Zapiski nauqnyh seminarov POMI Tom 268, 2000 g.

L. ı. Kolotilina

OPTIMAL^NO OBUSLOVLENNYE BLOQNYE 2 × 2 MATRICY

§1. Vvedenie

V fftoæ zametke my rassmatrivaem ffrmitovy poloßitel~no opredelennye matricy A ∈ C^{n×n} , n > 2, predstavlennye v bloqnoæ 2 × 2 forme A = [ A_{11} A_{12} A_{21} A_{22} ] , (1.1)

gde A_{11} ∈ C^{m×m} , 1 6 m 6 n − 1, i A_{21} = A^∗_{12}.

Qerez Δ(m, n − m) my oboznaqaem gruppu vseh nevyroßdennyh matric iz C^{n×n} , ime¸wih vid D = [ D_1 0 0 D_2 ] , gde D_1 ∈ C^{m×m} , D_2 ∈ C^{(n−m)×(n−m)} .

Budem govorit~, qto matrica A optimal~no obuslovlena otnositel~no Δ(m, n − m), esli

k(A) = min D∈Δ(m,n−m) {k(D^∗AD)}. Zdes~ i dalee k(B) – ffto spektral~noe qislo obuslovlennosti ffrmitovoæ poloßitel~no opredelennoæ matricy B ∈ C^{n×n} , t.e.

k(B) = λ_1(B) / λ_n(B), gde λ_{max}(B) = λ_1(B) > λ_2(B) > . . . > λ_n(B) = λ_{min} (B)

– ffto (vewestvennye i poloßitel~nye) sobstvennye znaqeniØ matricy B, uporØdoqennye v porØdke nevozrastaniØ.

Kak horoxo izvestno [1–4], esli

A_{11} = cI_m, A_{22} = cI_{n−m} (1.2)

Rabota vypolnena pri finansovoæ podderßke NWO (grant 047-008-007). 72

OPTIMAL^NO OBUSLOVLENNYE MATRICY 73 dlØ nekotoroæ poloßitel~noæ konstanty c (qerez I_k ili prosto I my, kak obyqno, oboznaqaem ediniqnu¸ matricu porØdka k), to matrica A optimal~no obuslovlena otnositel~no Δ(m, n − m).

S drugoæ storony, takße izvestno, qto optimal~no obuslovlennye otnositel~no Δ(m, n − m) matricy ne obØzatel~no udovletvorØ¸t usloviØm (1.2). Naprimer, matrica A = α 0 0 0 2 1 0 1 2 ,

ime¸waØ sobstvennye znaqeniØ α, 1 i 3, optimal~no obuslovlena otnositel~no Δ(2, 1) pri 1 6 α 6 3 (sm. [3]), hotØ usloviØ (1.2) dlØ nee, oqevidno, ne vypolnØ¸tsØ.

Cel~ nastoØweæ raboty – opisat~ vse ffrmitovy poloßitel~no opredelennye matricy iz C^{n×n} , optimal~no obuslovlennye otnositel~no Δ(m, n − m). �to opisanie soderßitsØ v teoreme 2.2, sm. §2. Dokazatel~stvo fftoæ teoremy osnovyvaetsØ na novom dokazatel~stve izvestnogo neravenstva [7, teorema 2]

λ_{max}(A_{11}S^{−1}_1 (A)) 6

[k(A) + 1]^2 4k(A) , (1.3)

sostavlØ¸wego utverßdenie teoremy 2.1 dannoæ raboty.

Na protØßenii dannoæ stat~i ispol~zu¸tsØ sledu¸wie oboznaqeniØ. Qerez

S_1(A) = A_{11} − A_{12}A^{−1}_{22} A_{21}, S_2(A) = A_{22} − A_{21}A^{−1}_{11} A_{12}

my oboznaqaem dopolneniØ po Xuru v matrice A podmatric A_{22} i A_{11} sootvetstvenno, a konstanta

ξ(A) = λ_{max}(A_{11}S^{−1}_1 (A))

= λ^{−1}_{min}(I_m − A_{12}A^{−1}_{22} A_{21}A^{−1}_{11} ) = λ_{max}(A_{22}S^{−1}_2 (A)) (1.4)

ØvlØetsØ koliqestvennoæ harakteristikoæ rassmatrivaemogo bloqnogo 2 × 2 razbieniØ matricy A. Nakonec, dlØ B ∈ C^{p×q} ,

p, q > 1, qerez ‖B‖ my oboznaqaem spektral~nu¸ normu matricy

B, tak qto ‖B‖^2 = λ_{max}(B^∗B).

