Zapiski nauqnyh seminarov POMI Tom 265, 1999 g.

A. V. ˚kovlev

POGRUȷENIE CIKLIQESKOGO RASXIRENI˚ V CIKLIQESKOE

Pust~ k – pole, K – ego cikliqeskoe rasxirenie Galua porØdka m, i pust~ n – natural~noe qislo, delØweesØ na m. My govorim, qto rasxirenie K/k n-pogrußaemo, esli suwestvuet rasxirenie Galua L/k s cikliqeskoæ gruppoæ Galua porØdka n, takoe qto K ⊆ L.

V nastoØweæ rabote izuqaetsØ vopros ob usloviØh 2^n-pogru-ßaemosti kvadratiqnogo rasxireniØ k( √ a)/k. �toæ problemoæ

zvnimalsØ, v qastnosti, K. `ensen, kotoryæ zametil, sredi proqego, qto pri malyh znaqeniØh n dlØ 2^n-pogrußaemosti dostatoqno, qtoby fflement a ∈ k byl normoæ nekotorogo fflementa iz sootvetstvu¸wego krugovogo rasxireniØ (ustnoe soobwenie). RassmatrivaemaØ zadaqa ØvlØetsØ qastnym sluqaem zadaqi ob usloviØh razreximosti zadaqi pogrußeniØ poleæ s cikliqeskim Ødrom qetnogo porØdka, kotoraØ byla polnost~¸ rexena v [1]. Odnako, iz poluqennogo v [1] usloviØ ne tak legko vyvesti prostye dostatoqnye usloviØ 2^n-pogrußaemosti. Ispol~zuØ te ße idei, qto v [1], my nahodim zdes~ neobhodimoe i dostatoqnoe uslovie 2^n-pogrußaemosti kvadratiqnogo rasxireniØ; v kaqestve prostogo sledstviØ poluqaetsØ, qto uslovie `ensena dostatoqno ne tol~ko dlØ malyh n, a vsegda.

Teorema. Pust~ k – pole, harakteristika kotorogo otliqna ot

2; pust~, dalee, a ∈ k \ k^2 i m = 2^n, n ¿ 1. Oboznaqim qerez k_1 pole, poluqennoe prisoedineniem k pol¸ k pervoobraznogo kornØ ζ stepeni m iz 1.

(a) Esli k_1 = k, to rasxirenie k( √ a)/k m-pogrußaemo.

(b) Esli (k_1 : k) = 2 i ζ^τ = ζ^{−1} dlØ edinstvennogo neediniqnogo fflementa τ iz gruppy Galua F rasxireniØ k_1/k, to rasxirenie k( √ a)/k m-pogrußaemo togda i tol~ko togda, kogda suwestvuet fflement v ∈ k_1 takoæ, qto a = Nm_{k1/k} v = v^{1+τ} .

Rabota vypolnena pri finansovoæ podderßke RFFI, grant 98-01-00825. 306

OB ODNO` ZADAQE POGRUȷENI˚ 307 (c) Esli gruppa Galua F rasxireniØ k_1/k cikliqeskaØ i soderßit takoæ fflement ρ, qto ζ^ρ ≠ ζ^{±1}, to rasxirenie k( √ a)/k m- pogrußaemo togda i tol~ko togda, kogda suwestvu¸t fflementy u ∈ k, v ∈ k_1, takie qto a = u^2Nm_{k1/k} v.

(d) Esli gruppa Galua rasxireniØ k_1/k ne cikliqeskaØ, to vyberem poroßda¸wie ee fflementy σ, τ tak, qtoby ζ^τ = ζ^{−1}, ζ^σ = ζ^s dlØ s ≡ 1(mod 4). Oboznaqim qerez k_2 pole k( √ −1). Dalee, pust~ a – takoæ fflement iz k, qto rasxirenie k( √ a)/k 4-pogrußaemo i potomu suwestvuet fflement b ∈ k_2 takoæ, qto a = b^{1+τ} (sm. utverßdenie (b) fftoæ teoremy). Rasxirenie k( √ a)/k m-pogrußaemo togda i tol~ko togda, kogda suwestvu¸t fflementy u ∈ k_2, v ∈ k_1, takie qto a/b^2 = (u^{1−τ} )^2Nm_{k1/k2} v.

