Zapiski nauqnyh seminarov POMI Tom 284, 2002 g.

H. D. Ikramov

DETERMINANTNYE NERAVENSTVA DL˚ AKKRETIVNO–DISSIPATIVNYH MATRIC

1. Vvedenie

Pust~ M_n(C) – prostranstvo kompleksnyh n × n-matric. Napomnim, qto matrica A ∈ M_n(C) nazyvaetsØ akkretivnoæ, esli v ee ffrmitovom razloßenii A = B + iC, B = B�, C = C� (1) komponenta B poloßitel~no opredelena, i dissipativnoæ, esli poloßitel~no opredelena matrica C.

Opredelenie. Matrica A ∈ Mn(C) nazyvaetsØ akkretivno-dis-

sipativnoæ, esli v ee ffrmitovom razloßenii (1) poloßitel~no opredeleny obe matricy B i C.

Mnoßestvo akkretivno-dissipativnyh matric porØdka n budem oboznaqat~ simvolom M^{++}_n (C).

Sredi determinantnyh neravenstv dlØ ffrmitovyh poloßitel~no opredelennyh matric naibolee izvestnym ØvlØetsØ, poßaluæ, neravenstvo Fixera. Predstavim matricu A ∈ M_n(C) v bloqnom vide A = ( A_{11} A_{12} A_{21} A_{22} ) , (2)

gde A_{11} i A_{22} – bloki sootvetstvenno porØdka k i l, k > 0, l >

0, k + l = n. RazumeetsØ, dlØ ffrmitovoæ matricy A spravedlivo A_{21} = A�_{12}. Neravenstvo Fixera imeet vid

det A 6 det A_{11} det A_{22}. (3)

Cel~ nastoØweæ stat~i – dokazat~ obobwenie neravenstva Fixera na klass akkretivno-dissipativnyh matric, anonsirovannoe v [1]. 36

DETERMINANTNYE NERAVENSTVA 37

Teorema 1. Pust~ k i l – porØdki blokov A11 i A22 v predstavle-

nii (2), i pust~ m = min{k, l}. Esli A ∈ M^{++}_n (C), to

| det A| 6 3^m| det A_{11}|| det A_{22}|. (4)

DlØ special~nogo podklassa akkretivno-dissipativnyh matric, a imenno tak nazyvaemyh matric Bakli (Buckley), moßno poluqit~ variant neravenstva Fixera, bolee sil~nyæ, qem (4). Matrica A ∈ M^{++}_n (C) nazyvaetsØ matriceæ Bakli, esli v ee predstavlenii (1) B = I_n (ediniqnaØ matrica porØdka n). Mnoßestvo matric Bakli porØdka n budem oboznaqat~ simvolom B_n. Teorema 2. Pust~ k i l – porØdki blokov A11 i A22 v predstavle-

nii (2), i pust~ m = min{k, l}. Esli A ∈ B_n, to

| det A| 6 ( 1 + √ 17 4 )_m | det A_{11}|| det A_{22}|. (5)

Prisutstvie ffksponencial~nogo po m mnoßitelØ v ocenkah (4) i (5) neizbeßno, qto moßno pokazat~ putem nesloßnoæ modifikacii primera, privedennogo v [1]. Zametim vnaqale, qto teoremy 1 i 2 sohranØ¸t silu sootvetstvenno dlØ slabo akkretivnodissipativnyh matric i slabyh matric Bakli, k kotorym privodit zamena trebovaniØ poloßitel~noæ opredelennosti matric B i C (ili tol~ko C) bolee slabym usloviem poloßitel~noæ poluopredelennosti.

DlØ slaboæ matricy Bakli

A_2 = ( 1 0 0 1 ) + i ( 1 1 1 1 ) (6) otnoxenie

| det A_2| |a_{11}||a_{22}| , kak legko proverit~, ravno √ 5/2. Rassmotrim kronekerovo proizvedenie matricy A_2 i ediniqnoæ matricy I_p:

A = A_2 ⊗ I_p.

