Zapiski nauqnyh seminarov POMI Tom 260, 1999 g.

D. F. Kuznecov

RAZLOȷENIE POVTORNYH STOHASTIQESKIH INTEGRALOV STRATONOVIQA, OSNOVANNOE NA KRATNYH R˚DAH FUR^E

§1. Vvedenie

Pust~ zadano fiksirovannoe veroØtnostnoe prostranstvo (Ω, F, P) i vinerovskiæ sluqaænyæ process w_t ∈ R^n s nezavisimymi komponentami w^{(i)}_t ; i = 1, . . . , m. Rassmotrim neubyva¸wu¸ sovokupnost~ σ-algebr {F_t, t ∈ [0, T ]}, opredelennu¸ na (Ω, F, P) i svØzannu¸ s w_t tak, qto w_t – F_t-izmerim pri kaßdom t ∈ [0, T ].

Vvedem v rassmotrenie klass M_2([0, T ]) izmerimyh po sovokupnosti peremennyh (t, ω) i F_t izmerimyh pri vseh t ∈ [0, T ] funkciæ ξ_t^{def}= ξ(t, ω) : [0, T ] × Ω → R^1 takih, qto T∫ 0 E { (ξ(t, ω))^2 } dt < ∞, E { (ξ(t, ω))^2 } < ∞ dlØ vseh t ∈ [0, T ]. Vve-

dem na klasse M_2([0, T ]) normu: ‖ξ‖_{2,T} = (∫_T 0 E { (ξ(t, ω))^2 } dt ) 1_2 . Rassmotrim process { η^{(i)}_τ , τ ∈ [t, T ] } vida:

η^{(i)}_τ = η^{(i)}_t + τ∫ t a_sds + τ∫ t b_sdw^{(i)}_s , (1)

gde a^2_s, b^2_s ∈ M_2([t, T ]) i E { (b_s − b_τ )^4 }

6 C|s − τ |^γ dlØ vseh s, τ ∈

[t, T ] i nekotoryh C, γ ∈ (0, ∞); w^{(0)}s = s; τ∫ t b_sdw^{(i)}_s – integral Ito (i = 1, . . . , m). Rabota vypolnena pri podderßke ministerstva obwego i professional~nogo obrazovaniØ RF (grant No. 97-0-1.8-71) i RFFI (grant

No. 99-01-00719) . 164

RAZLOȷENIE POVTORNYH INTEGRALOV 165

Oboznaqim integral^∗ ∫ t T η^{(i)}_s dw^{(j)}_s sledu¸wim obrazom: ∗∫ t

T η^{(i)}_s dw^{(j)}_s = T∫ t η^{(i)}_s dw^{(j)}_s + 1 2 1_{{i=j≠0}} T∫ t b_sds s. v. 1, (2)

zdes~ i dalee 1_A – indikator mnoßestva A. Integral^∗ ∫ t T η^{(i)}_s dw^{(j)}_s nazyva¸t stohastiqeskim integralom Stratonoviqa.

Rassmotrim sistemu stohastiqeskih differencial~nyh uravneniæ (dalee SDU) Ito vida:

dx_t = a(x_t, t)dt + A(x_t, t)dw_t; x_0 = x(0, ω), (3) gde x_t ∈ R^n – rexenie SDU (3) i predpoloßim, qto nesluqaænye funkcii a(x, t) : R^n × [0, T ] → R^n, A(x, t) : R^n × [0, T ] → R^{n×m} udovletvorØ¸t usloviØm suwestvovaniØ i edinstvennosti, v smysle stohastiqeskoæ ffkvivalentnosti, rexeniØ SDU (3) [8], a sluqaænaØ veliqina x_0 ∈ R^n nezavisima ot w_t − w_0.

Iz [1, 2] sleduet, qto pri opredelennyh usloviØh rexenie SDU Ito (3) razlagaetsØ dlØ s > t v unificirovannye rØdy Teælora–Ito x_s = x_t + ∑ (k,j,l1,... ,l_k,i1,... ,i_k)∈A_r ×

×C^{(i1...ik)} jl1...l_k (xt, t) (s − t)^j j! J^{(i1...ik)} (l1...l_k)s,t + R (r+1)

s,t s. v. 1, (4)

x_s = x_t + ∑ (k,j,l1,... ,l_k,i1,... ,i_k)∈A_r ×

×C̃^{(i1...ik)} jl1...l_k (xt, t) (s − t)^j j! J̃^{(i1...ik)} (l1...l_k )s,t + R (r+1)

s,t s. v. 1, (5)

gde A_r = {(k, j, l_1, . . . , l_k, i_1, . . . , i_k) : 1 6 k + j +^k ∑ p=1 6 r; i1, . . . , ik = 1, . . . m; k, j, l_1, . . . , l_k = 0, 1, . . . }, R^{(r+1)}_{s,t} – ostatoqnyæ qlen v integral~noæ forme [1, 2], J^{(i1...ik)} (l1...l_k)s,t = s∫ t (t − t_k)^{lk} . . . t2∫ t (t − t_1)^{l1} dw^{(i1)}_{t1} . . . dw^{(ik)}_{tk} , (6)

166 D. F. KUZNECOV J̃^{(i1...ik)} (l1...l_k )s,t = s∫ t (s − t_k)^{lk} . . . t2∫ t (s − t_1)^{l1} dw^{(i1)}_{t1} . . . dw^{(ik)}_{tk} , (7)

a takße razlagaetsØ dlØ s > t [3–5] v rØdy Teælora–Ito

x_s = x_t + ∑ (λ1,... ,λ_k,i1,... ,i_k)∈M_r ×

×G^{(i1...ik)} λ1...λ_k (xt, t)I (i1...i_k) (λ1...λ_k)s,t + D (r+1)

s,t s. v. 1, (8)

i Teælora–Stratonoviqa

x_s = x_t + ∑ (λ1,... ,λ_k,i1,... ,i_k)∈M_r ×

×G^{∗(i1...ik)} λ1...λ_k (xt, t)I ∗(i1...i_k) (λ1...λ_k)s,t + D ∗(r+1) s,t s. v. 1, (9)

gde M_r = {(λ_1, . . . , λ_k, i_1, . . . , i_k) : λ_l ∈ {0, 1}, i_l = 0 pri λ_l = 0 i i_l = 1, . . . , m pri λ_l = 1; l = 1, . . . , k; k = 1, . . . , r}; D^{(r+1)}_{s,t} , D^{∗(r+1)}_{s,t} – ostatoqnye qleny v integral~noæ forme [3–5], I^{(i1...ik)} (λ1...λ_k)s,t = s∫ t . . . t2∫ t dw^{(ik)}_{t1} . . . dw^{(i1)}_{tk} , (10)

I^{∗(i1...ik)} (λ1...λ_k)s,t = ∗∫ t s . . . ∗∫ t t2 dw^{(ik)}_{t1} . . . dw^{(i1)}_{tk} . (11)

C^{(i1...ik)} jl1...l_k (xt, t), C̃ (i1...i_k) jl1...l_k (xt, t), G (i1...i_k) λ1...λ_k (xt, t), G ∗(i1...i_k) λ1...λ_k (xt, t) v (4), (5),

(8), (9) opredelØ¸tsØ [1, 2, 3–5] qerez operatory diffuzii i snosa formuly Ito i processy a(x_t, t), A(x_t, t).

