Zapiski nauqnyh seminarov POMI Tom 284, 2002 g.

V. N. KublanovskaØ

VYQISLENIE INVARIANTNYH MNOGOQLENOV POLINOMIAL^NO` MATRICY. 1

Pust~ F (λ) est~ polinomial~naØ m × n matrica ranga ρ, invariantnye mnogoqleny kotoroæ sleduet vyqislit~. Vyqislenie posledovatel~nosti {ψ_k(λ)}, k = ρ, ρ − 1, . . . , 1 invariantnyh mnogoqlenov [1] sostoit v postroenii matricy L(λ) = {l_{ij} (λ)} treugol~noæ (trapecoidal~noæ) formy, ffkvivalentnoæ matrice F (λ), diagonal~nye fflementy kotoroæ udovletvorØ¸t sootnoxeniØm l_{kk}(λ) = q_k(λ)ψ_{ρ−k+1}(λ), k = 1, . . . , ρ − 1, ψ_1(λ) = q_1(λ) . . . q_{ρ−1}(λ)l_{ρρ} (λ) (1) Zdes~ ψ_ρ(λ), . . . , ψ_1(λ) – iskomyh invariantnye mnogoqleny matricy F (λ).

Preobrazovanie F (λ) v L(λ) rassmotrim razdel~no dlØ regulØrnoæ i singulØrnoæ matric F (λ).

1^∘. Sluqaæ regulØrnoæ n × n matricy F (λ).

Preobrazovanie matricy F (λ) v matricu L(λ) treugol~noæ formy s diagonal~nymi fflementami, udovletvorØ¸wimi (1), sostoit iz (n − 1) tipiqnyh xagov. Kaßdyæ k-yæ xag vkl¸qaet vypolnenie sledu¸wih operaciæ: vybor veduweæ stroki, vyqislenie invariantnogo mnogoqlena ψ_{n−k+1}(λ); perestanovka strok preobrazuemoæ matricy; zanulenie fflementov veduweæ stroki dlØ privedeniØ eœ k vidu, kollinearnomu stroke (1, 0, . . . , 0) ediniqnoæ matricy; ponißenie na edinicu porØdka preobrazuemoæ matricy.

Rassmotrim tipiqnyæ (pervyæ) xag, ispol~zuØ sledu¸wee svoæstvo ΔW − 1 metoda [2, 3].

L¸boæ polinomial~nyæ vektor-stroka

A(λ) = (a_1(λ), . . . , a_n(λ))

Rabota vypolnena pri podderßke RFFI (grant 02-01-00095). 123

124 V. N. KUBLANOVSKA˚ s pomow~¸ ΔW − 1 algoritma moßet byt~ preobrazovan k vidu A(λ)W (λ) = (δ(λ), 0, . . . , 0), (2) gde W (λ) est~ n × n unimodulØrnaØ matrica, δ(λ) est~ obwiæ naibol~xiæ delitel~ (OND) polinomov a_k(λ), k = 1, . . . , n:

(1) V kaqestve veduweæ stroki pervogo xaga beretsØ stroka matricy F (λ), OND fflementov kotoroæ ØvlØetsØ naimen~xim po stepeni sredi OND fflementov vseh strok F (λ).

S fftoæ cel~¸ dlØ kaßdoæ stroki preobrazuemoæ matricy (matricy F (λ) dlØ pervogo xaga) vyqislØetsØ ΔW − 1 razloßenie vida (2), t.e. nahoditsØ polinom δ^{(1)}_i (λ), OND fflementov stroki s nomerom i, i = 1, . . . , n. V kaqestve veduweæ stroki vybiraetsØ stroka s naimen~xim po stepeni polinomom δ^{(1)}_i (λ). Oboznaqim veduwu¸ stroku A_1(λ).

(2) S pomow~¸ perestanovki strok preobrazuemoæ matricy, stroka A_1(λ) stavitsØ na mesto pervoæ stroki preobrazuemoæ matricy

θ_1F (λ) =

A_1(λ) . . . ∗ , θ_1 – matrica perestanovok.

(3) VyqislØetsØ polinom ψ_n(λ) = OND {δ^{(1)}_i }, i = 1, . . . , n. (4) Ispol~zuØ ΔW − 1 razloßenie stroki A_1(λ), matricu θ_1F (λ) preobrazuem k vidu

θ_1 F (λ)W^{(1)}(λ) = l_{11}(λ) 0 . . . 0 . . . . . . . . . . . . ∗ F_1(λ) . (3) Zdes~ W^{(1)}(λ) – unimodulØrnaØ matrica, realizu¸waØ ΔW − 1 razloßenie stroki A_1(λ):

A_1(λ)W^{(1)}(λ) = (l_{11}(λ), 0, . . . , 0).

V rezul~tate operaciæ (1)–(4) pervogo xaga budut:

• vyqislena pervaØ stroka iskomoæ matricy L(λ) i fflementy eœ pervogo stolbca (s toqnost~¸ do perestanovki);

• naædeny polinomy^1 ψ_n(λ) i l_{11}(λ), a sledovatel~no, i polinom q_1(λ) =^l11^{(λ)}_{ψn(λ)} ;

1Zdes~ i niße v kaqestve _k(˘) berem polinom normirovannyæ k ediniqnomu starxemu kofffficientu.

VYQISLENIE INVARIANTNYH MNOGOQLENOV 125 • postroena (n − 1) × (n − 1) matrica F_1(λ), ishodnaØ dlØ sledu¸wego (vtorogo) xaga algoritma.