Legko proverit~, qto dlØ razbieniØ fftoæ matricy na bloki porØdka p spravedlivo

| det A| 6 (√ 5/2 )_p | det A_{11}|| det A_{22}|.

38 H. D. IKRAMOV

Posle togo kak v razdele 2 budut ustanovleny neobhodimye podgotovitel~nye rezul~taty, my dokaßem vnaqale (bolee prostu¸) teoremu 2 (razdel 3), a zatem teoremu 1 (razdel 4).

2. Podgotovitel~nye rezul~taty

Vaßnu¸ rol~ v dal~neæxem igraet otnoxenie qastiqnogo porØdka na mnoßestve ffrmitovyh matric, svØzannoe s imenem Levnera. My pixem B > C, esli matrica B − C poloßitel~no opredelena, i B ¿ C, esli B − C poloßitel~no poluopredelena. V qastnosti, neravenstva

B > 0 i C < 0

oznaqa¸t, qto matrica B opredelena poloßitel~no, a C – otricatel~no.

Pust~ A ∈ M^{++}_n (C). Netrudno videt~, qto matrica A nevyroßdena. Predstavim A�^1 v vide A�1_{= E + iF, E = E}�_{, F = F} �_{. (7)}

Zameqatel~no, qto E i F mogut byt~ vypisany Øvno qerez komponenty B i C ffrmitova razloßeniØ (1) samoæ matricy A[2, 3]. Lemma 1. Pust~ matrica A ∈ M^{++}_n (C) predstavlena ffrmitovym

razloßeniem (1), a matrica A�^1 – razloßeniem (7). Togda

E = (B + CB�^1C)�^1, (8)

F = −(C + BC�^1B)�^1. (9)

Takim obrazom, matrica E opredelena poloßitel~no, a F – otricatel~no, t.e. A�^1 ∈ M^+�_n (C), gde matriqnyæ klass M^+�_n (C) opredelØetsØ po analogii s M^{++}_n (C).

V sluqae matric Bakli formuly (8) i (9) suwestvenno uprowa¸tsØ.

Lemma 2. Pust~ A = In + iC est~ matrica Bakli. Togda dlØ ma-

tric E i F ffrmitova razloßeniØ (7) imeem

E = (I_n + C^2)�^1, (10)

F = −(C + C�^1)�^1 = −C(I_n + C^2)�^1. (11)

Itak, v sluqae A ∈ B_n matricy E i F , buduqi mnogoqlenami ot odnoæ i toæ ße matricy C, kommutiru¸t. �togo i sledovalo

DETERMINANTNYE NERAVENSTVA 39 oßidat~, uqityvaØ, qto vsØkaØ matrica Bakli normal~na; normal~na pofftomu i obratnaØ matrica A�^1.

Sledu¸wee predloßenie horoxo izvestno (sm., naprimer, p. 7.7.4 v [4]).

Lemma 3. DlØ ffrmitovyh poloßitel~no opredelennyh matric

H_1 i H_2 neravenstva H_1 ¿ H_2 i H�^1_2 ¿ H�^1_1 ravnosil~ny.

Ewe odno utverßdenie, svØzannoe s levnerovskim porØdkom, ustanovleno v [3]. DlØ udobstva qitatelØ my privedem zdes~ ne tol~ko formulirovku fftogo utverßdeniØ, no i ego dokazatel~- stvo.

Lemma 4. Pust~ B i C – ffrmitovy n×n-matricy, priqem B > 0.

Togda B + CB�^1C ¿ 2C. (12)

Dokazatel~stvo. Pust~ D – ffrmitov poloßitel~no opredelennyæ kvadratnyæ koren~ iz matricy B. Togda

B + CB�^1C − 2C =

(D − CD�^1)(D − D�^1C) = (D − CD�^1)(D − CD�^1)� ¿ 0.

