Zapiski nauqnyh seminarov POMI Tom 263, 2000 g.

D. S. Kataev

O NEKOTORYH METAPLEKTIQESKIH R˚DAH �`ZENXTE`NA

0. Vvedenie

Osnovnoæ cel~¸ dannoæ raboty ØvlØetsØ izuqenie kubiqeskih metaplektiqeskih rØdov �æzenxteæna na simplektiqeskoæ gruppe Sp_4(C ), ØvlØ¸wihsØ kubiqeskimi metaplektiqeskimi formami otnositel~no kongruffnc–podgruppy Γ(q) gruppy Sp_4(O), gde O – kol~co celyh qisel polØ Q( √ −3). Kubiqeskie metaplektiqeskie rØdy �æzenxteæna byli issledovany N. V. Proskurinym v rabotah [1, 2], no N. V. Proskurin issledoval rØdy �æzenxteæna, svØzannye s maksimal~noæ paraboliqeskoæ podgruppoæ ZigelØ gruppy Sp_4(C ). My ße rassmatrivaem rØdy �æzenxteæna, svØzannye s podgruppoæ ˚kobi simplektiqeskoæ gruppy i ispol~zuem t.n. tehniku “sl(2)-troek” (sm. [1, 2]) dlØ vyqisleniØ kofffficientov Fur~e dannyh rØdov.

Rabota sostoit iz qetyreh paragrafov. Pervyæ paragraf soderßit oboznaqeniØ, opredeleniØ i vspomogatel~noe utverßdenie. Vo vtorom paragrafe podrobno izuqaetsØ gruppa Γ(q) i ee podgruppy. Naibolee vaßnye utverßdeniØ fftogo paragrafa sobrany v predloßenii 2.4 i predloßenii 2.5. V naqale tret~ego paragrafa da¸tsØ neobhodimye opredeleniØ, svØzannye s metaplektiqeskimi formami na Sp_4(C )/Sp_4, rØdami �æzenxteæna i ih kofffficientami Fur~e. Dalee v teoreme 1 formuliruetsØ osnovnoæ rezul~tat dannoæ raboty. Ostatok tret~ego paragrafa posvØwen dokazatel~stvu fftoæ teoremy. V qetvertom paragrafe izuqa¸tsØ rØdy ~D_{μ,ν} , poluqennye v teoreme 1, v qastnom sluqae sistemy mul~tiplikatorov Bassa–Milnora–Serra.

1. Predvaritel~nye svedeniØ

SimplektiqeskaØ gruppa Sp_4(C ) est~ gruppa matric γ ∈ SL_4(C )

Rabota vypolnena pri finansovoæ podderßke Rossiæskogo fonda fundamental~nyh issledovaniæ (grant 99-01-00099). 105

106 D. S. KATAEV takih, qto vypolnØetsØ sootnoxenie γσ^tγ = σ, gde σ = 0 0 −1 0 0 0 0 −1 1 0 0 0 0 1 0 0

. (1.1)

KaßdaØ matrica γ ∈ SL_4(C ) budet zapisyvat~sØ v vide γ = ( A B C D ) , gde A = ( a_1 a_2 a_3 a_4 ) , B = ( b_1 b_2 b_3 b_4 ) ,

C = ( c_1 c_2 c_3 c_4 ) , D = ( d_1 d_2 d_3 d_4 ) (1.2)

ØvlØ¸tsØ matricami razmernosti 2 × 2. Takße budet ispol~zovat~sØ oboznaqenie e_n dlØ ediniqnoæ matricy razmernosti n×n. V takih oboznaqeniØh uslovie γσ^tγ = σ ffkvivalentno naboru sootnoxeniæ

A^tB = B^tA, C^tD = D^tC, A^tD − B^tC = D^tA − C^tB = e_2. (1.3)

Togda dlØ γ ∈ Sp_4(C ) vypolnØetsØ ravenstvo γ^{−1} = (_t D −^tB −^tC^tA ) . Snova primeniv sootnoxenie γσ^tγ = σ k matrice γ^{−1} ∈ Sp_4(C ), poluqaem sledu¸wie ravenstva: tBD =^tDB,^tCA =^tAC,^tAD −^tCB =^tDA −^tBC = e_2. (1.4) DlØ simplektiqeskoæ gruppy suwestvuet izvestnoe razloßenie Ivasavy Sp_4(C ) = N AK, gde

N = {n(l)|l = (l_1, l_2, l_3, l_4) ∈ C^4 },

n(l) = 1 l_1 l_2 − l_1l_4 l_4 0 1 l_4 − l_1l_3 l_3 0 0 1 0 0 0 −l_1 1 , (1.5)

A ØvlØetsØ gruppoæ vseh matric

diag (t_1, t_2, t^{−1}_1 , t^{−1}_2 ), t_1, t_2 ∈ R^∗_+,

(1.6)

O NEKOTORYH R˚DAH �`ZENXTE`NA 107 K = Sp_4 = Sp_4(C ) ∩ SU_4

– maksimal~naØ kompaktnaØ podgruppa v Sp_4(C )

(1.7)

i otobraßenie N × A × K → N AK est~ analitiqeskiæ diffeomorfizm.

DlØ γ = ( a b c d ) ∈ SL_2(C ) polagaem

h_1(γ) =

1 0 0 0 0 a 0 b 0 0 1 0 0 c 0 d , h2(γ) = a 0 0 b 0 a b 0 0 c d 0 c 0 0 d ,

h_3(γ) = a 0 b 0 0 1 0 0 c 0 d 0 0 0 0 1 , h4(γ) = a b 0 0 c d 0 0 0 0 d −c 0 0 −b a . (1.8)

Oqevidno, qto h_i – gruppovye monomorfizmy SL_2(C ) → Sp_4(C ).

Oboznaqim qerez T podgruppu vseh diagonal~nyh matric v

Sp_4(C ) i poloßim B = N T = T N . Togda B ØvlØetsØ minimal~-

noæ paraboliqeskoæ podgruppoæ Sp_4(C ) i dlØ nee vypolnØetsØ razloßenie Br¸a

Sp_4(C ) = ⋃ r∈S BrB, (1.9) priqem moßno sqitat~, qto S = {e_4, p, ~p, p~p, ~pp, p~pp, ~pp~p, σ}, gde p = 0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0 , ~p = 1 0 0 0 0 0 0 −1 0 0 1 0 0 1 0 0

(1.10)

i σ est~ matrica (1.1). Otmetim kak oqevidnyæ fakt, qto σ =

(p~p)^2.

Pust~ ~P oboznaqaet gruppu vseh matric v Sp_4(C ) vida ∗ ∗ ∗ ∗ 0 ∗ ∗ ∗ 0 0 ∗ 0 0 ∗ ∗ ∗ . (1.11)

108 D. S. KATAEV

Gruppa ~P ØvlØetsØ maksimal~noæ paraboliqeskoæ podgruppoæ

Sp_4(C ) i nazyvaetsØ podgruppoæ ˚kobi.

Sledu¸wee predloßenie ØvlØetsØ vspomogatel~nym i ispol~- zuet oboznaqeniØ (1.2), (1.5).

Predloßenie 1.1. Pust~ γ = ( A B C D ) ∈ Sp_4(C ) , d_1 ≠ 0, d_1d_4 − d_2d_3 ≠ 0 i σ – matrica (1.1). Togda imeet mesto razloßenie

γσ = n(l) diag(t_1, t_2, t^{−1}_1 , t^{−1}_2 ) σn(l^′), (1.12)

gde l = (l_1, l_2, l_3, l_4) ∈ C^4 , l^′ = (l^′_1, l^′_2, l^′_3, l^′_4) ∈ C^4 i

t_1 = 1 d_1

, t_2 = d_1 d_1d_4 − d_2d_3

, l^′_1 = d_2 d_1 ,

l^′_3 = c_2d_3 − c_4d_1 d_1d_4 − d_2d_3

, l_3 = b_4d_1 − b_3d_2 d_1d_4 − d_2d_3 . (1.13)

Dokazatel~stvo. Ispol~zuØ razloßenie Br¸a v (1.8), moßno

nesloßno (hotØ i oqen~ gromozdko) dokazat~, qto matrica γσ leßit v BσB. Ots¸da my poluqaem razloßenie (1.12). Formuly v (1.13) ØvlØ¸tsØ rezul~tatom sravneniØ sootvetstvu¸wih fflementov matric γσ i n(l) diag(t_1, t_2, t^{−1}_1 , t^{−1}_2 ) σn(l^′). •

2. Diskretnye podgruppy Pust~ q ⊂ (3) – ideal kol~ca celyh qisel O polØ Q( √ −3) i Γ_n(q) ØvlØetsØ kongruffnc-podgruppoæ mod q gruppy SL_n(O). Toqnee, Γ_n(q) – gruppa, sostoØwaØ iz matric (a_{ij}) ∈ SL_n(O) takih, qto

a_{ii} ≡ 1 (mod 3), i = 1, . . . , n; a_{ij} ∈ q, i, j = 1, . . . , n, i ≠ j. (2.1) Oboznaqim qerez Γ(q) gruppu Γ(q) = Γ_4(q) ∩ Sp_4(C ) i poloßim

Δ = {n(l)|l ∈ q^4}, ~Δ_× = Γ(q) ∩ ~P .

Predloßenie 2.1. KaßdaØ matrica ~γ ∈^~Δ× moßet byt~ pred-

stavlena edinstvennym obrazom v vide ~γ = γ^′γ^{′′}, gde γ^′ = n(∗, ∗, 0, ∗) ∈ Δ, γ^{′′} = h_1(λ), λ ∈ Γ_2(q) i ~Δ_× = Δh_1(Γ_2(q)).

O NEKOTORYH R˚DAH �`ZENXTE`NA 109

Dokazatel~stvo. Oqevidno, qto verhniæ levyæ fflement matri-

cy ~γ ravnØetsØ edinice. Iz usloviæ (1.3) vytekaet, qto

~γ = 1 ∗ ∗ ∗ 0 a ∗ b 0 0 1 0 0 c ∗ d .

Snova v silu (1.3) matrica ~γ moßet byt~ predstavlena v vide

~γ = γ^′h_1(λ), gde

γ^′ = 1 ∗ ∗ ∗ 0 1 ∗ 0 0 0 1 0 0 0 ∗ 1 = n(∗, ∗, 0, ∗) ∈ Δ, λ = ( a b c d ) ∈ Γ_2(q)

i h_1 – monomorfizm iz (1.8). Togda formula ~Δ_× = Δh_1(Γ_2(q)) ØvlØetsØ oqevidnoæ, tak kak Δ i h_1(Γ_2(q)) – podgruppy ~Δ_×. •

DlØ zadannyh m ∈ q, n ∈ O, t ∈ O, gde (t, q) = 1, n ≡ 1 (mod 3), m i n vzaimno prosty, my vybiraem matricu λ^{(t)}m,n ∈ Γ(q) takim obrazom, qto

(1) λ^{(t)}_{m,n} = ( k l m n ) , priqem l i t vzaimno prosty;

(2) esli m^′ ∈ q, λ^{(t)}_m′_{,n} = ( k^′ l^′ m^′ n ) ∈ Γ(q) i

m^′ ≡ m (mod n), to l^′ = l.

(2.2)

Legko proverit~, qto takoæ vybor vozmoßen (hotØ i ne ØvlØetsØ edinstvennym). My fiksiruem nax vybor λ^{(t)}m,n i dlØ uproweniØ oboznaqeniæ budem pisat~ λ_{m,n} vmesto λ^{(1)}m,n.

Pust~ ~c = (m_2 , n_2, m_3, n_3, m_4, n_4) i ~Λ_× est~ mnoßestvo vseh vektorov ~c, udovletvorØ¸wih usloviØm m_i ∈ q, n_i ∈ O, n_i ≡ 1

(mod 3), (m_i, n_i) = 1, i = 2, 3, 4. DlØ kaßdoæ pary (m_2, n_2), (m_3, n_3)

i (m_4, n_4) vybiraem matricu λ_{m2,n2}, λ_{m3,n3} i λ^{(n2n3)}m_4,n_4 sootvetstven-

110 D. S. KATAEV no. DlØ ~c ∈ ~Λ_× opredelØem γ_{ec} kak proizvedenie γ_{ec} = ε_2ε_3ε_4, gde

ε_2 = h_2(λ_{m2,n2} ), ε_3 = h_3(λ_{m3,n3} ), ε_4 = h_4(λ^{(n2n3)}_{m4,n4} ), λ_{m2,n2} = ( k_2 l_2 m_2 n_2 ) , λ_{m3,n3} = ( k_3 l_3 m_3 n_3 ) , λ^{(n2n3)} m4,n4 = ( k_4 l_4 m_4 n_4 ) , (2.3)

l_4 vzaimno prosto s n_2n_3 i h_i – monomorfizmy iz (1.8).

