Zapiski nauqnyh seminarov POMI Tom 288, 2002 g.

V. A. Solonnikov

ESTIMATES OF SOLUTIONS OF THE STOKES EQUATIONS IN S. L. SOBOLEV SPACES WITH A MIXED NORM

Abstract. We obtain some estimates of solutions of evolution Stokes and Navier-Stokes

equations in a bounded n-dimensional domain and we analyse the structure of the solution in the case of half-space using explicit formulas.

Dedicated to O. A. Ladyzhenskaya on the occasion of her jubilee

1. Introduction Let Ω be a bounded domain in R^n, n ≥ 2, with C^2-smooth boundary S. We consider initial boundary-value problem ⃗v_t − νΔ⃗v + ∇p = ⃗f (x, t), ∇ · ⃗v = g(x, t), x ∈ Ω, t ∈ (0, T ), ⃗v(x, 0) = ⃗v_0(x), ⃗v(x, t)|_{x∈S} = 0 (1.1) in anisotropic S. L. Sobolev spaces W^{2,1}_{q,r} (Q^T ), Q^T = Ω × (0, T ), with a mixed norm. We denote by W^l_q (Ω) with an integral positive l and with q > 1 a standard Sobolev space of scalar or vector-valued functions u(x), x ∈ Ω, with the norm

‖u‖_W l_{q(Ω)} = ( ∑ 0≤|j|≤l ∫ Ω |D^j u(x)|^qdx )_{1/q} .

By W^{−1}_q (Ω) we mean the space dual with respect to W^1_q′ (Ω), q^′ = q/(q − 1), with a standard norm

‖u‖_W −l_{q (Ω)} = sup_{φ∈W 1} q′ (Ω) | ∫ Ω u(x)φ(x)dx| ‖φ‖_W 1_{q′ (Ω)} The work is supported by RFFI, grant 01-01-0330. 204

ESTIMATES OF SOLUTIONS OF THE STOKES EQUATIONS 205

(in the case of scalar u(x)). Finally, we define the space W^{2,1}_{q,r} (Q^T ) as the set of functions u(x, t), x ∈ Ω, t ∈ [0, T ], possessing generalized derivatives u_t(x, t), D^j_xu(x, t), |j| = 0, 1, 2, such that the norm ‖u‖_W 2,1_{q,r (QT )} = ( ‖u_t‖^r_{Lq,r(Q}T_) + ∑ 0≤|j|≤2 ‖D^j_xu‖^r_{Lq,r(Q}T_) )_{1/r} , (1.2)

where ‖u‖_{Lq,r(Q}T_) = (^T∫ 0 ‖u(·, t)‖^r_{Lq(Ω)}dt )_{1/r} , q, r > 1,

is finite.

It is known (see [1]) that the space of traces of functions from W^{2,1}_{q,r} (Q^T ) on the hyperplane t = t_0 ∈ [0, T ] coinsides with the O. V. Besov space B^{2−2/r} q,r (Ω). If Ω = R^n or Ω = R^n_+ = {x_n > 0}, then the norm in the space B^l_{q,r} (Ω) with arbitrary l > 0 can be defined by ‖u‖_Bl_{q,r(Ω)} = ( ‖u‖^r_W¯_{lq(Ω)} + ‖u‖^r_{Ḃlq,r(Ω)} )_{1/r} , (1.3)

where l̄ is a maximal integral number which is less than l, ‖u‖_Ḃl_{q,r(Ω)} = ( ∑ |j|=l̄ ‖D^j u‖^r_{Ḃl−}¯_{lq,r (Ω)} )_{1/r} ,

‖v‖_Ḃλ_{q,r(Ω)} = (^n∑ i=1 ∞∫ 0 ‖Δ^{[λ]+1}_i (h)u‖^r_{Lq(Ω)} dh h^{1+rλ} )_{1/r} , (1.4)

and Δ^k_i (h)u(x) is a finite difference of the function u(x) of the order k with respect to x_i. In particular, Δ^1_i (h)u(x) ≡ Δ_i(h)u(x) = u(x + e_ih) − u(x), e_i = (δ_{ik})_{k=1,... ,n}, Δ^2_i (h)u(x) = u(x + 2e_ih) − 2u(x + e_ih) + u(x).

If Ω is a domain or a smooth manifold, then the norm in B^l_{q,r} (Ω) can be defined in a standard manner by means of partition of unity and local maps.

There are many other equivalent norms in B^l_{q,r} (Ω) (see [2, 3]).

206 V. A. SOLONNIKOV

If l > 1/q, then every function from B^l_{q,r} (Ω) has a trace on the boundary S belonging to B^{l−1/q}_{q,r} (S) and ‖u‖_Bl−1/q_{q,r (S)} ≤ c‖u‖_Bl_{q,r(Ω)}. (see [2]).