74 L. ı. KOLOTILINA §2. Rezul~taty Sperva my pokaßem, qto neravenstvo (1.3), ØvlØ¸weesØ nebol~xoæ pereformulirovkoæ teoremy 2 iz [7], v deæstvitel~- nosti legko sleduet iz klassiqeskih neravenstv Kantoroviqa i Koxi–Xvarca.

Teorema 2.1. Pust~ ffrmitova poloßitel~no opredelennaØ ma-

trica A ∈ C^{n×n} imeet vid (1.1) i pust~ konstanta ξ(A) opredelena s pomow~¸ (1.4). Togda ξ(A) 6 [λ_1(A) + λ_n(A)]^2 4λ_1(A)λ_n(A) = [k(A) + 1]^2 4k(A) . (2.1)

Dokazatel~stvo. V silu neravenstva Kantoroviqa (sm., napri-

mer, [6, II. 4.3.1]) dlØ l¸bogo nenulevogo vektora z ∈ C^n my imeem: z^∗Az z^∗A^{−1}z (z^∗z)^2 6

[λ_1(A) + λ_n(A)]^2 4λ_1(A)λ_n(A) = [k(A) + 1]^2 4k(A) . (2.2)

Pust~ x – sobstvennyæ vektor matricy A^{1/2}_{11} S^{−1}_1 (A)A^{1/2}_{11} , associirovannyæ s ee naibol~xim sobstvennym znaqeniem ξ(A), i pust~ z = [_{A1}=_{211 x} 0 ] . Togda s uqetom predstavleniØ

A^{−1} = [ S^{−1}_1 (A) ∗ ∗ ∗ ]

iz neravenstva (2.2) my poluqaem:

x^∗A^2_{11}x x^∗x (x^∗A_{11}x)^2 x^∗A^{1/2}_{11} S^{−1}_1 (A)A^{1/2}_{11} x x^∗x = ξ(A) x^∗A^2_{11}x x^∗x (x^∗A_{11}x)^2 6

[k(A) + 1]^2 4k(A) , otkuda i sleduet neravenstvo (2.1), esli prinØt~ vo vnimanie, qto, v silu neravenstva Koxi–Xvarca,

x^∗A^2_{11}x x^∗x (x^∗A_{11}x)^2 > 1.

�

Poskol~ku, oqevidno,

ξ^{−1}(A) = 1 − ‖A^{−1/2}_{11} A_{12}A^{−1/2}_{22} ‖^2, (2.3)

OPTIMAL^NO OBUSLOVLENNYE MATRICY 75 neravenstvo (2.1) ffkvivalentno neravenstvu

‖A^{−1/2}_{11} A_{12}A^{−1/2}_{22} ‖ 6 λ_1(A) − λ_n(A) λ_1(A) + λ_n(A) = k(A) − 1 k(A) + 1

, (2.4)

poluqennomu Demmelem [2, teorema 1], i moßet takße byt~ perepisano v vide k(A) > 1 + ‖A^{−1/2}_{11} A_{12}A^{−1/2}_{22} ‖ 1 − ‖A^{−1/2}_{11} A_{12}A^{−1/2}_{22} ‖

. (2.5)

Sleduet otmetit~, qto veliqiny ξ(A), a takße (naprimer, v silu (2.3)) i ‖A^{−1/2}_{11} A_{12}A^{−1/2}_{22} ‖ obe invariantny otnositel~no preobrazovaniæ podobiØ matricy A s pomow~¸ bloqno diagonal~nyh matric iz gruppy Δ(m, n − m). Deæstvitel~no, obozna- qaØ B = [ B_{11} B_{12} B_{21} B_{22} ] = D^∗AD, gde D = [ D_1 0 0 D_2 ] = Δ(m, n − m), i ispol~zuØ sootnoxenie

(B^{−1})_{11} = S^{−1}_1 (B),

my vyvodim

ξ(B) = λ_1(B_{11}S^{−1}_1 (B)) = λ_1(D^∗_1 A_{11}D_1D^{−1}_1 S^{−1}_1 (A)D^{−∗}_1 )

= λ_1(A_{11}S^{−1}_1 (A)) = ξ(A).