Sleduet otmetit~, qto ε2ε3 =

0
B
@

k2k3 0 k2l3 l2 l2m3 k2 l2n3 0 n2m3 m2 n2n3 0 m2k3 0 m2l3 n2

1
C
A^,

ε3ε4 =

0
B
@

k3k4 k3l4 l3n4 �l3m4 m4 n4 0 0 m3k4 m3l4 n3n4 �n3m4 0 0 �l4 k4

1
C
A^,

ε�1_{4 ε}�1_{3 =}

0
B
@

n3n4 �l4 �l3n4 0 �n3m4 k4 l3m4 0 �m3k4 0 k3k4 m4 �m3l4 0 k3l4 n4

1
C
A^{, (2.4)}

ε2ε3ε4 =

0
B
@

k2k3k4 k2k3l4 k2l3n4 � l2l4 l2k4 � k2l3m4 l2m3k4 + k2m4 l2m3l4 + k2n4 l2n3n4 �l2n3m4 n2m3k4 + m2m4 n2m3l4 + m2n4 n2n3n4 �n2n3m4 m2k3k4 m2k3l4 m2l3n4 � n2l4 n2k4 � m2l3m4

1
C
A^.

Predloßenie 2.2. V kaßdom smeßnom klasse v^~Δ×\Γ(q) soder-

ßitsØ matrica vida γe_c, ~c ∈ ~Λ_×.

Dokazatel~stvo. Dostatoqno pokazat~, qto dlØ kaßdoæ matri-

cy γ ∈ Γ(q) spravedlivo γ = δγ_{ec}, gde δ ∈ ~Δ_×, ~c ∈ ~Λ_×. Pust~

γ = ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ d_1 d_2 ∗ ∗ ∗ ∗ ∈ Γ(q)

O NEKOTORYH R˚DAH �`ZENXTE`NA 111

i λ = λ^{(d)}m_4,n_4 , priqem m_4 = − d^2d , n_4 = d^1d , m_4 ∈ q, m_4 ≡ 1 (mod 3), i d ØvlØetsØ naibol~xim obwim delitelem d_1 i d_2. Tak kak

(d_1, d_2)·^tλ = (d, 0), to γ = γ^′h_4(λ) i vektor c_3(γ^′) = (∗, ∗, d, 0) sovpada-

et s tret~eæ stroqkoæ matricy γ^′. Oboznaqim qerez m_2 vtoroæ fflement vektora c_3(γ^′) i qerez n_2 naibol~xiæ obwiæ delitel~ pervogo i tret~ego fflementov vektora c_3(γ^′). Takim obrazom, poluqaem, qto c_3(γ^′) = (n_2m_3, m_2, n_2n_3, 0), gde m_i ∈ q, n_i ∈ O, n_i ≡ 1

(mod 3), (m_2 , n_2) = 1, (m_3, n_3) = 1, krome togo, d = n_2n_3.

Ispol~zuØ (2.3) i (2.4), vidim, qto γ = γ^′ε_4, γ^′ = ~γε_2ε_3 i vektor

c_3(~γ) = (0, 0, 1, 0) est~ tret~Ø stroqka matricy ~γ = ( A B C D ) ∈ Γ(q). Primenim teper~ usloviØ (1.3), (1.4) k matrice ~γ. Tak kak

C^tD = D^tC, to nißnØØ stroqka matricy ~γ sovpadaet s vektorom c_4(~γ) = (0, ∗, ∗, ∗). Tak kak^tAC =^tCA, to ili vtoraØ stroqka ~γ est~ c_2(~γ) = (0, ∗, ∗, ∗), ili C = 0. V pervom sluqae ~γ ∈ ~Δ_×. Vo vtorom

sluqae uslovie^tAD −^tCB = e_2 vleqet, qto A = ( 1 ∗ 0 1 ) , D = ( 1 0 ∗ 1 ) , t.e. ~γ ∈ ~Δ_× . Pofftomu γ = ~γε_2ε_3ε_4, ~γ ∈ ~Δ_× i kaßdyæ

smeßnyæ klass v ~Δ_×\Γ(q) soderßit matricu vida γ_{ec}. •

Predloßenie 2.3. Mnoßestvo matric {γ_{ec}|~c ∈^~Λ×} ØvlØetsØ

polnoæ sistemoæ predstaviteleæ smeßnyh klassov ~Δ_×\Γ(q).

Dokazatel~stvo. Suwestvovanie matricy vida γ_{ec}, ~c ∈^~Λ× v

kaßdom smeßnom klasse v ~Δ_×\Γ(q) bylo dokazano v predloßenii 2.2, pofftomu dostatoqno dokazat~ edinstvennost~. Pust~

~c = (m_2, n_2, m_3, n_3, m_4, n_4) ∈ ~Λ_×, ~c^′ = (m^′_2, n^′_2, m^′_3, n^′_3, m^′_4, n^′_4) ∈ ~Λ_×,

matricy ε_2, ε_3, ε_4 opredeleny v (2.3), ε^′_2 = λ_m′_{2,n}′_2 , ε^′_3 = λ_m′_{3,n}′_3 ,

ε^′_4 = λ^{(n′2n′3)}_m′_{4,n}′_4 i matricy γe_c = ε_2ε_3ε_4, γe_c′ = ε^′_2ε^′_3ε^′_4 prinadleßat od-

nomu smeßnomu klassu v ~Δ_×\Γ(q). Togda γ_{ec}′ = δγ_{ec}, δ ∈ ~Δ_× i, v silu predloßeniØ 2.1, vektor c_3(δ) = (0, 0, 1, 0) est~ tret~Ø stroqka matricy δ. Ots¸da vytekaet, qto tret~i stroqki matric γ_{ec} i γ_{ec}′ sovpada¸t, sledovatel~no, v silu formuly (2.4), nahodim, qto n_2n_3n_4 = n^′_2n^′_3n^′_4, m_4n_2n_3 = m^′_4n^′_2n^′_3 . Tak kak m_4 i n_4 vzaimno prosty, to (n_2n_3n_4, m_4n_2n_3) = n_2n_3. Analogiqnym obrazom moßno ubedit~sØ, qto (n^′_2n^′_3n^′_4, m^′_4n^′_2n^′_3) = n^′_2n^′_3, ots¸- da n_2n_3 = n^′_2n^′_3, n_4 = n^′_4, m_4 = m^′_4. Takim obrazom, ε_4 = ε^′_4 i

112 D. S. KATAEV

ε_2ε_3 = δε^′_2ε^′_3. Dalee, polagaem ~ε_3 = ε_3ε^{′−1}_3 = h_3(λ e_{m3,}e_{n3}), ~m_3 ∈ q, ~n_3 ≡ 1 (mod 3), sledovatel~no, ε_2 ~ε_3 = δε^′_2. Tret~Ø stroqka ma-

tricy ε_2 ~ε_3 sovpadaet s vektorom c_3(ε_2 ~ε_3) = (n_2 ~m_3, ∗, ∗, ∗), ots¸da poluqaem, qto n_2 ~m_3 = 0. Tak kak n_2 ≠ 0, to ~m_3 = 0, sledovatel~- no, ~n_3 = 1, m_3 = m^′_3, n_3 = n^′_3 i ε_3 = ε^′_3. Iz ravenstva ε_2 = δε^′_2 vytekaet, qto ε_2 = ε^′_2, ots¸da γ_{ec} = γ_{ec}′ , qto i trebovalos~ dokazat~. •

Qerez ~n budem oboznaqat~ troæku qisel (n_2, n_3, n_4) takih, qto

n_i ≡ 1 (mod 3), (n_i, q) = 1, i = 2, 3, 4. DlØ zadannoæ troæki ~n vy-

biraem podmnoßestvo ~m_4(~n) ideala q, ØvlØ¸weesØ privedennoæ sistemoæ vyqetov mod n_4, podmnoßestvo ~m_3(~n) ideala q takoe, qto ~m_3(~n) – privedennaØ sistema vyqetov mod n_3, i podmnoßestvo ~m_2(~n) ideala q, sostoØwee iz qisel polnoæ sistemy vyqetov

mod n_2n_3, vzaimno prostyh s n_2.

Sledu¸wee predloßenie daet udobnu¸ sistemu predstaviteleæ dvoænyh smeßnyh klassov ~Δ_×\Γ(q)/^tΔ, kotoraØ budet ispol~- zovana v dal~neæxem dlØ vyqisleniØ kofffficientov Fur~e rØdov �æzenxteæna.

Predloßenie 2.4. Semeæstvo matric γ = ε2ε3ε4, gde ε2 =

h_2(λ_{m2,n2}), ε_3 = h_3(λ_{m3,n3} ), ε_4 = h_4(λ^{(n2n3)}_{m4,n4} ), m_i ∈ ~m_i(~n), i = 2, 3, 4, est~ polnaØ sistema predstaviteleæ dvoænyh smeßnyh klassov ~Δ_×\Γ(q)/tΔ.

Razob~em dokazatel~stvo fftogo predloßeniØ na neskol~ko qasteæ. Poloßim, kak obyqno, ~c = (m_2, n_2, m_3, n_3, m_4, n_4) ∈ ~Λ_×.

Lemma 2.1. Pust~ v = (0, v2, v3, v4) ∈ q^4, k4, l4 ∈ O, k4n4 − l4m4 =

1, z = n_3(−v_2n_4l_4 − v_3m_4k_4 + v_4(k_4n_4 + m_4l_4)) i v_2n^2_4 + v_3m^2_4 − 2v_4n_4m_4 = 0. Esli δ = ε_3ε_4^tn(v)ε^{−1}_4 ε^{−1}_3 , gde n(v) i ε_i opredeleny v

(1.5) i (2.3) sootvetstvenno, to

δ = ∗ ∗ ∗ ∗ 0 1 0 0 0 z 1 0 ∗ ∗ ∗ ∗ . (2.5)

Dokazatel~stvo. Oqevidnoe (hotØ i gromozdkoe) vyqislenie. •

Sledu¸waØ lemma daet Øvnye vyraßeniØ dlØ peremennyh v, z, ispol~zuemyh v lemme 2.1.

O NEKOTORYH R˚DAH �`ZENXTE`NA 113

Lemma 2.2. Pust~ v = (0, v2, v3, v4) ∈ q^4, k4, l4 ∈ O, k4n4 −l4 m4 = 1

i m_4 ≠ 0. Ravenstva v_2n^2_4 + v_3m^2_4 − 2v_4n_4m_4 = 0, z = n_3(−v_2n_4l_4 − v_3m_4k_4 + v_4(k_4n_4 + m_4l_4)) vypolnØ¸tsØ togda i tol~ko togda, kogda v_4 = x, v_3 = −(2xl_4 + yn_4)n_4, v_2 = (2xk_4 + ym_4 )m_4, z = n_3(x(k_4n_4 + m_4l_4) + yn_4m_4) dlØ nekotoryh x, y ∈ q.