Takim obrazom problema qislennogo rexeniØ SDU Ito voznika¸waØ pri rexenii xirokogo kruga zadaq (sm., naprimer, [5]) svoditsØ k sovmestnomu qislennomu modelirovani¸ sovokupnosteæ PSI vida (6), (7), (10) ili (11).

V [3] predloßen metod razloßeniØ PSI vida (11), osnovannyæ na razloßenii processa { w_t −^t_Δ w_Δ, t ∈ [0, Δ], Δ > 0 } v trigonometriqeskiæ rØd Fur~e so sluqaænymi kofffficientami. DlØ poluqeniØ razloßeniØ PSI vida (11) po fftomu metodu neobhodimo podstavit~ v integral (11) razloßeniØ Fur~e processov

RAZLOȷENIE POVTORNYH INTEGRALOV 167

w^{(il)}_t ; l = 1, . . . , k i osuwestvit~ dostatoqno sloßnye preobrazovaniØ. V ramkah fftogo podhoda ne udaetsØ poluqit~ kompaktnoe vyraßenie dlØ obwego qlena razloßeniØ PSI Stratonoviqa kratnosti k. V rezul~tate v [3, 5, 6] poluqeny lix~ razloßeniØ PSI vida (11) kratnosteæ 1 ÷ 3. Krome fftogo ukazannyæ metod pozvolØet ispol~zovat~ dlØ razloßeniØ PSI tol~ko trigonometriqesku¸ sistemu funkciæ, ØvlØ¸wu¸sØ, kak budet vidno dalee, daleko ne optimal~noæ v smysle srednekvadratiqeskoæ shodimosti razloßeniæ i ih prostoty.

Drugoæ i bolee obwiæ metod razloßeniØ PSI Stratonoviqa vida ∗∫ t

T ψ_k(t_k) . . . ∗∫ t t2 ψ_1(t_1)dw^{(i1)}_{t1} . . . dw^{(ik)}_{tk} , (12)

ψ_l(τ ) ∈ C^1_{[t,T ]}; l = 1, . . . , k (zdes~ i dalee C^1_{[t,T ]} – mnoßestvo nepreryvno differenciruemyh na promeßutke [t, T ] funkciæ), predlagaetsØ v nastoØweæ rabote i osnovyvaetsØ na predstavlenii PSI vida (12) v vide kratnogo stohastiqeskogo integrala s posledu¸wim razloßeniem ego podyntegral~noæ funkcii v kratnyæ rØd Fur~e po polnym ortonormirovannym v prostranstve L_2([t, T ]) sistemam funkciæ. V rezul~tate moßno poluqit~ obwu¸ formulu razloßeniØ PSI vida (12) kratnosti k, a takße ispol~zovat~ v neæ razliqnye polnye ortonormirovannye sistemy funkciæ.

ZabegaØ vpered pokaßem, qto razloßeniØ PSI vida (12), poluqennye s pomow~¸ rassmatrivaemogo v dannoæ rabote metoda i polinomial~noæ sistemy funkciæ vida:

ϕ_j(x) = √ 2j + 1 T − t P_j (( x − T + t 2 ) 2 T − t ) , (13)

gde P_j(x)-polinom Leßandra, shodØtsØ suwestvenno bystree i krome togo prowe po vidu, qem analogiqnye razloßeniØ, poluqennye s pomow~¸ togo ße metoda, no s ispol~zovaniem trigonometriqeskoæ sistemy funkciæ vida:

ϕ_j(s) =

168 D. F. KUZNECOV

= 1 √ T − t

1 pri j = 0 √ 2sin 2πr(s − t) T − t pri j = 2r − 1; r = 1, 2, . . . √ 2cos 2πr(s − t) T − t pri j = 2r

(14)

Deæstvitel~no, pust~ I^{∗(i1...ik)} l1...l_{k T,t} = ∗∫ t

T (t − t_k)^{lk} . . . ∗∫ t t2 (t − t_1)^{l1} dw^{(i1)}_{t1} . . . dw^{(ik)}_{tk} , (15) a I^{∗(i1...ik)q} l1...l_{kT,t} – approksimaciØ PSI I ∗(i1...i_k) l1...l_{k T,t} . Togda s pomow~¸ ras-

smatrivaemogo dalee metoda i sistemy funkciæ (14) imeem: I^{∗(i1)}_{0T,t} = √ T − tζ^{(i1)}_0 , I^{∗(i1)q} 1_{T,t} = − (T − t)^{32} 2 [ ζ^{(i1)}_0 + √ 2 π q∑ r=1 1 r ζ^{(i1)}_{2r−1} ] ,

I^{∗(i2i1)q} 00_{T,t} = 1 2 (T − t) [ ζ^{(i1)}_0 ζ^{(i2)}_0 + 1 π q∑ r=1 1 r { ζ^{(i1)}_{2r} ζ^{(i2)}_{2r−1} − ζ^{(i1)}_{2r−1}ζ^{(i2)}_{2r} +

+ √ 2 ( ζ^{(i1)}_{2r−1}ζ^{(i2)}_0 − ζ^{(i1)}_0 ζ^{(i2)}_{2r−1} )} ] , (16)

E {( I^{∗(i2i1)} 00_{T,t} −I ∗(i2i1)q 00_{T,t} )_2} = 3(T − t)^2

2π^2 ( π^2 6 − q∑ r=1 1 r^2 ) (i_1 ≠ i_2), (17)

gde ζ^{(i)}_j =^T ∫ t ϕ_j(s)dw^{(i)}_s ; i_1, i_2 = 1, . . . , m, a ϕ_j(s) imeet vid (14).

S pomow~¸ togo ße metoda i sistemy funkciæ (13) imeem: I^{∗(i1)}_{0T,t} = √ T − tζ^{(i1)}_0 , I^{∗(i1)}_{1T,t} = − (T − t)^{3/2} 2 ( ζ^{(i1)}_0 + 1 √ 3 ζ^{(i1)}_1 ) ,

I^{∗(i2i1)q} 00_{T,t} = T − t 2 [ ζ^{(i1)}_0 ζ^{(i2)}_0 + q∑ i=1 1 √ 4i^2 − 1 { ζ^{(i2)}_{i−1} ζ^{(i1)}_i −ζ^{(i2)}_i ζ^{(i1)}_{i−1} } ] ,

RAZLOȷENIE POVTORNYH INTEGRALOV 169 E {( I^{∗(i2i1)} 00_{T,t} −I ∗(i2i1)q 00_{T,t} )_2} = (T − t)^2 4 ( 1 2 − q∑ i=1 1 4i^2 − 1 ) (i_1 ≠ i_2), (18)

gde ζ^{(i)}_j =^T ∫ t ϕ_j(s)dw^{(i)}_s ; i_1, i_2 = 1, . . . , m, a ϕ_j(s) imeet vid (13).