Dokazatel~stvo. Utverßdenie (a) trivial~no. Dokazatel~stvo utverßdeniØ (b).

Neobhodimost~. Esli k(^√a)/k – 2^n-pogrußaemoe rasxirenie, to

ono 4-pogrußaemo. Pust~ K_0 ⊃ k( √ a) – rasxirenie Galua polØ k s cikliqeskoæ gruppoæ Galua C porØdka 4. Oboznaqim qerez K algebru K_0 ⊗_k k_1; togda K/k_1 cikliqeskoe rasxirenie Galua porØdka 4 i, sledovatel~no, K = k_1(β) dlØ nekotorogo fflementa

β ∈ K takogo, qto β^4 ∈ k_1, β^ξ = βi, gde ξ – kakoæ-to poroßda¸wiæ

fflement gruppy C, a i = √ −1. Pust~ α = β^{1−τ} ; togda α^{ξ−1} = i^{1−τ} , i potomu fflement v = α^{−1} √ a ξ-invarianten, t.e. v ∈ k_1. Takim obrazom,

a = ( √ a)^{1+τ} = (vα)^{1+τ} = v^{1+τ} β^{(1−τ )(1+τ )} = v^{1+τ} = Nm_{k1/k} v.

Dostatoqnost~. Pust~ a = Nm_{k1/k} v = v^{1+τ} , v ∈ k1. Poloßim

K = k_1(β), gde β^m = v^{1−τ} . Opredelim deæstvie operatorov τ , ξ ∈ F ×C na K : β^τ = β^{−1} , β^ξ = βζ. Proverim, qto opredelennye

tak operatory ne naruxa¸t ravenstvo β^m = v^{1−τ} i udovletvorØ¸t vsem sootnoxeniØm meßdu poroßda¸wimi fflementami τ , ξ gruppy F ×C:

(β^τ )^m = (β^{−1})^m = (β^m)^{−1} = v^{τ−1} = (v^{1−τ} )^τ ;

(β^ξ )^m = (βζ)^m = β^m = (v^{1−τ} )^ξ;

τ^2 = 1 : β^{τ2 −1} = (β^{τ +1} )^{τ−1} = (−1)^{τ−1} = 1; ξ^m = 1 – oqevidno;

τ ξ = ξτ : β^{τξ−ξτ} = (β^{−1} )^ξ(βζ)^{−τ} = (β^{−1} ζ^{−1})(β^{−1} ζ^{−1})^{−1} = 1.

308 A. V. ˚KOVLEV Itak, my dokazali, qto rasxirenie K = k_1(β) ØvlØetsØ rasxireniem Galua polØ k s gruppoæ Galua G = F ×C. Togda podalgebra

K_0 = K^F vseh F -invariantnyh fflementov algebry K predsta-

vlØet soboæ cikliqeskoe rasxirenie porØdka m = 2^n polØ k. Pust~ α = β^{m/2} v^τ ; togda

α^{1−τ} = (β^{m/2} )^{1−τ} v^{τ−1} = β^m v^{τ−1} = v^{1−τ} v^{τ−1} = 1,

α^2 = β^m v^{2τ} = (v^{1−τ} )v^{2τ} = v^{1+τ} = a.

Itak, α ∈ K_0, i √ a = ±α ∈ K_0.

Dokazatel~stvo utverßdeniØ (d). Pust~ l – porØdok fflementa

σ gruppy Galua F rasxireniØ k_1/k. Napomnim, qto s ≡ 1(mod 4); pofftomu q = (1 − s)/4 – celoe qislo, i legko ubedit~sØ, qto s^l ≡

1(mod2^n), no s^l ≢ 1(mod2^{n+1}); sledovatel~no, x = (1 − s^l)/2^n –

neqetnoe celoe qislo.