V rezul~tate vyqisleniØ (n − 1) xagov budet: • postroena matrica L(λ) = θF (λ)W (λ), (4) gde θ = θ_{n−1}, . . . , θ_1 – rezul~tiru¸waØ matrica perestanovok; W (λ) = W^{(1)}(λ)^W^{(2)}(λ), . . . , ^W^{(n−2)}(λ) – rezul~tiru¸waØ unimodulØrnaØ matrica;

^W^{(k)}(λ) = [ I 0 0 W^{(k)}(λ) ] ; • vyqisleny polinomy l_{11}(λ), . . . , l_{nn}(λ) i polinomy ψ_n(λ),. . . , ψ_2(λ); q_k(λ) =^lkk^{(λ)}_ψn�k+1_{(λ)} , k = 1, . . . , n − 1.

DlØ obosnovaniØ algoritma zametim, qto pri k = 1 mnogoqlen ψ_n(λ) po postroeni¸ sovpadaet s invariantnym mnogoqlenom, tak kak ØvlØetsØ OND vseh fflementov matricy F . Na xage k ¿ 1 budet postroena matrica

θ_k . . . θ_1 F W^{(1)} ^W^{(2)} . . . ^W^{(k)} = l_{11} O ... ∗ l_{kk} ∗ O F_k(λ) (5)

i vyqisleny mnogoqleny ψ_n(λ), . . . , ψ_{n−k+1}(λ), l_{ii}(λ) = q_i(λ)ψ_{n−i+1}(λ), i = 1, . . . , k. Po postroeni¸ k × n matricu

l11 O_{...} ∗ lkk O , sostavlennu¸ iz

pervyh k-strok matricy ravenstva (5), moßno rassmatrivat~ kak rezul~tat ΔW − 1 razloßeniØ matricy, sostavlennoæ iz pervyh k-strok ~F := θ_k . . . θ_1F (λ), realizuemogo unimodulØrnoæ matriceæ W^{(1)} ^W^{(2)} . . . ^W^{(k)}. Po pravilu vybora veduweæ stroki det Δ_k = l_{11}(λ) . . . l_{kk}(λ) ØvlØetsØ OND minorov k-go porØdka matricy ~F , ime¸wiæ naimen~xu¸ stepen~ sredi vseh minorov porØdka k preobrazuemoæ matricy. Pri fftom kaßdyæ mnogoqlen det Δ_k delitsØ na mnogoqleny det Δ_i, i = 1, . . . , k − 1:

det Δ_k(λ) = q_1(λ) . . . q_k(λ)ψ_1(λ) . . . ψ_k(λ) = l_{11}(λ) . . . l_{kk}(λ).

126 V. N. KUBLANOVSKA˚ Pri k = n det Δ_n =

= det L = l_{11}(λ) . . . l_{nn}(λ) = q_1(λ) . . . q_{n−1}(λ)l_{nn}(λ)ψ_n(λ) . . . ψ_2(λ).

S drugoæ storony, s uqetom, qto F (λ) i L(λ) ffkvivalentny, imeem: det L = det F = ψ_n(λ) . . . ψ_2(λ)ψ_1(λ), tak qto spravedlivo ravenstvo ψ_1(λ) = q_1(λ) . . . q_{n−1}(λ)l_{nn}(λ).

�tim zaverxaetsØ obosnovanie algoritma postroeniØ kanoniqeskoæ treugol~noæ formy dlØ regulØrnoæ polinomial~noæ matricy F (λ) i vyqisleniØ eœ invariantnyh mnogoqlenov.

2^∘. Sluqaæ singulØrnoæ matricy F (λ).

Pust~ F (λ) est~ polinomial~naØ m × n matrica. PrimenØØ algoritm p. 1^∘ k prØmougol~noæ matrice F , poluqim trapecoidal~nu¸ matricu L(λ) vida

L(λ) = c_{11} . . ... O^. c_{m−ρ} . . l_{11}(λ) . . O ∗ ... . . l_{ρρ} . .

, esli ρ = m < n;

L(λ) = c_1 O c_2 ... c_{n−ρ} ∗ l_{11}(λ) ... l_{ρρ}(λ) . . . . . . . . . . . . . . . . . . . . . ∗

, esli ρ = n < m.

Zdes~ c_k – postoØnnye qisla (mnogoqleny nulevoæ stepeni), l_{11}(λ), . . . , l_{ρρ}(λ) – mnogoqleny, udovletvorØ¸wie sootnoxeniØm (1), iskomye invariantnye mnogoqleny matricy F (λ) opredelØ- ¸tsØ v processe preobrazovaniØ matricy F (λ) k vidu L(λ).

VYQISLENIE INVARIANTNYH MNOGOQLENOV 127

Literatura

1. F. R. Gantmaher, TeoriØ matric. M., Nauka (1967).

2. V. N. Kublanovskaya, Rank-division algorithms and their applications. J. Numer.

Lin. Algebra Appl., 1, No. 2 (1992), 199–213.

3. V. N. KublanovskaØ, Metody i algoritmy rexeniØ spektral~nyh zadaq dlØ polinomial~nyh i racional~nyh matric. Zap. nauqn. semin. POMI, 238 (1997), 3–329.

Kublanovskaya V. N. Computing the invariant polynomials of a polynomial matrix. 1.

An algorithm for computing the invariant polynomials and the canonical triangular (trapezoidal) matrix for a polynomial matrix of full column rank is suggested. The algorithm is based on the rank-factorization (ΔW -1) method for solving algebraic problems for polynomial matrices, previously suggested by the author.

Postupilo 23 i¸lØ 2001 g. Sankt-Peterburgskoe otdelenie Matematiqeskogo instituta im. V. A. Steklova