We prove the following theorem concerning the solvability of problem (1.1).

Theorem 1.1. Assume that the functions ⃗f (x, t), ⃗v_0(x), and g(x, t) possess the following properties.

(i) ⃗f ∈ L_{q,r} (Q^T ), g ∈ L_r (0, T ; W^1_q (Ω)), g_t ∈ L_r(0, T ; W^{−1}_q (Ω)), and ⃗v_0 ∈ B^{2−2/r}_{q,r} (Ω), moreover, ⃗v_0(x)|_S = 0 if 2 − 2/r > 1/q and ⃗v_0 has a finite norm ‖⃗v^{(0)}_0 ‖_B2−2/r_{q,r (Rn )}, where ⃗v^{(0)}_0 (x) = ⃗v_0(x) for x ∈ Ω, ⃗v^{(0)}_0 = 0 for x ∈ R^n \ Ω if 2 − 2/r = 1/q;

(ii) there holds the compatibility condition ∇ ·⃗v_0 = g(x, 0) understood in the following sense:

lim_{t→0} ∫ Ω ∇φ(x) · (⃗V (x, t) − ⃗v_0(x))dx = 0 (1.5)

for arbitrary smooth φ(x) and arbitrary ⃗V ∈ W^{2,1}_{q,r} (Q^T ) such that ∇ · ⃗V (x, t) = g(x, t). Then problem (1.1) has a unique solution ⃗v ∈ W^{2,1}_{q,r} (Q^T ) and ∇p ∈ L_{q,r} (Q^T ), and the solution satisfies the inequality ‖⃗v‖_W 2,1_{q,r (QT )} + ‖∇p‖_{Lq,r(Q}T_) ≤ c ( ‖ ⃗f ‖_{Lq,r(Q}T_) +‖⃗v_0‖^{(2−2/r)} Ω + ‖g‖_{Lr (0,T ;W} 1_{q (Ω))} + ‖g_t‖_{Lr(0,T ;W} −1_{q (Ω))} ) (1.6)

where ‖⃗v_0‖^{(2−2/r)} Ω = ‖⃗v_0‖_B2−2/r_{q,r (Ω)} if 2 − 2/r ≠ 1/q, ‖⃗v_0‖^{(2−2/r)} Ω = ‖⃗v^{(0)}_0 ‖_B2−2/r_{q,r (Rn )} if 2 − 2/r = 1/q.

For g = 0, the estimate (1.6) was proved by different methods in [4] and in [5], where the case of exterior domain Ω was considered (therefore

ESTIMATES OF SOLUTIONS OF THE STOKES EQUATIONS 207

the norm ‖⃗v_0‖^{(2−2/r)}_Ω was defined in a different way). The case g ≠ 0 was also studied in [6].

G. A. Seregin has obtained a local version of the estimate (1.6) and used it in the proof of local regularity near a flat part of the boundary of solution to the Navier–Stokes equations, under different assumptions concerning the solutions (see [7–9]). In particular, he has established the Hölder continuity of the solutions belonging to the class L_{q,∞}(Q_ρ), q > 3 = n, in a certain “parabolic cylinder” Q_ρ ajacent to the boundary [7].

We write a local estimate in a slightly different form. Let ω_ρ(x_0) = Ω ∩ {|x − x_0| < ρ} where ρ > 0, x_0 ∈ Ω̄. By Q_ρ(x_0, t_0) ≡ Q_ρ, t_0 ∈ (0, T ], we mean “a parabolic cylinder”

Q_ρ = ω_ρ(x_0) × (t_0 − ρ^2, t_0).

Theorem 1.2. Assume that ⃗v ∈ W^{2,1}_{q,r} (Q_ρ), ∇p ∈ L_{q,r} (Q_ρ) satisfy in Q_ρ the equations ⃗v_t − νΔ⃗v + ∇p = ⃗f (x, t), ∇ · ⃗v = 0 (1.7) with ⃗f ∈ L_{q,r} (Q_ρ) and that t_0 − ρ^2 > 0, and ⃗v(x, t)|_{x∈sρ(x0)} = 0, (1.8) where s_ρ(x_0) = ∂ω_ρ(x_0) ∩ S. Then ‖⃗v‖_W 2,1_{q,r (Qθρ)} + ‖∇p‖_{Lq,r(Qθρ)} ≤ c ( ‖ ⃗f‖_{Lq,r(Qρ)} + ρ^{−μ1} ‖⃗v‖_{Lq1,r1 (Qρ)} + ρ^{−μ2} ‖p‖_{Lq2,r(Qρ )} ) (1.9)

where θ ∈ (0, 1), q_1, q_2 ∈ [1, q], r_1 ∈ [1, r], μ_1 = 2−n/q−2/r+n/q_1+2/r_1, μ_2 = 1 − n/q + n/q_2.

