Zapiski nauqnyh seminarov POMI Tom 258, 1999 g.

A. V. Banshchikov, L. A. Bourlakova, and V. D. Irtegov

PROBLEMS OF STABILITY OF DYNAMIC SYSTEMS AND COMPUTER ALGEBRA

Abstract. This paper presents examples of some problems of stability of motion, for solving which computer algebra systems (CAS) have been used. We have experience of developing and applying problem-oriented systems of symbolic computations and applied software packages in solving problems of dynamics of multi-body systems [1, 2]. The algorithms under consideration are implemented completely or partially with the aid of state-of-the-art CAS. They are intended for inclusion in the package of symbolic computation “Stability” [2].

1. Constructing lyapunov functions and first integrals

Consider the differential equations describing the motion of mechanical systems. The equations have the form: M ẍ + Dẋ + 2Gẋ + P x + Kx = Q(x, ẋ) (1.1) where M = M^T > 0 D = D^T G = −G^T P = −P^T K = K^T are constant n × n -matrices, ẍ, ẋ, x are the matrices 1 × n of generalized coordinates, velocities and accelerations (in deviations from steady motion); D K are the matrices of dissipative and potential linear forces; G P are the matrices of gyroscopic and nonconservative linear forces; Q(x, ẋ) is matrix nonlinear with respect to x, ẋ forces; Q(0, 0) = 0. If the system is a controlled one, Q(x, ẋ) can be linear.

For a sufficiently wide class of nonlinear forces, programs using CAS for decomposed of forces have been developed. The position forces are decomposition into potential Q^p = ∂U (x)/∂x and nonconservative R(x) satisfying the condition R^T x = 0 . The forces dependent on the velocities of forces, are resolved into dissipative D = ∂F̃ (x, ẋ)/∂ẋ (with a positive or negative dissipation) and gyroscopic Γ , for which Γ^T ẋ = 0 [3].

Consider the problem of investigation of stability or stabilization of an unstable equilibrium position x = ẋ = 0 of the system (1.1). If the system (1.1) is not critical in Lyapunov’s sense, the stability problem is solved completely by the linear part with respect to the roots of the characteristic equation. In critical cases, only the Lyapunov’s second method 262

PROBLEMS OF STABILITY 263

is used. But then there arises the problem of the proximity of sufficient stability conditions to necessary conditions, i.e. of a “good” choice of the Lyapunov function.

Definition. The relation df(ẋ, x)/dt = F_1(ẋ, x) is said to be the differential consequence of equations (1.1) if it holds for all solutions of the system.

In the theorems of the Lyapunov’s second method, we shall use differential consequences of equations (1.1). One of the algorithms for constructing differential consequences is described in [2] and involves the following procedure: we multiply (1.1) on the left by matrices of the form x^T L_1, ẋ^T L_2, ẍ^T L_3 , and transform the final expressions by selecting the symmetric parts. The matrices L_i are equal to those of the input equation or their combinations.

Example 1.1. Let L_3 = GM^{−1}, L_2 = KM^{−1}, and L_1 = GM^{−1}. After selecting the full derivative, we obtain three consequences. We combine them into one bundle: d dt (ẋ^T (4G^T M^{−1}G + K)ẋ + x^T (KM^{−1}K − 2GM^{−1}G)x+

+2x^T (KM^{−1}G + P M^{−1}G − G)ẋ) =

= −2ẋ^T (GM^{−1}G^T M^{−1}D + KM^{−1}D + G^T M^{−1}P )ẋ−

−2x^T (G^T M^{−1}K + G^T M^{−1}P )x + 2x^T (2KM^{−1}G^T M^{−1}D−

−2P M^{−1}GM^{−1}D − G^T M^{−1}D − P^T M^{−1}K)ẋ . (1.2)

Now, by W we denote the form in (1.2) on the right. If in (1.2) the form under the sign of derivative has the fixed sign and the form W has the fixed sign with an opposite sign, in accordance with Lyapunov’s theorem the trivial solution of the system is asymptotically stable irrespective of nonlinear forces. Consequently, theorem 1.1 holds.

Theorem 1.1. If

4G^T M^{−1}G + K − (KM^{−1}G + P M^{−1}G − G)^T ∗

∗ (KM^{−1}K − 2GM^{−1}G)^{−1}(KM^{−1}G + P M^{−1}G − G) > 0

A = (G^T M^{−1}K + G^T M^{−1}P + KM^{−1}G + P M^{−1}G) > 0

2(GM^{−1}G^T M^{−1}D + KM^{−1}D + G^T M^{−1}P ) −

264 A. V. BANSHCHIKOV AND ANOTHER

−(2KM^{−1}G^T M^{−1}D − 2P M^{−1}GM^{−1}D − G^T M^{−1}D − P^T M^{−1}K)^T ∗

∗ A^{−1}(2KM^{−1}G^T M^{−1}D−

−2P M^{−1}GM^{−1}D − G^T M^{−1}D − P^T M^{−1}K) > 0

then the solution ẋ = x = 0 of the system (1.2) is asymptotically stable with respect to ẋ x for any nonlinear forces.