Dokazatel~stvo. Tak kak n4 i m4 vzaimno prosty, to ravenstvo

v_2n^2_4+v_3m^2_4 −2v_4n_4m_4 = 0 ffkvivalentno ravenstvam v_2 = ~v_2m_4, v_3 = ~v_3n_4i ~v_2n_4 + ~v_3m_4 = 2v_4, gde ~v_2, ~v_3 ∈ O. Iz usloviØ k_4n_4 − l_4m_4 = 1

poluqaem, qto (~v_2 − 2v_4k_4)n_4 + (~v_3 + 2v_4l_4)m_4 = 0. Iz vzaimnoæ prostoty m_4 i n_4 vytekaet, qto ~v_2 = 2v_4k_4 +ym_4 , ~v_3 = −2v_4l_4 −yn_4 dlØ nekotorogo y ∈ O. Tak kak v_3 ∈ q i n_4 vzaimno prosto s

q, to y ∈ q. PodstavlØØ poluqennye dlØ v2 i v3 vyraßeniØ v

formulu dlØ z, vidim, qto z = n_3(x(k_4n_4 + m_4l_4) + yn_4 m_4), v_4 = x, qto i zaverxaet dokazatel~stvo neobhodimosti. Dostatoqnost~ oqevidna. •

Dokazatel~stvo suwestvovaniØ v predloßenii 2.4. Pust~ Z

est~ dvoænoæ smeßnyæ klass v ~Δ_×\Γ(q)/^tΔ. Soglasno predloßeni¸ 2.2, suwestvuet matrica ν_2ν_3ν_4 ∈ Z, gde ν_2 = h_2(λ_m′_{2,n2} ),

ν_3 = h_3(λ_m′_{3,n3} ), ν_4 = h_4(λ^{(n2n3)}_m′_{4,n4} ). Predstaviv matricu ε_4 v vide

ε_4 = ν_4h_4 ( ( 1 0 ξ_4 1 ) ) = h_4(λ^{(n2n3)}_{m4,n4} ), (2.6)

nahodim, qto m_4 = m^′_4 + ξ_4n_4 ∈ ~m_4(~n) dlØ podhodØwego ξ_4 ∈ q i, krome togo, ν_2ν_3ε_4 ∈ Z. Pust~

ε_3 = ν_3h_3 ( ( 1 0 ξ_3 1 ) ) = h_3(λ_{m3,n3} ), (2.7)

gde m_3 = m^′_3 + ξ_3n_3 ∈ ~m_3(~n) dlØ sootvetstvu¸wim obra-

zom vybrannogo ξ_3 ∈ q. Tak kak ν_2ε_3h_3 ( ( 1 0 −ξ_3 1 ) ) ε_4 ∈ Z i

114 D. S. KATAEV

h_3 ( ( 1 0 −ξ_3 1 ) ) ε_4 = ε_4γ, gde

γ = 1 0 0 0 0 1 0 0 −ξ_3k^2_4 −ξ_3l_4k_4 1 0 −ξ_3l_4k_4 −ξ_3l^2_4 0 1 ∈^tΔ,

λ^{(n2n3)} m4,n4 = ( k_4 l_4 m_4 n_4 ) , (2.8)

to poluqaem, qto ν_2ε_3ε_4 ∈ Z. Iz lemmy 2.1 vytekaet, qto

ν_2ε_3ε_4^tn(v) = ν_2δε_3ε_4 pri z = n_3(−v_2n_4l_4 − v_3m_4k_4 + v_4(k_4n_4 + m_4l_4)), v_2n^2_4 + v_3m^2_4 − 2v_4n_4m_4 = 0, v_2, v_3, v_4 ∈ q i

δ = ∗ ∗ ∗ ∗ 0 1 0 0 0 z 1 0 ∗ ∗ ∗ ∗ . Tak kak

ν_2δ = k^′_2 0 0 l^′_2 0 k^′_2 l^′_2 0 0 m^′_2 n_2 0 m^′_2 0 0 n_2

∗ ∗ ∗ ∗ 0 1 0 0 0 z 1 0 ∗ ∗ ∗ ∗ =

= ∗ ∗ ∗ ∗ 0 k_2 l_2 0 0 m_2 n_2 0 ∗ ∗ ∗ ∗ = ~δε2, (2.9)

gde m_2 = m^′_2+zn_2 , ε_2 = h_2(λ_{m2,n2} ) i ~δ ∈ ~Δ_× v silu (1.4), to ε_2ε_3ε_4 ∈ Z. Iz lemmy 2.2 vytekaet, qto z = n_3(x(k_4n_4 + m_4 l_4) + yn_4 m_4) dlØ

m_4 = 0. Tak kak dannoe ravenstvo ostaetsØ vernym i pri m_4 = 0,

to, v silu vzaimnoæ prostoty qisel k_4n_4 +m_4l_4 i n_4m_4, my moßem naæti takie x, y ∈ q, qto m_2 ∈ ~m_2(~n). Takim obrazom, pervaØ qast~ predloßeniØ 2.4 dokazana. •

Dokazatel~stvo edinstvennosti v predloßenii 2.4. Kak

obyqno, my ispol~zuem oboznaqeniØ ε_2 = h_2(λ_{m2,n2}), ε_3 =

h_3(λ_{m3,n3}), ε_4 = h_4(λ^{(n2n3)}_{m4,n4} ) i ε^′_2 = h_2(λ_m′_{2,n}′_2 ), ε^′_3 = h_3(λ_m′_{3,n}′_3 ),

O NEKOTORYH R˚DAH �`ZENXTE`NA 115

ε^′_4 = h_4(λ^{(n′2n′3)}_m′_{4,n}′_4 ). Pust~ matricy γ = ε_2ε_3ε_4 i γ^′ = ε^′_2ε^′_3ε^′_4 prinad-

leßat odnomu dvoænomu smeßnomu klassu v ~Δ_×\Γ(q)/^tΔ. Togda

γ^′ = λγδ, gde λ ∈ ~Δ_×, δ ∈^tΔ, t.e.

λ = 1 λ_{12} λ_{13} λ_{14} 0 λ_{22} λ_{23} λ_{24} 0 0 1 0 0 λ_{42} λ_{43} λ_{44} , δ = 1 0 0 0 v 1 0 0 δ_{11} δ_{12} 1 −v δ_{21} δ_{22} 0 1 ,

λγδ = ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ n_2n_3n_4 −n_2n_3m_4 − vn_2n_3n_4 ∗ ∗ ∗ ∗ . (2.10)

Ispol~zuØ (2.4),(2.10) i sravnivaØ tretiæ i qetvertyæ fflementy tret~eæ stroqki v matricah γ i γ^′, vidim, qto n^′_2n^′_3n^′_4 =

n_2n_3n_4 i n^′_2n^′_3m^′_4 = n_2n_3m_4 + vn_2 n_3n_4, priqem n_i ≠ 0. Pust~ p^′ –

prostoæ delitel~ qisla n^′_2n^′_3, vzaimno prostoæ s n_2n_3. Togda p^′ delit n_4 i tak kak p^′ delit takße qislo n_2n_3m_4 + vn_2n_3n_4, to p^′ delit m_4, qto nevozmoßno v silu vzaimnoæ prostoty m_4 i n_4. Sledovatel~no, n^′_2n^′_3 delit n_2n_3. Analogiqno, pust~ p – prostoæ delitel~ n_2n_3, ne delØwiæ n^′_2n^′_3. Togda p delit n^′_4. No tak kak p ØvlØetsØ delitelem qisla n^′_2n^′_3m^′_4 i, sledovatel~no, p delit m^′_4, to poluqaem protivoreqie s vzaimnoæ prostotoæ qisel m^′_4 i n^′_4. Takim obrazom, n_2n_3 delit n^′_2n^′_3, pofftomu n^′_2n^′_3 = n_2n_3, n^′_4 = n_4 i

m^′_4 = m_4 + vn_4.

Legko videt~, qto ε^′_2ε^′_3 = λε_2ε_3ε_4δε^{′−1}_4 = λε_2ε_3δ^′, gde

δ^′ =

∗ ∗ 0 0 ∗ ∗ 0 0 ∗ ∗ δ_{33} δ_{34} ∗ ∗ δ_{43} δ_{44} ,

λε_2ε_3δ^′ = ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ δ_{34}n_2n_3 ∗ ∗ ∗ ∗ . (2.11)

Ots¸da s pomow~¸ (2.4) poluqaem, qto δ_{34}n_2n_3 = 0 i δ_{34} = 0. Tak kak matricy δ^′, λε_2ε_3δ^′ ØvlØ¸tsØ simplektiqeskimi, sootno-

116 D. S. KATAEV xeniØ v (1.3), (1.4) oznaqa¸t, qto

δ^′ =

1 v^′ 0 0 0 1 0 0 δ^′_{11} δ^′_{12} 1 0 δ^′_{21} δ^′_{22} −v^′ 1 ,

λε_2 ε_3δ^′ = ∗ ∗ ∗ ∗ ∗ ∗ ∗ λ_{24}n_2 ∗ ∗ ∗ 0 ∗ ∗ ∗ ∗ . (2.12)

SravnivaØ s pomow~¸ (2.4) qetvertye fflementy vtoroæ stroqki matric ε^′_2ε^′_3 i λε_2ε_3δ^′, vidim, qto λ_{24}n_2 = 0. Tak kak matrica λ takße ØvlØetsØ simplektiqeskoæ, to poluqaem, qto λ = 1 λ_{12} λ_{13} λ_{14} 0 1 λ_{23} 0 0 0 1 0 0 λ_{42} λ_{43} 1 ,

λε_2ε_3 = ∗ ∗ ∗ ∗ ∗ ∗ l_2n_3 + λ_{23}n_2n_3 0 n_2m_3 m_2 n_2n_3 0 ∗ ∗ ∗ n_2 . Ots¸da vytekaet, qto n^′_2 = n_2, n^′_2m^′_3 = n_2m_3 + δ^′_{11}n_2n_3. Sledovatel~no, n^′_2 = n_2, n^′_3 = n_3, m^′_3 = m_3 + δ^′_{11}n_3. Krome togo, my dokazali, qto n^′_4 = n_4 i m^′_4 = m_4 + vn_4. Tak kak m^′_4, m_4 ∈ ~m_4(~n) i

m^′_3, m_3 ∈ ~m_3(~n), to poluqaem, qto m^′_4 = m_4, m^′_3 = m_3 i, sledova-

tel~no, ε^′_4 = ε_4, ε^′_3 = ε_3.

Ostalos~ dokazat~, qto m^′_2 = m_2. Tak kak δ^′ = ε_4δε^{−1}_4 , to iz (2.10) i (2.12) vytekaet, qto

k_4 l_4 0 0 m_4 n_4 0 0 0 0 n_4 −m_4 0 0 −l_4 k_4

1 0 0 0 v 1 0 0 δ_{11} δ_{12} 1 −v δ_{21} δ_{22} 0 1 ×

× k_4 l_4 0 0 m_4 n_4 0 0 0 0 n_4 −m_4 0 0 −l_4 k_4

−1 = 1 v^′ 0 0 0 1 0 0 δ^′_{11} δ^′_{12} 1 0 δ^′_{21} δ^′_{22} −v^′ 1 .

O NEKOTORYH R˚DAH �`ZENXTE`NA 117 No (

k_4 l_4 m_4 n_4 ) ( 1 0 v 1 ) ( n_4 −l_4 −m_4 k_4 ) = ( ∗ −l^2_4 v n^2_4v ∗ ) , sledovatel~no, n^2_4v = 0 i v = 0, v^′ = 0.

SravnivaØ vtorye fflementy tret~eæ stroqki matric ε^′_2ε_3 i

λε_2ε_3δ^′, poluqaem, qto m^′_2 = m_2 + n_2n_3δ^′_{12}. Tak kak m^′_2, m_2 ∈ ~m_2(~n),

to m^′_2 = m_2. Takim obrazom, ε^′_2 = ε_2, ε^′_3 = ε_3, ε^′_4 = ε_4 i predloßenie 2.4 dokazano. •

DlØ γ ∈ Γ(q) opredelim gruppu ~Δ^γ posredstvom ravenstva

t~Δ^γ = γ^{−1} ~Δ_×γ ∩^tΔ. Nesloßno proverit~, qto ~Δ^γ = {δ ∈ Δ|γ^tδγ^{−1} ∈ ~Δ_×}. Sledu¸wee predloßenie opisyvaet strukturu ffto gruppy.

Predloßenie 2.5. Pust~ matrica γ =^{( A B}_{C D}^) ∈ Γ(q) i

A, B, C, D zadany v (1.2). PolagaØ ~ϑ = (d_1/(d_1, d_2))^2, imeem:

~Δ^γ = { n ( 0, d^2 d^2_1 l_3, l_3, − d_2 d_1 l_3 )| | | l^3 ∈ ~ϑq } . (2.13)

Dokazatel~stvo. Pust~ δ = n(l1, l2, l3, l4) ∈ Δ i Ω = ( l_2 − l_1l_4 l_4 − l_1l_3 l_4 l_3 ) , L = ( 0 0 l_1 0 ) , M = ( 0 −l_1 0 0 )

– matricy razmernosti 2 × 2. Togda my moßem predstavit~ matricu γ^tδγ^{−1} v vide

γ^tδγ^{−1} = ( A B C D ) ( L 0 Ω M ) (_t D −^tB −^tC^tA ) + e_4 =

= ( AL^tD + BΩ^tD − BM^tC, −ALB − BΩ^tB + BM^tA CL^tD + DΩ^tD − DM^tC, −CL^tB − DΩ^tB + DM^tA ) + e_4.