§2. SootnoxeniØ meßdu PSI Stratonoviqa i Ito Vvedem sledu¸wie oboznaqeniØ: J^∗ ( ψ^{(k)} ) T,t = ∗∫ t

T ψ_k(t_k) . . . ∗∫ t t2 ψ_1(t_1)dw^{(i1)}_{t1} . . . dw^{(ik)}_{tk} , (19)

J ( ψ^{(k)} ) T,t = T∫ t ψ_k(t_k) . . . t2∫ t ψ_1(t_1)dw^{(i1)}_{t1} . . . dw^{(ik)}_{tk} , (20)

J ( ψ^{(k)} )_{sl,... ,s1} T,t def= l∏ q=1 1_{{isq =isq +1≠0}}×

× T∫ t ψ_k(t_k) . . . t_{sl}+3∫

t ψ_{sl+2}(t_{sl+2}) t_{sl}+2∫

t ψ_{sl} (t_{sl+1})ψ_{sl+1}(t_{sl+1})

× t_{sl}+1∫

t ψ_{sl−1}(t_{sl−1}) . . . t_s1+3∫

t ψ_{s1+2}(t_{s1+2})

t_s1+2∫

t ψ_{s1} (t_{s1+1})ψ_{s1+1}(t_{s1+1})

× t_s1+1∫

t ψ_{s1−1}(t_{s1−1}) . . . t2∫ t ψ_1(t_1)dw^{(i1)}_{t1} . . . dw^{(is1}�^{1)}_{ts1}�_1 dt_{s1+1}dw^{(is1+2)}_{ts1+2} . . .

. . . dw^{(isl}�^{1)} t_{sl}�1 dtsl+1dw (i_{sl}+2) t_{sl}+2 . . . dw (i_k) t_k , (21)

gde (s_l, . . . , s_1) ∈ A_{kl}; ψ_p(τ ) ∈ C^1_{[t,T ]}, i_p = 0, 1, . . . , m (p = 1, . . . , k); A_{kl} = {(s_l, . . . , s_1): s_q > s_{q−1}+1; q = 2, . . . , l; s_l, . . . , s_1 = 1, . . . , k−1}; l = 1, . . . , [_k 2 ] ; [x] – celaØ qast~ qisla x; ψ^{(k)} = (ψ_k, . . . , ψ_1).

Sformuliruem lemmu o svØzi PSI J^∗ ( ψ^{(k)} ) T,t, J ( ψ^{(k)} ) T,t.

170 D. F. KUZNECOV

Lemma 1._{J ∗ (ψ(k))} T,t = J ( ψ^{(k)} ) T,t +

+ [^k_2 ]∑ r=1 1 2^r ∑ (s_r,... ,s1)∈A_{kr} J ( ψ^{(k)} )_{sr ,... ,s1} T,t s. v. 1. (22)

Dokazatel~stvo. Soglasno (22) pri k = 1 imeem oqevidnoe ra-

venstvo: J ( ψ^{(1)} ) T,t = J^∗ ( ψ^{(1)} ) T,t s. v. 1. Pri k = 2 iz (22) poluqaem: J^∗ ( ψ^{(2)} ) T,t = J ( ψ^{(2)} ) T,t + 1 2 J ( ψ^{(2)}

)_1 T,t s. v. 1. (23)

Pokaßem, qto ravenstvo (12) spravedlivo. DlØ fftogo rassmo-

trim process η^{(i1)}τ = ψ_2(τ )^τ ∫ t ψ_1(s)dw^{(i1)}_s i naædem s pomow~¸ for-

muly Ito ego stohastiqeskiæ differencial:

dη^{(i1)}_τ = τ∫ t ψ_1(s)dw^{(i1)}_s dψ_2(τ ) + ψ_1(τ )ψ_2(τ )dw^{(i1)}_τ . (24)

Iz (24) sleduet, qto diffuzionnyæ kofffficient processa η^{(i1)}τ raven 1_{{i1≠0}}ψ_1(τ )ψ_2(τ ). Dalee s pomow~¸ (2) poluqaem (23). Takim obrazom (22) dokazano pri k = 1, 2. Po predpoloßeni¸ indukcii s. v. 1 imeem: J^∗ ( ψ^{(k+1)} ) T,t = ∗∫ t

T ψ_{k+1}(τ )J ( ψ^{(k)} ) τ,t dw^{(ik+1)} τ +

+ [^k_2 ]∑ r=1 1 2^r ∑ (s_r ,... ,s1)∈A_{kr} ∗∫ t

T ψ_{k+1}(τ )J ( ψ^{(k)} )_{sr,... ,s1} τ,t dw^{(ik+1)} τ . (25)

Ispol~zuØ formulu Ito i (2) analogiqno (23) s. v. 1 poluqaem: ∗∫ t

T ψ_{k+1}(τ )J ( ψ^{(k)} ) τ,t dw^{(ik+1)} τ = J ( ψ^{(k+1)} ) T,t + 1 2 J ( ψ^{(k+1)} )_k T,t , (26)

RAZLOȷENIE POVTORNYH INTEGRALOV 171 ∗∫ t

T ψ_{k+1}(τ )J ( ψ^{(k)} )_{sr,... ,s1} τ,t dw^{(ik+1)} τ =

= J ( ψ^{(k+1)} )_{sr,... ,s1} T,t pri s_r = k − 1 J ( ψ^{(k+1)} )_{sr ,... ,s1} T,t + 1 2 J ( ψ^{(k+1)} )_{k,sr,... ,s1} T,t pri s_r < k − 1.

(27)

Posle podstanovki (25) i (27) v (25) i peregruppirovki slagaemyh prihodim k s. v. 1 sootnoxeniØm: J^∗ ( ψ^{(k+1)} ) T,t =

= J ( ψ^{(k+1)} ) T,t + [^k_2 ]∑ r=1 1 2^r ∑ (s_r ,... ,s1)∈A_k+1_{,r} J ( ψ^{(k+1)} )_{sr,... ,s1} T,t (28)

pri k-qetnom i J^∗ ( ψ^{(k} 0_{+1)}) T,t =

= J ( ψ^{(k} 0_{+1)}) T,t + [_k0 2 ] +1 ∑ r=1 1 2^r ∑ (s_r ,... ,s1)∈A_k0 +1_{,r} J ( ψ^{(k} 0_{+1)})sr ,... ,s1 T,t (29)

pri k0 = k + 1 – neqetnom. Iz (28) i (29) poluqaem s. v. 1: J^∗ ( ψ^{(k+1)} ) T,t =

= J ( ψ^{(k+1)} ) T,t + [^{k+1}_2 ]∑ r=1 1 2^r ∑ (s_r,... ,s1)∈A_k+1_{,r} J ( ψ^{(k+1)} )_{sr,... ,s1} T,t . � (30)

§3. Razloßenie PSI Stratonoviqa Opredelim na [t, T ]^k funkci¸: K(t_1, . . . , t_k) = k∏ l=1 ψ_l(t_l) k−1∏ l=1 1_{{tl<tl+1}}, k > 2. (31)

172 D. F. KUZNECOV

Pust~ {ϕ_j(x)}^∞_{j=0} – polnaØ ortonormirovannaØ sistema nepreryvno differenciruemyh funkciæ v prostranstve L_2([t, T ]).

Opredelim klass H([t, T ]) ⊂ L_2([t, T ]) kusoqno-gladkih na otkrytom intervale (t, T ) i ograniqennyh na promeßutke [t, T ] funkcii f(x) dlØ kotoryh rØd Fur~e^∞ ∑ j=0 C_jϕ_j(x) s kofffficien-

tami C_j =^T ∫ t f(x)ϕ_j (x)dx shoditsØ vo vsØkoæ vnutrenneæ toqke x

promeßutka [t, T ] k veliqine^1_2 ( f(x + 0) + f(x − 0) ) i ravnomerno k f(x) v l¸bom zamknutom intervale nepreryvnosti f(x), a takße shoditsØ pri x = t, T .