Noteworthy, then the characteristic equation of the system has all roots with the negative real part. The Routh–Hurwitz’s conditions are satisfied. If the form W in (1.2) is of constant signs (the sign opposite to that of the form on the left), and the set L = { x, ẋ : W = 0 } does not contain the full trajectories except for x = ẋ = 0 , the trivial solution of the linear system (1.1) is asymptotically stable. In [2], some algorithms for verifying the presence or absence of the full trajectories on the set are described.

As investigations show, in critical cases sufficiently soft stability conditions are obtained when the first integral of the differential equations of motion is taken as the Lyapunov function.

Consider the description of another algorithm for constructing differential consequences and, in particular, the first integrals for some variants of the system (1.1). We select a function

V = ẋ^T N ẋ+x^T Lx+x^T B^T ẋ+ẋ^T Bx+F (x, ẋ) L = L^T N = N^T (1.3)

and calculate from it the derivative by equations (1.1): dV dt = ẋ(−N M^{−1}(D + 2G) − (D − 2G)M^{−1}N + B + B^T )ẋ+

+x^T ((P − K)M^{−1}B − B^T M^{−1}(P + K))x + ẋ(L − N M^{−1}(K + P )−

(D − 2G)M^{−1}B)x + x^T ((L + (P − K)M^{−1}N − B^T M^{−1}(D + 2G))ẋ+

ẋ^T ( ∂F ∂x + +2N M^{−1}Q − (D − 2G)M^{−1} ∂F ∂ẋ )+ x^T (2B^T M^{−1}Q − (K − P )M^{−1} ∂F ∂ẋ ) + Q^T M^{−1} ∂F ∂ẋ . (1.4)

Further manipulations with (1.3) and (1.4) depend on the problem chosen. The three procedures are possible.

1). Differential consequences of equations (1.1) are constructed by putting N L B equal to a unit matrix or matrices of the initial system (or their combinations), F = 0.

PROBLEMS OF STABILITY 265

2). The first integral of the quadratic type for the system (1.1) for Q = 0 is find. Put F = 0 in (1.4). By equating the matrix of all quadratic and bilinear forms in (1.4) to zero, we obtain the system of matrix equations for matrices N and B of dimension n × n:

N M^{−1}(D + 2G) + (D − 2G)M^{−1}N − B − B^T = 0 ; (1.5)

(K − P )M^{−1}B = −B^T M^{−1}(K + P ) ; (1.6)

(K − P )M^{−1}N − N M^{−1}(K + P ) =

= (D − 2G)M^{−1}B − B^T M^{−1}(D + 2G). (1.7)

The matrices N and B obtained are used to construct the matrix

L = 1/2((K − P )M^{−1}N + N M^{−1}(K + P )+

+(D − 2G)M^{−1}B + B^T M^{−1}(D + 2G))

will be constructed.

The system (1.5)–(1.7) has the trivial solution N = 0 B = 0 ( B^T = 0 ). It is an overdetermined system of homogeneous linear equations and can therefore have a unique trivial solution or a set of solutions. Conditions of existence of a nontrivial solution and conditions of compatibility will impose restrictions on the matrices of the initial system, for example, on the matrices D and G if the problem of stabilization of the system with position forces by dissipative and gyroscopic forces is solved.

Example 1.2. Let D = 0 P = 0 Q = 0 . Then we have a system with potential and gyroscopic forces. Equations (1.5) - (1.7) allow to obtain:

solution 1: B = 0 N = E which allow the integral of energy ẋ^T M ẋ + x^T Kx = const for the linear system (1.1);

solution 2: N = K − 4GM^{−1}G B = 2G^T K which defines the first integral ẋ^T Kẋ+(Kx+2Gẋ)^T M^{−1}(Kx+2Gẋ) = const ;

solution 3: let K = βM , then B = αG, N = M^{−1} (α and β being constant); the linear system (1.1) has the integral ẋ^T M^{−1}ẋ+x^T (βE +2αGG)x+2α(x^T GGẋ+ ẋ^T GGx) = const .

266 A. V. BANSHCHIKOV AND ANOTHER

In the general case, it becomes necessary to examine obvious variants which lead to matrix equations of the form:

AX = XA^T ; (1.8)

A_1X = −XA^T_1 . (1.9)

For equations (1.8), a symmetric solution for X always exists; the skew-symmetric solution exists only if A has divisible eigenvalues, to which there correspond simple elementary divisors and/or various Jordan blocks. For (1.9), the nontrivial solution exists if the roots of the characteristic polynomial f(λ) of the matrix A_1 include zero roots and/or f(λ) contains only even degrees of λ.

Variant 2.1). B = 0. Then N must be the solution of equations (1.8)–(1.9) for A = (K − P )M^{−1} and A_1 = (D − 2G)M^{−1} .