Lemma 5. Pust~ A1, A2 ∈ M^{++}_n (C) i

A_1 = B_1 + iC_1, A_2 = B_2 + iC_2 (13)

sut~ ffrmitovy razloßeniØ fftih matric. Esli

B_1 6 B_2, C_1 6 C_2, (14) to | det A_1| 6 | det A_2|. (15)

Dokazatel~stvo. Poloßim

A_3 = B_1 + iC_2 (16)

i pokaßem, qto

| det A_1| 6 | det A_3| (17) i | det A_3| 6 | det A_2|, (18)

40 H. D. IKRAMOV otkuda budet sledovat~ (15). Neravenstva (17) i (18) dokazyva- ¸tsØ odnotipnym obrazom; dlØ opredelennosti, dokaßem (17).

Pust~ D_1 – ffrmitov poloßitel~no opredelennyæ kvadratnyæ koren~ iz matricy B_1. PolagaØ

E_1 = D�^1_1 C_1D�^1_1 , E_2 = D�^1_1 C_2D�^1_1 (19)

moßem napisat~

A_1 = D_1(I_n + iD�^1_1 C_1D�^1_1 )D_1 = D_1(I_n + iE_1)D_1,

A_3 = D_1(I_n + iE_2)D_1.

Ots¸da

det A_1 = det D^2_1 det(I_n + iE_1) = det B_1 det(I_n + iE_1),

det A_3 = det B_1 det(I_n + iE_2).

Tem samym neravenstvo (17) ffkvivalentno neravenstvu

| det(I_n + iE_1)| 6 | det(I_n + iE_2)|.

Poslednee neravenstvo spravedlivo v silu sledu¸wih priqin: vo-pervyh, iz 0 6 C_1 6 C_2 vytekaet (sm. (19)), qto 0 6 E_1 6

E_2; vo-vtoryh, esli α_1 ¿ α_2 ¿ · · · ¿ α_n i β_1 ¿ β_2 ¿ · · · ¿ β_n –

sobstvennye znaqeniØ sootvetstvenno matric E_1 i E_2, to 0 6 αi 6 βi, i = 1, 2, . . . , n; nakonec, v-tret~ih,

| det(I_n + iE_1)| = n∏ k=1 |(1 + iα_k)| = n∏ k=1 (1 + α^2_k)^{1/2},

| det(I_n + iE_2)| = n∏ k=1 (1 + β^2_k)^{1/2}.

�to dokazyvaet neravenstvo (17) i, vmeste s tem, lemmu 5.

DETERMINANTNYE NERAVENSTVA 41

Lemma 6. Pust~ B i C – ffrmitovy poloßitel~no opredelennye

matricy porØdka n. Togda

det(B + C) 6 ( √ 2)^n| det(B + iC)|, (20)

priqem ocenka (20) dostißima.

Dokazatel~stvo. Vospol~zuemsØ tem ße priemom, qto i v dokazatel~stve predyduweæ lemmy. Pust~ D – ffrmitov poloßitel~- no opredelennyæ kvadratnyæ koren~ iz matricy B. PolagaØ

E = D�^1CD�^1,

imeem B + C = D(I_n + E)D, B + iC = D(I_n + iE)D. Takim obrazom, neravenstvo (20) ravnosil~no neravenstvu

det(I_n + E) 6 ( √ 2)^n| det(I_n + iE)|. (21)

Pust~ γ_1 ¿ γ_2 ¿ · · · ¿ γ_n – sobstvennye znaqeniØ matricy E. Togda

det(I_n + E) = n∏ k=1 (1 + γ_k),

| det(I_n + iE)| = n∏ k=1 (1 + γ^2_k )^{1/2}.

Sootnoxenie (21) vytekaet teper~ iz fflementarnogo neravenstva

1 + λ 6 √ 2 √ 1 + λ^2.

