Zapiski nauqnyh seminarov POMI Tom 282, 2001 g.

E. G. Zel~dina

˚DRA BERGMANA POQTI SFERIQESKIH OBLASTE` S GRANICE` KLASSA Hœ

˚dra Bergmana v oblastØh v C^n izuqa¸tsØ davno, i na fftu temu napisano mnogo rabot. Vo vseh rabotah, naqinaØ s rabot Kerzmana [10], Feffermana [7], Bute de MonvelØ i Xœstranda [5], napisannyh v naqale semidesØtyh, i vplot~ do konca devØnostyh, vse rezul~taty o povedenii Øder Bergmana vblizi granicy predpolagali C^∞-gladkost~ granicy. Sootvetstvu- ¸wie rezul~taty predstavleny, naprimer, v rabotah [2–4, 6, 8, 9, 11–13, 15].

DlØ Ødra Bergmana B_Ω ograniqennoæ psevdovypukloæ oblasti Ω ⊂ C^n , n ¿ 2, s C^∞-gladkoæ graniceæ v predpoloßenii, qto 0 = (0, . . . , 0) ∈ ∂Ω i vnexnØØ normal~ k ∂Ω v toqke 0 napravlena po poloßitel~noæ poluosi (x_1, 0 . . ., 0), asimptotiqeskoe razloßenie dlØ z_δ = (−δ, 0, . . . , 0), δ > 0 vyglØdit tak [5]:

B_Ω(z_δ, z_δ) = c_{n1}(Ω) δ^{n+1} + 1∑ k=n c_{n,n−k}(Ω) δ^k + ~c log 1 δ + O(1). (1)

Esli opustit~ uslovie strogoæ psevdovypuklosti, ostaviv lix~ uslovie C^∞-gladkosti granicy, to pri teh ße geometriqeskih usloviØh na raspoloßenie Ω v C^n izmenØetsØ daße pervyæ qlen asimptotiki (1) (ili ocenki dlØ B_Ω(z_δ, z_δ) [4, 13]). S drugoæ storony, dlØ strogo psevdovypuklyh oblasteæ, blizkih k xaru, s graniceæ klassa C^6, kak vyØsneno v [1] i [14], imeet mesto asimptotiqeskoe razloßenie B_Ω(z_δ, z_δ) vida

B_Ω(z_δ , z_δ) = c_{n1}(Ω) δ^{n+1} + c_{n2}(Ω) δ^n + O ( 1 δ^{n−1} ) , (2)

kotoroe soglasuetsØ s (1) kak v vide dvuh pervyh slagaemyh, tak i v porØdke rosta ostatka.

Rabota qastiqno podderßana grantom “Nauqnye xkoly” No. 00-15-96-022. 66

˚DRA BERGMANA POQTI SFERIQESKIH OBLASTE` 67 OkazyvaetsØ, odnako, qto oslablenie trebovaniØ na gladkost~ granicy ∂Ω do H^σ , 4 < σ < 6, dlØ strogo psevdovypukloæ oblasti moßet kardinal~no izmenit~ privyqnyæ vid asimptotiki B_Ω(z_δ , z_δ) (1) (daße v qastnom sluqae (2)). Imenno, dlØ nekotoryh oblasteæ Ω, blizkih k xaru, posle pervyh dvuh slagaemyh v (2) v asimptotike dlØ B_Ω(z_δ, z_δ) budet stoØt~ proizvol~noe koliqestvo slagaemyh stepennogo rosta vida^c_δ– , a ostatok tem ne menee budet sovpadat~ po rostu s ostatkom v (2). Vpervye ffto bylo otmeqeno v [14] dlØ oblasteæ s graniceæ klassa H^5, pri fftom tam stroilis~ oblasti s dobavleniem v B_Ω(z_δ , z_δ) odnogo novogo po sravneni¸ s (2) slagaemogo.

Pereædem k oboznaqeniØm.