Example 1.3). If D = 0 G = 0 , then for a linear system with position forces there exist n_1 ≥ n quadratic integrals

Variant 2.2). N = 0 . Then from (4) we have B = −B^T , and this skew-symmetric matrix should be the solution of equations (1.8) with the matrix A = (K − P )M^{−1} and (1.9) with the matrix A_1 = (D−2G)M^{−1} . If for (1.8) we have found a skew-symmetric solution then, after substituting it into (1.9), we obtain the conditions of compatibility, and if these are satisfied, the first integral V = x^T Bẋ exists. We solve the conditions of compatibility for the elements of the matrices D or G . Variant 2.3). B = −B^T . B ≠ 0 N ≠ 0. The matrix N ≠ 0 if the characteristic polynomial f(λ) of the matrix A_1 = (D − 2G)M^{−1} contains only even degrees of λ and/or does not contain a constant term. Therefore, first we compute and analyze the characteristic polynomial of the matrix (D − 2G)M^{−1} , determine the skew-symmetric solution of the system (1.6) and check (1.7) for compatibility.

Example 1.4. Let K = 0 P = 0 Q = 0. Equations (1.5)–(1.6) have the solution B = G N = M . If the condition DM^{−1}G + GM^{−1}D = 0 is satisfied, then the system (1.1) has the first integral ẋ^T M ẋ − 2x^T GM^{−1}Gx + 2ẋGx = const.

Remark 1. If some matrices in (1.1) are absent, it makes sense, first, to turn to the matrix equations (1.5)–(1.7) before calculating the elements of the matrices N and B.

PROBLEMS OF STABILITY 267

Remark 2. When investigating stability, there is no need to determine integrals of fixed sign only. To construct a fixed sign bundle of two integrals having alternating signs, it is possible to Finsler’s theorem. Furthermore, it is often sufficient to find conditions of existence of such a bundle.

The integral of a linear system can also be used as the Lyapunov function for a nonlinear system. The value of its derivative due to the nonlinear system can be determined by (1.4).

3). The first integral of the form (1.3) for the nonlinear system (1.1) is to be found.

To the set of equations (1.5)–(1.7) it is necessary to add: ∂F ∂x + 2N M^{−1}Q − (D − 2G)M^{−1} ∂F ∂ẋ = 0 ; (1.10)

2B^T M^{−1}Q − (K − P )M^{−1} ∂F ∂ẋ = 0 ; (1.11)

Q^T M^{−1} ∂F ∂ẋ = 0. (1.12)

These equations serve to construct F (x, ẋ), if any, or to determine Q , for which (1.3) is an integral. The function F (x, ẋ) must satisfy the conditions:

∂^2F ∂ẋ_i∂ẋ_j = ∂^2F ∂ẋ_j ∂ẋ_i ; ∂^2F ∂x_i∂x_j = ∂^2F ∂x_j∂x_i ; ∂^2F ∂ẋ∂x = ∂^2F ∂x∂ẋ ; ( i, j = 1, . . . , n ). (1.13) Variant 3.1). If F = F (x) , then from (1.11) it follows that Q^T M^{−1}B = 0 , equation (1.12) is satisfied, and the conditions (1.13) lead to the requirement: N M^{−1} ∂Q ∂x = ( ∂Q ∂x )^T M^{−1}N. (1.14)

If the condition (1.14) holds for a given Q , then

F (x) = −2 ∫ Q^T M^{−1}N dx (F (0) = 0)

Variant 3.1.1). Let B = 0 . The matrix N will be determined under the conditions of variant 2.1 from the system (1.5)–(1.7) and (1.14).

268 A. V. BANSHCHIKOV AND ANOTHER

Variant 3.1.2). Let B ≠ 0 . The matrix N will be determined from the system of equations (1.5) - (1.7), (1.14) and Q^T M^{−1}B = 0. Variant 3.2). Let F = F (x, ẋ) .

Variant 3.2.1). If det(K + P ) ≠ 0 det(D − 2G) ≠ 0 , then from (1.11) and (1.10) we have M^{−1} ∂F ∂ẋ = 2(K − P )^{−1}B^T M^{−1}Q ; ∂F ∂x = −2N M^{−1}Q + 2(D − 2G)(K − P )^{−1}B^T M^{−1}Q.

The condition (1.12) hold due to (1.6). From (1.10) and (1.13) we have

B^T M^{−1} ∂Q ∂ẋ (K + P ) = (K − P )( ∂Q ∂ẋ )^T M^{−1}B ;

(N +(D −2G)(K −P )^{−1}B^T ) ∂Q ∂x = ( ∂Q ∂x )^T (N +B^T (K +P )^{−1}(D +2G)) ;

(N + (D − 2G)(K − P )^{−1}B^T ) ∂Q ∂ẋ = 2(K − P )^{−1}B^T ∂Q ∂x . When these conditions hold, we have F (x, ẋ) = ∫ (−2N M^{−1}Q + 2(D − 2G)(K − P )^{−1}B^T M^{−1}Q)^T dx+

+2((K − P )^{−1}B^T M^{−1}Q)^T dẋ (F (0, 0) = 0).

