Zapiski nauqnyh seminarov POMI Tom 272, 2000 g.

Adalbert Bovdi, Zoltán Patay

UNITS IN GROUP ALGEBRAS OF FINITE p-GROUPS

Abstract. Some properties of the factors of the upper central series and a subgroup of the group of outer automorphisms of the normalized group of units are described.

Dedicated to Professor Anatolii Jakovlev on his 60th birthday

Let F_pG be the group algebra of a finite p-group G over a field of p elements, and V (F_p G) the subgroup of units of augmentation 1. Then V (F_p G) is a finite p-group of order p^{|G|−1}. One of the hardest and most important problems for modular group algebras consists in describing the structure of V (F_p G) and the group automorphism of the normalized group of units.

First Coleman and Passman [4] proved if G is nonabelian then V (F_pG) is not a p-regular group and has exponent at least p^2. Shalev [10] and Kurdics [7] pointed out that V (F_p G) is not metabelian for p > 3 and Shalev and Mann [8] showed that the wreath product C_p ≀ A for |A| = p^2 is a section of V (F_pG) under weak hypotheses on G.

In this paper we describe some properties of the factors the upper central series and one subgroup of the group outer automorphism of the normalized group of units.

Central series of the unit group.

Let G be a finite p-group and let A(F_p G) be an augmentation ideal of F_p G. Then the augmentation ideal A(F_p G) is nilpotent and the adjoint group (A(F_p G), ∘) is isomorphic to V (F_p G). Therefore V (F_pG) is a circle group.

Research was supported by Hungarian National Fund for Scientific Research grant Nos. T 025029 and T 029525. 14

UNITS IN GROUP ALGEBRAS OF FINITE p–GROUPS 15

Let L(A) be the associated Lie algebra of the augmentation ideal A(FG) and denote by C_k the k-th term of the upper central series of L(A). Then C_k = {a ∈ A(FG) | [a, x] ∈ C_{k−1} for all x ∈ A(FG)}. Du’s theorem [5] described the k-th term ζ_k(V ) of the upper central series of V (F_pG) as ζ_k(V ) = 1 + C_k.

It is well-known that L(A) is a restricted Lie algebra, thus it satisfies the identity [x, y, p] = [x, y, y, . . . , y] = [x, y^p]. (1) Thus if u = 1+a ∈ ζ_k(V ) and v = 1+b ∈ V then a ∈ C_k and b ∈ A(F_p G). As a consequence (1), we obtain the assertion: [a^p, b] ∈ C_{k−p} for all b ∈ A(F_pG) and a^p ∈ C_{k−p+1}. By Du’s theorem v^p = 1 + a^p ∈ ζ_{k−p+1}(V ) and the factor group ζ_k(V )/ζ_{k−p+1}(V ) has exponent p.

We obtain the following assertion:

Theorem 1. If G is a finite p-group, then the factors ζ_{i+1}(V )/ζ_i(V ) of the upper central series, with the exception of the centre of V (F_p G), are elementary abelian p-groups and for k > p the factors ζ_k(V )/ζ_{k−p+1}(V ) are groups with exponent p.

Note that according to Kruze’s theorem [5] V (F_pG) has a central series

V (FG) = B_1 ⊃ B_2 ⊃ B_3 · · · ⊃ B_{c+1} = ⟨1⟩

with factors B_i/B_{i+1} (1 ≤ i ≤ c − 2) of order divisible by p^2, where c is the nilpotency class of V (F_p G).

Question 1 Probably the conjecture is true that the order of almost all factors ζ_{i+1}(V )/ζ_i(V ) of the upper central series of V (F_p G) is divisible by p^2.

Recall that by Coleman’s theorem [3] the intersection of the commutator subgroup V^′ of V (F_p G) with G is the commutator subgroup G^′ of G. Therefore, G/G^′ is isomorphic to a subgroup of V /V^′ and the factors of the lower central series of V do not need to be elementary abelian subgroups.