PrinimaØ vo vnimanie ukazannu¸ vyxe invariantnost~ normy ‖A^{−1/2}_{11} A_{12}A^{−1/2}_{22} ‖ i neravenstvo (2.5), my nemedlenno prihodim k sledu¸wemu rezul~tatu, ØvlØ¸wemusØ sledstviem teoremy 2.1.

Sledstvie 2.1. Pust~ ffrmitova poloßitel~no opredelennaØ ma-

trica A ∈ C^{n×n} imeet vid (1.1). Togda min D∈Δ(m,n−m) k(D^∗AD) > 1 + ‖A^{−1/2}_{11} A_{12}A^{−1/2}_{22} ‖ 1 − ‖A^{−1/2}_{11} A_{12}A^{−1/2}_{22} ‖

. (2.6)

76 L. ı. KOLOTILINA

V tom sluqae, kogda A = [ cI_m A_{12} A^∗_{12} cI_{n−m} ] , c > 0, (2.7)

my, oqevidno, imeem

‖A^{−1/2}_{11} A_{12}A^{−1/2}_{22} ‖ = c^{−1}‖A_{12}‖,

i vypolneny sootnoxeniØ

λ_1(A) = c + ‖A_{12}‖, λ_n(A) = c − ‖A_{12}‖,

otkuda sleduet, qto k(A) = c + ‖A_{12}‖ c − ‖A_{12}‖ = 1 + ‖A^{−1/2}_{11} A_{12}A^{−1/2}_{22} ‖

1 − ‖A^{−1/2}_{11} A_{12}A^{−1/2}_{22} ‖ . Poluqennoe ravenstvo v soqetanii s neravenstvom (2.6) pokazyvaet, qto, kak uße otmeqalos~ v §1, matricy vida (2.7) optimal~- no obuslovleny otnositel~no Δ(m, n − m).

Esli matrica A vida (1.1) bloqno diagonal~na, t.e. A_{12} = 0, to, oqevidno, ona optimal~no obuslovlena otnositel~no Δ(m, n− m) togda i tol~ko togda, kogda k(A) = 1, t.e. kogda A = cI_n, c > 0, – skalØrnaØ matrica.

Opisanie ße vseh otliqnyh ot skalØrnyh ffrmitovyh poloßitel~no opredelennyh matric, optimal~no obuslovlennyh otnositel~no Δ(m, n − m), daetsØ sledu¸weæ teoremoæ.

Teorema 2.2. �rmitova poloßitel~no opredelennaØ matrica A = [ A_{11} A_{12} A_{21} A_{22} ] ∈ C^{n×n} , gde A_{11} ∈ C^{m×m} , A_{12} ≠ 0, optimal~no obuslovlena otnositel~no Δ(m, n − m), t.e. ξ(A) = [k(A) + 1]^2 4k(A) , (2.8)

v tom i tol~ko tom sluqae, kogda spravedlivo l¸boe iz sledu¸wih dvuh ravnosil~nyh utverßdeniæ:

(i) suwestvuet vektor z = [_x y ] ∈ C^n , x ∈ C^m , takoæ qto Az = λ_1(A)z

OPTIMAL^NO OBUSLOVLENNYE MATRICY 77 i A~z = λ_n(A)~z, gde ~z = [_x −y ] ; (ii) suwestvuet vektor z = [_x y ] ∈ C^n , x ∈ C^m , s nenulevymi bloqnymi komponentami x i y takoæ, qto