My rassmatrivaem sluqaæ n ¿ 3. Rassmotrim z = (z_1, . . ., z_n) ∈ C^n i oboznaqim z^′ = (z_2, . . . , z_n). Pust~ |z| i |z^′| – standartnye normy v prostranstvah C^n i C^{n−1} sootvetstvenno. Dalee, qerez α^′ i β^′ oboznaqim mul~tiindeksy α^′ = (α_2, . . . , α_n), β^′ = (β_2, . . . , β_n), i |α^′| = |α_2| + · · · + |α_n|, |β^′| = |β_2| + · · · + |β_n|. DlØ kratkosti poloßim z^{α0} := z^{α2}_2 . . . z^{αn}_n , z^{β0} := z^{β2}_2 . . . z^{βn}_n . Oboznaqim qerez B_Ω(z, ¸) Ødro Bergmana oblasti Ω ⊂ C^n .

Teper~ my moßem sformulirovat~ osnovnu¸ teoremu dannoæ stat~i.

Teorema. Pust~ n ¿ 3, ν ∈ R, 4 < σ = σ1 < σ2 < . . . < σN ,

A = {A_α0_β0 } – nabor kofffficientov, sootvetstvu¸wiæ razliqnym param mul~tiindeksov α^′, β^′, |α^′| = |β^′| = 2, A_α0_α0 ∈ R i ∑ α^0,β^0

|A_α0_β0 | + |a_1| + · · · + |a_N | 6 1, (3)

gde a_k, k = 1, . . . , N , – nekotorye vewestvennye qisla.

Pust~ Ω(A, a, ν) ⊂ C^n – sledu¸waØ oblast~: Ω(A, a, ν) = { z = (z_1, z^′) : |z_1| < 1, |z^′| < 2,

|z|^2 + ν ( Re ( ∑ α^0,β^0

A_α0_β0 z^{′α0} z^{′β0} ) + a|z^′|^5 ) < 1|z|^2+

+ν ( Re ∑ α^0,β^0

A_α0_β0 z^{′α0} z^{′β0} + N∑ k=1 a_k|z^′|^{σk} ) < 1 } . (4)

Togda suwestvuet ν_2 = ν_2(n) > 0, takoe qto pri |ν| 6 ν_2 dlØ Ødra Bergmana B_Ω(z, ¸) pri z_r = ¸_r = (r, 0, . . ., 0), 0 < r < 1, spravedlivo sootnoxenie

68 E. G. ZEL^DINA

B_Ω(z_r, z_r) = c_{n0}(Ω) (1 − r^2)^{n+1} + ∑ α^0

c_n(α^′)νA_α0_α0 1 (1 − r^2)^n +

+ N∑ k=1 ~c_n(σ_k)νa_k (1 − r^2)^{n−3+ σk}2 + O ( ν (1 − r^2)^{n−1} ) , (5)

priqem kofffficienty c_{n0}, c_n(α^′) sovpada¸t s sootvetstvu¸wimi kofffficientami v formulirovke (1.8) teoremy 2, [1], a ~c_n(σ_k) ≠ 0.

Takim obrazom, koneqnaØ gladkost~ granicy Γ = ∂Ω moßet suwestvenno izmenit~ asimptotiku Ødra Bergmana vblizi granicy.

Dokazatel~stvo teoremy trebuet primeneniØ vsego podhoda, vmeste s neobhodimymi modifikaciØmi, kotoryæ byl izloßen dlØ sluqaØ oblasteæ s C^6-gladkimi granicami v [1] i [14]. �to moßet byt~ prodelano, pofftomu my ograniqimsØ pereqnem lemm, oboznaqa¸wih fftapy dokazatel~stva, s temi izmeneniØmi, kotorye prihoditsØ sdelat~ v ih formulirovke v novoæ situacii. Sootvetstvu¸wie dokazatel~stva analogiqny, no ne toßdestvenny predxestvu¸wim. Koneqno, my izloßim podrobno punkt, otnosØwiæsØ neposredstvenno k vyqisleni¸ asimptotiki, v kotorom i poØvitsØ formula (5).