When det(K+P ) ≠ 0 we select the solution B = 0 then M^{−1}∂F ∂ẋ = 0; we obtain variant 3.1.1.

Variant 3.2.2). If det(K + P ) = 0, then the condition of compatibility (1.10)–(1.12) is either Q^T M^{−1}B = 0 or rank (K + P ) = rank (K + P, −2Q^T M^{−1}B). Variant 3.2.3). If det(D − 2G) = 0 , then either ∂F/∂x = −2N M^{−1}Q or rank (D − 2G) = rank (D − 2G 2N Q + ∂F/∂x). In addition, (1.11)– (1.13) must be satisfied.

The calculated first integrals (or their bundles) can be used to construct Lyapunov functions in proving the stability of the trivial solution for the system (1.1) if Sylvester’s inequalities of sing-definiteness of the quadratic part of the integral (1.3) with respect to all variables of the problem are satisfied.

Example 1.5. Let D = G = 0 Q = Q(x) (M = E) , i.e. let only position forces act in the system.

PROBLEMS OF STABILITY 269

Proposition. Let N satisfy (1.9), and let the conditions (1.13) be satisfied when B = 0 ∂F/∂ẋ = 0. Then the system allows for the first integral V of the form (1.3). Its property of having fixed sign depends on the quadratic part of V . The conditions N > 0 (< 0) and L = 1/2((K − P )N + N (K + P )) > 0 (< 0) are sufficient conditions of stability with respect to x, ẋ of the trivial solution of both the linear and nonlinear system (1.1) when selecting the nonlinearity Q , determined by the conditions (1.14). If also in (1.1) Q = Q(ẋ) when ẋ^T LQ < 0 the trivial solution is stable with respect to x and asymptotically stable with respect to ẋ.

Having investigated for this case equations (1.5)–(1.7), (1.10)–(1.11), we obtain the theorem:

Theorem 1.2. If the linear system (1.1) (D = G = 0) allows for a quadratic first integral with a diagonal matrix for ẋ, then the requirements of the property of sing-definiteness of this integral with respect to ẋ, x are the sufficient conditions of stability of the trivial solution of the nonlinear system (1.1), in which the nonlinearities Q = ∂U/∂x , where U (x) = ∑_n i=1 U_i(x_i).

2. Problem with perturbations

Let the objects of the investigation be described by ordinary differential equations of the form ẋ = X(x) x ∈ U ⊂ R^n, with smooth right-hand sides.

For such equations, we shall consider the problem of conservation of the first integrals of a definite structure in the case of perturbations on the right-hand sides: ẋ = X(x) + f(x), x ∈ R^n. In this case, the perturbations are usually restricted by different conditions: potentiality, algebraicity, linearity, etc. They can be given specifically or can belong to a definite class of functions. The solution of such a problem makes it possible, in particular, to define new, completely integrable cases similar to known ones and obtain the Lyapunov functions in the form of first integrals.

In the general form, the problem under consideration leads to the need to solve a certain system of partial differential equations. When the

270 A. V. BANSHCHIKOV AND ANOTHER

structure of perturbations of the equations and the first integral is given, the problem can be reduced to the algebraic one. Typical problems arising in this case will be illustrated on a example (Kovalevskya’s top). Let us introduce perturbations into the equations of motion of a rigid body with one fixed point (A = B = 2C ; z_0 = y_0 = 0) in the Euler–Poisson form:

2ṗ = qr + f_1 ; 2q̇ = −rp + x_0γ_3 + f_2 ; ṙ = −x_0γ_2 − f_3 ;

γ̇_1 = rγ_2 − qγ_3 ; γ̇_2 = pγ_3 − rγ_1 ; γ̇_3 = qγ_1 − pγ_2. (2.1)

Here p, q, r stand for the projection of the angular velocity of a the body onto the principal axes of inertia, bounding with this body, γ_1, γ_2, γ_3 are the direction cosines of the vertical in the above axes, x_0, y_0, z_0 are the coordinates of the mass center of the body (normalized), and f_1, f_2, f_3 are the perturbations of the moments of forces which effect on the body. We shall formulate the problem of conservation of Kovalevskya’s integral in the case of corresponding perturbations. The structure of the integral will be assigned as follows:

V = (p^2 − q^2 − x_0γ_1 + Φ_1)^2 + (2pq − x_0γ_2 + Φ_2)^2 = k^2. (2.2)

If no restrictions are imposed on f_1, f_2, f_3, Φ_1, Φ_2 , then in order to find them we employ the following partial differential equation: dV dt = 2{[−(p^2 − q^2 − x_0γ_1)Φ_2+