A_z = 1 2 [ λ_1(A) + λ_n(A) λ_1(A) − λ_n(A) λ_1(A) − λ_n(A) λ_1(A) + λ_n(A) ] , gde v sootvetstvii s [5] vektorno aggregirovannaØ matrica A_z opredelØetsØ formuloæ

A_z = x^∗A_{11}x ‖x‖^2 x^∗A_{12}y ‖x‖ ‖y‖ y^∗A_{21}x ‖x‖ ‖y‖ y^∗A_{22}y ‖y‖^2 . (2.9)

Dokazatel~stvo. Dopustim sperva, qto spravedlivo ravenstvo

(2.8), i v fftom predpoloßenii pokaßem, qto spravedlivo utverßdenie (i).

Pust~ x ∈ C^m i y ∈ C^{n−m} , ‖x‖ = ‖y‖ = 1, – ffto para singulØrnyh vektorov matricy A^{−1/2}_{11} A_{12}A^{−1/2}_{22} , associirovannaØ s ee naibol~xim singulØrnym znaqeniem

σ = ‖A^{−1/2}_{11} A_{12}A^{−1/2}_{22} ‖, (2.10)

t.e.

x^∗A^{−1/2}_{11} A_{12}A^{−1/2}_{22} y = σ (2.11)

ili, ravnosil~no,

A^{−1/2}_{11} A_{12}A^{−1/2}_{22} y = σx, x^∗A^{−1/2}_{11} A_{12}A^{−1/2}_{22} = σy^∗. (2.12)

Togda my imeem

x^∗A^{−1/2}_{11} A_{12}A^{−1}_{22} A_{21}A^{−1/2}_{11} x = σ^2, (2.13)

y^∗A^{−1/2}_{22} A_{21}A^{−1}_{11} A_{12}A^{−1/2}_{22} y = σ^2. (2.14)

Ispol~zuØ (2.13), (2.10) i (2.3), my vyvodim:

x^∗A^{−1/2}_{11} S_1(A)A^{−1/2}_{11} x = x^∗(I_m − A^{−1/2}_{11} A_{12}A^{−1}_{22} A_{21}A^{−1/2}_{11} )x = 1 − σ^2 = 1 − ‖A^{−1/2}_{11} A_{12}A^{−1/2}_{22} ‖^2 = ξ^{−1}(A),

78 L. ı. KOLOTILINA otkuda sleduet, qto x – ffto sobstvennyæ vektor matricy

A^{1/2}_{11} S^{−1}_1 (A)A^{1/2}_{11} , associirovannyæ s ee naibol~xim sobstvennym

znaqeniem ξ(A). Zametim, qto vvidu (2.3) ravenstvo (2.8) ravnosil~no sootnoxeni¸ σ = λ_1(A) − λ_n(A) λ_1(A) + λ_n(A)

. (2.15)

Dalee, iz ravenstva (2.8) i dokazatel~stva teoremy 2.1 vytekaet, qto

x^∗A^2_{11}x x^∗x (x^∗A_{11}x)^2

= 1.

PrimenØØ neravenstvo Koxi–Xvarca, my moßem zakl¸qit~, qto vektory x i A_{11}x dolßny byt~ kollinearny, t.e., qto x ØvlØetsØ sobstvennym vektorom pervogo diagonal~nogo bloka A_{11}. Analogiqnym obrazom moßno ubedit~sØ v tom, qto iz (2.8) i (2.14) s neobhodimost~¸ sleduet, qto y – sobstvennyæ vektor vtorogo diagonal~nogo bloka A_{22}. Itak pust~

A_{11}x = μx_, A_{22}y = νy. (2.16)

Ispol~zuØ (2.16) i (2.12), my vyvodim:

σμ^{1/2}x = σA^{1/2}_{11} x = A_{12}A^{−1/2}_{22} y = ν^{−1/2}A_{12}y,

otkuda sleduet, qto

A_{12}y = σμ^{1/2}ν^{1/2}x. (2.17)

Analogiqno vyvoditsØ ravenstvo

A_{21}x = σμ^{1/2}ν^{1/2}y. (2.18)

Teper~ my pokaßem, qto

μ = ν = λ_1(A) + λ_n(A) 2 . (2.19)