16 ADALBERT BOVDI, ZOLTÁN PATAY

Centre of the unit group.

Let C_g be the conjugacy class of G containing the element g. The element ^C_g = ∑ g∈C_g g of the group algebra Fp G will be called a class

sum. Clearly, in the group algebra F_p G all class sums form a basis of the centre of the group algebra.

Definition. Let G be a finite p-group and let C_g be the conjugacy class of G containing the element g ∉ ζ(G) (ζ(G) is the centre of G). The smallest nonnegative integer d for which C_G(g) = C_G(g^{pd} ) holds and C_G(g^{pd} ) is a proper subgroup of the group C_G(g^{pd+1} ), will be called the depth of the conjugacy class C_g.

Recall that as in modular theory of representation group the Sylow p-subgroup of the centralizer of any element of a conjugacy class is the defect group of the conjugacy class. In the case of p-group it coincides with the centralizer. Clearly, the defect group of a conjugacy class is determined uniquely disregarding conjugacy.

Lemma 1. Let F_p G be the group algebra of the finite p-group G over a field of p elements. Then:

(i) if the depth of the conjugacy class C_g is d then ^C_g^p i = ^C_{gp}i for i = 1, . . . , d and ^C_g^p d+1 = 0;

(ii) if the depth of the conjugacy class C_g is d, r ≤ d and c is an element of order p^r central in C_G(g) then the conjugacy classes C_g and C_{gc} are distinct and the depth of the conjugacy class C_{gc} is d;

(iii) in case D = C_G(g) = C_G(h) we have ^C_g^p i = ^C_h^p i ≠ 0 if and only if there exist the elements u ∈ N_G(D) and c ∈ ζ(D) central in D, such that c^{pi} = 1 and g = u^{−1}huc, where i is not greater than the depths of the conjugacy classes C_g and C_h;

(iv) if the conjugacy classes C_g and C_h are such that ^C_g^p l+1 = ^C_h^p l+1 ≠ 0, then the defect groups of C_g and C_h coincide;

(v) let ^C_g^p i ≠ ^C_h^p i ; then ^C_g^p i+1 = ^C_h^p i+1 ≠ 0 if and only if g^{pi} d = h^{pi} for some d ∈ ζ(D)^{pi} [p], where D is a defect group of C_g.

Proof.

UNITS IN GROUP ALGEBRAS OF FINITE p–GROUPS 17

(i) Let C_g = {g = g_1, g_2, . . . , g_s}. Obviously, ^C_g^{pi} = s∑ j=1 g^{pi}_j + ∑ g_{j1} g_{j2} · · · g_{jpi} , (2) where g_{jk} ∈ C_g and any summand g_{j1}g_{j2} · · · g_{jpi} of the second sum contains at least two distinct elements. We shall prove that in this sum each summand occurs p times, i.e. the sum equals zero in p characteristic.

If the elements g_{j1}, g_{j2} , . . . , g_{jpi} commute then the statement is immediate. Now suppose that there are noncommuting elements among them. We claim ∩^{pi}_{k=1}C_G(g_{jk} ) is a proper subgroup of C_G(g_{j1} g_{j2} · · · g_{jpi} ). Indeed, in the opposite case if b = g_{j1} g_{j2} · · · g_{jpi} then C_G(b) = ∩^{pi}_{k=1}C_G(g_{jk} ) and b ∈ C_G(g_{jk} ) for any k. It follows g_{jk} ∈ C_G(b), and hence from C_G(b) = ∩^{pi}_{k=1}C_G(g_{jk} ) we conlcude g_{jk} ∈ C_G(g_{jl} ) for any indices k, l, contradicting the assumption. Therefore there exists v ∈ C_G(b) which is not in the subgroup ∩^{pi}_{k=1}C_G(g_{jk} ). Then v^{−1}g_{jl} v ∈ C_g, and we see that (v^{−1}g_{j1}v)(v^{−1} g_{j2}v) · · · (v^{−1}g_{jpi} v) occurs in the sum (2) and equals g_{j1} g_{j2} · · · g_{jpi} . Clearly, the number of these elements is |C_G(g_{j1} g_{j2} · · · g_{jpi} ) : ∩^{pi}_{k=1}C_G(g_{jk} )|, and the index of the subgroup is a p-power. We have shown that if i ≤ d then_s ∑ j=1 g^{pi}_j = ^C_{gp}i (3)

is a class sum. It implies ^C_g^p i = ^C_{gp}i for any i < d + 1.