+(2pq − x_0γ_2)Φ_1]r + [(p^2 − q^2 − x_0γ_1)p + (2pq − x_0γ_2)q] f_1 +

+[ (2pq −x_0γ_2)p −(p^2 −q^2 −x_0γ_1)q]f_2 +Φ_1(pf_1 −qf_2) +Φ_2 (qf_1 +pf_2 )+

+(p^2 − q^2 − x_0γ_1) dΦ_1 dt + (2pq − x_0γ_2) dΦ_2 dt + Φ_1 dΦ_1 dt + Φ_2 dΦ_2 dt } = 0. The left-hand side of the equation is obtained by differentiation of (2.2) due to the differential equations (2.1); dΦ_1/dt and dΦ_2/dt denote derivatives of Φ_1 and Φ_2 due to equations (2.1). We limit ourselves to a linear dependence on γ_1, γ_2 , γ_3 for unknown functions:

F_1 = a_1γ_1 +a_2γ_2 +a_3γ_3 ; f_2 = b_1γ_1 +b_2γ_2 +b_3γ_3 ; f_3 = c_1γ_1 +c_2γ_2 +c_3γ_3 ;

Φ_1 = m_1γ_1 + m_2 γ_2 + m_3γ_3 ; Φ_2 = n_1γ_1 + n_2γ_2 + n_3γ_3 ; (2.3)

and we require that the field of forces, which effect on the body, be a potential one. We substitute the expressions (2.3) into equation (2.2),

PROBLEMS OF STABILITY 271

equate the coefficients of all monomials with variables for the problem (p, q, r, γ_1, γ_2 , γ_3 ) to zero, and obtain a system of linear algebraic equations for determining the nine unknown parameters. Obviously, the operation of substitution and selection of the above equations is quite bulky even in the above problem, and without using computer algebra systems it would require much time and attention. We do not reproduce above equations here because of their complexity but have to note that one of the solutions of this system (on account of the requirement that forces must be potential) has the form:

f_1 = −y_0γ_3 ; f_2 = 0 ; f_3 = y_0γ_1 ; Φ_1 = y_0γ_2 ; Φ_2 = y_0γ_1.

Here a constant parameter y_0 can be interpreted as a coordinate of the mass center of the body on the axis y (normalized). When deriving the solutions in problems with several integrals by such a technique, it is always necessary to verify whether the result obtained is trivial. For example, whether the new equations and the new first integral obtained are the “old” modified ones due to a modification (transformation) of the reference frame. For identifying such situations, it is necessary to take into consideration the presence of symmetries in the initial problem. In our case such a symmetry is present due to the equality of inertia moments of the body with respect to the axes x and y , which corresponds to the invariance of the mechanics problem with respect to a group of rotation about the axis z . The existence of such an invariance can be verified with the aid of CAS. In fact, the perturbed dynamic equations and integrals obtained

2ṗ = qr − y_0γ_3 ; 2q̇ = −rp + x_0γ_3 ; ṙ = −x_0γ_2 + y_0γ_1 ;

2H = 2(p^2 +q^2)+r^2 +2x_0γ_1 +2y_0γ_2 = 2h ; V_1 = 2(pγ_1 +qγ_2)+rγ_3 = m ;

V_2 = (p^2 + q^2 − x_0γ_1 + y_0γ_2)^2 + (2pq − x_0γ_2 − y_0γ_1)^2 = k^2 ;

V_3 = γ_1^2 + γ_2^2 + γ_3^2 = 1 ;

can be treated as the equations and integrals of the initial mechanics problem after a suitable rotation of the coordinate axes. Noteworthy, the derivation of equations and integrals by transformations allowed by symmetries of the physical problem, can be used to obtain new systems with the first integrals, if, for example, a “decomposition” of the initial force field into parts is possible. In the above example, it is possible “to split” the existing moment of gravity into two moments: the moment of

272 A. V. BANSHCHIKOV AND ANOTHER

gravity, and the “magnetic moment”. After that, x_0 is understood, as before, the coordinate of the barycenter of the body, and y_0 = b can be treated as the magnetic strength component on the axis y of the body, and the magnetic field vector with respect to the axes x, y, z will be determined by the direction cosines ( δ_1, δ_2, δ_3 ). As a result, we obtain the equations of motion of the body with one fixed point in gravitational and magnetic fields

2ṗ = qr − bδ_3 ; 2q̇ = −rp + x_0γ_3 ; ṙ = −x_0γ_2 − bδ_1 ;

γ̇_1 = rγ_2 − qγ_3 ; γ̇_2 = pγ_3 − rγ_1 ; γ̇_3 = qγ_1 − pγ_2 ;

δ̇_1 = rδ_2 − qδ_3 ; δ̇_2 = pδ_3 − rδ_1 ; δ̇_3 = qδ_1 − pδ_2.