PrinimaØ vo vnimanie normirovku ‖x‖ = ‖y‖ = 1 i ispol~zuØ sootnoxeniØ (2.16), (2.17) i (2.18), my poluqaem ravenstvo

A_z = [ μ σμ^{1/2}ν^{1/2} σμ^{1/2}ν^{1/2} ν ] . (2.20)

OPTIMAL^NO OBUSLOVLENNYE MATRICY 79 Dva sobstvennyh znaqeniØ λ_± matricy A_z opredelØ¸tsØ formu- loæ λ_± = μ + ν ± [(μ − ν)^2 + 4σ^2μν]^{1/2} 2 . (2.21)

Kak izvestno [5, sledstvie 2.1], ime¸t mesto neravenstva

λ_n(A) 6 λ_− 6 λ_+ 6 λ_1(A).

Sledovatel~no, s uqetom (2.21) my imeem:

μ + ν + [(μ − ν)^2 + 4σ^2μν]^{1/2} μ + ν − [(μ − ν)^2 + 4σ^2μν]^{1/2} 6 λ_1(A) λ_n(A) . �to neravenstvo moßno perepisat~ v vide

λ_1(A) − λ_n(A) λ_1(A) + λ_n(A)

(μ + ν) > [(μ − ν)^2 + 4σ^2μν]^{1/2},

a takße, vvidu sootnoxeniØ (2.15), v vide

σ^2(μ + ν)^2 > (μ − ν)^2 + 4σ^2μν.

Poslednee neravenstvo, oqevidno, ravnosil~no neravenstvu

σ^2(μ − ν)^2 > (μ − ν)^2.

No poskol~ku (naprimer, v silu (2.15)) σ < 1, iz poluqennogo neravenstva s neobhodimost~¸ sleduet, qto μ = ν. Teper~, v silu (2.16)–(2.18) i (2.15), my imeem: A [ x y ] = μ(1 + σ) [ x y ] = μ 2λ_1(A) λ_1(A) + λ_n(A) [ x y ] , A [ x −y ] = μ(1 − σ) [ x −y ] = μ 2λ_n(A) λ_1(A) + λ_n(A) [ x −y ] . (2.22)

Ravenstva (2.22) pokazyva¸t, qto kak μ^{2λ1(A)}_{λ1(A)+λn(A)} , tak i

μ^{2λ}n^{(A)}

λ1(A)+λn(A) ØvlØ¸tsØ sobstvennymi znaqeniØmi matricy A.

Sledovatel~no, ime¸t mesto neravenstva

λ_1(A) > μ

2λ_1(A) λ_1(A) + λ_n(A) , μ 2λ_n(A) λ_1(A) + λ_n(A) > λ_n(A),

80 L. ı. KOLOTILINA kotorye ravnosil~ny neravenstvam

λ_1(A) + λ_n(A)

2 > μ >^{λ1(A) + λn(A)}_2 ,

pokazyva¸wim, qto μ = λ_1(A) + λ_n(A) 2 , qto i zaverxaet dokazatel~stvo (2.19).

Zametim teper~, qto iz (2.19) i (2.22) nemedlenno sleduet spravedlivost~ utverßdeniØ (i). S drugoæ storony, ispol~zuØ sootnoxeniØ (2.20), (2.19) i (2.15), my poluqaem, qto

A_z = λ_1(A) + λ_n(A) 2 [ 1 σ σ 1 ] = 1 2 [ λ_1(A) + λ_n(A) λ_1(A) − λ_n(A) λ_1(A) − λ_n(A) λ_1(A) + λ_n(A) ] . Tem samym (ii) takße dokazano.

Obratno, pust~ spravedlivo utverßdenie (i). V fftom sluqae my imeem:

A_{11}x + A_{12}y = λ_1(A)x, A_{11}x − A_{12}y = λ_n(A)x, A_{21}x + A_{22}y = λ_1(A)y, A_{21}x − A_{22}y = −λ_n(A)y.