Lemma 1 (kanoniqeskoe bigolomorfnoe otobraßenie Fr, (3.1),

[1]). Pust~ 0 < r < 1,

! = Fr(z) : ω1 =^{z1 − r}_{1 − rz1} , ωk = √ 1 − r^2 1 − rz_1 z_k, 2 6 k < n, ~Ω_r(A, a, ν) := F_r(Ω(A, a, ν)), gde oblast~ Ω(A, a, ν) opredelena v (4). Togda suwestvuet takoe ν_0 = ν_0(n) > 0, qto pri ν 6 ν_0 imeem sootnoxenie ~Ω_r(A, a, ν) = { !, |ω1| < 1, |!^′| < 2, ν Re ∑ α^0,β^0

A_α0_β0

(1 − r^2)!^{′α0} !^{′β0} 1 + rω_1 + ν N∑ k=1 a_k (1 − r^2)^{σk}2^{−1} |1 + rω_1|^{σk−2} |!|^2+

+ν Re ∑ α^0,β^0

A_α0_β0

(1 − r^2)!^{′α0} !^{′β0} |1 + rω_1|^2 + ν N∑ k=1 a_k (1 − r^2)^{σk}2^{−1} |1 + rω_1|^{σk−2} < 1 } . (6)

˚DRA BERGMANA POQTI SFERIQESKIH OBLASTE` 69 �lementarnoe dokazatel~stvo sootnoxeniØ (6) soverxenno analogiqno rassußdeniØm (3.2)–(3.9), [1].

Poskol~ku meßdu veliqinami B_{Ω(A,a,ν)}(z_r, z_r) i Be_{Ωr (A,a,ν)}(0, 0) imeetsØ sootnoxenie

B_{Ω(A,a,ν)}(z_r , z_r) = 1 (1 − r^2)^{n+1} Be_{Ωr (A,a,ν)}(0, 0), dalee, kak i v [1], my budem zanimat~sØ asimptotikoæ veliqiny Be_{Ωr (A,a,ν)}(0, 0). Dalee postoØnnye ν_0(n), upominaemye v formulirovkah, v raznyh utverßdeniØh mogut imet~ raznye znaqeniØ.

Lemma 2. Pust~ Γr (A, a, ν) = ∂^~Ωr(A, a, ν). Suwestvuet ν0 = ν0(n),

takoe qto pri |ν| 6 ν_0 i dlØ vseh !_0 ∈ S suwestvuet edinstvennoe

R(!0, !0, A, a, ν, r) > 0, takoe qto R(!0, !0, A, a, ν, r)!0 ∈ Γr(A, a, ν), funkciØ R C^1-gladko zavisit ot svoih argumentov i golomorfno zavisit ot peremennyh ν,

λ_j =

(1 − r^2)!^′_0^{α0} !^′_0^{β0} |1 + rω_{01}|^2 , 1 6 j 6 L, μ_1 = rω_{01} 1 + rω_{01}

, μ_2 = rω_{01} 1 + rω_{01} , Λ_k =

(1 − r^2)^{σk}2^{−1}|!^′_0|^{σk} |1 + rω_{01}|^{σk−2} , 1 6 k 6 N. V nekotoroæ okrestnosti naqala koordinat {ν = 0, λ_j = 0, μ_k = 0, Λ_k = 0} dlØ funkcii R spravedlivy vse utverßdeniØ lemm 10, 11 i sootnoxeniæ (7.11)–(7.16) iz [1].