They allow for the first integrals [4]

V = (p^2 − q^2 − x_0γ_1 + bδ_2)^2 + (2pq − x_0γ_2 − bδ_1)^2 = k^2 ;

2H = 2(p^2 + q^2) + r^2 + 2x_0γ_1 + 2bδ_2 = 2h ( integral of energy ). Systems with the first integrals, different from the initial ones, can thus be obtained. For such systems, it is possible to select sets of invariant manifolds of steady motions (IMSM). For this purpose, solutions of stationarity conditions for some or all independent integrals from algebra of first integrals of the problem are investigated. Stability conditions of selected IMSM can be obtained on the basis of the Lyapunov’s second method. In our example, the stationarity conditions of the first integral V : ∂V ∂p = 4{(p^2 − q^2 − x_0γ_1 + bδ_2)p + (2pq − x_0γ_2 − bδ_1)q} = 0 ; ∂V ∂q = 4{−(p^2 − q^2 − x_0γ_1 + bδ_2)q + (2pq − x_0γ_2 − bδ_1)p} = 0 ; ∂ V ∂γ_1 = −2 x_0(p^2 − q^2 − x_0γ_1 + bδ_2) = 0 ; ∂ V ∂γ_2 = −2 x_0(2pq − x_0γ_2 − bδ_1) = 0 ; ∂V ∂δ_1 = −2b(2pq − x_0γ_2 − bδ_1) = 0 ; ∂V ∂δ_2 = −2b(p^2 − q^2 − x_0γ_1 + bδ_2) = 0

determine the invariant manifold

(p^2 − q^2 − x_0γ_1 + bδ_2) = 0 ; (2pq − x_0γ_2 − bδ_1) = 0 (2.4)

PROBLEMS OF STABILITY 273

similar to invariant Delaunay’s manifold in Kovalevskya’s gyroscope. This invariant manifold is stable. In fact, the integral V in the neighbourhood of this manifold has the form:

Δ V = u^2_1 + u^2.

(Here

U_1 = (p^2 − q^2 − x_0γ_1 + bδ_2) ; u_2 = (2pq − x_0γ_2 − bδ_1) ).

It is a positive definite form. In accordance with Zubov’s theorem of stability of a set, this is sufficient for stability of the manifold (2.4).

3. Graphical solution of systems of algebraic inequalities

When investigating problems of stability and stabilization of nonlinear or linear models of mechanical systems, there arises the problem of “parametric analysis” of algebraic inequalities obtained. These can be, for example, Sylvester’s, Lineard–Chipart’s and Routh–Hurwitz’s conditions, and the like. In parametric analysis, it is important to be able to estimate the range of values of parameters, for which the required state (property) of the system is provided.

In the framework of software package “Stability” [2], it was possible to solve:

Problem 1. Finding the domains, which satisfy the inequalities of oneparameter polynomials with numerical coefficients

f_i(p) = a^{(i)}_n p^n+a^{(i)}_{n−1} p^{n−1}+. . .+a^{(i)}_0 ≥ 0 (≤ 0) ( i = 1, . . . , n_1 ) (3.1)

The solution (the domain obtained) is represented as a union of disjoint intervals of the numerical axis.

Problem 2. Search and graphical constructing of two-dimensional domains corresponding to a system of algebraic inequalities

f_i (p_1 p_2) ≥ 0 (≤ 0) ( i = 1, . . . , n_2 ) (3.2)

where p_1 is the parameter reckoned on the abscissa axis, and p_2 is the parameter reckoned on the axis of ordinates. The boundaries of variation of the parameters p_1 and p_2 for constructing 2D – domains are determined as the solutions of problem 1.

CAS “Mathematica” [5] is used as the tool for solving both problems 1 and 2 and problems of the package “Stability”. A description of the algorithms developed for solving the systems of algebraic inequalities (3.1) and (3.2) is given in [3].

274 A. V. BANSHCHIKOV AND ANOTHER

Example 3.1. To illustrate the performance of the program for graphical construction of 2D-domains, we conduct parametric analysis of asymptotic stability conditions of the equilibrium position of a satellite with a controlled gravitational stabilizer on the circular orbit [6] (without taking into account the gyrowheel and the elasticity of the rod). The linear equations of motion are subdivided into two subsystems:

with respect to the pitch angle ( θ )

C θ̈ + F α̈ + 3ω^2 [ (B − A) θ + F α ] = 0

F θ̈ + G α̈ + 3ω^2F ( θ + α ) = Q_α

and with respect to the yaw and bank angles ( ψ φ )

A ψ̈ + ω φ̇ (C − B − A) + ω^2 (C − B) ψ = 0

B φ̈ + F β̈ − ω ψ̇ (C − B − A) + 4ω^2 [ (C − A) φ + F β ] = 0

F φ̈ + G β̈ + 4ω^2F φ + ω^2 (3F + G) β = Q_β

where ω is the modulus of orbital angular velocity;

B = J_x + m r (r + d) + 1 3 m d^2 + M (r + d)^2 ;

C = J_z + m r (r + d) + 1 3 m d^2 + M (r + d)^2 ;

A = J_y ; G = ( 1 3 m + M ) d^2 ; F = 1 2 m r d + 1 3 m d^2 + M d (r + d) ;

m and M are, respectively, the masses of the rod and the weight at its end; d > 0 is the length of the rod; r > 0 is the distance from the mass center of the system to the point of fastening of the rod; J_x J_y J_z are the principal moments of inertia of the satellite; and α β are the rotation angles of the rod relative to the satellite body.