Kak legko videt~, iz fftih ravenstv sledu¸t sootnoxeniØ

A_{11}x = λ_1(A) + λ_n(A) 2 x, A_{22}y = λ_1(A) + λ_n(A) 2 y (2.23) i A_{21}x = λ_1(A) − λ_n(A) 2 y, A_{12}y = λ_1(A) − λ_n(A) 2 x. (2.24)

Ispol~zuØ ffti poslednie, netrudno ubedit~sØ, qto

S_1(A)A^{−1}_{11} x = (I − A_{12}A^{−1}_{22} A_{21}A^{−1}_{11} )x = [ 1 − ( λ_1(A) − λ_n(A) λ_1(A) + λ_n(A)

)_2] x = 4k(A) [k(A) + 1]^2 x. Takim obrazom my prihodim k neravenstvu

ξ(A) = λ_{max}(A_{11}S^{−1}_1 (A)) >

[k(A) + 1]^2 4k(A) ,

OPTIMAL^NO OBUSLOVLENNYE MATRICY 81 kotoroe v soqetanii s protivopoloßnym neravenstvom, garantiruemym teoremoæ 2.1, i ustanavlivaet ravenstvo (2.8).

Nakonec, my pokaßem, qto utverßdeniØ (i) i (ii) ravnosil~ny. Deæstvitel~no, kak uße bylo pokazano, iz (i) sledu¸t neravenstva (2.23) i (2.24), iz kotoryh vyteka¸t sootnoxeniØ

x^∗A_{11}x x^∗x = y^∗A_{22}y y^∗y = λ_1(A) + λ_n(A) 2 (2.25) i x^∗A_{12}y ‖x‖ ‖y‖ = λ_1(A) − λ_n(A) 2 ‖x‖ ‖y‖ , y^∗A_{21}x ‖x‖ ‖y‖ = λ_1(A) − λ_n(A) 2 ‖y‖ ‖x‖ . (2.26)

Poskol~ku matrica A ffrmitova, ee sobstvennye vektory [_x y ] i [_x −y ] neobhodimo ortogonal~ny, qto privodit nas k ravenstvu ‖x‖ = ‖y‖. (2.27) UqityvaØ (2.27), sootnoxeniØ (2.26) moßno perepisat~ v vide

x^∗A_{12}y ‖x‖ ‖y‖ = y^∗A_{21}x ‖x‖ ‖y‖ = λ_1(A) − λ_n(A) 2 . (2.28)

Teper~ utverßdenie (ii) trivial~no sleduet iz (2.25) i (2.28).

Obratno, predpoloßim, qto vypolneno uslovie (ii). V fftom sluqae dlØ vektora ^z = x ‖x‖ y ‖y‖ my, oqevidno, imeem:

Ab_z = A_z .

Pofftomu, ne terØØ obwnosti, my moßem predpolagat~, qto (ii) spravedlivo pri dopolnitel~nom predpoloßenii ‖x‖ = ‖y‖ = 1. (2.29) S uqetom (2.29) my imeem: z^∗Az z^∗z = [1 1]A_z [ 1 1 ]

2 ,

82 L. ı. KOLOTILINA a poskol~ku, vvidu (ii), imeet mesto ravenstvo A_z [ 1 1 ] = λ_1(A) [ 1 1 ] , my zakl¸qaem, qto z^∗Az z^∗z = λ_1(A).

Znaqit z ØvlØetsØ sobstvennym vektorom matricy A, otveqa¸- wim ee naibol~xemu sobstvennomu znaqeni¸ λ_1(A).

Analogiqnym obrazom ustanavliva¸tsØ ravenstva ~z^∗A~z ~z^∗~z = [1 − 1]A_z [ 1 −1 ]

2 = λ_n(A), pokazyva¸wie, qto ~z – sobstvennyæ vektor matricy A, otveqa- ¸wiæ ee naimen~xemu sobstvennomu znaqeni¸ λ_n(A). �to dokazyvaet, qto (i) sleduet iz (ii), i zaverxaet dokazatel~stvo teoremy 2.2. �

Zameqanie 2.1. Tot fakt, qto iz usloviØ (i) sleduet optimal~-

naØ obuslovlennost~ matricy A otnositel~no Δ(m, n−m), moßet byt~ dokazan v toqnosti takim ße obrazom, kak ffto bylo sdelano v rabote [4] dlØ bloqnyh 2 × 2 matric, otmasxtabirovannyh s pomow~¸ bloqnogo metoda ˚kobi. Deæstvitel~no, poskol~ku ~z = Sz, gde S = [ I_m 0 0 −I_{n−m} ] , my imeem ravenstvo SA^{−1}SAz = k(A)z, iz kotorogo sleduet, qto

k(A) 6 λ_{max}(SA^{−1}SA).