If ⃗v ∈ W^{2,1}_{q0 ,r}(Q_ρ), p, ∇p ∈ L_{q0 ,r}(Q_ρ) satisfy (1.7) and (1.8) with ⃗f ∈ L_{q,r} (Q_ρ), q > q_0, then ⃗v ∈ W^{2,1}_{q0 ,r}(Q_ρ), ∇p ∈ L_{q,r} (Q_ρ′ ) in arbitrary smaller cylinder Q_ρ′ : ρ^′ ∈ (0, ρ).

We could assume that t_0 − ρ^2 < 0; in this case the term c‖Φ⃗v_0‖^{(2−2/r)}_{ωρ} appears in the right hand side of (1.9). Here Φ(x) is a smooth cut-off function, Φ(x) = 1 in ω_{θρ}(x_0), Φ(x) = 0 for |x − x_0| > ρ.

Concerning solutions of the Navier–Stokes equations, we prove the following proposition.

208 V. A. SOLONNIKOV

Theorem 1.3. Let ⃗v ∈ W^{2,1}_{q0,r0} (Q_ρ), ∇p ∈ L_{q0,r0} (Q_ρ), where n q_0 + 2 r_0

= 1 + n (1.10)

and r_0 < 2 is sufficiently close to 2, satisfy in Q_ρ the Navier–Stokes equations ⃗v_t − νΔ⃗v + ∇p = ⃗f − (⃗v · ∇)⃗v, ∇ · ⃗v = 0 and the boundary conditions ⃗v(x, t)|_{x∈s(x0)} = 0, where s(x_0) = ∂ω(x_0)∩S. Assume that ∇⃗v ∈ L_{2,2}(Q_ρ), ⃗f (x, t) is bounded in Q_ρ and that t_0 − ρ^2 > 0. If ⃗v ∈ L_{σ,τ} (Q_ρ(x_0, t_0)) with n σ + 2 τ = 1 − ϵ, ϵ > 0, (1.11)

then ⃗v ∈ W^{2,1}_{M,r0} (Q_ρ′ ) with M ≫ 1 in arbitrary smaller cylinder Q_ρ′ : ρ^′ < ρ. Theorem 1.4. The statement of Theorem 3.1 remains true if σ and τ satisfy the conditions n σ + 2 τ = 1, σ > n. (1.12) It follows from the imbedding theorems for the spaces W^{2,1}_{M,r0} (Q_ρ′ ) that ⃗v(x, t) is Hölder continuous with respect to x and t in Q_ρ′ and that ∇⃗v ∈ L_{∞,R}(Q_ρ′ ) with R satisfying the relation 1 R = 1 r_0 − 1 2 + n 2M (R ≫ 1 if M ≫ 1 and r_0 is sufficiently close to 2). If the cylinder Q_ρ is a strictly interior subdomain of Q^{t0} , and ⃗f is sufficiently regular, then we can differentiate the Navier–Stokes equations with respect to x_k and obtain the same result for all the derivatives D^j_x⃗v(x, t), |j| = 1, 2, . . .. This leads to well known result of J. Serrin [10]: if conditions (1.11) or (1.12) are satisfied in a strictly interior “parabolic cylinder,” then all the derivatives D^j_x⃗v(x, t) are bounded in a smaller cylinder. However, in the case x_0 ∈ S this argument applies only to tangential derivatives of ⃗v, and in general it seems difficult to expect the boundedness even of the first

ESTIMATES OF SOLUTIONS OF THE STOKES EQUATIONS 209

derivatives ⃗v_{xk} (x, t) in Q_ρ′ . We illustrate this (without a rigorous proof) in the case of half-space, analysing explicit formula for the solution of the Stokes problem.

In the case Ω = R^n_+, the Hölder continuity near the boundary of the solutions of the Navier–Stokes equations satisfying the conditions (1.12) is established in [11].

Finally, we consider initial boundary-value problem ⃗v_t − νΔ⃗v + ∇p = ⃗f (x, t), ∇ · ⃗v = 0, x ∈ R^n_+, t ∈ (0, T ), ⃗v(x, 0) = 0, ⃗v(x, t)|_{xn=0} = 0 (1.13) and prove the following theorem.

