discussed spin system belongs to the Kardar–Parisi–Zhang universality class with the dynamic exponent^3_2 . Accordingly the energy gaps of low lying energy levels scale with the system size M as M^{−3/2} as opposed to the M^{−1} scaling at criticality.

Let us discuss the possible connection of the introduced phasedifferences model with the dynamical roughening models. The Hamiltonian of the phase model (20) create a persistent current around the ring. The particles hop with the rate equal to one to their right. The exclusion process is governed by the term proportional to (1 − π_n) The surface profiles are defined by the set of occupation numbers of particles at the sites of a chain. The microscopic state of the system is given by the Fock vector | n_{1,} . . . , n_M ⟩. The local height of the profile is equal to the occupation number N_j | n_{1,} . . . , n_M ⟩ = n_j | n_{1,} . . . , n_M ⟩. The macroscopic state | Υ⟩ = ∑ υ(n_{1,} . . . , n_M ) | n_{1,} . . . , n_M ⟩ is then defined by the probability υ(n_{1,} . . . , n_M ) of finding the system in the microscopic state | n_{1,} . . . , n_M ⟩. The evolution is given by a master equation of the form ∂ ∂t | Υ⟩ = −H | Υ⟩. It is evident that the central issue of the theory is the long distance behavior of the correlation function G(t, j) =< N_j e^{−|t|H} N_1 > −N^2. From this point of view it is interesting to calculate the finite size corrections for the non-Hermitian phase model which are connected with the critical exponents of the theory. In the thermodynamic limit (M, N → ∞ with M/N = D > 0) the Bethe equations in the logarithmic form transfer into the linear integral equations. One assumes that the momenta {λ_n} become densely packed along a smooth curve Γ in the complex plain, which is symmetric with respect to the imaginary axis and has end points Q and −Q̄. For the energy of the ground state of the model in the limit when M, N → ∞, and^N_M = D is finite, we get the following expression

E_M + N (1 + g) = M e − π 12M v + O(M^{−x}) , x > 1, (45)

where e is the ground energy and v is the Fermi velocity. This expansion is typical for the Bethe ansatz solvable models with nontrivial ground state. In this case it is reasonable to study the spectrum for the low-lying excitations [14]. The changes in the energy for these excitations are equal to Re δE = πv M [ N^+ + (Zd)^2 + ( Δ 2Z )_2] + O(M^{−2}), (46)

NON–HERMITIAN INTEGRABLE MODELS 31

where N^+ , d and Δ are some integers specifying the types of the elementary excitations. The function Z describes the reaction of the vacuum particles (the particles which form the ground state) on the excitations and is equal to [7]: Z = 2π 2π − (ϕ(Q) − ϕ(−Q̄)) , (47)

where ϕ(λ) = i log(e^{−iλ} + g). In the limiting cases it is possible to find the explicit expressions for this function. When g → 0

Z = (1 + D) { 1 − g π sin πD 1 + D } , and Z = 1 + 1 πg sin πD for g → ∞. The answer (47) indicates that the critical exponents of the phase-difference model in the considered case continuously depend on the parameters of the system.

It is worth mentioning that the Z-function for the chain (39) Z = 2π 2π + (ϕ(Q) − ϕ(−Q̄)) , where ϕ(λ) = i log(e^{−iλ} − 1) and Q is the end point of the correspondent integration curve. The excitation spectrum is given by (39) in the antiferromagnetic region. Acknowledgement

I would like to thank the Physics Department of the University of Jyväskyla for the support.

References

1. P. P. Kulish and E. V. Damaskinsky, On the q-oscillator and the quantum algebra suq (1, 1). — J. Phys. A 23 (1990), 415.

2. P. Carruthers and M. Nieto, Coherent states and the number-phase uncertainty relation. — Phys. Rev. Lett. 14 (1965), 387.

3. R. Lynch, The quantum phase problem: a critical review. — Phys. Rep. 256 (1995), 370.

4. E. V. Damaskinsky and P. P. Kulish, Deformed oscillators and their applications.

— Zap. Nauchn. Semin. LOMI 189 (1991), 37.

5. P. Carruthers and M. Nieto, Phase and angle variables in quantum mechanics.

— Rev. Mod. Phys. 40 (1968), 411.

32 N. M. BOGOLIUBOV

6. H. C. Volkin, Phase operators and phase relations for photon states. — J. Math.

Phys. 14 (1974), 1965.

7. N. M. Bogoliubov and T. Nassar, On the spectrum of the non-Hermitian phase-differences model. — Phys. Lett. A 234 (1997), 345.

8. N. M. Bogoliubov, R. K. Bullough, and G. D. Pang, Exact solution of a q-boson hopping model. — Phys. Rev. B 47 (1993), 11495.

9. N. M. Bogoliubov, R. K. Bullough, and J. Timonen, Critical behavior for correlated strongly coupled boson systems in 1 + 1 dimensions. — Phys. Rev. Lett. 73 (1994), 3933.

10. N. M. Bogoliubov, A. G. Izergin, and N. A. Kitanine, Correlation functions of the phase model on a lattice. — Phys. Lett. A 231 (1997), 347.

11. L. H. Gwa and H. Spohn, Bethe solution for the dynamical-scaling exponent of the noisy Burgers equation. — Phys. Rev. A 46 (1992), 844.

12. D. Kim, — Phys. Rev. E 52 (1995), 3512.

13. K. Kardar, G. Parisi, and Y.-C. Zhang, — Phys. Rev. Lett. 56 (1986), 889. 14. V. E. Korepin, N. M. Bogoliubov, and A. G. Izergin, Quantum inverse scattering method and correlation functions. CUP (1993).

Postupilo 15 i¸nØ 1998 goda

Sankt-Peterburgskoe otdelenie Matematiqeskogo instituta im. V. A. Steklova RAN