(2.14)

Esli γ^tδγ^{−1} ∈ ~Δ_×, to matrica CL^tD + DΩ^tD − DM^tC ØvlØetsØ simmetriqnoæ. Ots¸da, v silu L = −^tM , vytekaet, qto D^tΩ^tD =

DΩ^tD. No matrica D nevyroßdena (tak kak det D ≡ 1 (mod 3)),

sledovatel~no, Ω =^tΩ i l_1l_3 = 0, esli δ = n(l_1, l_2, l_3, l_4) ∈ ~Δ^γ . Takim obrazom, ~Δ^γ = Δ_1 ∪ Δ_2, gde Δ_1 = {δ ∈ ~Δ^γ |δ = n(0, l_2, l_3, l_4) ∈ Δ} i Δ_2 = {δ ∈ ~Δ^γ |δ = n(l_1, l_2, 0, l_4) ∈ Δ, l_1 ≠ 0}. Opixem mnoßestva

Δ_1 i Δ_2.

118 D. S. KATAEV

1) Pust~ l_1 = 0. V fftom sluqae L = M = 0, sledovatel~no, v silu sootnoxeniæ v (1.3),(1.4), γ^tδγ^{−1} = ( BΩ^tD −BΩ^tB DΩ^tD −DΩ^tB ) +e_4 ∈ ~Δ_×

togda i tol~ko togda, kogda DΩ^tD = ( 0 0 0 ∗ ) . Ispol~zuØ simmetriqnost~ matricy Ω, vidim, qto poslednee ravenstvo ffkvivalentno Ω^tD = ( 0 ∗ 0 ∗ ) , t.e. ( l_2 l_4 l_4 l_3 ) ( d_1 d_3 d_2 d_4 ) = ( d_1l_2 + d_2l_4 ∗ d_1l_4 + d_2l_3 ∗ ) = ( 0 ∗ 0 ∗ ) . (2.15)

Ravenstvo (2.15) ravnosil~no uslovi¸ l_2 = d^2/d^2_1 · l_3, l_4 = −d_2/d_1 ·

l_3, l_3 ∈ (d_1/(d_1, d_2))^2q. Takim obrazom, my dokazali, qto

Δ_1 = { n ( 0, d^2 d^2_1 l_3, l_3, − d_2 d_1 l_3 )| | | l^3 ∈ ~ϑq } , ~ϑ = ( d_1 (d_1, d_2)

)_2

. (2.16)

2) Predpoloßim, qto Δ_2 ≠ ?. Togda suwestvuet matrica

n(l_1, ∗, 0, ∗) ∈ Δ_2 ⊂ ~Δ^γ , gde l_1 ≠ 0. S drugoæ storony, iz (2.16)

sleduet, qto suwestvuet matrica n(0, ∗, l_3, ∗) ∈ Δ_1 ⊂ ~Δ^γ dlØ nekotorogo l_3 ≠ 0. No tak kak ~Δ^γ ØvlØetsØ gruppoæ, to δ =

n(l_1, ∗, 0, ∗) · n(0, ∗, l_3, ∗) = n(l_1, ∗, l_3, ∗) ∈ ~Δ^γ pri l_1, l_3 ≠ 0. No δ ∉ Δ_1, δ ∉ Δ_2 i my poluqili protivoreqie. Takim obrazom, ~Δ^γ = Δ_1 i

predloßenie 2.5 dokazano. •

DlØ kaßdogo ideala ~ϑq, gde ~ϑ = (d_1/(d_1, d_2))^2, opredelim oblast~ ~F_γ = C^2 × C /~ϑq × C v C^4 . Vvedem mnoßestvo ~Ω ⊂ Γ(q), ØvlØ¸weesØ polnoæ sistemoæ predstaviteleæ dvoænyh smeßnyh klassov ~Δ_×\Γ(q)/^tΔ, i mnoßestvo ~Λ_γ , ØvlØ¸weesØ polnoæ sistemoæ predstaviteleæ smeßnyh klassov^t~Δ^γ \^tΔ. Pust~ ~P = {(γ, h)|γ ∈ ~Ω, h ∈ ~Λ_γ }. (2.17) Predloßenie 2.6.

1) Otobraßenie ~P → ~Δ_×\Γ(q), deæstvu¸wee po zakonu (γ, h) → ~Δ_×γh, ØvlØetsØ biektivnym;

2) σ^{−1} ~Λ_γ σ – polnaØ sistema predstaviteleæ smeßnyh klassov ~Δ^γ \Δ;

3) n( ~F_γ ) = {n(l_1, l_2, l_3, l_4)|(l_1, l_2, l_3, l_4) ∈ ~F_γ } est~ polnaØ sistema predstaviteleæ smeßnyh klassov ~Δ^γ \N .

O NEKOTORYH R˚DAH �`ZENXTE`NA 119

Dokazatel~stvo.

1) DlØ dokazatel~stva in¨ektivnosti poloßim γ_1h_1 = δγ_2h_2, gde

γ_1, γ_2 ∈ ~Ω, h_1, h_2 ∈ ~Λ_γ i δ ∈ Δ̃_×. Ots¸da γ_1 = δγ_2 h_2h^{−1}_1 , h_1, h_2 ∈^tΔ

i γ_1 = γ_2 = γ. Dalee, γ^{−1}δ^{−1}γ = h_2h^{−1}_1 ∈ γ^{−1} ~Δ_×γ, pofftomu

h_2h^{−1}_1 ∈^t~Δ^γ . Takim obrazom, my poluqili, qto h_1 = h_2. DlØ

dokazatel~stva s¸r¨ektivnosti vyberem α ∈ Δ̃_×\Γ(q). Ots¸da poluqaem, qto α = γδ, γ ∈ ~Ω, δ ∈^tΔ i δ = ωh, ω ∈^t~Δ^γ , h ∈ ~Λ_γ . Dalee, γω = μγ, gde μ ∈ ~Δ_× i α = γωh = μγh.

2) �to utverßdenie oqevidno, tak kak σ^{−1t}Δσ = Δ i σ^{−1t}~Δ^γ σ = ~Δγ . 3) Pust~ n(l_1, l_2, l_3, l_4) ∈ N , l = (l_1, l_2, l_3, l_4) ∈ C^4 i l_3 = l^′_3 + t_3, gde

t_3 ∈ ~ϑq, l^′_3 ∈ C /~ϑq. V silu predloßeniØ 2.5, n(z) = n(0, −d^2/d^2_1 · t_3, −t_3, d_2/d_1 · t_3) ∈ ~Δ^γ i n(z)n(l) = n(∗, ∗, l^′_3, ∗) ∈ n( ~F_γ ). Takim

obrazom, mnoßestvo n( ~F_γ ) soderßit nekotoru¸ polnu¸ sistemu predstaviteleæ smeßnyh klassov v ~Δ^γ \N . Vyberem dve toqki

z = (z_1 , z_2, z_3, z_4) ∈ ~F_γ , z^′ = (z^′_1, z^′_2, z^′_3, z^′_4) ∈ ~F_γ takie, qto n(z) i n(z^′)

leßat v odnom smeßnom klasse v ~Δ^γ\N . Togda iz predloßeniØ 2.5 poluqaem, qto n(z) = n ( 0, d^2/d^2_1 · l_3, l_3, −d_2/d_1 · l_3 ) n(z^′), l_3 ∈ ~ϑq, sledovatel~no, z_3 = z^′_3 + l_3. Tak kak z_3, z^′_3 ∈ C /~ϑq, to l_3 = 0 i

z = z^′, qto i trebovalos~ dokazat~. •

3. Kofffficienty Fur~e rØdov �æzenxteæna Pust~ X = C^4 × R^{∗2}_+ , gde pravaØ qast~ rassmatrivaetsØ kak proizvedenie vewestvennyh analitiqeskih mnogoobraziæ. DlØ

w = (z_1, z_2, z_3, z_4, u, v) ∈ Xmy ispol~zuem sledu¸wie oboznaqeniØ:

n(w) = n(z_1, z_2, z_3, z_4),

a(w) = diag(uv^{1/2}, v^{1/2}, u^{−1}v^{−1/2}, v^{−1/2}), U (w) = u, V (w) = v, Z_i(w) = z_i, Q(w) = (z_1, u), ~Q(w) = (z_3, v).

(3.1)

Soglasno Ivasave, otobraßenie

X→ Sp4(C )/Sp 4, w → n(w)a(w)Sp4 (3.2)

ØvlØetsØ izomorfizmom vewestvennyh analitiqeskih mnogoobraziæ. Gruppa Sp_4(C ) deæstvuet na Sp_4(C )/Sp_4 levymi umnoßeniØmi i izomorfizm (3.2) perenosit na X ffto deæstvie. Obraz

120 D. S. KATAEV toqki w ∈ X, poluqennyæ deæstviem γ ∈ Sp_4(C ), budem oboznaqat~ qerez γw.

Pust~ D(X) – algebra invariantnyh differencial~nyh operatorov na X. Izvestno, qto D(X) ØvlØetsØ kommutativnoæ C – algebroæ, izomorfnoæ algebre polinomov ot dvuh peremennyh nad polem C . V kaqestve obrazu¸wih D(X) moßno vzØt~ operator Laplasa–Bel~trami i odin operator qetvertogo porØdka.

Pust~ Γ – diskretnaØ podgruppa Sp_4(C ) i ~ψ : Γ → C^∗ – unitarnyæ harakter, priqem Δ,^tΔ soderßatsØ v Ødre ~ψ i ~ψ(σγσ^{−1} ) =

~ψ(γ) dlØ l¸bogo γ ∈ Γ. My govorim, qto F : X → C ØvlØetsØ

avtomorfnoæ formoæ otnositel~no gruppy Γ s sistemoæ mul~tiplikatorov ~ψ, esli F est~ C^∞ –funkciØ, udovletvorØ¸waØ usloviØm:

(1) F (γw) = ~ψ(γ)F (w) dlØ vseh γ ∈ Γ, w ∈ X;

(2) F ØvlØetsØ sobstvennoæ funkcieæ vseh invariantnyh

differencial~nyh operatorov na X; (3) suwestvuet postoØnnaØ c ∈ R takaØ, qto

|F (w)| < Norm(n(w)a(w))^c dlØ vseh w ∈ X.

V uslovii (3) pod normoæ Norm(δ) dlØ δ ∈ Sp_4(C ) my ponimaem

trace(δ^tδ̄). Uslovie (2) fftogo opredeleniØ oznaqaet, qto dlØ l¸-

bogo D ∈ D(X) vypolnØetsØ uslovie DF = λ_F (D)F s λ_F (D) ∈ C . ˚sno, qto otobraßenie D → λ_F (D) ØvlØetsØ gomomorfizmom C – algebr, t.e. λ_F – harakter D(X).

Pust~ Γ = Γ(q), q ⊂ (3) i F_q ⊂ C^4 – izmerimoe po Lebegu mnoßestvo takoe, qto ego obraz n(F_q), poluqennyæ s pomow~¸ izomorfizma vewestvennyh analitiqeskih mnogoobraziæ

(z_1, z_2, z_3, z_4) → n(z_1, z_2, z_3, z_4), (3.3)

ØvlØetsØ polnoæ sistemoæ predstaviteleæ smeßnyh klassov Δ\N . Oboznaqim qerez volF_q ob¨em F_q i poloßim c = (volF_q)^{−1}. Oqevidno, qto volF_q ne zavisit ot vybora sistemy predstaviteleæ.

Pust~ e(z) = exp(2πi(z + z̄)). Togda dlØ μ, ν ∈ q^∗ poloßim c_{μ,ν} (u, v; F ) = c ∫ ∫∫ ∫ Fq F (w)e(μz_1 + νz_3) dz_1 dz_2 dz_3 dz_4, (3.4)

O NEKOTORYH R˚DAH �`ZENXTE`NA 121 gde w ∈ X. �tot integral ne zavisit ot vybora sistemy predstaviteleæ Δ\N v silu togo, qto Δ soderßitsØ kak v Ødre ~ψ, tak i v Ødre gomomorfizma N → C^∗ , n(l1, l2, l3, l4) → e(μl1 + νl3). (3.5) Veliqiny c_{μ,ν} (u, v; F ) budem nazyvat~ kofffficientami Fur~e formy F .

Esli F – avtomorfnaØ forma otnositel~no Γ(q) i λ ∈ Sp_4(C ) udovletvorØet usloviØm

λΓ(q)λ^{−1} = Γ(q) i^~ψ(λγλ^{−1} ) =^~ψ(γ) dlØ vseh γ ∈ Γ, (3.6)

to funkciØ w → F (λw), w ∈ Xtakße ØvlØetsØ avtomorfnoæ formoæ otnositel~no gruppy Γ(q) s toæ ße samoæ sistemoæ mul~tiplikatorov ~ψ, qto i F . �tot fakt legko proverØetsØ.