Zameqanie 1. Zdes~ i dalee shodimost~ rØdov Fur~e ponimaetsØ

v smysle normy v prostranstve L_2([t, T ]).

Opredelim funkcii C_{jq}�_{1...j1} (t_q , . . . , t_k); q = 1, . . . , k sledu¸wim obrazom:

C_{jq}�_{1...j1} (t_q, . . . , t_k)^{def}=

def= T∫ t . . . T∫ t K(t_1, . . . , t_k) q−1∏ l=1 ϕ_{jl} (t_l)dt_1 . . . dt_{q−1}; 2 6 q 6 k,

C_{j0...j1} (t_1, . . . , t_k)^{def}= K(t_1, . . . , t_k).

Sformuliruem sledu¸wee utverßdenie.

Teorema 1. Pust~ vypolneny usloviØ:

1. ψ_i(τ ) ∈ C^1_{[t,T ]}; i = 1, . . . , k;

2. {ϕ_j(x)}^∞_{j=0} – polnaØ ortonormirovannaØ sistema nepreryvno differenciruemyh funkciæ v prostranstve L_2([t, T ]);

3. G_{jq}�_{1...j1} (t_q, . . . , t_k) ∈ H([t, T ]) po peremennoæ t_q; q = 1, . . . , k. Togda PSI Stratonoviqa J^∗ ( ψ^{(k)} ) T,t razlagaetsØ v sledu¸wiæ shodØwiæsØ v srednem stepeni n; n ∈ N kratnyæ rØd J^∗ ( ψ^{(k)} ) T,t = ∞∑ j1=0 . . . ∞∑ j_k=0 C_{jk...j1} k∏ l=1 ζ^{(il)}_{(jl)T,t}, (32)

gde ζ^{(il)}_{(jl)T,t} =^T ∫ t ϕ_{jl} (s)dw^{(il )}_s – standartnye gaussovskie veliqiny pri

RAZLOȷENIE POVTORNYH INTEGRALOV 173 razliqnyh i_l ili j_l (esli i_l ≠ 0); C_{jk...j1} = T∫ t . . . T∫ t K(t_1, . . . , t_k) k∏ l=1 ϕ_{jl} (t_l)dt_1 . . . dt_k. (33)

DlØ dokazatel~stva teoremy 1 dokaßem rØd utverßdeniæ. Opredelim na [t, T ]^k funkci¸ B^±_{k−1}{K(t_1, . . . , t_k)} sledu¸wim obrazom: B^±_{k−1}{K(t_1, . . . , t_k)} = K(t_1, . . . , t_k)+

+ k∏ l=1 ψ_l(t_l) k−1∑ r=1 k−1∑ s_r,... ,s1=1 s_r >...>s1 1 g(s_1, . . . , s_r) ×

× r∏ l=1 1_{{tsl =tsl+1}} k−1∏ l=1 l≠s1,... ,s_r 1_{{tl<tl+1}}, (34)

gde g(s_1, . . . , s_r ) = (q_1 + 1)! . . .(q_{pk} + 1)!; p_k = 1, 2, . . . , [^k_2 ]; q_1, . . . , q_{pk} – dliny vseh vozmoßnyh podposledovatel~nosteæ tipa g, g − 1, . . . , g − m; g = 1, . . . , k − 1; m = 0, 1, . . . , k − 2, vhodØwih v posledovatel~nost~ s_r , . . . , s_1; s_r > . . . > s_1; s_r , . . . , s_1 = 1, . . . , k − 1.

V qastnosti, iz (34) pri k = 2 i 3 poluqaem:

B^±_1 {K(t_1, t_2)} = 2∏ l=1 ψ_l(t_l) ( 1_{{t1<t2}} + 1 2 1_{{t1=t2}} ) ,

B^±_2 {K(t_1, t_2, t_3)} = 3∏ l=1 ψ_l(t_l) ( 1_{{t1<t2}}1_{{t2<t3}}+

+ 1 2 1_{{t1=t2}}1_{{t2<t3}} + 1 2 1_{{t1<t2}}1_{{t2=t3}} + 1 6 1_{{t1=t2}}1_{{t2=t3}} ) . Lemma 2. V usloviØh teoremy 1 funkciØ B^±_{k−1}{K(t1, . . . , tk)} raz-

lagaetsØ v l¸boæ vnutrenneæ toqke giperkuba [t, T ]^k v sledu¸wiæ kratnyæ rØd Fur~e B^±_{k−1}{K(t_1, . . . , t_k)} = ∞∑ j1=0 . . . ∞∑ j_k=0 C_{jk...j1} k∏ l=1 ϕ_{jl} (t_l), (35)

174 D. F. KUZNECOV gde C_{jk...j1} imeet vid (33). Pri fftom kratnyæ rØd (35) shoditsØ na granice Γ_k giperkuba [t, T ]^k i shoditsØ ravnomerno k funkcii B^±_{k−1}{K(t_1, . . . , t_k)} v oblastØh ee nepreryvnosti.

Dokazatel~stvo. Rassmotrim sluqai k = 2 i 3. Vvedem sledu-

¸wie funkcii:

K^′(t_1, t_2) = { ψ_2(t_1)ψ_1(t_2), t_1 > t_2 ψ_1(t_1)ψ_2(t_2), t_1 6 t_2 ;

t_1, t_2 ∈ [t, T ],

K_1(t_1, t_2, t_3) = ψ_3(t_3)ψ_2(t_2)ψ_1(t_1), t_1 6 t_2 6 t_3 ψ_3(t_3)ψ_1(t_2)ψ_2(t_1), t_2 6 t_1 6 t_3 ψ_1(t_3)ψ_3(t_2)ψ_2(t_1), t_3 6 t_1 6 t_2 ψ_2(t_3)ψ_3(t_2)ψ_1(t_1), t_1 6 t_3 6 t_2 ψ_1(t_3)ψ_2(t_2)ψ_3(t_1), t_3 6 t_2 6 t_1 ψ_2(t_3)ψ_1(t_2)ψ_3(t_1), t_2 6 t_3 6 t_1

; t_1, t_2, t_3 ∈ [t, T ],

K_2(t_1, t_2, t_3) = ψ_3(t_3)ψ_2(t_2)ψ_1(t_1), t_1 6 t_2 6 t_3 ψ_3(t_3)ψ_1(t_2)ψ_2(t_1), t_2 6 t_1 6 t_3 0 inaqe

; t_1, t_2, t_3 ∈ [t, T ],

K_3(t_1, t_2, t_3) = ψ_2(t_3)ψ_3(t_2)ψ_1(t_1), t_1 6 t_3 6 t_2 ψ_3(t_3)ψ_2(t_2)ψ_1(t_1), t_1 6 t_2 6 t_3 0 inaqe

; t_1, t_2, t_3 ∈ [t, T ].