Opredelim fflementy celoqislennogo gruppovogo kol~ca Z[F ], kotorye budut igrat~ vaßnu¸ rol~ v naxih postroeniØh:

N = 1 + σ + σ^2 + · · · σ^{l−1},

Δ = s^{l−1} + σs^{l−2} + σ^2s^{l−3} + · · · + σ^{l−2} s + σ^{l−1}.

Lemma. (σ − s)Δ = 1 − s^l = mx; (σ − s)N = (1 − s)N ; ζ^{2qN} = −1. Dokazatel~stvo. Vse sootnoxeniØ, krome poslednego, trivi-

al~ny. Dokaßem poslednee sootnoxenie: ζ^{N·2q} = ζ^{(1+σ+···+σ} l�1_{)·2q} = ζ^{(1+s+···+s} l�1_{)(1−s)/2} = = ζ^{(1−s}

l_{)/2}

= (ζ^{m/2})^x = −1,

potomu qto ζ^{m/2} = −1, a x neqetno.

Neobhodimost~. Pust~ K0 ⊃ k(^√a) – rasxirenie Galua polØ

k s cikliqeskoæ gruppoæ Galua C porØdka m. Oboznaqim qerez K algebru K_0 ⊗_k k_1; togda K/k – rasxirenie Galua s gruppoæ Galua G = F ×C. Oboznaqim qerez ξ kakoæ-to poroßda¸wiæ fflement gruppy C. Gruppa Galua C rasxireniØ K/k_1 – cikliqeskaØ gruppa C porØdka m, a pole k_1 soderßit pervoobraznyæ koren~ ζ stepeni m iz 1; pofftomu K = k_1(β), gde β^m ∈ k_1, β^ξ = βζ. Oqevidno, qto fflementy d = β^{τ +1} , c = β^{σ−s} prinadleßat pol¸

k_1 (poskol~ku oni ξ-invariantny). Oboznaqim qerez γ fflement (β^2/d)^{Nq} ∈ K i qerez v fflement c/d^{2q} ∈ k_1. Pol~zuØs~ lemmoæ,

poluqaem:

OB ODNO` ZADAQE POGRUȷENI˚ 309 γ^{ξ−1} = β^{2(ξ−1)Nq} = ζ^{N·2q} = −1, γ^{σ−1} = (β^2/d)^{qN (σ−1)} = 1,

γ^{τ +1} = (β^2 /d)^{(1+τ )Nq} = � β^{2(1+τ )} /d^{1+τ} �_{Nq} = (d^2/d^2)^{Nq} = 1,

γ^2 = β^{(1−s)N} /d^{2qN} = β^{(σ−s)N} /d^{2qN} = � c/d^{2q} �_N = Nm_{k1/k2} v.

Pust~ α = √ a/b; fftot fflement obladaet sledu¸wimi svoæstva- mi: α^{ξ−1} = −1, α^{1+τ} = ( √ a)^{1+τ} /b^{1+τ} = a/b^{1+τ} = 1, α^{σ−1} = 1.

Pofftomu fflement w = γ^{−1}α ØvlØetsØ ξ-invariantnym i σinvariantnym, t.e. w ∈ k_2 i w^{1+τ} = 1; sledovatel~no, suwestvuet fflement u ∈ k_2 takoæ, qto u^{1−τ} = w = γ^{−1} α. Itak,

a/b^2 = α^2 = � u^{1−τ} �_2 γ^2 = � u^{1−τ} �_2 Nm_{k1/k2} v. Dostatoqnost~. Pust~ u ∈ k2, v ∈ k1 – takie fflementy, qto

a/b^2 = b^{τ−1} = � u^{1−τ} �_2 Nm_{k1/k2} v = � u^{1−τ} �_2 v^N . Togda v^{(1+τ )N} = 1; pofftomu suwestvuet fflement d ∈ k_1 takoæ, qto

v^{1+τ} = d^{σ−1}, d^τ = d. Pust~ c = vd^{(1−s)/2}. �lementy c, d, oqevidno,

udovletvorØ¸t sootnoxeniØm c^{1+τ} = d^{σ−s}, d^τ = d.