In the case i = d + 1 the support of the left hand side of the equality (3) contains g^{pi} , and |C_G(g^{pd+1} ) : C_G(g)| is the coefficient of the element,

which is zero in p-characteristic, thus ^C_g^p d+1 = 0 and (i) has been proved.

(ii) Let r ≤ d, and let c be an element of order p^r central in C_G(g). It is easy to check that C_G(g) ⊆ C_G(gc) ⊆ C_G((gc)^p) ⊆ · · · ⊆ C_G((gc)^{pd} ) = C_G(g^{pd} ), which follows C_G(gc) = C_G((gc)^{pd} ) and

C_G((gc)^{pd} ) = C_G((g)^{pd} ) ⊂ C_G((g)^{pd+1} ) = C_G((gc)^{pd+1} ).

18 ADALBERT BOVDI, ZOLTÁN PATAY

Hence the depth of the conjugacy class C_{gc} is d. Assume C_g = C_{gc}. Then v^{−1}gv = gc and v^{−1}g^{pd} v = (gc)^{pd} = g^{pd} . Therefore v ∈ C_G(g^{pd} ) = C_G(g), from which we infer gc = g, a contradiction, proving (ii).

(iii) Let D = C_G(g) = C_G(h) and ^C_g^p i = ^C_h^p i ≠ 0. Then by the first statement of the Lemma ^C_{gp}i = ^C_{hp}i , and there exists u ∈ G such that g^{pi} = u^{−1}h^{pi} u. Since i is not greater than the depths of the conjugacy classes C_g and C_h, it is easy to check that D = C_G(g^{pi} ) = C_G(h^{pi} ) and C_G(g^{pi} ) = u^{−1}C_G(h^{pi} )u = u^{−1}C_G(g^{pi} )u and u ∈ N_G(D), whence the elements g and u^{−1}hu commute. Apparently, c = u^{−1}h^{−1}ug is central in C_G(g) and c^{pi} = u^{−1}h^{−pi} ug^{pi} . Since g^{pi} = u^{−1}h^{pi} u we conclude that c^{pi} = 1.

The converse is easy to verify by (i), ^C_g^{pi} = ^ C^{−1}u huc p^i = ^ C_u�_{1hp}i_u = ^C_{hp}i . (iv) Let C_g and C_h be conjugacy classes such that ^C_g^p l+1 = ^C_h^p l+1 ≠ 0.

Then the depths of the conjugacy classes C_g and C_h are not less that l+1 and C_{gp}l+1 = C_{hp}l+1 by (i), and g^{pl+1} = u^{−1}h^{pl+1} u for some u ∈ G. Thus

C_G(u^{−1}hu) = C_G(u^{−1}h^{pl+1} u) = C_G(g^{pl+1} ) = C_G(g),

therefore the defect groups of C_g and C_h coincide up to conjugacy.

(v) Let ^C_g^p i ≠ ^C_h^p i and let ^C_g^p i+1 = ^C_h^p i+1 ≠ 0. By (iv), the defect group D of C_g and C_h coincides and there exist the elements u ∈ N_G(D) and c ∈ ζ(D) such that c^{pi+1} = 1 and g = u^{−1}huc according to (iii). Thus g^{pi} = u^{−1}h^{pi} uc^{pi} and the element d = c^{pi} ∈ ζ(D)^{pi} [p] has order p.