Dokaßem lemmu pri k = 2. Oqevidno, qto rØd Fur~e S(t_1, t_2) = ∞∑ j1=0 ∞∑ j2=0

C_{j2j1}^2 ∏ l=1 ϕ_{jl} (t_l) ravnomerno shoditsØ k funkcii K(t_1, t_2)

pri t_1 ≠ t_2; t_1, t_2 ∈ (t, T ), t.e. v toqkah nepreryvnosti funkcii K(t_1, t_2) i koneqen na granice [t, T ]^2. Takim obrazom ostaetsØ po-

kazat~, qto S(t_1, t_1) =^1_2^2 ∏ l=1 ψ_l(t_1); t_1 ∈ (t, T ). Rassmotrim razlo-

ßenie Fur~e S^′(t_1, t_2) funkcii K^′(t_1, t_2):

S^′(t_1, t_2) = ∞∑ j1=0 ∞∑ j2=0 C^′_{j2j1} 2∏ l=1 ϕ_{jl} (t_l), (36)

gde C^′_{j2j1} = ∫ [t,T ]2 K^′(t_1, t_2)^2 ∏ l=1 ϕ_{jl} (t_l)dt_1dt_2. ˚sno, qto S^′(t_1, t_2) sho-

ditsØ ravnomerno k K^′(t_1, t_2) vo vseh vnutrennih toqkah [t, T ]^2,

RAZLOȷENIE POVTORNYH INTEGRALOV 175 t.k. tam K^′(t_1, t_2) nepreryvna. Krome fftogo, v silu zameny porØdka integrirovaniØ imeem:

C^′_{j2j1} = C_{j2j1} + C_{j1j2} . (37)

PodstavlØØ (37) v (36) i polagaØ t_1 = t_2 v (36) poluqim, qto S^′(t_1, t_1) = ψ_1(t_1)ψ_2(t_1) = 2S(t_1, t_1), t.e. S(t_1, t_1) =^1_2 ψ_1(t_1)ψ_2(t_1); t ∈ (t, T ). Lemma dokazana pri k = 2.

Dokaßem lemmu pri k = 3. Oqevidno, qto rØd Fur~e

S(t_1, t_2, t_3) = ∞∑ j1=0 ∞∑ j2=0 ∞∑ j3=0 C_{j3j2j1} 3∏ l=1 ϕ_{jl} (t_l)

ravnomerno shoditsØ k funkcii K(t_1, t_2, t_3) pri t_1 ≠ t_2, t_2 ≠ t_3, t_1 ≠ t_3; t_1, t_2, t_3 ∈ (t, T ), t.e. v toqkah nepreryvnosti funkcii K(t_1, t_2, t_3) i koneqen na granice [t, T ]^3. Takim obrazom ostaetsØ pokazat~, qto

S(t_1, t_1, t_1) = 1 6 3∏ l=1 ψ_l(t_1), (38)

S(t_2, t_2, t_3) = 1 2 ψ_3(t_3) 2∏ l=1 ψ_l(t_2), (39)

S(t_1, t_3, t_3) = 1 2 ψ_1(t_1) 3∏ l=2 ψ_l(t_3). (40)

Zapixem razloßeniØ Fur~e S_i(t_1, t_2, t_3) funkciæ K_i(t_1, t_2, t_3); i = 1, 2, 3 sootvetstvenno:

S_i(t_1, t_2, t_3) = ∞∑ j1=0 ∞∑ j2=0 ∞∑ j3=0 C^{(i)}_{j3j2j1} 3∏ l=1 ϕ_{jl} (t_l), (41)

gde C^{(i)}_{j3j2j1} = ∫ [t,T ]3 K_i(t_1, t_2, t_3)^3 ∏ l=1 ϕ_{jl} (t_l)dt_1dt_2dt_3. Zametim, qto

S_1(t_1, t_2, t_3) shoditsØ ravnomerno k K_1(t_1, t_2, t_3) v l¸boæ vnutrenneæ toqke [t, T ]^3, t.k. tam K_1(t_1, t_2, t_3) nepreryvna, a rØdy S_2(t_1, t_2, t_3), S_3(t_1, t_2, t_3) shodØtsØ ravnomerno k K_2(t_1, t_2, t_3) i

176 D. F. KUZNECOV K_3(t_1, t_2, t_3) sootvetstvenno v oblastØh ih nepreryvnosti, iskl¸- qaØ toqki granicy [t, T ]^3.

V silu zameny porØdka integrirovaniØ imeem:

C^{(1)}_{j3j2j1} = C_{j3j2j1} + C_{j3j1j2} + C_{j2j1j3} + C_{j2j3j1} + C_{j1j2j3} + C_{j1j3j2} , (42)

C^{(2)}_{j3j2j1} = C_{j3j2j1} + C_{j3j1j2} , (43)

C^{(3)}_{j3j2j1} = C_{j3j2j1} + C_{j2j3j1} . (44)

PodstavlØØ (42), (43) i (44) pooqeredno v (41) pri i = 1, 2, 3 sootvetstvenno i polagaØ v (41) t_1 = t_2 = t_3 pri i = 1, t_1 = t_2 pri i = 2 i t_2 = t_3 pri i = 3 poluqim putem nesloßnyh preobrazovaniæ ravenstva (38)–(40). Lemma dokazana pri k = 3. Dokazatel~stvo pri k > 3 analogiqno. Lemma dokazana. �

Rassmotrim razbienie promeßutka [t, T ] vida: t = τ_0 < . . . < τ_N = T, Δ_N = max

06j6N−1^{|τj+1 − τj| → 0} pri^{N → ∞.} (45) Lemma 3. V usloviØh teoremy 1 J ( ψ^{(k)} ) T,t = l.i.m. N→∞ N−1∑ j_k=0 . . . j2−1∑

j1=0 k∏ l=1 ψ_l(τ_{jl} )Δw^{(il)}_{τjl} s. v. 1, (46)

gde Δw^{(il)}τ_{jl} = w^{(il)}τ_{jl +1} − w^{(il)}τ_{jl} ; i_l = 0, 1, . . . , m; {τ_{jl} }^{N−1}_{jl=0} – razbienie promeßutka [t, T ], udovletvorØ¸wee uslovi¸ (45).

Dokazatel~stvo. Netrudno videt~, qto integral~naØ summa in-

tegrala J ( ψ^{(k)} ) T,t moßet byt~ predstavlena v usloviØh lemmy v vide dopredel~nogo vyraßeniØ v pravoæ qasti (46) i veliqiny, kotoraØ stremitsØ v sr.kv. smysle k nul¸ pri N → ∞. �

Zameqanie 2. Netrudno videt~, qto esli Δw^{(il)}τ_{jl} v (46) pri ne-

kotorom l ∈ {1, . . . , k} zamenit~ na ( Δw^{(il)}τ_{jl} )_p , i_l ≠ 0, to v inte-

grale J ( ψ^{(k)} ) T,t differencial dw^{(il)}_{tl} zamenitsØ na dt_l pri p = 2.

Esli ße p = 3, 4, . . ., to pravaØ qast~ (46) obratitsØ s. v. 1 v nol~. Esli Δw^{(il)}τ_{jl} v (46) pri nekotorom l ∈ {1, . . . , k} zamenit~ na (Δτ_{jl} )^p; p = 2, 3, . . ., to pravaØ qast~ v (46) takße obratitsØ s. v. 1 v nol~.