Oboznaqim qerez G prØmoe proizvedenie gruppy F i cikliqeskoæ gruppy C porØdka m; pust~ ξ – poroßda¸wiæ fflement gruppy C. My postroim teper~ Øvno rasxirenie K/k_1, kotoroe ØvlØetsØ rasxireniem Galua polØ k s gruppoæ Galua G. Imenno, poloßim K = k_1(β), gde β^m = c^Δ i poroßda¸wie fflementy σ, τ , ξ gruppy G deæstvu¸t na β po sledu¸wim formulam:

β^ξ = βζ, β^σ = β^s c^x, β^τ = β^{−1} d^x

(ξ deæstvuet na k_1 trivial~no). Zametim, qto K – ne obØzatel~no pole, a tol~ko algebra. Proverim, qto tak opredelennye operatory na K ne naruxa¸t ravenstvo β^m = c^Δ i qto oni udovletvorØ¸t vsem sootnoxeniØm meßdu fflementami σ, τ , ξ gruppy G.

(β^τ )^m = β^{−m}d^{xm} = c^{−Δ} d^{(σ−s)Δ} = c^{−Δ}c^{(τ +1)Δ} = � c^Δ

�_τ . (β^σ )^m = (β^sc^x)^m = (β^m)^sc^{xm} = c^{Δs}c^{(σ−s)Δ} = c^{Δσ} .

310 A. V. ˚KOVLEV

(β^ξ )^m = (βζ)^m = β^m = c^Δ = � c^Δ

�_ξ . τ^2 = 1 : β^{τ2 −1} = � β^{τ +1} �_{τ−1} = (d^x)^{τ−1} = 1.

σ^l = 1 : β^σ

l_{−1} = β^σ l_{−s}l β^s l_{−1}

= β^{(σ−s)Δ} β^{−mx} = c^{xΔ}c^{−Δx} = 1.

ξ^m = 1 – oqevidno.

τ σ = στ : β^{στ−τσ} = (β^sc^x)^τ (β^{−1} d^x)^{−σ} = � β^{−s}d^{sx}c^{xτ} � β^sc^xd^{−σx} � = � c^{1+τ} /d^{σ−s} �_x

= 1.

τ ξ = ξτ : β^{τξ−ξτ} = (β^{−1}d^x)^ξ (βζ)^{−τ} = (β^{−1}d^xζ^{−1})(β^{−1}d^xζ^{−1})^{−1} = 1.

σξ = ξσ : β^{σξ−ξσ} = (β^sc^x)^ξ(βζ)^{−σ} = (β^sc^xζ^s)(β^sc^xζ^s)^{−1} = 1.

Itak, my pokazali, qto K = k_1(β) – rasxirenie Galua polØ k s gruppoæ Galua G = F ×C. No togda podalgebra K_0 = K^F vseh F - invariantnyh fflementov algebry K ØvlØetsØ cikliqeskim rasxireniem stepeni m = 2^n polØ k.

Pust~ γ = β^2/d^x ∈ K, w = u^{1−τ} b ∈ k_2 (napomnim, qto oba fflementa u, b prinadleßat k_2). �lementy γ, w udovlevorØ¸t sledu- ¸wim sootnoxeniØm:

γ^{1−τ} = γ/γ^τ = (β^2 d^{−x})/(β^{−2} d^{2x})d^{−x} = β^4/d^{2x} = γ^2; γ^{2qN} = β^{(1−s)N} /d^{2xqN} = β^{(σ−s)N} /d^{2xqN} = (c/d^{2q})^{Nx} = v^{Nx}; w^2 = (u^{1−τ} b)^2 = u^{2(1−τ )}b^2 = a/v^N ;

w^{1−τ} = u^{2(1−τ )}b^{1−τ} = v^{−N}

(v dokazatel~stve vtorogo sootnoxeniØ my vospol~zovalis~ ravenstvom (1 − s)N = (σ − s)N iz lemmy). Pust~, dalee, α = γ^{Nq} w^x. Pol~zuØs~ privedennymi vyxe sootnoxeniØmi i lemmoæ, nahodim:

α^{1−τ} = � γ^{1−τ} �_{Nq} w^{(1−τ )x} = γ^{2Nq} w^{(1−τ )x} = v^{Nx}(v^{−N} )^x = 1;

α^{σ−1} = (γ^q )^{N (σ−1)} w^{(σ−1)x} = 1 (napomnim, qto w ∈ k_2);

α^{ξ−1} = (β^2)^{(ξ−1)Nq} = ζ^{2Nq} = −1;

α^2 = γ^{2Nq} w^{2x} = v^{Nx}(av^{−N} )^x = a^x.