Now we will show the converse statement. If d ∈ ζ(D)^{pi} [p], then d = c^{pi} for some c ∈ ζ(D) and we conclude that ^C_g^{pi} = ^C_{gpi} = ^ C_u�_{1hp}i_{ud} = ^ C_u�1_{huc}^p i . According to (iii) the conjugacy classes C_u�_{1hp}i_{ud} and C_u�_{1hp}i_u are different by (ii). Thus ^C_g^p i ≠ ^C_h^p i and we obtain ^C_g^p i+1 = ^C_h^p i+1 by (i). � Let G be a finite p-group G, and denote by P_i (i = 1, 2, . . . , s) the defect groups of the conjugacy classes of G. For an arbitrary integer

UNITS IN GROUP ALGEBRAS OF FINITE p–GROUPS 19

0 ≤ k ≤ l denote by R_l(P_i)^{pk} the set of the conjugacy classes of the form C_{gp}k with defect group P_i are such that the depth of the conjugacy class C_g is not less than l.

Theorem 2. Let F_p G be the group algebra of the finite p-group G. Denote by P_i (i = 1, 2, . . . , s) the defect groups of the conjugacy classes of G; let C = ζ(G) and q_{i,l} the order of ζ(P_i)^{pl} [p].

In the direct decomposition of the centre ζ(V ) of V (F_pG) the number of the cyclic groups of order p^l is f_l(ζ(V )) = |C^{pl} �1_{| −} 2|C^{pl} | + |C^{pl+1} | + s∑ i=1 ( |R_{l−1}(P_i)^{pl} �1_{| − |}

R_l(P_i)^{pl} | +

|R_{l+1}(P_i)^{pl} | q_{i,l} − |R_l(P_i)^{pl} �1_| q_{i,l−1} ) .

Proof. Since G is a subgroup of V (F_p G), all elements of the center ζ(V ) are central in F_p G.

Let C_{gi1} , C_{gi2} , . . . , C_{giki} be all the conjugacy classes with defect group P_i, and C = ζ(G) the center of G. It is well-know that any element of ζ(V ) can be written as x = ∑ z_i∈C b_iz_i + s∑ i=1 k_i∑

j=1 a_{ij} ^C_{gij} , where b_i, a_{ij} ∈ F_p. Since x ∈ V (F_p G), its augmentation is 1, and the order of the conjugacy class C_{gij} is a p power, hence ∑ z_i∈C bi = 1. The p^l-powers of the abelian group ζ(V ) form a subgroup ζ(V )^{pl} , and any element of this subgroup is a p^l-power of some element of ζ(V ). First we determine the order of the subgroup ζ(V )^{pl} [p] generated by the elements of order p in ζ(V )^{pl} .

The characteristic of F_pG is p, and for its central elements the shorter form of the binomial formula holds. Hence any x^{pl} ∈ ζ(V )^{pl} can be written as x^{pl} = ∑ z_i∈C b_iz^{pl}_i + s∑ i=1 k_i∑

j=1 a_{ij} ^C_{gij}^p l =

= ∑ z_i∈C b_iz^{pl}_i + s∑ i=1 ∑ C_{gpl} ij ∈R_l(P_i)^{pl} a_{ij} ^C_{gp}l_{ij} , (4)

20 ADALBERT BOVDI, ZOLTÁN PATAY

because according to (i) of Lemma 1 ^C_{gij}^p l = 0, if the depth of the conjugacy class C_{gij} is less than l.

Now assume that x^{pl} is an element of order p. Then ∑ z_i∈C b_iz^{pl}_i ∈ V (F_pC^{pl} )[p],

and by Lemma 1 the number of these elements is p^{|Cpl |−|Cpl+1 |}. Recall that if C_g and C_h are conjugacy classes such that ^C_g^p l+1 = ^C_h^p l+1 ≠ 0, then C_{gp}l+1 = C_{hp}l+1 , and it follows from (iv) of Lemma 1 that the defect groups of C_g and C_h coincide. Thus by (4) and by Lemma 1 we have ∑ C_{gpl} ij ∈R_l (P_i)^{pl} a_{ij} ^C_{gp}l_{ij}^p = 0 (5)

for any i.