Ocenka (20) dostigaetsØ, naprimer, pri B = C = I_n. Deæstvitel~no,

det(B + C) = det(2I_n) = 2^n,

| det(B + iC)| = | det((1 + i)I_n)| = ( √ 2)^n.

V razdele 4 nam potrebuetsØ odno iz matriqnyh obobweniæ skalØrnogo neravenstva 2|xy| 6 |x|^2 + |y|^2.

42 H. D. IKRAMOV

Lemma 7. Pust~ Z1 i Z2 – matricy razmera k × l i

H = Z�_1 Z_2 + Z�_2 Z_1. (22)

Togda

H 6 Z^�_1 Z1 + Z^�_2 Z2. (23)

Dokazatel~stvo. Pust~ x – proizvol~nyæ vektor iz C^l . Togda (Hx, x) = 2ℜ(Z_1x, Z_2x) 6 2|Z_1x||Z_2x| 6 |Z_1x|^2 + |Z_2x|^2 = (Z�_1 Z_1x, x) + (Z�_2 Z_2x, x).

Ots¸da, vvidu proizvol~nosti x, poluqaem (23).

Pust~ v matrice A s bloqnym predstavleniem (2) blok A_{11} nevyroßden. Togda, kak izvestno (sm., naprimer, [4, p. 0.8.5]),

det A = det A_{11} det A/A_{11}, (24) gde A/A_{11} = A_{22} − A_{21}A�^1_{11} A_{12} (25)

est~ dopolnenie Xura podmatricy A_{11}. Esli A – ffrmitova poloßitel~no opredelennaØ matrica, to ffti ße svoæstva imeet

A/A_{11}. V silu (24), dokazatel~stva teorem 1 i 2 svodØtsØ k pro-

verke neravenstv

| det A/A_{11}| 6 3^l| det A_{22}|, (26)

esli A ∈ M^{++}_n (C), i

| det A/A_{11}| 6 ( 1 + √ 17 4 )_l | det A_{22}| (27)

dlØ A ∈ B_n.

3. Dokazatel~stvo teoremy 2

OtpravlØØs~ ot zakl¸qitel~nogo zameqaniØ predyduwego razdela, dokaßem neravenstvo (27). Vvedem bloqnoe razbienie matricy C v (1), analogiqnoe razbieni¸ (2): C = ( C_{11} C_{12}

C�_{12 C22} ) . (28)

DETERMINANTNYE NERAVENSTVA 43 Togda

A/A_{11} = A_{22} − A_{21}A�^1_{11} A_{12} =

I_l + iC_{22} + C�_{12}(I_k + iC_{11})�^1C_{12}.

PolagaØ

(I_k + iC_{11})�^1 = E_k + iF_k, E_k = E�_k, F_k = F �_k ,

vypixem ffrmitovo razloßenie matricy A/A_{11}. Esli

A/A_{11} = R + iS, R = R�, S = S�, (29) to R = I_l + C�_{12}E_kC_{12}, (30)

S = C_{22} + C�_{12}F_kC_{12}. (31)

Soglasno (11), matrica F_k otricatel~no opredelena. Pofftomu

S 6 C22. (32)

Ispol~zuØ (12), nahodim

I_k + C^2_{11} ¿ 2C_{11},

otkuda (sm. (10))

E_k = (I_k + C^2_{11})�^1 6 1 2 C�1_{11}

(lemma 3) i C�_{12EkC12} 6^1_{2 C}�_{12C}�1_{11 C12.}

Poskol~ku matrica (28) poloßitel~no opredelena, to poloßitel~no opredeleno dopolnenie Xura C/C_{11}, qto ravnosil~no neravenstvu C�_{12C}�1_{11 C12 < C22.}

Okonqatel~no imeem R < I_l + 1 2 C_{22}. (33)

Po lemme 5,

| det A/A_{11}| < | det W |, (34)

44 H. D. IKRAMOV gde W – matrica s ffrmitovym razloßeniem (sm. (32) i (33))

W = (I_l + 1 2 C_{22}) + iC_{22}.