Sledovatel~no, a ∈ K_0 i √ a = ±αa^{(1−x)/2} ∈ K_0. Itak, rasxire-

nie k( √ a)/k pogrußeno v rasxirenie Galua K_0/k s cikliqeskoæ

gruppoæ Galua porØdka m = 2^n.

OB ODNO` ZADAQE POGRUȷENI˚ 311

Dokazatel~stvo utverßdeniØ (s). Dokazatel~stvo analogiqno

dokazatel~stvu utverßdeniØ (d), no namnogo prowe. Pust~ l – porØdok gruppy Galua F rasxireniØ k_1/k. Oboznaqim qerez σ poroßda¸wiæ fflement cikliqeskoæ gruppy F ; pust~ s – takoe celoe qislo, qto ζ^σ = ζ^s. Legko videt~, qto s^l ≡ 1(mod 2^n), no

s^l ≡ 1(mod2^{n+1}); sledovatel~no, x = (1 − s^l )/2^n – neqetnoe celoe

qislo. My snova budem ispol~zovat~ fflementy N , Δ, vvedennye v dokazatel~stve utverßdeniØ (d). Kak i vyxe, ffti fflementy oblada¸t sledu¸wimi svoæstvami: (σ − s)Δ = 1 − s^l = mx, (σ − s)N = (1 − s)N, ζ^{N (1−s)/2} = −1. Neobhodimost~ Pust~ K0 ⊃ k(^√a) – rasxirenie Galua polØ k

s cikliqeskoæ gruppoæ Galua C porØdka m. Oboznaqim qerez K algebru K_0 ⊗_k k_1; togda K/k – rasxirenie Galua s gruppoæ Galua G = F ×C. Oboznaqim qerez ξ poroßda¸wiæ fflement gruppy C. Gruppa Galua rasxireniØ K/k_1 – cikliqeskaØ gruppa C porØdka m, a pole k_1 soderßit pervoobraznyæ koren~ ζ stepeni m iz 1; sledovatel~no, K = k_1(β), gde β^m ∈ k_1, β^ξ = βζ. Oqevidno, qto fflement c = β^{σ−s} prinadleßit pol¸ k_1 (poskol~ku on ξ-invarianten). Oboznaqim qerez γ fflement β^{N (1−s)/2} ∈ K. Ime- em: γ^{ξ−1} = β^{(ξ−1)N (1−s)/2} = ζ^{N (1−s)/2} = −1,

γ^{σ−1} = β^{(1−s)N (σ−1)} = 1,

γ^2 = β^{(1−s)N} = β^{(σ−s)N} = Nm_{k1/k} c.

Pust~ α = √ a; fftot fflement imeet sledu¸wie svoæstva:

α^{ξ−1} = −1, α^{σ−1} = 1.

Pofftomu fflement w = γ^{−1}α ØvlØetsØ ξ-invariantnym i σinvariantnym, t.e. w ∈ k; sledovatel~no, suwestvuet fflement

u ∈ k takoæ, qto α = γu. Itak, a = α^2 = u^2γ^2 = u^2Nm_{k1/k} c.

Dostatoqnost~ Pust~ u ∈ k2, v ∈ k1 – takie fflementy, qto

a = u^2Nm_{k1/k2} v = u^2 v^N . Oboznaqim qerez G prØmoe proizve-

denie gruppy F i cikliqeskoæ gruppy C porØdka m; pust~ ξ – kakoæ-to poroßda¸wiæ fflement gruppy C. My Øvno postroim rasxirenie K/k_1, kotoroe ØvlØetsØ rasxireniem Galua polØ k

312 A. V. ˚KOVLEV s gruppoæ Galua G. Imenno, K = k_1(β), gde β^m = v^Δ i poroßda- ¸wie fflementy σ, ξ gruppy G deæstvu¸t na β po sledu¸wim formulam: β^ξ = βζ, β^σ = β^s v^x (ξ deæstvuet na k_1 trivial~no). Zametim, qto K – ne obØzatel~no pole, no lix~ algebra. Proverim, qto tak opredelennye operatory na K ne naruxa¸t ravenstvo β^m = v^Δ i qto oni udovletvorØ¸t vsem sootnoxeniØm meßdu fflementami σ, ξ gruppy G.