Now let C_{gp}l_{ij1} , C_{gp}l_{ij2} , . . . , C_{gp}l_{ijt} be all those conjugacy classes which satisfy the condition ^ C_{gp}l_{ij1}^p = ^C_{gp}l_{ij2}^p = . . . = ^C_{gp}l_{ijt}^p ≠ 0. By (v) of Lemma 1 C_{gp}l_{ijr} = C_{gp}l_{ij1 cr} for some c_r ∈ ζ(P_i)^{pl} [p] and t = q_{i,l} =

|ζ(P_i)^{pl} [p]|. Then (4) implies ( ∑_t k=1 a_{ijk} ) ^C_{gp}l_{ij1}^p = 0, and we obtain the linear equation of form_t ∑ k=1 a_{ijk} = 0 (6)

over the field of p elements.

By arguments of Lemma 1 the set R_l(P_i)^{pl} can be divided into subsets such that the pth powers of the class sums of the conjugacy classes in each subset coincide, but are distinct for distinct subsets. Then by (i) of Lemma 1 in this division there is a subset containing

|R_l(P_i)^{pl} \ R_{l+1}(P_i)^{pl} | = |R_l(P_i)^{pl} | − |R_{l+1}(P_i)^{pl} |

elements with pth power zero, and, furthermore, by (v) of the same lemma each of the other subsets contains q_{i,l} = |ζ(P_i)^{pl} [p]| elements. Evidently,

UNITS IN GROUP ALGEBRAS OF FINITE p–GROUPS 21

the number of the latter subsets is

|R_{l+1}(P_i)^{pl} | q_{i,l} . Combining these facts we see that the number of the elements of the form ∑ C_{gpl} ij ∈R_l (P_i)^{pl} a_{ij} ^C_{gp}l_{ij} ,

which satisfies (4) and x^{pl+1} = 1 is determined by the system of linear equations of form (6) over the field of p elements. We know the number of the equations and the indeterminates, and the equations contain no common indeterminates. Thus the number of the elements is a p-power with exponent

|R_l(P_i)^{pl} | − |R_{l+1}(P_i)^{pl} | + |R_{l+1}(P_i)^{pl} | −

|R_{l+1}(P_i)^{pl} | q_{i,l} =

= |R_l(P_i)^{pl} | − |R_{l+1}(P_i)^{pl} | q_{i,l} . We obtain that the order of ζ(V )^{pl} [p] is p^{rl} , where r_l = |C^{pl} | − |C^{pl+1} | + s∑ i=1 ( |R_l(P_i)^{pl} | − |R_{l+1}(P_i)^{pl} | q_{i,l} ) . Since f_l (ζ(V )) = r_{l−1} − r_l, we obtain the formulas to be proved immediately. �

Let ζ(F_p G) be a centre of F_pG. Then ζ(F_p G) = F_pζ(G) ⊕ W (F_p G), where every element of W (F_p G) is a sum of class sums and W (F_p G) is an ideal of the centre ζ(F_p G). It follows that

ζ(V (F_p G)) = V (F_p ζ(G)) × (1 + W (F_pG)).

For the group V (F_p ζ(G)) there exists the Sandling basis S [9] and V (F_p ζ(G)) = ∏ u∈S ⟨u⟩. It is a very interesting problem:

22 ADALBERT BOVDI, ZOLTÁN PATAY

Question 2. Determine the basis for 1 + W (F_p G).It is very likely that if G has only the conjugacy classes of the depth zero, then

ζ(V (F_p G)) = ∏ u∈S ⟨u⟩ × s∏ i=1 (1 + ^C_{ai} ),

where C_{ai} , (i = 1, 2, . . . , s) are all non-singleton conjugacy classes of G.