Horoxo izvestno (sm. [3]), qto SL_2(C )/SU_2 moßno realizovat~

kak H = C × R^∗_+. Gruppa SL2(C ) deæstvuet na SL2(C )/SU 2 levymi

umnoßeniØmi, ffto deæstvie perenositsØ na H i my budem oboznaqat~ qerez γw obraz w pod deæstviem γ. Togda γw = ( (az + b)(cz + d) + ac̄v^2 |cz + d|^2 + |c|^2v^2 , v |cz + d|^2 + |c|^2v^2 ) , (3.7)

gde γ = ( a b c d ) ∈ SL_2(C ), w = (z, v) ∈ H.

Pust~ f : H → C – avtomorfnaØ forma otnositel~no gruppy

Γ_2(q) s sistemoæ mul~tiplikatorov ~k(γ) = ~ψ(h_4(γ)) i D_{L.-B.}f = r(2−r)f, gde γ ∈ Γ_2(q) i D_{L.-B.} est~ operator Laplasa–Bel~trami.

Togda f moßet byt~ razloßena v rØd Fur~e f( ( 0 −1 1 0 ) (z, v)) =

c_0(v) + ∑ ν∈q^∗ \{0} ρ(ν)vK_{r−1}(4π|ν|v)e(νz), (z, v) ∈ H, (3.8) gde K_m – funkciØ BesselØ–Makdonal~da s z, m ∈ C , ℜ(z) > 0,

ρ(ν) ∈ C i, dlØ nekotoryh ρ_+ , ρ_− ∈ C , c_0(v) = ρ_+ v^r + ρ_−v^{2−r} pri r ≠ 1 i c_0(v) = ρ_+ v log v + ρ_−v pri r = 1 (sm. [2, §0.3]). Soglasno

122 D. S. KATAEV teorii Sel~berga–Lenglendsa, forme f i maksimal~noæ paraboliqeskoæ podgruppe ˚kobi ~P moßno sopostavit~ rØd ~E(w, s; f) = ∑ γ ~ψ(γ)U (γw)^{2s}V (γw)^sf̄( ~Q(γw)), (3.9) gde w ∈ X, s ∈ C i summirovanie proishodit po mnoßestvu matric γ ∈ Γ(q), ØvlØ¸wemusØ polnoæ sistemoæ predstaviteleæ smeßnyh klassov ~Δ_×\Γ(q), priqem znaqenie ~E(w, s; f) ne zavisit ot vybora sistemy predstaviteleæ (sm. [2, 4]). V ramkah teorii Sel~berga–Lenglendsa fftot rØd ØvlØetsØ maksimal~- nym paraboliqeskim rØdom �æzenxteæna, svØzannym s formoæ f i maksimal~noæ paraboliqeskoæ podgruppoæ ˚kobi ~P . Izvestno, qto rØd (3.9) shoditsØ absol¸tno i lokal~no ravnomerno v

X× {s ∈ C | ℜ(s) > τ } dlØ nekotorogo τ i dlØ zadannogo w ∈ X

funkciØ ~E(w, s; f) regulØrna v oblasti {s ∈ C | ℜ(s) > τ } i meromorfno prodolßaetsØ na vs¸ kompleksnu¸ ploskost~ C .

Otobraßenie w → ~E(σw, s; f), gde matrica σ opredelena v (1.1) i w ∈ X, – avtomorfnaØ forma otnositel~no gruppy Γ(q) s sistemoæ mul~tiplikatorov ~ψ. �ta sistema mul~tiplikatorov sovpadaet s sistemoæ mul~tiplikatorov rØda �æzenxteæna ~E(·, s; f) v silu togo, qto σΓ(q)σ^{−1} = Γ(q) i ~ψ(σγσ^{−1} ) = ~ψ(γ) dlØ vseh

γ ∈ Γ(q).

Nam predstoit vyqislit~ kofffficienty Fur~e c_{μ,ν} (u, v, ~E(σ(·), s; f)) rØda ~E(σw, s; f). Neposredstvenno iz opredeleniØ (3.4) poluqaem, qto c_{μ,ν} (u, v, ~E(σ(·), s; f)) = = c ∫∫ ∫∫ Fq ~E(σw, s; f)e(μz_1 + νz_3)dz_1dz_2dz_3dz_4 (3.10)

= c ∑ γ ~ψ(γ) ∫ ∫ ∫ ∫ Fq ~▽(γσw)e(μz_1 + νz_3)dz_1dz_2dz_3dz_4, gde ~▽(w) = (U^2V )(w)^sf̄ ( ~Q(w)), w = (z_1, z_2, z_3, z_4, u, v) ∈ X, (3.11)

O NEKOTORYH R˚DAH �`ZENXTE`NA 123 summirovanie proishodit po nekotoromu mnoßestvu matric γ, ØvlØ¸wemusØ polnoæ sistemoæ predstaviteleæ smeßnyh klassov

~Δ_×\Γ(q) i znaqenie summy ne zavisit ot vybora sistemy pred-

staviteleæ. Pust~ c = (volF_q)^{−1}, gde F_q = (C /q)^4 , i poloßim ~c_{μ,ν} = c_{μ,ν} (u, v, ~E(σ(·), s; f)). Oqevidno, qto mnoßestvo n(F_q) ØvlØetsØ polnoæ sistemoæ predstaviteleæ smeßnyh klassov Δ\N . Budut takße ispol~zovat~sØ oboznaqeniØ m_+ = mρ̄_+ , m_− = mρ̄_−, m = vol(C /q)^{−3} .

Teorema 1. Kofffficienty Fur~e ~cμ,ν ime¸t sledu¸wiæ vid:

~c_{μ,0} = m_+ ~D_{μ,0}(s, r) ~J_{μ,0}(u, v, s, r)+ +m_− ~D_{μ,0}(s, 2−r) ~J_{μ,0}(u, v, s, 2−r), m_+ ∂ ∂t ~D_{μ,0}(s, t) ~J_{μ,0}(u, v, s, t) | | |_{t=1} + +m_− ~D_{μ,0}(s, 1) ~J_{μ,0}(u, v, s, 1), (3.12)

pri r ≠ 1 ili r = 1 sootvetstvenno i ~c_{μ,ν} = m ~D_{μ,ν} (s) ~J_{μ,ν} (u, v, s, r) (3.13) dlØ ν ≠ 0 i l¸bogo r, gde gde ~D_{μ,0}(s, t) = ∑ γ ~ψ(γ)e(μl^′_1 )|t^2_1|^s|~ϑ|^2 1 |t^2|^{t̄}

; (3.14) ~D_{μ,ν}(s) = ∑ γ ~ψ(γ)e(μl^′_1 + νl^′_3)ρ̄(−νt^2)|t^2_1|^s|~ϑ|^2 1 |t^2|

; (3.15) ~J_{μ,ν} (u, v, s, t) = = ∫∫ ∫ C^3 ( U^{2s}V^{s+t̄} ) (^σ ~w)e(μz_1) dz_1 dz_2 dz_4, (3.16)

esli ν = 0, i ~J_{μ,ν} (u, v, s, t) = = ∫∫ ∫ C^3 ( U^{2s}V^{s+1} ) (^σ ~w)K¯_{t−1}(4π|ν|V (^σ ~w))e(μz_1 − νZ_3(^σ ~w)) dz_1dz_2dz_4

124 D. S. KATAEV v protivnom sluqae.

Zdes~ ~w = (z_1, z_2, 0, z_4, u, v) ∈ X, ~ϑ = ( d_1 (d_1, d_2)

)_2

, t_1 = 1 d_1

, t_2 = d_1 d_1d_4 − d_2d_3 , l^′_1 = d_2 d_1

, l^′_3 = c_2d_3 − c_4d_1 d_1d_4 − d_2d_3

(3.17)

i ^σ = 0 0 −1 0 0 1 0 0 1 0 0 0 0 0 0 1

. (3.18)

Summirovanie v rØdah ~D_{μ,0}(s, t) i ~D_{μ,ν} (s) proizvoditsØ po nekotoromu mnoßestvu matric γ ∈ Γ(q), gde γ = ( A B C D ) takoe ße, kak i v (1.2), priqem ffto mnoßestvo ØvlØetsØ polnoæ sistemoæ predstaviteleæ dvoænyh smeßnyh klassov ~Δ_×\Γ(q)/^tΔ i ono vybrano takim obrazom, qto b_4d_1 − b_3d_2 = 0. Krome togo, my predpolagaem, qto ρ(λ) = 0 pri λ /∈ q^∗.

Vse rØdy i integraly ØvlØ¸tsØ absol¸tno shodØwimisØ pri dostatoqno bol~xom ℜ(s).

DlØ dokazatel~stva fftoæ teoremy nam ponadobitsØ neskol~ko lemm.

Lemma 3.1.

1) Esli γ = n(l), l = (l_1, l_2, l_3, l_4) ∈ C^4 , to

Z_3(γw) = z_3 + l_3, U (γw) = u, V (γw) = v, ~Q(γw) = (z_3 + l_3, v). (3.19)

2) Esli γ = diag(t_1, t_2, t^{−1}_1 , t^{−1}_2 ), t_1, t_2 ∈ C^∗ , to

Z_3(γw) = z_3t^2, U (γw) = |t_1t^{−1}_2 |u, V (γw) = |t^2|v, ~Q(γw) = (t^2z_3, |t^2|v).

(3.20)

Dokazatel~stvo. Sm. ([2], predloßenie 2.3.1). •

O NEKOTORYH R˚DAH �`ZENXTE`NA 125

Lemma 3.2. Pust~ γ = h1(α), α = ( a b c d ) ∈ SL_2(C ). Togda ( U^2V ) (γw) = u^2v, ~Q(γw) = ( a b c d ) ~Q(w). (3.21)

Dokazatel~stvo. Sm. ([2], predloßenie 2.3.4). • Lemma 3.3. Pust~ ~w = (z1, z2, 0, z4, u, v) ∈ X, a ∈ C^∗ i matrica ^σ

opredelena v (3.18). Togda (U^2V )(σw) = (U^2V )(^σ ~w) i

(a^2Z_3(σw), |a^2|V (σw)) = = ( 0 −1 1 0 ) ( 1 a^2

(z_3 + Z_3(^σ ~w)), 1 |a^2| V (^σ ~w) ) . (3.22)

Dokazatel~stvo. PolagaØ

~p = h_1( ( 0 −1 1 0 ) ), ~δ = n(0, 0, z_3, 0), ~δ^′ = h_1( ( 1 z_3 0 1 ) ), poluqaem, qto σ = ~p^σ, ^σ~δ = ~δ^′^σ. Legko proverit~, qto

n(0, 0, z_3, 0)n(z_1, z_2, 0, z_4) = n(z_1, z_2, z_3, z_4), pofftomu ^σn(w)a(w) = ~δ^′^σn( ~w)a( ~w) i, v silu izomorfizma (3.2), ^σw = ~δ^′^σ ~w. Ots¸da,

ispol~zuØ lemmu 3.2, poluqaem:

(U^2V )(σw) = (U^2V )(~p^σw) = (U^2V )(^σw) =

= (U^2V )(~δ^′^σ ~w) = (U^2V )(^σ ~w), (3.23) ~Q(σw) = ( 0 −1 1 0 ) ~Q(^σw) = ( 0 −1 1 0 ) ~Q(~δ^′^σ ~w) = = ( 0 −1 1 0 ) ( 1 z_3 0 1 ) ~Q(^σ ~w) = = ( 0 −1 1 0 ) (z_3 + Z_3(^σ ~w), V (^σ ~w)). (3.24)

Ispol~zuØ formulu (3.7), vidim, qto v ravenstve

(a^2Z_3(σw), |a^2|V (σw)) = ( 0 −1 1 0 ) ( 1 a^2

(z_3 + Z_3(^σ ~w)), 1 |a^2| V (^σ ~w) ) (3.25)