If Q_α = Q_β = 0 , then potential and gyroscopic forces influence the system. They are determined by forces of gravitational attraction and by the motion along the orbit. Such a system cannot be asymptotically stable. Indeed, the differential equations allow for the integral of energy (example 1.2):

C θ̇^2 + G (α̇^2 + β̇^2 ) + 2F (θ̇α̇ + β̇φ̇) + B ψ̇^2 + A ψ̇^2 +

+ 3ω^2(B − A) θ^2 + 3ω^2F α^2 + 6ω^2F α θ + ω^2(C − B) ψ^2 +

PROBLEMS OF STABILITY 275

+ 4ω^2(C − A) φ^2 + ω^2(3F + G) β^2 + 8ω^2F φ β = const .

The requirements of definite positiveness of this quadratic form give conditions for secular stability of the system:

C > B > A + F ; ( 3F + G ) ( C − A ) > 4F^2. (3.3)

Actually, at the fixed point of the rod to the body elastic (−k_α α −k_β β ) and dissipative forces (−k^′_α α̇ −k^′_β β̇ ) act, which do not ensure complete dissipation. For provision of asymptotic stability with high quality of the transient process, it is possible to introduce a complete dissipation and nonconservative forces in terms of Q_α Q_β . Therefore, we consider the following actions:

Q_α = k_θ θ + k^′_θ θ̇k_α α − k^′_α α̇ ; Q_β = k_φ φ + k^′_φ φ̇ − k_β β − k^′_β β̇.

With such forces, the system is under the conditions of example 1.1. Therefore, it is possible to apply theorem 1.1 or of Lyapunov’s stability theorem in the first approximation to the definition k_i k^′_i ( i = α, β, φ, θ ). The software package “Stability” was used to obtain the characteristic equation of the system and Lineard-Chipart’s conditions which ensure that all its roots have negative real parts. With respect to the pitch channel, Lineard-Chipart’s conditions have the form:

a_0 = 3ω^2 [ (B − A) k_α + F k_θ + 3ω^2F (B − A − F ) ] > 0 ;

a_1 = 3ω^2 [ F k^′_θ + k^′_α (B − A) ] > 0 ;

a_2 = C k_α + F k_θ + 3ω^2 [ F (C − 2F ) + G (B − A) ] > 0 ;

a_3 = F k^′_θ + C k^′_α > 0 ; a_4 = C G − F^2 > 0 ;

Δ = 3ω^2 F (C − B + A) { (k^′_θ )^2 F [ k_α + 3ω^2 ( F − G ) ] +

+ k^′_θ k^′_α [ C k_α − F k_θ + 3ω^2 ( C F + G (A − B) ) ] +

+ (k^′_α )^2 [ 3ω^2F (C − B + A) − C k_θ ] } > 0. (3.4)

Here a_i i = 0, . . . , 4 are the coefficients of a characteristic polynomial; the conditions a_4 > 0 C − B + A = J_z − J_x + J_y > 0 C F + G (A − B) > 0 F (C − 2F ) + G (B − A) > 0 are satisfied always due to, respectively, definite positiveness of kinetic energy and the condition for moments of inertia in an absolutely rigid body.

276 A. V. BANSHCHIKOV AND ANOTHER

In (3.4) Δ = Δ(k^′_θ , k^′_α ) is a quadratic form with coefficients

d_{11} = F ( k_α + 3ω^2 (F − G) ) ; d_{22} = 3ω^2F (C − B + A) − C k_θ ;

d_{12} = d_{21} = 1 2 [ C k_α − F k_θ + 3ω^2 ( CF + G (A − B) ) ].

Sylvester’s determinant for it has the form:

D = D ( k_θ k_α ) = det ( d_{11} d_{12} d_{21} d_{22} ) = − F^2 k^2_θ +

+ 2F [ 3ω^2 ( G (C − B + A) − C (F − G) ) − C k_α ] k_θ +

+ [ 9ω^4 ( 4F^2 (F − G) (C − B + A) − ( CF + (A − B)G )^2 ) +

+ 6ω^2 ( 2F^2 (C − B + A) + CG (B − A) − C^2 F ) k_α − C^2 k^2_α ]. (3.5)

It will be shown that Δ cannot be a positive definite function, i.e., when d_{11} > 0 we necessarily have D < 0. Indeed, let us compose the equation D = 0 ; it is quadratic with respect to k_θ with the negative coefficient at a higher degree of polynomial. The sign of the discriminant of this equation ( −48ω^2 F^2 (C − B + A) (CG − F^2) d_{11} ) is opposite to the sign of d_{11} . Therefore, for all the values of k_α satisfying the condition d_{11} > 0 we have D = D(k_θ) < 0 . When d_{11} < 0 the function D(k_θ) from (3.5) is singalternating. The domain of k_θ k_α , in which d_{11} < 0 and D(k_θ) > 0 , must be eliminated since the function Δ from (3.4) is negative definite in it. With any signs of d_{11} and D = D(k_θ) < 0 , the function Δ is alternating, and there exists the domain of k^′_α k^′_θ , in which Δ > 0.