Novym po sravneni¸ s [1] ØvlØetsØ lix~ naliqie novyh peremennyh Λ_k. FunkciØ R = R(!_0, !_0, A, a, ν, r), analogiqno [1], ØvlØetsØ rexeniem uravneniØ

R^2+νR^4 Re ∑ α^0,β^0

A_α0_β0

(1−r^2)!^′_0^{α0} !^′_0^{β0} |1 + Rrω_{01}|^2 + N∑ k=1 νaR^{σk} (1−r^2)^{σk}2^{−1}|!^′_0|^σ_k |1 + Rrω_{01}|^{σk−2} =1. Detal~noe izuqenie fftoæ funkcii pozvolØet ispol~zovat~ toßdestva, analogiqnye (1.30) iz [1], i ocenki kofffficientov, analogiqnye (1.35) iz [1]. �ti svoæstva, a takße drugie svoæstva

70 E. G. ZEL^DINA funkcii R, ispol~zu¸tsØ v naibolee vaßnoæ qasti dokazatel~- stva – v qasti, gde my poluqaem variacionnu¸ formulu [16] dlØ Be_{Ωr (A,a,ν)}(0, 0) (sm. lemma 3 niße) i uprowaem ee (sm. lemma 4 niße). �to proizvoditsØ v sootvetstvii s metodom rabot [1] i [14].

Lemma 3. Suwestvuet takoe ν0 = ν0(n) > 0, qto pri |ν| 6 ν0

spravedlivo sootnoxenie

Be_{Ωr(A,a,ν)}(0, 0) = B_U (0, 0)− − 1∫ 0 dt ∫ Γ_{(t)}

|B_{(t)}(0, s)|^2φ^∗_t (s)dν_t(s) = B_U (0, 0) − I(r, ν), (7) gde Γ_{(t)} =Γ_t(A, a, νt), B_{(t)} = Be_{Ωr (A,a,νt)}, φ^∗_t (!)=

∂R^∗(!_0, t) ∂t cos θ(!), (8)

! ∈ Γ(t), dνt(s) – fflement (2n − 1)-mernoæ poverhnostnoæ mery

na Γ_{(t)}. V svo¸ oqered~, v (8) funkciØ R^∗(!_0, t) pri !_0 ∈ Γ_{(t)} opredelØetsØ iz sootnoxeniØ R^∗(!_0, t)!_0 ∈ Γ_{(t)}, θ(!) opredelØetsØ kak ugol meßdu vnexneæ normal~¸ k Γ_{(t)} v toqke ! i radius-vektorom

[0, !].

Dokazatel~stvo lemmy 3 trebuet realizacii znaqitel~noæ qasti podhoda, izloßennogo [1, 14]. OkazyvaetsØ, qto naliqie dopolnitel~nyh slagaemyh (Λ_k v terminah lemmy 2) ffto pozvolØet. Analogiqno obstoit delo i s uproweniem formuly (7) (v [1] fftomu posveweny punkty 7, 8, i (9.1)–(9.17) v punkte 9) Sformuliruem lix~ okonqatel~nyæ rezul~tat fftih uproweniæ.

Lemma 4. Pust~ ¶n = BU (0, 0), Ir,ν opredeleno v (7). Togda su-

westvuet takoe ν_0 = ν_0(n) > 0, qto pri |ν| 6 ν_0 spravedlivo sootnoxenie | | | | | I(r, ν) − 1∫ 0 dt ∫ S ¶^2_n(− ν 2 U_0(!_0, !_0))ds(!_0) | | | | | 6 cnν^2(1 − r^2)^2, (9)

gde c_n – nekotoraØ postoØnnaØ, zavisØwaØ tol~ko ot n,

U_0(!_0, !_0) = ∑ α^0,β^0 Re ( A_α0_β0

(1 − r^2)!^{′α0} !^{′β0} |1 + rω_{01}|^2 ) +

˚DRA BERGMANA POQTI SFERIQESKIH OBLASTE` 71 + N∑ k=1 a_k (1 − r^2)^{σk}2^{−1}|!^′_0|^σ_k |1 + rω_{01}|^{σk−2} . (10)

Teper~ sootnoxeniØ (7), (9), (10) i uße prodelannye vyqisleniØ (9.18), (9.19) i dalee v [1] pokazyva¸t, qto dlØ zaverxeniØ dokazatel~stva teoremy dostatoqno proverit~ sledu¸wu¸ lemmu. V fftoæ lemme my ispol~zuem novye slagaemye v (10). �ti slagaemye poØvlØ¸tsØ iz-za togo, qto v formule dlØ Ω(A, a, ν) my imeem dopolnitel~nye slagaemye vida νa_k|z^′|^{σk} , ime¸wie gladkost~ H^σ. A sootvetstvu¸wie slagaemye v (10) i privodØt k vozniknoveni¸ novyh slagaemyh v asimptotike Be_{Ωr(A,a,ν)}(0, 0).