RAZLOȷENIE POVTORNYH INTEGRALOV 177 Opredelim sledu¸wie stohastiqeskie integraly:

l.i.m. N→∞ N−1∑ j1,... ,j_k=0 Φ (τ_{j1} , . . . , τ_{jk} ) k∏ l=1 Δw^{(il)}_{τjl}^{def}=

def= T∫ t . . . T∫ t Φ(t_1, . . . , t_k)dw^{(ik)}_{tk} . . . dw^{(i1)}_{t1} = J[Φ]^{(k)}_{T,t}, (47)

l.i.m. N→∞ N−1∑ j1,... ,j_k=0 − N−2∑ j1,... ,j_k=1 ×

×Φ (τ_{j1} , . . . , τ_{jk} ) k∏ l=1 Δw^{(il)}_{τjl}^{def}= J[Φ]^{Γk}_{T,t}. (48)

Pust~ D_k = {(t_1, . . . , t_k): t 6 t_1 < . . . < t_k 6 T }, a Γ_{Dk} – granica D_k. Budem pisat~ Φ(t_1, . . . , t_k) ∈ C^1(D_k), esli vypolneny usloviØ:

(AI) Φ(t_1, . . . , t_k) nepreryvno differenciruema v D_k; (AII) Φ(t_1, . . . , t_k) ograniqena na Γ_{Dk} ;

Ispol~zuØ rassußdeniØ, blizkie k rassußdeniØm dokazatel~- stva lemmy 3, netrudno pokazat~, qto esli Φ(t_1, . . . , t_k) ∈ C^1(D_k), to I[Φ]^{(k)}_{T,t}^{def}= T∫ t . . . t2∫ t Φ(t_1, . . . , t_k)dw^{(i1)}_{t1} . . . dw^{(ik)}_{tk} =

= l.i.m. N→∞ N−1∑ j_k=0 . . . j2−1∑

j1=0 Φ(τ_{j1} , . . . , τ_{jk} ) k∏ l=1 Δw^{(il)}_{τjl} s. v. 1, (49)

gde I[Φ]^{(k)}_{T,t} ponimaetsØ kak povtornyæ integral Ito.

Vvedem oboznaqeniØ: 1_{jl,jl+1} (j_{q1} , . . . , j_{q2} , j_l, j_{q3} , . . . , j_{qk}�_2 , j_l, j_{qk}�_1 , . . . , j_{qk} ) def= (j_{q1} , . . . , j_{q2} , j_{l+1}, j_{q3} , . . . , j_{qk}�_2 , j_{l+1}, j_{qk}�_1 , . . . , j_{gk} ), (50) gde l ∈ N ; l ≠ q_1, . . . , q_2, q_3, . . . , q_{k−2}, q_{k−1}, . . . , q_k ∈ N ; S^{(k)}_N (a) = N−1∑ j_k=0 . . . j2−1∑

j1=0 ∑ (j1,... ,j_k) a_{(j1,... ,jk)};

178 D. F. KUZNECOV C^+_{sr} . . . C^+_{s1} {S^{(k)}_N (a)} = N−1∑ j_k=0 . . . j_{sr} +2−1 ∑ j_{sr}+1=0 j_{sr} +1−1 ∑ j_{sr}�1=0 . . . j_s1+2−1 ∑ j_s1+1=0 j_s1+1−1 ∑ j_s1�1=0 . . . j2−1∑

j1=0 ×

× ∑ r∏ l=1 1j_{sl} ,j_{sl+1} (j1,... ,jk) a r∏ l=1 1j_{sl} ,j_{sl+1} (j1,... ,jk) ;

C^∗_{sr} C^+_{sr}�_1 . . . C^+_{s1} {S^{(k)}_N (a)} = C^+_{sr}�_1 . . . C^+_{s1} {S^{(k)}_N (a)} + C^+_{sr} . . . C^+_{s1} {S^{(k)}_N (a)}; 0∏ l=1 1_{jsl ,jsl+1} (j_1, . . . , j_k) = (j_1, . . . , j_k); r∏ l=1 1_{jsl ,jsl+1} (j_1, . . . , j_k) = 1_{jsr ,jsr+1} . . . 1_{js1 ,js1+1} (j_1 . . . j_k),

S^+_0 . . . C^+_{s1} {S^{(k)}_N (a)} = S^{(k)}_N (a); gde s_1, . . . , s_r = 1, . . . , k − 1; s_r > . . . > s_1; r = 1, . . . , k − 1; ∑ (j_q1,... ,j_{qk} ) – summa po perestanovkam (j_{q1} , . . . , j_{qk} ); q_1, . . . , q_k ∈ {1, . . . , k}; a_{(jq1 ,... ,jqk )} – skalØry. Po indukcii netrudno dokazat~ sledu¸wee ravenstvo: N−1∑ j_k=0 . . . N−1∑ j1=0 a_{(j1,... ,jk)} = C^∗_{k−1} . . . C^∗_1 {S^{(k)}_N (a)} =

= k−1∑ r=0 k−1∑ s_r ,... ,s1=1 s_r>...>s1 C^+_{sr} . . . C^+_{s1} {S^{(k)}_N (a)}; k > 1, ∑ ∅ def= 1. (51)

Poloßim a_{(j1,... ,jk)} = Φ (τ_{j1} , . . . , τ_{jk} )^k ∏ l=1 Δw^{(il)}τ_{jl} . Togda iz (47) i (51) imeem:

J[Φ]^{(k)}_{T,t} = k−1∑ r=0 ∑ (s_r ,... ,s1)∈A_{kr} I[Φ]^{(k)s1,... ,sr} T,t s. v. 1, (52) gde I[Φ]^{(k)s1,... ,sr} T,t =

RAZLOȷENIE POVTORNYH INTEGRALOV 179 = T∫ t . . . t_{sr}+3∫

t t_{sr}+2∫

t t_{sr}∫

t . . . t_s1+3∫

t t_s1+2∫

t t_s1∫

t . . . t2∫ t ∑ r∏ l=1 1t_{sl} ,t_{sl+1} (t1,... ,tk)

× [ Φ (t_1, . . . , t_{s1−1}, t_{s1+1}, t_{s1+1}, . . . , t_{sr−1}, t_{sr+1}, t_{sr+1}, . . . , t_k) ×dw^{(i1)}_{t1} . . . dw^{(is1}�^{1)}_{ts1}�_1 dw^{(is1 )}_{ts1+1} dw^{(is1+1)}_{ts1+1} dw^{(is1+2)}_{ts1+2} . . . . . . dw^{(isr}�^{1)} t_{sr}�1 dw (i_{sr} ) t_{sr}+1 dw (i_{sr}+1) t_{sr}+1 dw (i_{sr}+2) t_{sr}+2 . . . dw (i_k) t_k ] , (53)

i^0 ∏ l=1 1_{tsl ,tsl+1} (t_1, . . . , t_k)^{def}= (t_1, . . . , t_k); ∑ (s0,... ,s1)∈A_k0 def= 1; k > 2.

Zameqanie 3. Slagaemye v pravoæ qasti (53) sleduet ponimat~

tak: dlØ kaßdoæ perestanovki iz nabora^r ∏ l=1 1_{tsl ,tsl+1} (t_1, . . . , t_k) sleduet osuwestvit~ zamenu v pravoæ qasti (53) vseh par (ih

rovno r xtuk) differencialov s odinakovymi nißnimi indek-

sami vida dw^{(i)}_{tp} dw^{(j)}_{tp} na veliqiny 1_{{i=j≠0}}dt_p.