(β^σ )^m = (β^sv^x)^m = (β^m)^s v^{xm} = v^{Δs} v^{(σ−s)Δ} = v^{Δσ} .

(β^ξ )^m = (βζ)^m = β^m = v^Δ = (v^Δ )^ξ.

σ^l = 1 : β^σ

l_{−1} = β^σ l_{−s}l β^s l_{−1}

= β^{(σ−s)Δ} β^{−mx} = v^{xΔ} v^{−Δx} = 1.

ξ^m = 1 – oqevidno.

σξ = ξσ : β^{σξ−ξσ} = (β^sv^x)^ξ(βζ)^{−σ} = (β^sv^xζ^s)(β^sv^xζ^s)^{−1} = 1.

Itak, my dokazali, qto rasxirenie K = k_1(β) – rasxirenie Galua polØ k s gruppoæ Galua G = F × C. Togda podalgebra

K_0 = K^F vseh F -invariantnyh fflementov algebry K ØvlØetsØ

cikliqeskim rasxireniem Galua stepeni m = 2^n polØ k.

Pust~ α = β^{N (1−s)/2}. Imeem

α^{σ−1} = � β^{(1−s)/2} �_{N (σ−1)} = 1;

α^{ξ−1} = β^{(ξ−1)N (1−s)/2} = ζ^{N (1−s)/2} = −1;

α^2 = β^{(1−s)N} = β^{(σ−s)N} = v^{xN} = (a/u^2)^x.

Sledovatel~no, α ∈ K_0 i √ a = ±αu^x/a^{(x−1)/2} ∈ K_0. Itak, rasxi-

renie k( √ a)/k pogrußeno v rasxirenie Galua K_0/k s cikliqe-

skoæ gruppoæ Galua porØdka m = 2^n.

Zameqanie. HotØ vo vseh sluqaØh algebra Galua K – ne obØza-

tel~no pole, cikliqeskoe 2^n-rasxirenie K_0 polØ k, soderßawee kvadratiqnoe pole k( √ a), avtomatiqeski ØvlØetsØ polem.

Sledstvie. Esli a ∈ k \k^2 – norma fflementa iz polØ k1 = k(^{2n√}1),

to rasxirenie k( √ a)/k 2^n-pogrußaemo.

Dokazatel~stvo. Deæstvitel~no, fftot fakt nemedlenno sledu-

et iz teoremy v sluqaØh (a), (b), (c). Esli rasxirenie k_1/k ne

OB ODNO` ZADAQE POGRUȷENI˚ 313 cikliqeskoe, i esli a = Nm_{k1/k} v = v^{(1+τ )N} , to fflement b = v^N soderßitsØ v k_2 i b^{1+τ} = a. Imeem:

a/b^2 = v^{(τ−1)N} = (1^{1−τ} )^2Nm_{k1/k2} (v^{τ−1} ).

Po utverßdeni¸ (d) teoremy, rasxirenie k( √ a)/k 2^n-pogrußae- mo. Literatura 1. R. A. Xmidt, A. V. ˚kovlev, Uslovie pogrußaemosti v sluqae cikliqe-

skogo normal~nogo delitelØ porØdka 2n. Vestnik Leningr. un-ta, vyp. 13

(1963).

Yakovlev A. V. The embedding of a cyclic Galois estension into a cyclic extension.

A necessary and sufficient condition of the existence of a cyclic Galois extension of degree 2^n containing a given quadratic extension is found.

Postupilo 20 dekabrØ 1999 g. S.-Peterburgskiæ gosudarstvennyæ universitet