S drugoæ storony, dlØ proizvol~noæ matricy D ∈ Δ(m, n − m), uqityvaØ, qto ‖S‖ = 1 i qto matricy D i S kommutiru¸t, my vyvodim: λ_{max}(SA^{−1}SA) 6 ‖D^{−1}(SA^{−1}SA)D‖ = ‖S(D^{−1}A^{−1}D^{−∗})S(D^∗AD)‖

6 ‖(D^∗AD)^{−1}‖ ‖D^∗AD‖ = k(D^∗AD).

OPTIMAL^NO OBUSLOVLENNYE MATRICY 83 Takim obrazom, dlØ l¸boæ matricy D ∈ Δ(m, n−m) spravedlivo neravenstvo k(A) 6 k(D^∗AD). Teper~, osnovyvaØs~ na teoreme 2.2, my pokaßem, qto otliqnaØ ot skalØrnoæ ffrmitova poloßitel~no opredelennaØ matrica A, kotoraØ optimal~no obuslovlena otnositel~no Δ(m, n − m), moßet byt~ privedena s pomow~¸ unitarnoæ matricy vida Q = [ Q_1 0 0 Q_2 ] ∈ Δ(m, n − m) k optimal~no ße obuslovlennoæ razloßimoæ matrice

Q^∗AQ =

λ1(A)+λn(A) 2 0 . . . 0^{λ1(A)−λ}n^{(A)}_2 0 . . . 0 0 ∗ . . . ∗ 0 ∗ . . . ∗ . . . . ... . . . . . . ... . . 0 ∗ . . . ∗ 0 ∗ . . . ∗ λ1(A)−λn(A) 2 0 . . . 0^{λ1(A)+λ}n^{(A)}_2 0 . . . 0 0 ∗ . . . ∗ 0 ∗ . . . ∗ . . . . ... . . . . . . ... . . 0 ∗ . . . ∗ 0 ∗ . . . ∗

, (2.30)

ime¸weæ 2 × 2 nerazloßimu¸ komponentu 1 2 [ λ_1(A) + λ_n(A) λ_1(A) − λ_n(A) λ_1(A) − λ_n(A) λ_1(A) + λ_n(A) ] . Deæstvitel~no, esli x ∈ C^m i y ∈ C^{n−m} , ‖x‖ = ‖y‖ = 1, – ffto sootvetstvenno levyæ i pravyæ singulØrnye vektory matricy

A^{−1/2}_{11} A_{12}A^{−1/2}_{22} , otveqa¸wie ee naibol~xemu singulØrnomu zna-

qeni¸

σ = ‖A^{−1/2}_{11} A_{12}A^{−1/2}_{22} ‖,

to, kak bylo ustanovleno v hode dokazatel~stva teoremy 2.2 (sm. (2.15)–(2.19)), ime¸t mesto sledu¸wie ravenstva: σ = λ_1(A) − λ_n(A) λ_1(A) + λ_n(A) ,

A_{11}x = λ_1(A) + λ_n(A) 2 x, A_{22}y = λ_1(A) + λ_n(A) 2 y,

84 L. ı. KOLOTILINA

A_{12}y = λ_1(A) − λ_n(A) 2 x, A_{21}x = λ_1(A) − λ_n(A) 2 y. VybiraØ unitarnye matricy Q_1 ∈ C^{m×m} i Q_2 ∈ C^{(n−m)×(n−m)} vida Q_1 = [x, u_2, . . . , u_m], Q_2 = [y, v_2, . . . , v_{n−m}], my legko ubeßdaemsØ, qto