Lemma 4. Pust~ Φ(t1, . . . , tk) ∈ C^1(Dk). Togda E {| | |I[Φ]^{(k)}_{T,t} | | |^{2n} }

6 Cnk

T∫ t . . . t2∫ t Φ^{2n}(t_1, . . . , t_k)dt_1 . . . dt_k; C_{nk} < ∞; n ∈ N. (54) Dokazatel~stvo. Ispol~zuØ standartnye ocenki stohastiqe-

skih integralov pri (ξ_τ )^n ∈ M_2([t_0, t]) imeem E | | | | | | t∫ t0 ξ_τ df_τ | | | | | |

2n 6 (t − t0)^{n−1} (n(2n − 1))^n t∫ t0 E { |ξ_τ |^{2n} } dτ, (55)

E | | | | | | t∫ t0 ξ_τ dτ | | | | | |

2n 6 (t − t0)^{2n−1} t∫ t0 E { |ξ_τ |^{2n} } dτ. (56)

180 D. F. KUZNECOV Pust~ ξ^{(l)}_{tl+1,... ,tk,t} =^{tl+1} ∫ t . . . t2∫ t Φ(t_1, . . . , t_k)dw^{(i1)}_{t1} . . . dw^{(il)}_{tl} pri l =

1, . . . , k −1 i ξ^{(0)}_{t1,... ,tk,t}^{def}= Φ(t_1, . . . , t_k). Po indukcii netrudno pokazat~, qto ( ξ^{(l)}_{tl+1,... ,tk,t} )_n ∈ M_2([t, T ]) po t_{l+1}.Togda primenØØ mnogokratno ocenki (55), (56) pridem k utverßdeni¸ lemmy. � Ispol~zuØ neravenstvo Minkovskogo i lemmu 4 poluqaem iz (52) sledu¸wie ocenki: ( E {( J[Φ]^{(k)}_{T,t} )_{2n}})^1_{2n}

                  6

6^{k−1∑}_{r=0}^∑

(s_r,... ,s1)∈A_{kr} ( E {( I[Φ]^{(k)s1,... ,sr} T,t )_{2n}})^1_{2n} , (57) ( E {( I[Φ]^{(k)s1,... ,sr} T,t )_{2n}})^1_{2n}

                        6

6 C^{s1...sr}_{nk}

[_T∫ t . . . t_{sr} +3∫

t t_{sr}+2∫

t t_{sr}∫

t . . . t_s1+3∫

t t_s1+2∫

t t_s1∫

t . . . t2∫ t ∑ r∏ l=1 1t_{sl} ,t_{sl} +1(t1,... ,tk) ×Φ^{2n} (t_1, . . . , t_{s1−1}, t_{s1+1}, t_{s1+1}, . . . , t_{sr−1}, t_{sr+1}, t_{sr+1}, . . . , t_k) ×dt_1 . . . dt_{s1−1}dt_{s1+1}dt_{s1+2} . . . dt_{sr−1}dt_{sr+1}dt_{sr+2} . . . dt_k ] 1_{2n}

, (58)

gde perestanovki pri summirovanii v (58) osuwestvlØ¸tsØ tol~- ko v Φ^{2n}(. . . ); C^{s1...sr}_{nk} < ∞;^0 ∏ l=1 1_{tsl ,tsl +1}(t_1, . . . , t_k)^{def}= (t_1, . . . , t_k).

Lemma 5. V usloviØh teoremy 1 J[B^±_{k−1}{K}]^{(k)}_{T,t} = J^∗ ( ψ^{(k)} ) T,t s. v. 1. (59)

Dokazatel~stvo. PodstavlØØ (34) v (59), ispol~zuØ lemmu 3 i

zameqanie 2 netrudno uvidet~, qto s. v. 1 J[B^±_{k−1}{K}]^{(k)}_{T,t} = J ( ψ^{(k)} ) T,t + [^k_2 ]∑ r=1 1 2^r ∑ (s_r,... ,s1)∈A_{kr} J ( ψ^{(k)} )_{sr ,... ,s1} T,t ,

RAZLOȷENIE POVTORNYH INTEGRALOV 181 otkuda soglasno lemme 1 vytekaet utverßdenie lemmy. �

Lemma 6. Pust~ |Φ(t1, . . . , tk)| < ∞ pri (t1, . . . , tk) ∈ [t, T ]^k. Togda

J[Φ]^{Γk}_{T,t} = 0 s. v. 1.

Dokazatel~stvo. Predpoloßim snaqala, qto Φ(t1, . . . , tk) ≡ 1.

Togda integral~naØ summa J[1]^{Γk}_{T,t} sostoit iz koneqnoæ summy sluqaænyh veliqin α^N_p β^N_{k−p}, gde

α^N_p = N−2∑ s1,... ,s_p=1 p∏ l=1 Δw^{(rl )}_{τsl} , β^N_{k−p} = k−p∏ l=1 ( Δw^{(rp+l )} τ0 + Δw^{(rp+l )}τ_N�_1 ) ,

gde α^N_0^{def}= 1; {r_1, . . . , r_k} = {i_1, . . . , i_k}; p = 0, 1, . . . , k − 1; k − p = 1, . . . , k; i_1, . . . , i_k = 0, 1, . . . , m i pri fftom E {( α^N_p )_2} < ∞. Dalee ispol~zuØ neravenstvo Minkovskogo i nezavisimost~ sluqaænyh veliqin α^N_p i β^N_{k−p} netrudno pokazat~, qto J[1]^{Γk}_{T,t} = 0 s. v. 1. Esli ße funkciØ Φ(t_1, . . . , t_k) ØvlØetsØ proizvol~noæ ograniqennoæ funkcieæ na [t, T ]^k, to oqevidno dokazatel~stvo provoditsØ analogiqno. �

Lemma 7. Pust~ φi(s) ∈ C^1_{[t,T ]}; i = 1, . . . , k. Togda k∏ l=1 T∫ t φ_l(s)dw^{(il)}_s = T∫ t . . . T∫ t k∏ l=1 φ_l(t_l)dw^{(i1)}_{t1} . . . dw^{(ik)}_{tk} s. v. 1. (60)

Dokazatel~stvo. Pust~ snaqala il ≠ 0; l = 1, . . . , k. Oboznaqim:

J^l_N^{def}=^{N−1} ∑ j=0 φ_l(τ_j )Δw^{(il)}τ_j , J^l = T∫ t φ_l(s)dw^{(il)}s . Poskol~ku

k∏ l=1 J^l_N − k∏ l=1 J^l = k∑ l=1 (_{l−1} ∏ g=1 J^g ) ( J^l_N − J^l ) k∏ g=l+1 J^g_N , to v silu neravenstv Minkovskogo i Koxi–BunØkovskogo E (_k ∏ l=1 J^l_N − k∏ l=1 J^l )_2 1 2

6

182 D. F. KUZNECOV

6 Ck^{k∑}_{l=1}^(E^{{(}J^l_N − J^{l)4}) 14} , Ck < ∞. (61)

˚sno, qto J^l_N − J^l =^{N−1} ∑ g=0 ζ^l_g, gde ζ^l_g = τ_g+1∫ τ_g (φ_l(τ_g) − φ_l(s)) dw^{(il)}s . Po-

skol~ku ζ^l_g nezavisimy pri razliqnyh g, to [7]: E N−1∑ j=0 ζ^l_j 4 =

= N−1∑ j=0 E {( ζ^l_j )_4} + 6 N−1∑ j=0 E {( ζ^l_j )_2}^{j−1}∑ q=0 E {( ζ^l_q )_2} . (62)