Thus, the system of inequalities, defining the domain for selecting the parameters k_θ k_α has the form: a_0 > 0 a_2 > 0 D < 0. Note, when D < 0 the second-order curve Δ = Δ(k^′_θ , k^′_α ) describes two real straight lines intersecting at zero.

In parametric analysis of the inequalities (3.4), we specify the following mass distribution in the system:

d = 12 m ; r = 2.5 m ; M = 1.531 kg ; m = 0.0143 kg ; J_y = 28 kgm^2 ; J_x = 75 kgm^2 ; J_z = 76 kgm^2 ; ω = 0.0011 radian/sec.

It should be noted that for these values the conditions of secular stability of the whole system (3.3) are satisfied.

D = -0.000770376 - 10.4571*ka - 39803.2*ka^∧2
   - 5.8182*kt - 53313.7*ka*kt - 17852.5*kt^∧2 ;

PROBLEMS OF STABILITY 277

a2 = 0.000414981 + 1.0*ka + 0.669716*kt ;
a0 = 0.00026947 + 1.0*ka + 0.722205*kt

From now on, k_θ k_α k^′_θ k^′_α Δ are denoted by kt, ka, kt’, ka’, Delta in the figures. The boundaries of variation of values of the parameters kt, ka, kt’, ka’ are chosen arbitrarily from the interval ] − ∞, ∞ [. The result of operation of the program written in the programming language CAS “Mathematica”:

Region [ D < 0, a0 > 0, a2 > 0 ,
        kt, -0.002, 0.004 , ka, -0.003, 0.002 ]

is shown in Figure 1.

Fig. 1.

The domain for selecting the parameters k^′_θ k^′_α will be determined from the system

a_1 > 0 a_3 > 0 Δ > 0 at fixed values of the parameters k_θ k_α from the shaded area in Figure 1 (i.e., sections of the space of parameters are constructed). Upon carrying out the numerical – symbolic analysis, it has been noticed that the most extensive domain for the parameters k^′_θ k^′_α takes place for the values of k_θ k_α lying on the straight line F k_α + (B − A) k_θ = 0 . For example, when k_α = A − B k_θ = F we have

Delta = 1.0*(ka’)^∧2 + 1.39192*ka’*kt’
       + 0.483672*(kt’)^∧2 ;
a3 = 1.0*ka’ + 0.669716*kt’;
a1 = 1.0*ka’ + 0.722205*kt’.

278 A. V. BANSHCHIKOV AND ANOTHER

The domain corresponding to

Region [ Delta > 0, a1 > 0, a3 > 0 ,
        kt’, -1, 1 , ka’, -1, 2 ]

is shown in Figure 2.

Fig. 2..

For the sections, where k_θ k_α do not belong to the straight line F k_α+(B−A) k_θ = 0 , the required domain for the parameters k^′_θ k^′_α is always located in the shaded area in Figure 2.

Thus, the addition of nonconservative positional (parameter k_θ ) or potential ( k_α ) forces to a stable potential system restricts the domain of asymptotic stability for the parameters k^′_θ k^′_α with respect to the pitch channel (i.e. in the example under consideration, for the mass distribution specified above some destabilizing effect takes place).

A similar parametric analysis with the aid of the software described above has also been carried out for the “bank and yaw” subsystem.

References

1. A. V. Banshchikov, L. A. Bourlakova, G. N. Ivanova, V. D. Irtegov, and Y. O. Usova, Package of symbolic computations for investigation of dynamics of system bodies. Appl. Packages. Software of mathematical modeling. Algorithms and algorithmic languages. Moscow: Nauka, 1992, 63–71.

2. A. V. Banshchikov, L. A. Bourlakova, Information and Research System “Stability”. Informations RAS. The theory and control systems. Izvestia RAN. Teoria i sistemi upravlenia. No. 2 (1996), 13–20.

PROBLEMS OF STABILITY 279

3. A. V. Banshchikov, L. A. Bourlakova, About algorithms of symbolic computation at a research of a stability. Programming. Programirovanie. No. 3 (1997), 72–80.

4. O. I. Bogoyavlensky, Two integrable cases of dynamics of a rigid body in a field of force. Reports of an Academy of sciences USSR, Dokladi AN SSSR, 275, Nos. 4, 6 (1984), 1359–1363.

5. S. Wolfram, Mathematica: A System for Doing Mathematics by Computer. Addison-Wesley Publ. Co. 1988.

6. E. M. Potapenko, Dynamics of a spacecraft with line active control by a gravitational stabilizer. Space researches. Kosmicheskie issledovania. 26, No. 5 (1988), 699–708.

Postupilo 20 maØ 1999 g.

Institute of System Dynamics and Control Theory SB RAS Siberian Branch Russian Academy of Science 134, Lermontov St., Irkutsk, 664033, Russia E-mail irteg@icc.ru