Opredelitel~ matricy W moßet byt~ vyraßen qerez sobstvennye znaqeniØ γ_1 ¿ γ_2 ¿ · · · ¿ γ_l matricy C_{22} sledu¸wim obrazom:

| det W | = l∏ j=1 |(1 + 1 2 γ_j ) + iγ_j | = l∏ j=1 [(1 + 1 2 γ_j )^2 + γ^2_j ]^{1/2}. (35)

V to ße vremØ,

| det A_{22}| = | det(I_l + iC_{22})| = l∏ j=1 (1 + γ^2_j )^{1/2}. (36)

Netrudno proverit~, qto

max_x¿_0

(1 +^x_2 )^2 + x^2 1 + x^2 = 9 + √ 17 8 = ( 1 + √ 17 4 )_2 . (37)

Teper~ trebuemaØ ocenka (27) poluqaetsØ iz sopostavleniØ sootnoxeniæ (34)–(37).

4. Dokazatel~stvo teoremy 1 Kak otmeqeno v konce razdela 2, dostatoqno dokazat~ neravenstvo (26). DlØ fftogo, krome (28), nam ponadobitsØ analogiqnoe bloqnoe razbienie matricy B: B = ( B_{11} B_{12}

B�_{12 B22} ) . (38)

Imeem

A/A_{11} = A_{22} − A_{21}A�^1_{11} A_{12} =

B_{22} + iC_{22} − (B�_{12} + iC�_{12})(B_{11} + iC_{11})�^1(B_{12} + iC_{12}).

PolagaØ

(B_{11} + iC_{11})�^1 = E_k + iF_k, E_k = E�_k, F_k = F �_k ,

DETERMINANTNYE NERAVENSTVA 45 vypixem ffrmitovo razloßenie (29) matricy A/A_{11}; v nem

R = B_{22} − B�_{12}E_kB_{12} + C�_{12}E_kC_{12} + B�_{12}F_kC_{12} + C�_{12}F_kB_{12}, (39)

S = C_{22} − B�_{12}F_kB_{12} + C�_{12}F_kC_{12} − C�_{12}E_kB_{12} − B�_{12}E_kC_{12}. (40)

Soglasno (8) i (9), matrica E_k opredelena poloßitel~no, a matrica F_k – otricatel~no. OpuskaØ otricatel~no (polu)opredelennye slagaemye – C�_{12}F_kC_{12} v (40) i −B�_{12}E_kB_{12} v (39), my tol~ko uveliqim (v levnerovskom smysle) sootvetstvu- ¸wie matricy.

Ispol~zuØ (12) i lemmu 3, nahodim

E_k = (B_{11} + C_{11}B�^1_{11} C_{11})�^1 6 1 2 C�1_{11 (41)} i −F_k = (C_{11} + B_{11}C�^1_{11} B_{11})�^1 6 1 2 B�1_{11 . (42)}

Kak i v razdele 3, vyvodim iz (41) neravenstvo C�_{12EkC12 <}^1_{2 C22. (43)}

Analogiqnym obrazom, ispol~zuØ poloßitel~nu¸ opredelennost~ matricy B, pokazyvaem, qto −B�_{12FkB12 <}^1_{2 B22. (44)}

DlØ ocenki dvuh poslednih slagaemyh v pravoæ qasti ravenstva (39) primenim lemmu 7, poloßiv v neæ

Z_1 = GB_{12}, Z_2 = GC_{12},

gde G – ffrmitov poloßitel~no opredelennyæ kvadratnyæ koren~ iz matricy −F_k. Imeem

B�_{12FkC12 + C}�_{12FkB12} 6_{−B}�_{12FkB12 − C}�_{12FkC12. (45)}

Pol~zuØs~ toæ ße lemmoæ pri

Z_1 = DB_{12}, Z_2 = DC_{12},

gde D – ffrmitov poloßitel~no opredelennyæ kvadratnyæ koren~ iz E_k, ocenim summu dvuh poslednih slagaemyh v pravoæ qasti ravenstva (40):