Q^∗_1A_{11}Q_1e^{(m)}_1 = Q^∗_1A_{11}x = λ1(A)+λn(A) 2 0 . . 0 ,

Q^∗_2A_{22}Q_2e^{(n−m)}_1 = Q^∗_2A_{22}y = λ1(A)+λn(A) 2 0 . . 0 ,

Q^∗_1A_{12}Q_2e^{(n−m)}_1 = Q^∗_1A_{12}y = λ1(A)−λn(A) 2 0 . . 0 ,

e^{(m)�}_1 Q^∗_1A_{12}Q_2 = x^∗A_{12}Q_2 = [ λ_1(A) − λ_n(A) 2 , 0, . . . , 0 ] , gde e^{(k)}_1 = [1, 0, . . . , 0]^∗ ∈ C^k . Tem samym pokazano, qto ffrmitova matrica Q^∗AQ imeet trebuemyæ vid (2.30).

Obratno, esli dlØ nekotoroæ bloqno diagonal~noæ unitarnoæ matricy Q ∈ Δ(m, n − m) spravedlivo sootnoxenie (2.30), to kak Q^∗AQ tak i A obe optimal~no obuslovleny otnositel~no

Δ(m, n − m). Deæstvitel~no, kak legko videt~, vektory z = [ e^{(m)}_1 e^{(n−m)} 1 ] , ~z = [ e^{(m)}_1 −e^{(n−m)} 1 ]

ØvlØ¸tsØ sobstvennymi dlØ matricy Q^∗AQ i otveqa¸t ee ffkstremal~nym sobstvennym znaqeniØm λ_1(Q^∗AQ) = λ_1(A) i

λ_n(Q^∗AQ) = λ_n(A). Sledovatel~no, po teoreme 2.2 matrica Q^∗AQ

optimal~no obuslovlena otnositel~no Δ(m, n − m).

Takim obrazom, na osnovanii teoremy 2.2 nami ustanovlen sledu¸wiæ rezul~tat.

OPTIMAL^NO OBUSLOVLENNYE MATRICY 85

Sledstvie 2.2. V usloviØh teoremy 2.2 matrica A optimal~no

obuslovlena otnositel~no Δ(m, n − m) togda i tol~ko togda, kogda suwestvuet unitarnaØ matrica Q ∈ Δ(m, n − m), takaØ qto matrica Q^∗AQ imeet vid (2.30).

Literatura

1. H. Bart, I. Gohberg, M. Kaashoek, and P. Van Dooren, Factorizations of transfer functions. SIAM J. Contr. Optimiz., 18 (1980), 675–696.

2. J. Demmel, The condition number of equivalence transformations that block diagonalize matrix pencils. In: Matrix Pencils (B. Kagström and A. Ruhe, eds.), Lecture Notes in Mathematics, 973, Springer, 1982, pp. 2–16.

3. S. C. Eisenstat, J. W. Lewis, and M. H. Schultz, Optimal block diagonal scaling of block 2-cyclic matrices. Linear Algebra Appl., 44 (1982), 181–186.

4. L. Elsner, A note on optimal block scaling of matrices. Numer. Math., 44 (1984), 127–128.

5. L. Yu. Kolotilina, Eigenvalue bounds and inequalities using vector aggregation of matrices. Linear Algebra Appl., 271 (1998), 139–167.

6. M. Marcus and H. Minc, A Survey of Matrix Theory and Matrix Inequalities.

Allyn and Balon, Boston, 1964.

7. Song-Gui Wang and Wai-Cheung Ip, A matrix version of the Wielandt inequality and its applications to statistics. Linear Algebra Appl., 296 (1999), 171–181.

Kolotilina L. Yu. Optimally conditioned block 2 × 2 matrices. This paper provides a description of block 2 × 2 Hermitian positivedefinite matrices that are optimally conditioned with respect to block diagonal similarity transformations.

Postupilo 10 aprelØ 2000 g. Sankt-Peterburgskoe otdelenie Matematiqeskogo instituta im. V. A. Steklova