Let p^k be the exponent of the centre of a finite p-group G and let r be the greatest depth of the conjugacy classes of G. According to Lemma

1, if the depth of the conjugacy class C_g is d, then ^C_g^p i = ^C_{gp}i for i = 1, . . . , d and ^C_g^p d+1 = 0. From these we can conclude that the exponent p^t of the center of V (FG) is equal to max{p^k, p^{r+1}}.

According to Theorem 1 we conclude that

Corollary. Let G be a finite p-group and F be a field of characteristic p. Denote by c and p^n the nilpotency class and the exponent of the group V (FG) respectively. Then p^n ≤ p^{[ c}

�1_{p ]+t}

, where [^{c−1}_p ] is the upper integral part of^{c−1}_p .

p-Central group of units.

Definition. A p-group G is called p-central if all elements of order p lie in the centre of G for odd prime p and for p = 2 all elements of order 2 and 4 are central in G.

V. Bovdi and M. Dokuchaev [2] give answer to the question when all elements of order two in V (F_p G) generate an elementary subgroup. From this result it follows if the 2-group V (F_2G) would be 2-central then

G = ⟨a, b | a^{2n} = b^{2m} = 1, a^b = a^{1+2n} �1 , n, m ≥ 3⟩. It is easy to see that u = a^{2n} �2 + (1 + a^{2n} �2 )(a + ab) is a non central element of order 4. Therefore the nonabelian 2-group V (F_2 G) is not 2-central. Similarly as before as a consequence of Baginski’s result [1] is easy to obtain that G is also abelian.

Theorem 3. If G is a finite p-group, then V (FG) is p-central if and only if G is an abelian group.

UNITS IN GROUP ALGEBRAS OF FINITE p–GROUPS 23

Automorphism of the unit group.

Let G be a finite p-group G and denote by Aut (V ) the group of automorphism of the group of normalized units V (F_pG). We know very little about group Aut (V ). It is a well-known result of Gaschütz, according to which the finite p-group V possesses an outer automorphism ψ of p-power order, but it is an open question whether there is an outer automorphism ψ of order p.

First, we remark that every outer automorphism of G can be extended to an outer automorphism of V . If ψ is an outer automorphism of G and x = ∑ g∈G α_gg ∈ V (F_p G) then the mapping ~ψ defined by ~ψ(x) = ∑ g∈G α_gψ(g) is an outer automorphism of V (F_pG). Indeed, if v^{−1}xv = ~ψ(x) for every x ∈ V (F_pG) then by the property of ~ψ we have v−1Gv = G, and by Coleman’s theorem [3] v = hz for some z ∈ ζ(V ) and h ∈ G. It implies that h^{−1}gh = ψ(g) for any g ∈ G, contradicting the assumption that ψ is outer automorphism.

Theorem 4. Let G be a finite p-group of order p^n > 2 and p^m is the index of the Frattini subgroup of G. Then the group Aut (V ) contains an elementary abelian subgroup of order p^m, which consists of the outer automorphism of V .

Proof. Let A(F_p G) be an augmentation ideal and g ∈ G\D_2(F_p G). The subspace ⟨λ(g − 1) | λ ∈ F_p ⟩ of A(F_pG) has a complementary subspace V such that A(F_p G)^2 ⊆ V . Since xV, V x ⊆ A(F_p G)^2 for all x ∈ A(F_p (G), the subspace V is the ideal of A(F_p G). Clearly, every element x ∈ A(F_p G) can be uniquely written as x = v + k(g − 1), where v ∈ V and k ∈ F_p. We define a linear transformation w_g on F_pG such that w_g(v + k(g − 1)) = v + k(g − 1) + k ^G,

where ^G = ∑ h∈G h. Because |G| > 2, the element ^G belongs to A(F_p G)^2.

The equality

w_g(v + k(g − 1) − k ^G) = v + k(g − 1))

indicates that w_g is surjective. Let

x_1 = v_1 + k_1(g − 1) and x_2 = v_2 + k_2(g − 1).