−C�_{12EkB12 − B}�_{12EkC12} 6_B�_{12EkB12 + C}�_{12EkC12. (46)}

46 H. D. IKRAMOV

VozvrawaØs~ k (41), iz oqevidnogo neravenstva

B_{11} + C_{11}B�^1_{11} C_{11} > B_{11}

vyvodim ocenki

E_k < B�^1_{11}

(lemma 3) i B�_{12EkB12} 6_B�_{12B}�1_{11 B12 < B22.}

UqityvaØ (43), moßno ocenit~ matricu v pravoæ qasti sootnoxeniØ (46) summoæ

B_{22} + 1 2 C_{22}. (47)

Analogiqnym obrazom iz (42) vyvodØtsØ ocenki

−F_k < C�^1_{11} i −C�_{12FkC12} 6_C�_{12C}�1_{11 C12 < C22.}

Vmeste s (44), ffto daet ocenku 1 2 B_{22} + C_{22} (48)

dlØ matricy v pravoæ qasti sootnoxeniØ (45).

Iz provedennyh rassußdeniæ vytekaet takoæ itog: obe matricy R i S (sm. (39) i (40)) oceniva¸tsØ v smysle levnerovskogo porØdka odnoæ i toæ ße matriceæ W = 3 2 (B_{22} + C_{22}).

Po lemme 5,

| det A/A_{11}| 6 | det(W + iW )| = |1 + i|^l det W = ( √ 2)^l(3/2)^l det(B_{22} + C_{22}). (49)

S drugoæ storony, po lemme 6,

det(B_{22} + C_{22}) 6 ( √ 2)^l| det(B_{22} + iC_{22})| = ( √ 2)^l| det A_{22}|. (50)

Sopostavlenie (49) i (50) privodit k trebuemomu neravenstvu (26).

DETERMINANTNYE NERAVENSTVA 47 Literatura 1. H. D. Ikramov, V. N. Qugunov, Neravenstva tipa Fixera i Adamara dlØ

akkretivno-dissipativnyh matric. — Dokl. RAN (to appear).

2. R. Mathias, Matrices with positive definite Hermitian part: Inequalities and linear systems. — SIAM J. Matrix Anal. Appl. 13 (1992), 640–654.

3. A. George, Kh. D. Ikramov, A. B. Kucherov, On the growth factor in Gaussian elimination for generalized Higham matrices. — Numer. Linear Algebra Appl. 9 (2002), 107–114.

4. R. Horn, Q. Dßonson, Matriqnyæ analiz. M.: Mir (1989).

5. Kh. D. Ikramov, A. B. Kucherov, Bounding the growth factor in Gaussian elimination for Buckley’s class of complex symmetric matrices. — Numer. Linear Algebra Appl. 7 (2000), 269–274.

Ikramov Kh. D. Determinantal inequalities for accretive-dissipative matrices.

A matrix A ∈ M_n(C) is said to be accretive-dissipative if in its Hermitian decomposition A = B + iC, B = B�, C = C�, both matrices B and C are positive definite. Further, if B = I_n, then A is called a Buckley matrix. The following extension of the classical Fischer inequality for Hermitian positive-definite matrices is proved.

Let A = ( A_{11} A_{12} A_{21} A_{22} ) be an accretive-dissipative matrix, k and l be

the orders of A_{11} and A_{22}, respectively, and let m = min{k, l}. Then

| det A| 6 3^m| det A_{11}|| det A_{22}|.

For Buckley matrices, the stronger bound

| det A| 6 ( 1 + √ 17 4 )_m | det A_{11}|| det A_{22}|

is obtained.

Postupilo 14 fevralØ 2002 g. Moskovskiæ gosudarstvennyæ universitet