Lemma 5. Pust~ n ¿ 3, 4 < σ < 6. Togda J(r) = ∫ S |!^′_0|^σ

|1 + rω_{01}|^{σ−2} ds

= (n − 1) mes_{2n−1} S ( 1 n − 1 +^σ_2 + Γ(n − 1 +^σ_2 ) Γ^2(^σ_2 − 1) ∞∑ m=1 Γ^2(m − 1 +^σ_2 ) m!Γ(m + n +^σ_2 ) )

+O(1 − r^2). (11)

Dokazatel~stvo. Pust~ δ =^{σ−2}_2 , togda 1 (1 + ζ)^δ

= 1 + ∞∑ m=1 (−1)^m

Γ(δ + m) m!Γ(δ) ζ^m. Oboznaqim c_m =^{Γ(m+δ)}_{m!Γ(δ)} , m ¿ 1, togda J(r) = ∫ S |!^′_0|^σds +^{∞∑}_{m=1} c^2_mr^{2m ∫} S |ω_{01}|^{2m}|!^′|^σds

= (n − 1) mes_{2n−1} S π ( ∫ |ω01 |<1 (1 − |ω_{01}|^2)^{n−2+ σ2} dm_2(ω_{01}) ∞∑ m=1 c^2_mr^{2m}× ∫ |ω01|<1 |ω_{01}|^{2m}(1 − |ω_{01}|^2)^{n−2+ σ2} dm_2(ω_{01}) ∫ |ω01|<1 (1 − |ω_{01}|^2)^{n−2+ σ2} dm_2(ω_{01})+

72 E. G. ZEL^DINA ∞∑ m=1 c^2_mr^{2m} ∫ |ω01|<1 |ω_{01}|^{2m}(1 − |ω_{01}|^2)^{n−2+ σ2} dm_2(ω_{01}) ) =

(n−1) mes_{2n−1} S

(^1∫ 0 (1−x)^{n−2+ σ2} dx+ ∞∑ m=1 c^2_mr^{2m} 1∫ 0 x^m(1−x)^{n−2 σ2} dx ) =

(n − 1) mes_{2n−1} S ( 1 n − 1^σ_2 + ∞∑ m=1 Γ^2(δ + m) (m!)^2Γ^2(δ) r^{2m} Γ(m + 1)Γ(n−1+^σ_2 ) Γ(n + m +^σ_2 ) ) =

(n−1) mes_{2n−1} S ( 1 n − 1^σ_2 + Γ(n − 1 +^σ_2 ) Γ^2(^σ_2 − 1) ∞∑ m=1 Γ(m + 1)Γ^2(m − 1 +^σ_2 ) (m!)^2Γ(m + n +^σ_2 ) )

+(n − 1) mes_{2n−1} S ∞∑ m=1 Γ(m + 1)Γ^2(m − 1 +^σ_2 ) (m!)^2Γ(m + n +^σ_2 )

(r^{2m} − 1). (12)

Tak kak c_m ≍ m^{δ−2} = m^σ2^{−2}, Γ(m + 1)Γ(n − 1 +^σ_2 ) Γ(n + m +^σ_2 ) ≍ 1 m^{n−1+ σ2} , to rØd ∞∑ m=1 2mc^2_mΓ(m + 1)Γ ( n − 1 + σ 2 ) Γ ( n + m + σ 2 ) ≍ ∞∑ m=1 m^{σ−3} m^{n−1+ σ}2 = ∞∑ m=1 1 m^{n+2− σ}2 shoditsØ pri 4 < σ < 6, n ¿ 3 i togda (12) vleqet utverßdenie lemmy 5.