V silu gaussovosti ζ^l_j i nepreryvnoæ differenciruemosti funkciæ φ_i(s) poluqaem, qto pravaØ qast~ (62) stremitsØ k nul¸ pri N → ∞. Ispol~zuØ fftot fakt, a takße (61) prihodim k (60). Esli pri nekotoryh l ∈ {1, . . . , k}: w^{(il)}_{tl} = t_l, to dokazatel~stvo lemmy provoditsØ analogiqno. �

V silu lemm 2, 5–7 imeem: J^∗ ( ψ^{(k)} ) T,t = p1∑ j1=0 . . . p_k∑

j_k=0 C_{jk...j1} k∏ l=1 T∫ t ϕ_{jl} (s)dw^{(il)}_s +

+J[R_{p1...pk} ]^{(k)}_{T,t} s. v. 1, (63)

gde J[R_{p1...pk} ]^{(k)}_{T,t} opredelen v sootvetstvii s (47) i R_{p1...pk} (t_1, . . . , t_k) = = ∞∑ j1=0 . . . ∞∑ j_k=0 − p1∑ j1=0 . . . p_k∑

j_k=0 C_{jk...j1} k∏ l=1 ϕ_{jl} (t_l). (64)

Pri fftom soglasno lemme 2 pri (t_1, . . . , t_k) ∈ [t, T ]^k\Γ_k lim p1→∞ . . . lim_{pk →∞} R_{p1...pk} (t_1, . . . , t_k) = 0. (65) Zameqanie 4. (65) vypolnØetsØ soglasno lemme 2 ravnomerno

v oblastØh nepreryvnosti funkcii R_{p1...pk} (t_1, . . . , t_k) i predel v levoæ qasti (65) koneqen na Γ_k.

RAZLOȷENIE POVTORNYH INTEGRALOV 183

Lemma 8. V usloviØh teoremy 1 lim p1→∞ . . . lim_{pk→∞} E {( J[R_{p1...pk} ]^{(k)}_{T,t} )_n} = 0, n ∈ N. (66)

Dokazatel~stvo. Soglasno (34), (35) i (64) imeem: R_{p1...pk} (t_1, . . . , t_k) = K(t_1, . . . , t_k)+ + k∏ l=1 ψ_l(t_l) k−1∑ r=1 k−1∑ s_r,... ,s1=1 s_r>...>s1 1 g(s_1, . . . , s_r) ×

× r∏ l=1 1_{{tsl =tsl+1}} k−1∏ l=1 l≠s1,... ,s_r 1_{{tl<tl+1}} − p1∑ j1=0 . . . p_k∑

j_k=0 C_{jk...j1} k∏ l=1 ϕ_{jl} (t_l). (67) V silu (67) funkciØ R_{p1...pk} (t_1, . . . , t_k) udovletvorØet usloviØm (AI)–(AII) v oblastØh integrirovaniØ PSI v pravoæ qasti (52). Togda berØ R_{p1...pk} (t_1, . . . , t_k) vmesto Φ(t_1, . . . , t_k) v (57), (58) i osuwestvlØØ predel~nyæ perehod pod znakami integralov v (57) i (58) poluqim s uqetom (65) i zameqaniØ 4 trebuemoe. Lemma 8, a vmeste s neæ i teorema 1 dokazany. �

V zakl¸qenie pokaßem, qto esli i_1, . . . , i_k ∈ {1, . . . , m} i poparno razliqny, to dlØ approksimacii integrala J^∗ ( ψ^{(k)} ) T,t, ime¸weæ vid J^∗ ( ψ^{(k)} )_q T,t = q∑ j1,... ,j_k=0 C_{jk...j1} k∏ l=1 ζ^{(il)}_{(jl)T,t}, q < ∞, spravedlivo sledu¸wee sootnoxenie: E {( J^∗ ( ψ^{(k)} )_q T,t − J^∗ ( ψ^{(k)} ) T,t )_2} =

= T∫ t . . . T∫ t K^2(t_1, . . . , t_k)dt_1 . . . dt_k − q∑ j1,... ,j_k=0 C^2_{jk...j1} . (68) Deæstvitel~no, poskol~ku pri poparno razliqnyh i ne ravnyh nul¸ i_1, . . . , i_k spravedlivo soglasno lemme 1 ravenstvo

184 D. F. KUZNECOV J^∗ ( ψ^{(k)} ) T,t = J ( ψ^{(k)} ) T,t s. v. 1, to E {( J^∗ ( ψ^{(k)} ) T,t )_2} = E {( J ( ψ^{(k)} ) T,t )_2} =

= T∫ t . . . T∫ t K^2(t_1, . . . , t_k)dt_1 . . . dt_k. (69)

Krome fftogo v teh ße usloviØh E {( J^∗ ( ψ^{(k)} ) T,t − J^∗ ( ψ^{(k)} )_q T,t )_2} =

= E {( J^∗ ( ψ^{(k)} ) T,t )_2} − E {( J^∗ ( ψ^{(k)} )_q T,t )_2} , (70)

E {( J^∗ ( ψ^{(k)} )_q T,t )_2} = q∑ j1,... ,j_k=0 C^2_{jk...j1} . (71) Iz (69)–(71) sleduet (68).

Literatura

1. O. ı. Kul~qickiæ, D. F. Kuznecov, Razloßenie processov Ito v rØd

Teælora–Ito v okrestnosti fiksirovannogo momenta vremeni. Dep. v

VINITI, No. 2637-V93, (1993), 1–26.

2. O. ı. Kul~qickiæ, D. F. Kuznecov, Unificirovannoe razloßenie Teæ-

lora–Ito. — Zap. nauqn. semin. POMI 244 (1997), 186–204.

3. G. N. Mil~xteæn, Qislennoe integrirovanie stohastiqeskih differen-

cial~nyh uravneniæ. Izd-vo Ural~skogo un-ta, Sverdlovsk (1988).

4. E. Platen, W. Wagner, On a Taylor formula for a class of Ito processes. — Prob.

Math. Statist 3 (1982), 37–51.

5. P. E. Kloeden, E. Platen, Numerical solution of stochastic differential equations.

Springer, Berlin (1992).

6. P. E. Kloeden, E. Platen, I. W. Wright, The Approximation of multiple stochastic integrals. — Stoch. Anal. And Applicat. 10, No. 4 (1992), 431–441.

7. A. V. Skorohod, Sluqaænye processy s nezavisimymi priraweniØmi. Nauka, M. (1964).

8. I. I. Gihman, A. V. Skorohod, Stohastiqeskie differencial~nye urav-

neniØ. Naukova Dumka, Kiev (1968).

RAZLOȷENIE POVTORNYH INTEGRALOV 185 Kuznetsov D. F. An expansion of multilpe Stratonovich stochastic integrals, based on multiple fourier expansion.

The expansion of multiple Stratonovich stochastic integrals of multiplicity k; k ∈ N into multiple series of products of Gaussian random values is stated and proved. The coefficients of this expansion are the coefficients of multiple Fourier expansion of the function of several variables on full orthonormal systems in space L_2([t, T ]). For expansion the convergence in mean of order n; n ∈ N is proved. Some expansions of multiple Stratonovich stochastic integrals with the help of polynomial and trigonometric systems are considered.

Postupilo 11 fevralØ 1999 g. S.-Peterburgskiæ gosudarstvennyæ tehniqeskiæ universitet