126 D. S. KATAEV

levaØ qast~ est~ ni qto inoe, kak ( a 0 0 1/a ) (Z_3(σw), V (σw)), pravaØ qast~ ravnØetsØ ( 0 −1 1 0 ) ( 1/a 0 0 a ) (z_3 + Z_3(^σ ~w), V (^σ ~w)). Ostalos~ zametit~, qto ( a 0 0 1/a )_{−1} ( 0 −1 1 0 ) ( 1/a 0 0 a ) = ( 0 −1 1 0 ) . • Dokazatel~stvo teoremy 1. Iz (3.10) i predloßeniØ 2.6 polu-

qaem: ~c_{μ,ν} = c ∑ γ ~ψ(γ)×

× ∑ h ~ψ(σhσ^{−1}) ∫ ∫ ∫ ∫ Fq ~▽(γσhw)e(μz_1 + νz_3)dz_1dz_2dz_3dz_4, (3.26)

gde summirovanie proizvoditsØ po γ ∈ ~Ω i h ∈ σ^{−1} ~Λ_γ σ. Tak kak

~ψ(σhσ−1) = ~ψ(h) = 1 pri h ∈ Δ, to, v silu predloßeniØ 2.6 i

lemmy 3.1, ~c_{μ,ν} = c ∑ γ ~ψ(γ) ∫ ∫ ∫∫ e_{Fγ} ~▽(γσw)e(μz_1 + νz_3) dz_1 dz_2 dz_3 dz_4. (3.27)

Soglasno predloßeni¸ 1.1, moßno predstavit~ γσ kak proizvedenie n(l) diag(t_1, t_2, t^{−1}_1 , t^{−1}_2 ) σn(l^′) = n~aσ~n, gde n, ~a i ~n – sootvetstvenno pervaØ, vtoraØ i qetvertaØ matrica v razloßenii (1.12). Takße iz fftogo predloßeniØ vytekaet, qto l_3 =

(b_4d_1 − b_3d_2)/(d_1d_4 − d_2d_3) = 0. Takim obrazom, v silu lemmy 3.1,

(U^2V )(γσw) = |t^2_1|(U^2V )(σ~nw), ~Q(γσw) = (Z_3(~aσ~nw), V (~aσ~nw)) = (t^2Z_3(σ~nw), |t^2|V (σ~nw)). (3.28) Sledovatel~no, ~▽(γσw) = |t^2_1|^s(U^2V )(σ~nw)^sf̄ (t^2Z_3(σ~nw), |t^2|V (σ~nw)). Sdelaem zamenu peremennyh ~nw → w. Tak kak

n(l^′_1, l^′_2, l^′_3, l^′_4) n(z_1, z_2, z_3, z_4) = n(τ_1, τ_2, τ_3, τ_4),

O NEKOTORYH R˚DAH �`ZENXTE`NA 127 gde τ_1 = z_1 +l^′_1, τ_2 = z_2 +l^′_2 +l^{′2}_1 z_3 +2l^′_1z_4, τ_3 = z_3 +l^′_3, τ_4 = z_4 +l^′_4 +l^′_1 z_3, to poluqaem: ~c_{μ,ν} = c ∑ γ ~ψ(γ)e(μl^′_1 + νl^′_3)|t^2_1|^s ~I, ~I = = ∫ ∫ ∫∫ e_{Fγ} (U^2V )(σw)^sf̄ (t^2Z_3(σw), |t^2|V (σw))e(μz_1 + νz_3)dz_1dz_2dz_3dz_4.

(3.29) Dalee, ispol~zuØ lemmu 3.3, moßno proverit~, qto ~I = ∫∫ ∫ C^3

(U^2V )(^σ ~w)^se(μz_1) ~I_3 dz_1 dz_2 dz_4,

~I_3 = ∫ C/eϑq f̄ ( ( 0 −1 1 0 ) ( 1 t^2

(z_3 + Z_3(^σ ~w)), 1 |t^2| V (^σ ~w) ) )e(νz_3) dz_3.

(3.30) DlØ vyqisleniØ integrala ~I_3 sleduet otmetit~ dva fakta. Vopervyh, iz formuly (3.17) vytekaet, qto ~ϑ/t^2 ∈ O. Vo-vtoryh, ∫ C/eϑq e(λz) dz = { vol(C /q)|~ϑ|^2, esli λ = 0, 0, esli λ~ϑ ∈ q^∗, λ ≠ 0. (3.31)

Ispol~zuØ razloßenie Fur~e formy f v (3.8), nahodim, qto f( ( 0 −1 1 0 ) ( 1 t^2

(z_3 + Z_3(^σ ~w)), 1 |t^2| V (^σ ~w) ) ) = c_0 ( 1 |t^2| V (^σ ~w) ) + + ∑ κ∈q^∗ \{0} ρ(κ) |t^2| V (^σ ~w)K_{r−1} ( 4π|κ| |t^2| V (^σ ~w) ) e ( κ t^2

(z_3 + Z_3(^σ ~w)) ) . (3.32) Podstaviv razloßenie (3.32) v formulu dlØ ~I_3 v (3.30), poqlenno integriruØ i ispol~zuØ zameqaniØ, privedennye vyxe,

128 D. S. KATAEV poluqaem, qto

~I_3 = vol (C /q)|~ϑ|^2 ρ_+ V (^σ ~w)^r |t^2|^r + ρ_− V (^σ ~w)^{2−r} |t^2|^{2−r} , ν = 0, r ≠ 1;

ρ_+ V (^σ ~w) |t^2| log V (^σ ~w) |t^2| + ρ_− V (^σ ~w) |t^2| , ν = 0, r = 1;

ρ(−νt^2) V (^σ ~w) |t^2| K_{r−1}(4π|ν|V (^σ ~w))· ·e(−νZ_3(^σ ~w)), ν ≠ 0.

(3.33)

Okonqatel~nyæ rezul~tat vytekaet iz (3.29),(3.30) i formuly (3.33). •

4. O rØdah ~Dμ,ν V predloßenii 2.4 my opisali polnu¸ sistemu predstaviteleæ dvoænyh smeßnyh klassov ~Δ_×\Γ(q)/Δ, udovletvorØ¸wu¸ v silu (2.4) usloviØm teoremy 1, i my moßem ispol~zovat~ fftot fakt dlØ pridaniØ bolee udobnogo vida rØdam ~D_{μ,ν}, prisutstvu- ¸wim v formulirovke dannoæ teoremy. V samom dele, s pomow~¸ predloßeniØ 2.4 i teoremy 1, summy (3.14) i (3.15) moßno perepisat~ v vide summ po peremennym n_2, n_3, n_4 ≡ 1 (mod 3),

(n_2n_3n_4, q) = 1 i m_2 ∈ ~m_2(~n), m_3 ∈ ~m_3(~n), m_4 ∈ ~m_4(~n), ~n = (n_2, n_3, n_4). Takße my moßem perepisat~ (3.17) v vide

~ϑ = n^2_4, t_1 = 1 n_2n_3n_4

, t_2 = n_4 n_2

, l^′_1 = − m_4 n_4 , l^′_3 = m^2l_3n^2_4 n^2n_3 − m_3l^2_4 n_3 − 2m_2n_4l_4 n_2n_3 , (4.1)

gde l_2, l_3, l_4 est~ pravye verhnie fflementy matric λ^{(t)}m_i,n_i = ( k_i l_i m_i n_i ) , i = 2, 3, 4, zadannyh v (2.2).

ObratimsØ teper~ k sluqa¸, kogda ~ψ ØvlØetsØ t.n. gomomorfizmom Bassa–Milnora–Serra gruppy Γ(3), κ – gomomorfizm gruppy Γ_2(3) (sm. [2, 5]): κ(γ) = ( c d )_{−1} , γ = ( ∗ ∗ c d ) ∈ Γ_2(3) (4.2)

O NEKOTORYH R˚DAH �`ZENXTE`NA 129 i (_· · ) est~ simvol kubiqeskogo vyqeta. Kak bylo ustanovleno v ([2], predloßenie 2.2.9), ~ψ(h_i(λ)) = κ(λ)^{−1}, i = 1, 3, ~ψ(h_i(λ)) =

κ(λ), i = 2, 4. Ots¸da my poluqaem, qto ~D_{μ,0}(s, t) = ∑ n2,n3,n4≡1 (mod 3) (n2n3n4,q)=1 ~E(μ, 0, ~n) ‖n_2‖^{s−t̄}‖n_3‖^s‖n_4‖^{s+t̄−2} , (4.3)

~D_{μ,ν}(s) = ∑ n2,n3,n4≡1 (mod 3) (n2n3n4,q)=1,νn24/n2∈q^∗ ρ̄(−νn^2_4/n^2) ~E(μ, ν, ~n) ‖n_2‖^{s−1}‖n_3‖^s‖n_4‖^{s−1} , (4.4)

gde ‖ · ‖ est~ norma v pole Q( √ −3), ~E(μ, ν, ~n) = ∑ m_i ∈em_i(en)

ω(m_2 , m_3, m_4, ~n), (4.5) gde ω(m_2 , m_3, m_4, ~n) = ( m_2 n_2 ) ( m_3 n_3 ) ( m_4 n_4 ) × ×e ( ν ( m^2l_3n^2_4 n^2n_3 − m_3l^2_4 n_3 − 2m_2n_4l_4

n_2n_3 ) − μ m_4 n_4

) (4.6)

i e(z) = exp(2πi(z + z̄)).

Predpoloßim, qto c^′ ∈ O moßet byt~ predstavleno v vide

ld^3, priqem l, d ∈ O, (d, 3) = 1 i dlØ kaßdogo prostogo qisla p

vypolnØetsØ sledu¸wee uslovie: esli ord_pl ¿ 1, to ord_pc ¿ 1. Togda dlØ λ ∈ q^∗, q ⊂ (3), c ∈ 1 + q my opredelØem summu Gaussa kak S(λ, c, c^′) = ∑ k∈c(c,c^′) ( k c ) ( k c^′ ) e (λk/c) , (4.7) gde c(c, c^′) ⊂ q — privedennaØ sistema vyqetov mod c, sostoØwaØ

iz qisel, vzaimno prostyh s c^′.

V dal~neæxem nam ponadobØtsØ sledu¸wie mul~tiplikativnye svoæstva fftoæ summy (sm. [2]):

S(λ, c_1 c_2, c^′_1c^′_2) = ( c_1 c_2c^′_2 ) ( c_2 c_1c^′_1 ) S(λ, c_1, c^′_1)S(λ, c_2, c^′_2),

esli (c_1c^′_1, c_2c^′_2) = 1,

(4.8)

130 D. S. KATAEV S(δλ, c, c^′) = ( δ cc^′ )_{−1} S(λ, c, c^′), esli δ ∈ O, (δ, cc^′) = 1. (4.9) My budem ispol~zovat~ oboznaqenie φ(c) dlØ funkcii �ælera kol~ca O. Togda znaqeniØ summy Gaussa dlØ stepeneæ prostogo qisla p, p ≡ 1 (mod 3), moßno predstavit~ v sledu¸wem vide (sm. [2]):

S(p^δ , p^α, p^β) =

=

1, esli α = 0, β ≡ 0 (mod 3),

φ(p^α), esli 1 6 α 6 δ, α + β ≡ 0 (mod 3), −‖p‖^δ, esli α = δ + 1, α + β ≡ 0 (mod 3), ‖p‖^δS(1, p), esli α = δ + 1, α + β ≡ 1 (mod 3), ‖p‖^δS(1, p), esli α = δ + 1, α + β ≡ 2 (mod 3),

0 vo vseh drugih sluqaØh.

(4.10)

DlØ uproweniØ zapisi qerez m(~n), ~n = (n_2, n_3, n_4) budem oboznaqat~ podmnoßestvo polnoæ sistemy vyqetov mod n_2n_3, sostoØwee iz qisel, vzaimno prostyh s n_2. Pust~ N est~ mnoßestvo vseh troek ~n takih, qto korrektno opredelena summa Gaussa

S(λ, n_3, n^2). Togda dlØ ν ∈ q^∗ i troæki ~n ∈ N takoæ, qto vypolnØ-

etsØ uslovie νn^2_4/n^2 ∈ q^∗ (i, sledovatel~no, νn_4/n_2 ∈ q^∗), polo- ßim

P(ν, ~n) = ∑ m∈m(en) ( m n_2 ) S ( ν ( m n_4 n_2 − 1 )_2 , n_3, n^2 ) . (4.11)

DannaØ summa voznikaet pri vyqislenii ~E(μ, ν, ~n) i predloßeniØ 4.2–4.4 opisyva¸t svoæstva summy P(ν, ~n).

Predloßenie 4.1. Pust~ p ≡ 1 (mod 3), β ¿ 1, ν ¿ 0 i Σ = ∑ m (mod p^α+^β ) m≡1 (mod p)

S(p^ν (m − 1)^2, p^β, p^{2α}).