Lemma 5, a znaqit i teorema, dokazany.

Literatura

1. E. Anissova (Zeldina), N. Shirokov, Bergman kernels for C6-smooth almost spherical domains. — Dept. of Math. Chalmers/Göteborg University preprint series, Preprint 2000:29.

2. M. Beals, C. Fefferman, R. Grossman, Strictly pseudoconvex domains in Cn . — Bull. Am. Math. Soc. (N.S.) 8 no. 2 (1983), 125–322.

3. H. P. Boas, E. J. Straube, Ji Ye Yu, Boundary limits of the Bergman kernel and metric. — Michigan Math. J. 42 no. 3 (1995), 449–461.

˚DRA BERGMANA POQTI SFERIQESKIH OBLASTE` 73

4. A. Bonami, S. Grellier, Weighted Bergman projections in domains of finite type in

C2 . Harmonic Analysis and Operator Theory. vol. 189, Am. Math. Soc., Contemp.

Math., 1995, pp. 65–80.

5. L. Boutet de Monvel, J. Sjöstrand, Sur la singularité des noyaux de Bergman et de Szegö. — Société Mathematique de France, Astérisque 34–35 (1976), 123–164.

6. S. Cho, Estimates of the Bergman kernel function on certain pseudoconvex domains in Cn . — Math. Z. 222 no. 2 (1996), 329–339.

7. C. Fefferman, The Bergman kernel and biholomorphic mapping of pseudoconvex domains. — Invent. Math. 26 (1974), 1– 65.

8. C. Fefferman, The Bergman kernel in quantum mechanics. Analysis and Geometry in Several Complex Variables (Katata 1997). Trends Math., Birkhäuser: Boston, MA, 1999, pp. 39–58.

9. K. Hitachi, G. Komatsu, Invariant theory of the Bergman kernel. Adv. Stud. Pure Math.. vol. 25, Math. Soc. Japan, Tokio, 1997, pp. 167–220.

10. N. Kezman, The Bergman kernel function. Differentiability at the boundary. — Math. Ann. 195 (1972), 149–158.

11. J. Kamimoto, Asymptotic expansion of the Bergman kernel for weakly pseudoconvex tube domains in Cn . — Ann. Fac. Toulouse Math. (6)7 no. 1 (1998), 51–85.

12. J. McNeal, Boundary behavior of the Bergman kernel function in C2 . — Duke Math. J. 58 (1989), 499–512.

13. A. Nagel, J. P. Rosay, E. M. Stein, S. Wainger, Estimates for the Bergman and Szegö kernels in C2 . — Ann. Math. 129 (1989), 113–149.

14. N. Shirokov, E. Zeldina (Anissova), Bergman kernels for C6 and H5-smooth almost spherical domains. — Dept. of Math. Chalmers/Göteborg University preprint series, Preprint 2001:3.

15. A. D. Thomas, Uniform extendability of the Bergman kernel. — Illinois J. Math.

39 no. 4 (1995), 598–607.

16. N. A. Xirokov, VariacionnaØ formula dlØ Øder Bergmana. — Zap. nauqn.

semin. POMI 255 (1998), 221–243.

Zeldina E. G. Bergman kernels for almost spherical domains with H^σsmooth boundaries.

This paper is devoted to the behavior of the Bergman kernels for almost spherical strictly pseudoconvex domains in C^n . We find first several terms of the asymptotics for the Bergman kernel of strictly pseudoconvex domain with H^σ-smooth boundary, 4 < σ < 6. New terms in comparison with the case of C^6-smooth boundary appear but the growth rate of the remainder remains the same.

Postupilo 9 aprelØ 2001 g. S.-Peterburgskiæ gosudarstvennyæ universitet

email lizzka@mail.ru