24 ADALBERT BOVDI, ZOLTÁN PATAY

By the property that V is ideal of A(F_p G), (g − 1)^2 ∈ A^2(F_p G) and ^G belongs to the annihilator of A(F_p G). Therefore, we conclude that w_g(x_1x_2) = x_1x_2 = w_g(x_1)w_g(x_2) and w_g is the automorphism of A(F_p G). From

w^p_g (x) = w^p_g (v + k(g − 1)) = v + k(g − 1) + kp ^G = v + k(g − 1) = x it follows that w_g has order p.

It is easy to see that V (F_p G) isomorphic to the adjoint group (A(F_p (G), ∘) of a nilpotent augmentation ideal A(F_p G). If x_1, x_2 ∈ A(F_p G), then w_g(x_1 ∘ x_2) = w_g(w_1) ∘ w_g(x_2) and w_g is an automorphism of (A(F_p (G), ∘).

Suppose that w_g is an inner automorphism of (A(F_p (G), ∘). Then there exists y ∈ A(F_p (G) such that w_g(x) = y^′ ∘ x ∘ y, where y^′ ∘ y = y ∘ y^′ = 0. The following equality follows:

(1 + y)^{−1}(g − 1)(1 + y) = w_g(g − 1) = (g − 1) + ^G.

Thus ^G = (g − 1)y − y(g − 1) = [g, y]. The trace of the Lie commutator [g, u] is zero, which is impossible. Let D_1(F_p G)/D_2(F_p G) = m∏ i=1 ⟨g_iD_2(F_pG)⟩. It is well-known that D_2(F_p G) is a Frattini subgroup of G. Then A(F_p G) = ⟨(g_1 − 1), (g_2 − 1), . . . , (g_m − 1), A^2(F_pG)⟩. Let V_i =⟨(g_1 − 1), (g_2 − 1), . . . , (g_{i−1} − 1), (g_{i+1} − 1), . . . , (g_m − 1), A^2(F_p G)⟩.

Then F_p G = {λ(g_i − 1) | λ ∈ F_p} ⊕ V_i and w_{gi} is an automorphism of order p and w_{gi} w_{gj} = w_{gj} w_{gi} . Therefore the subgroup generated by w_{gi} , i = 1, 2, . . . , m is an elementary abelian group of order p^m. �

UNITS IN GROUP ALGEBRAS OF FINITE p–GROUPS 25

References

1. C. Baginski, Group of units the modular group algebras. — Proc. Am. Math. Soc.

101 (1987), 619–624.

2. V. Bovdi, M. Dokuchaev, Groups rings whose involutory units commute. — Encontro em Algebra 6 (1997), 97–107.

3. D. B. Coleman, On the modular group ring of a p-group. — Proc. Am. Math.

Soc. 15 (1964), 511–514.

4. D. B. Coleman, D. S. Passman, Units in modular group ring. — Proc. Am. Math.

Soc. 25 (1970), 510–512.

5. Du Xiankun, The centers of a radical ring. — Canad. Math. Bull. 35, No. 2 (1992), 174–179.

6. R. L. Kruze, On the circle group of a nilpotent rings. — Am. Math. Monthly 77 (1970), 168–170.

7. J. Kurdics, On the group algebras with metabelian unit groups. — Periodica Math.

Hungarica 32 (1966), 57–64.

8. A. Mann, Wreath products in modular group rings. — Bull. London Math. Soc.

23 (1991), 443–444.

9. R. Sandling, Units in modular group algebra of a finite abelian p-group. — J.

Pure Appl. Algebra 33 (1984), 337–346.

10. A. Shalev, Meta-abelian unit groups of group algebras are usually abelian. — J.

Pure Appl. Algebra 72 (1991), 295–302.

Postupilo 6 i¸lØ 2000

Institute of Mathematics and Informatics, University of Debrecen, Hungary

Körös College, Békéscsaba, Hungary