Togda

Σ = φ(p^{α+2β−1}), esli β 6 ν + 2, α + 2β ≡ 0 (mod 3); φ(p^{α+β+(β+ν)/2}), esli β > ν + 2, β + ν − qetno, α + 2β ≡ 0 (mod 3);

0 vo vseh ostal~nyh sluqaØh.

(4.12)

O NEKOTORYH R˚DAH �`ZENXTE`NA 131

Dokazatel~stvo. Oqevidno, qto Σ = ∑ m (mod p^α+^β ) m≡1 (mod p)

S(p^ν (m − 1)^2, p^β, p^{2α}) =

= ∑ m (mod p^α+^{β−}1 )

S(p^{ν+2}m^2, p^β, p^{2α}).

(4.13)

V silu (4.9), legko videt~, qto ∑ m (mod p^α+^{β−k} )

S(p^{ν+2k}m^2 , p^β, p^{2α}) =

= S(p^{ν+2k}, p^β, p^{2α}) · ∑ m (mod p^α+^{β−k} ) (m,p)=1

( m p )_{α+2β} +

+ ∑ m (mod p^α+^{β−k−}1 )

S(p^{ν+2(k+1)}m^2, p^β, p^{2α})

(4.14)

Sledovatel~no,

Σ = S(p^{ν+2} , p^β, p^{2α}) · ∑ m (mod p^α+^{β−}1 ) (m,p)=1

( m p )_{α+2β} +

+S(p^{ν+4} , p^β, p^{2α}) · ∑ m (mod p^α+^{β−}2 ) (m,p)=1

( m p )_{α+2β} + . . . +

+S(p^{ν+2(α+β)} , p^β, p^{2α}).

(4.15)

V sluqae α + 2β ≢ 0 (mod 3) v silu (4.10) my poluqaem, qto

Σ = S(p^{ν+2(α+β)} , p^β, p^{2α}) = 0. (4.16)

Esli α + 2β ≡ 0 (mod 3), to

Σ = S(p^{ν+2}, p^β, p^{2α}) φ(p^{α+β−1} ) + . . . + S(p^{ν+2(α+β)}, p^β, p^{2α}) φ(1) =

(4.17) = α+β∑ k=1 S(p^{ν+2k}, p^β, p^{2α}) φ(p^{α+β−k}).

132 D. S. KATAEV

Pri β 6 ν + 2 iz (4.10) vytekaet, qto

Σ = φ(p^β ) α+β∑ k=1 φ(p^{α+β−k}) = φ(p^{α+2β−1}). (4.18)

Pust~ β > ν + 2. Esli β + ν — neqetno, to

Σ = −‖p‖^{β−1}φ(p^{α+(β+ν+1)/2}) + φ(p^β ) α+β∑ k=(β−ν+1)/2 φ(p^{α+β−k}) = 0. (4.19) V sluqae qetnosti qisla β + ν poluqaem, qto

Σ = φ(p^β ) α+β∑ k=(β−ν)/2 φ(p^{α+β−k}) = φ(p^{α+β+(β+ν)/2} ). • (4.20)

Sledu¸wie dva predloßeniØ posvØweny vyqisleni¸ znaqeniæ P(p^ν , ~p), gde ~p = (p^α, p^β, p^γ ). Oqevidno, qto P(p^ν , ~p) korrektno zadano vo vseh sluqaØh, krome β = 0, α ≢ 0 (mod 3).

Predloßenie 4.2. Pust~ ~p = (1, p^β, p^γ), p ≡ 1 (mod 3), β, γ, ν ¿ 0.

Togda

P(p^ν , ~p) =

S(p^ν , p^β)‖p‖^β, esli γ > 0; S(p^ν , p^β)φ(p^β) + φ(p^{2β−1}), esli γ = 0,

1 6 β 6 ν + 2, β ≡ 0 (mod 3);

φ(p^{β+(β+ν)/2} ), esli γ = 0, β > ν + 2, β + ν − qetno, β ≡ 0 (mod 3);

1, esli γ = β = 0;

0 vo vseh ostal~nyh sluqaØh.

(4.21)

Dokazatel~stvo. Po opredeleni¸ summy P(ν, ~n) imeem: P(p^ν , ~p) = ∑ m (mod p^β )

S(p^ν (mp^γ − 1)^2, p^β). (4.22)

Esli γ > 0, to (mp^γ − 1, p) = 1, sledovatel~no, v silu (4.9), P(p^ν , ~p) = S(p^ν , p^β) ∑ m (mod p^β ) ( mp^γ − 1 p )_{2β} = S(p^ν , p^β) ‖p‖^β. (4.23)

O NEKOTORYH R˚DAH �`ZENXTE`NA 133 Rassmotrim sluqaæ γ = 0. Oqevidno, qto pri β = 0 vypolnØetsØ P(p^ν , ~p) = 1. Pust~ β ¿ 1. Togda P(p^ν , ~p) = Σ_1 + Σ_2, gde

Σ_1 = S(p^ν , p^β) ∑ m (mod p^β ) m≢1 (mod p)

( m − 1 p )_{2β} =

= S(p^ν , p^β) φ(p^β ), esli β ≡ 0 (mod 3);

0 vo vseh ostal~nyh sluqaØh.

(4.24)

Σ_2 = ∑ m (mod p^β ) m≡1 (mod p)

S(p^ν (m − 1)^2, p^β). (4.25)

V silu predloßeniØ 4.1,

Σ_2 = φ(p^{2β−1}), esli β 6 ν + 2, β ≡ 0 mod 3; φ(p^{β+(β+ν)/2}), esli β > ν + 2, β + ν − qetno, β ≡ 0 (mod 3);

0 vo vseh ostal~nyh sluqaØh.

(4.26)

Tak kak Σ_1 = 0 pri β > ν + 2, to poluqaem predloßenie. •

Predloßenie 4.3. Pust~ ~p = (p^α, p^β, p^γ) ∈ N, p ≡ 1 (mod 3), ν +

2γ − 2α ¿ 0, α > 0 i

ω_p(x, y) = ∑ m (mod p), m≢0,1 (mod p)

( m p )_x ( m − 1 p )_y . (4.27)

Togda P(p^ν , ~p)

134 D. S. KATAEV

=

S(p^ν , p^β) · φ(p^{α+β} ), esli γ > α, α ≡ 0 (mod 3); S(p^{ν+2γ−2α}, p^β, p^{2α}) · φ(p^{α+β} ), esli γ < α, α + β ≡ 0 (mod 3); S(p^ν , p^β, p^{2α}) · ‖p‖^{α+β−1} · ω_p(α, α + 2β), esli γ = α, β ¿ 1, α + 2β ≢ 0 (mod 3); S(p^ν , p^β, p^{2α}) · ‖p‖^{α+β−1} · ω_p(α, 0) + φ(p^{α+2β−1}), esli γ = α, 1 6 β 6 ν + 2, α + 2β ≡ 0 (mod 3); φ(p^{α+β+(β+ν)/2} ), esli γ = α, β > ν + 2, β + ν − qetno, α + 2β ≡ 0 (mod 3);

φ(p^α), esli γ = α, β = 0, α ≡ 0 (mod 3); 0 vo vseh ostal~nyh sluqaØh.

(4.28)

Dokazatel~stvo. Po opredeleni¸ summy P(ν, ~n) imeem: P(p^ν , ~p) = ∑ m (mod p^α+^β ) (m,p)=1

( m p )_α S(p^ν (mp^{γ−α} − 1)^2, p^β, p^{2α}). (4.29)

Tak kak ~p ∈ N, to dannaØ summa opredelena dlØ vseh α, β, γ ¿ 0 krome sluqaØ β = 0, α ≢ 0 (mod 3). Esli γ > α, to (mp^{γ−α} −1, p) = 1 i, v silu (4.9), P(p^ν , ~p) = S(p^ν , p^β, p^{2α}) · ∑ m (mod p^α+^β ) (m,p)=1

( m p )_α =

= { S(p^ν , p^β) · φ(p^{α+β}), α ≡ 0 (mod 3);

0 vo vseh ostal~nyh sluqaØh.

(4.30)

Analogiqno, esli γ < α, to (m − p^{α−γ} , p) = 1, sledovatel~no P(p^ν , ~p) = S(p^{ν+2γ−2α}, p^β, p^{2α}) · ∑ m (mod p^α+^β ) (m,p)=1

( m p )_α ( m − p^{α−γ} p )_{α+2β} =

= { S(p^{ν+2γ−2α}, p^β, p^{2α}) · φ(p^{α+β} ), α + β ≡ 0 (mod 3);

0 vo vseh ostal~nyh sluqaØh.

(4.31)

O NEKOTORYH R˚DAH �`ZENXTE`NA 135 Ostalos~ rassmotret~ sluqaæ γ = α. Oqevidnym obrazom dlØ

β = 0, α ≡ 0 (mod 3) poluqaem, qto P(p^ν , ~p) = φ(p^α). Pust~ β ¿ 1.

Togda P(p^ν , ~p) = Σ_1 + Σ_2, gde

Σ_1 = S(p^ν , p^β, p^{2α}) ∑ m (mod p)^α+^β m≢0,1 (mod p)

( m p )_α ( m − 1 p )_{α+2β} =

= S(p^ν , p^β, p^{2α}) · ‖p‖^{α+β−1} · ω_p(α, α + 2β), (4.32)

Σ_2 = ∑ m (mod p^α+^β ) m≡1 (mod p)

S(p^ν (m − 1)^2, p^β, p^{2α}). (4.33)

Znaqenie Σ_2 vyqisleno v predloßenii 4.1. Tak kak Σ_1 = 0 pri

β > ν + 2, to ots¸da vytekaet formula (4.28). •

Zameqanie. Summa ωp(x, y) est~ ni qto inoe, kak summa ˚kobi

J(χ, λ), gde χ(a) = ( a p )_x , λ(a) = ( a p )_y . Predloßenie 4.4. Pust~ ν = ν^′p^{νp} , ν ≠ 0, p ≡ 1 (mod 3), n2 =

n^′_2p^α, n_3 = n^′_3p^β, n_4 = n^′_4p^γ i (ν^′n^′_2n^′_3n^′_4, p) = 1, νn^2_4/n^2 ∈ q^∗, ~n ∈ N. Esli ~n^′ = (n^′_2, n^′_3, n^′_4), ~p = (p^α, p^β, p^γ), to P(ν, ~n) = ( n^′_2 p )_{2α+β−γ−νp} ( n^′_3 p )_{α+β+νp} ( n^′_4 p )_{2α} ( ν^′ p )_{2α+β} · ·P(ν^′, ~n^′) · P(p^{νp} , ~p). (4.34)

Dokazatel~stvo. Ispol~zuØ svoæstvo (4.8) summy Gaussa, vi-

dim, qto P(ν, ~n) = ∑ m∈m(en) ( m n_2 ) S ( ν ( m n_4 n_2 − 1 )_2

, n_3, n^2 ) =

= ∑ m∈m(en) ( m n^′_2 ) ( m p^α ) ( p^β n^{′2}_2 n^′_3

)_2 (

n^′_3 p^{2α+β} )_2 ×

S ( ν ( m n_4 n_2 − 1 )_2

, n^′_3, n^{′2}_2 ) · S ( ν ( m n_4 n_2 − 1 )_2 , p^β, p^{2α} ) .

(4.35)

136 D. S. KATAEV

Pri sootvetstvu¸wem vybore sistemy predstaviteleæ m(~n) dlØ vsØkogo m ∈ m(~n) my moßem predstavit~ ffto qislo edinstvennym obrazom kak m = m_1p^{α+β} + m_2n^′_2n^′_3, gde m_1 ∈ m(~n^′) i

m_2 ∈ m(~p). V samom dele, n^′_2n^′_3 i p vzaimno prosty, sledova-

tel~no, dlØ l¸bogo m ∈ m(~n) moßno naæti m_1, m_2 ∈ O takie, qto

m = m_1p^{α+β} +m_2n^′_2n^′_3. Oqevidno, qto (m_1 , n^′_2) = 1 i (m_2, p) = 1. Tak

kak m^′ = (m_1 +xn^′_2n^′_3)p^{α+β} +(m_2 +yp^{α+β} )n^′_2n^′_3 = m+(x+y)n_2 n_3 ≡ m

(mod n_2n_3) pri x, y ∈ O i (m^′, n_2) = 1, to, zamenØØ m na m^′, moßno

sqitat~, qto m_1 ∈ m(~n^′) i m_2 ∈ m(~p). Edinstvennost~ razloßeniØ oqevidna. Tak kak porØdki grupp m(~n) i m(~n^′) × m(~p) sovpada¸t,

to m(~n) = m(~n^′) × m(~p) i P(ν, ~n) = ( n^{′2}_2 n^′_3 p )_{2β} ( n^′_3 p )_{α+2β} ( n^′_2 p )_{α+β} ( n^′_2n^′_3 p )_α ×

× ∑ m1∈m(en^′) ( m_1 n^′_2 ) S ( ν ( m_1p^{β+γ} n^′_4 n^′_2 − 1 )_2 , n^′_3, n^{′2}_2 ) ×

× ∑ m2∈m(ep) ( m_2 p )_α S ( ν (m_2n^′_3n^′_4p^{γ−α} − 1)^2 , p^β, p^{2α} ) . (4.36)

Tak kak n^′_2n^′_3n^′_4 i p vzaimno prosty, to moßno proizvesti zamenu peremennyh m_1 → m_1p^{β+γ} , m_2 → m_2n^′_3n^′_4. Ispol~zuØ fftu zamenu, svoæstvo (4.9) summ Gaussa i ravenstvo ν = ν^′p^{νp} , vidim, qto P(ν, ~n) = ( n^′_2 p )_{2α+β−γ} ( n^′_3 p )_{α+β} ( n^′_4 p )_{−α} ×

× ( n^{′2}_2 n^′_3 p )_{νp} ( ν^′ p )_{2α+β} P(ν^′, ~n^′) · P(p^{νp} , ~p). (4.37)

Ots¸da sleduet okonqatel~nyæ rezul~tat. • Oboznaqim qerez L mnoßestvo troek ~n = (n_2, n_3, n_4) takih, qto opredelena summa Gaussa S(μ, n_4, n_2n_3) i pust~, kak obyqno, N est~ mnoßestvo troek ~n takih, qto opredelena summa Gaussa

S(λ, n_3, n^2).

Predloßenie 4.5. Pust~ (n2n3n4, q) = 1, μ, ν ∈ q^∗, ν ≠ 0, νn^2_4/n^2 ∈ q^∗ i P(ν, ~n) est~ summa v (4.11). Togda

~E(μ, 0, ~n) = ‖n_3‖ · S(μ, n_4) · S(0, n_3) · S(0, n_2), (4.38)

O NEKOTORYH R˚DAH �`ZENXTE`NA 137 ~E(μ, ν, ~n) = { S(μ, n_4, n_2n_3)P(ν, ~n), esli ~n ∈ N ∩ L, 0 vo vseh ostal~nyh sluqaØh.

(4.39)

Dokazatel~stvo. Sluqaæ^~E(μ, 0, ~n) oqeviden. Pust~ ν ≠ 0. V si-

lu kitaæskoæ teoremy ob ostatkah i usloviØ (2.2), moßno vybrat~ mnoßestvo ~m_4(~n) takim obrazom, qto dlØ vseh matric λ^{(n2n3)} m4,n4 vypolnØetsØ uslovie m4l4 ≡ −1 (mod n2n3n4) i, sledova-

tel~no, (m_4, n_2n_3) = 1 pri m_4 ∈ ~m_4(~n). Krome togo, mnoßestvo

~m3(~n) vybiraetsØ takim obrazom, qto dlØ vseh m3 ∈ ~m3(~n) vy-

polnØetsØ uslovie (m_3, n_2) = 1.

Sleduet otmetit~ tot fakt, qto hotØ summirovanie v ~E(μ, ν, ~n) vedetsØ po peremennym m_i ∈ ~m_i(~n), i = 2, 3, 4, no moßno rassmotret~ takße summu ∑ m2 (mod n2n3),m3 (mod n3), (m2,n2)=1,(m3,n3)=1, m4∈em_4(en) ω(m_2, m_3, m_4, ~n), (4.40)

gde ω(m_2, m_3, m_4, ~n) zadano v (4.6). V silu (2.2) i usloviØ

νn^2_4/n^2 ∈ q^∗ (iz kotorogo takße vytekaet, qto νn_4/n_2 ∈ q^∗) zna-

qenie ω(m_2 , m_3, m_4, ~n) ne zavisit ot vybora sistemy predstaviteleæ klassov vyqetov. Tak kak n_2n_3n_4 vzaimno prosto s idea-

lom q, to moßno vybrat~ m2, m3 tak, qto mi ∈ ~mi(~n), i = 2, 3,

sledovatel~no, znaqenie summy v (4.40) sovpadaet so znaqeniem ~E(μ, ν, ~n). V silu otmeqennogo vyxe, moßno sdelat~ zamenu peremennyh

m_3 ≡ m^′_3m^2_4 (mod n_3), m_2 ≡ m^′_2m_4 (mod n_2n_3). Togda poluqaem,

qto l_3 ≡ l^′_3 ^m^2_4 (mod n_3), gde m_4 ^m_4 ≡ 1 (mod n_2n_3). Pofftomu: ~E(μ, ν, ~n) = = ∑ m^′2 (mod n2n3),m^′3 (mod n3), (m^′2,n2)=1,(m^′3,n3)=1, m4∈em_4(en)

( m^′_2 n_2 ) ( m_4 n_2 ) ( m^′_3 n_3 ) ( m_4 n_3 ) ( m_4 n_4 ) ×

×e ( −μ m_4 n_4 + ν ( − m^′_3 n_3 + m^{′2}_2 l^′_3n^2_4 n^2n_3 + 2 m^′_2n_4 n_2n_3 )) = A · B, (4.41) gde A = ∑ m4∈em_4(en) ( m_4 n_4 ) ( m_4 n_2n_3 ) e ( −μ m_4 n_4 ) , (4.42)

138 D. S. KATAEV B = ∑ m2∈m(en), m3∈em_3 (en)

( m_2 n_2 ) ( m_3 n_3 ) e ( ν ( − m_3 n_3 + m^2l_3n^2_4 n^2n_3 + 2 m_2n_4 n_2n_3 )) . (4.43) ProizvedØ v summe B zamenu peremennoæ m_2 ≡ m^′_2m_3(mod n_2n_3), poluqaem: B = ∑ m^′2∈m(en), m3∈em_3(en)

( m^′_2 n_2 ) ( m_3 n_2 ) ( m_3 n_3 ) ×

×e ( ν ( − m_3 n_3 − m^{′2}_2 m_3n^2_4 n^2n_3 + 2 m^′_2m_3n_4

n_2n_3 )) . (4.44)

Pust~ ~n ∈ N, sledovatel~no, B = P(ν, ~n). Esli ~n ∈ L, to A =

S(μ, n_4, n_2n_3). Esli ~n ∉ L, to suwestvuet takoe prostoe qislo p,

qto α+β ≢ 0 (mod 3), γ = 0, gde α = ord_pn_2, β = ord_pn_3, γ = ord_pn_4. Iz predloßeniØ 4.4 vytekaet, qto |B| = |P(ν^′, ~n^′)|·|P(p^{νp} , ~p)| v oboznaqeniØh dannogo predloßeniØ. V silu predloßeniæ 4.2, 4.3,

|P(p^{νp} , ~p)| = 0, sledovatel~no, ~E(μ, ν, ~n) = AB = 0.

Pust~ ~n ∉ N. Togda suwestvuet prostoe qislo p takoe, qto

β = 0 i α ≢ 0 (mod 3), gde α = ord_pn_2, β = ord_pn_3, γ = ord_pn_4. My

hotim pokazat~, qto v fftom sluqae B = 0.

DlØ l¸bogo λ ∈ q^∗, q ⊂ (3), c ∈ 1 + q i proizvol~nogo qisla

c^′ ∈ O oboznaqim qerez S(λ, c, c^′; c(c, c^′)) sledu¸wu¸ summu: S(λ, c, c^′; c(c, c^′)) = ∑ k∈c(c,c^′) ( k c ) ( k c^′ ) e (λk/c) , (4.45) gde c(c, c^′) ⊂ q– privedennaØ sistema vyqetov mod c, sostoØwaØ

iz qisel, vzaimno prostyh s c^′. Poloßim takße

P(ν, ~n; c(n_3, n^2)) =

∑ m∈m(en) ( m n_2 ) S ( ν ( m n_4 n_2 − 1 )_2

, n_3, n^2; c(n_3, n^2) ) . (4.46)

V silu usloviØ νn^2_4/n^2 ∈ q^∗ dannaØ summa ne zavisit ot vybora sistemy predstaviteleæ m(~n). Oqevidno, qto B = P(ν, ~n; ~m_3(~n)).

O NEKOTORYH R˚DAH �`ZENXTE`NA 139 Predpoloßim, qto (c_1c^′_1, c_2c^′_2) = 1, k_1 ∈ q probegaet privedennu¸ sistemu vyqetov mod c_1, sostoØwu¸ iz qisel, vzaimno prostyh s c^′_1 i delØwihsØ na c^′_2, k_2 ∈ q probegaet privedennu¸ sistemu vyqetov modc_2, sostoØwu¸ iz qisel, vzaimno prostyh s c^′_2 i delØwihsØ na c^′_1. Standartnye rassußdeniØ pokazyva¸t, qto c_1k_2 +c_2k_1 ∈ q probegaet privedennu¸ sistemu vyqetov

mod c_1c_2, sostoØwu¸ iz qisel, vzaimno prostyh s c^′_1c^′_2. Ots¸da

sleduet, qto moßno tak vybrat~ mnoßestva c(c_1, c^′_1) i c(c_2, c^′_2), qto c_1k_2 + c_2k_1 probegaet mnoßestvo c(c_1c_2, c^′_1c^′_2), esli k_1 probegaet c(c_1, c^′_1) i k_2 probegaet c(c_2, c^′_2). UqityvaØ dannoe zameqanie, moßno doslovno povtorit~ dokazatel~stvo mul~tiplikativnyh svoæstv (4.8), (4.9) summ Gaussa (sm. [2]) i poluqit~, qto

S(λ, c_1 c_2, c^′_1c^′_2; c(c_1c_2, c^′_1c^′_2)) = ( c_1 c_2c^′_2 ) ( c_2 c_1c^′_1 )

×S(λ, c_1, c^′_1; c(c_1, c^′_1))S(λ, c_2, c^′_2; c(c_2, c^′_2)),

esli (c_1c^′_1, c_2c^′_2) = 1, (4.47)

S(δλ, c, c^′; c_1(c, c^′)) = ( δ cc^′ )_{−1} S(λ, c, c^′; c_2(c, c^′)), esli δ ∈ O, (δ, cc^′) = 1. (4.48)

Ispol~zuØ ffti svoæstva i povtorØØ dokazatel~stvo predloßeniØ 4.4, poluqaem, qto

|P(ν, ~n; c(n_3, n^2))| = |P(ν^′, ~n^′; c(n^′_3, n^{′2}_2 ))| · |P(p^{νp} , ~p; c(p^β, p^{2α}))|.

v oboznaqeniØh dannogo predloßeniØ. Pust~ p takoe, qto β = 0 i α ≢ 0 (mod 3). Togda po opredeleni¸ (4.46),

P(p^{νp} , ~p; c(1, p^{2α})) = ∑ m∈m(ep) ( m p )_α ( k p )_{2α} , (4.49)

gde k ∈ c(1, p^{2α}). Oqevidno, qto summa v formule (4.49) ravna nul¸, sledovatel~no, P(ν, ~n; c(n_3, n^2)) = 0 pri ~n ∉ N i B =

P(ν, ~n; ~m_3(~n)) = 0. •

140 D. S. KATAEV

Literatura

1. N. V. Proskurin, On cubic symplectic metaplectic forms, J. für die reine und angew. Math. 388 (1988), 158–188.

2. N. V. Proskurin, Cubic metaplectic forms and theta functions, Springer–Verlag, Lecture Notes in Math. 1677 (1998), 1–196.

3. T. Kubota, On automorphic functions and reciprocity law in a number theory, Lecture in Math. Kyoto Univ. 2 (1969).

4. R. P. Langlands, On the functional equations satisfied by Eisenstein series, Springer–Verlag, Lecture Notes in Math. 544 (1976), 1–337.

5. H. Bass, J. Milnor, J.-P. Serre, Solution of the congruence subgroup problem for

SLn(n ¿ 3) and Sp2n(n ¿ 2), Institut des Hautes Études Scientifiques, Publ.

Math. 33 (1967), 59–137.

Postupilo 4 noØbrØ 1999 g.

S.-Peterburgskoe otdelenie Matematiqeskogo instituta im. V. A. Steklova RAN

E-mail:dmitry@pdmi.ras.ru