Theorem 1.5. Assume that ⃗f ∈ L_{q0 ,r0} (Π^{t0}_+ ) and that ⃗f ∈ L_{q,r} (Q_ρ), where q > q_0, r > r_0, Q_ρ = ω_ρ(x_0) × (t_0 − ρ^2), ω_ρ(x_0) = {x ∈ R^n_+ : |x − x_0| < ρ}, and x_0 ∈ R̄^n_+. Then the solution of problem (1.13) is representable in the form (⃗v, p) = (⃗v_1, p_1) + (⃗v_2, p_2) + (⃗v_3, p_3), (1.14) where ∇p_1 ∈ L_{q,r} (Π^{t0}_+ ) ∩ L_{q0 ,r0} (Π^{t0}_+ ), ‖∇p_1‖_{Lq,r(Π}t0_{+ )} ≤ ‖ ⃗f‖_{Lq,r(Qρ )}, (1.15) ‖p_1‖_{Lq,r(Qρ1 )} ≤ c‖ ⃗f ‖_{Lq,r(Qρ)}, ρ_1 < ρ, (1.16) p_2(x, t) is a harmonic function in Q_{ρ1} , ‖D^j ∇p_2‖_{L∞,r0 (Qρ1 )} ≤ c‖ ⃗f‖_{Lq0,r0 (π(ρ,ρ1 ))}, |j| = 0, 1, . . . (1.17) where π(ρ, ρ_1) = (R^n_+ \ ω_ρ′ (x_0)) × (t_0 − ρ^{′2}, t_0), and ρ^′ = (ρ + ρ_1)/2, ‖∇p_2‖_{Lq0,r0 (Qρ1 )} ≤ c‖ ⃗f‖_{Lq0,r0 (π(ρ,ρ1 )}), (1.18) ‖p_2‖_{L∞,r0 (Qρ1 )} ≤ c‖ ⃗f‖_{Lq0,r0 (π(ρ,ρ1)} if q < n, (1.19) ‖p_2‖_{L∞,r0 (Qρ1 )} ≤ c ( ‖ ⃗f ‖_{Lq0,r0 (π(ρ,ρ1 )} + ‖p_2‖_{Ln−ϵ,r(Qρ1 )} ) , ∀ϵ > 0 (1.20) if q > n and ⃗f ∈ L_{n−ϵ,r}(π_{ρ,ρ1} ). Finally, p_3(x, t) is a harmonic infinitely differentiable function in Q_{ρ1} with respect to x and t, and sup_{Qρ} 1 |D^j_xD^h_t p_3(x, t)| ≤ c‖ ⃗f‖_{Lq0,r0 (Πt0−ρ}′ 2_), |j|, h = 0, 1, . . . . (1.21)

210 V. A. SOLONNIKOV

The functions ⃗v_i(x, t) satisfy the inequalities ‖⃗v_1‖_W 2,1_{q,r (Qρ1 )} ≤ c‖ ⃗f ‖_{Lq,r(Qρ)} (1.22) and ‖⃗v_2‖_W 2,1_{M,r(Qρ1 )} ≤ c‖ ⃗f‖_{Lq0,r0 (π(ρ,ρ1 ))}, (1.23) where M is an arbitrarily large number, and

sup_{Qρ} 1 |D^j_xD^h_t ⃗v_3(x, t)| ≤ c‖ ⃗f ‖_{Lq0,r0 (Πt0−ρ}′ 2_), |j|, h = 0, 1, . . . . (1.24)

2. Auxiliary propositions First of all, we recall some imbedding and trace theorems for the spaces W^{2,1}_{q,r} (Q^T ).

Proposition 2.1. Arbitrary function u ∈ W^{2,1}_{q,r} (Q^T ) belongs to L_{p1 ,s1} (Q^T ), ∇u ∈ L_{p2 ,s2} (Q^T ), and ∇u ∈ L_{p3,s3} (Σ^T ), Σ^T = S × (0, T ), where p_i ≥ q, s_i ≥ r satisfy the conditions 1 − n q − 2 r + n p_2 + 2 s_2

≡ κ_2 ≥ 0, 1 − n q − 2 r + n − 1 p_3 + 2 s_3

≡ κ_3 ≥ 0, and there hold the estimates

‖u‖_{Lp1,s1 (Q}T_) ≤ η^{κ1}_1 ‖u‖_W 2,1_{q,r (Q}T_) + c_1η^{κ1 −2}_1 ‖u‖_{Lq,r(Q}T_), (2.1) ‖∇u‖_{Lp2,s2 (Q}T_) ≤ η^{κ2}_2 ‖u‖_W 2,1_{q,r (Q}T_) + c_2η^{κ2−1}_2 ‖u‖_{Lq,r(Q}T_), (2.2) ‖∇u‖_{Lp3,s3 (Σ}T_) ≤ η^{κ3}_3 ‖u‖_W 2,1_{q,r (QT )} + c_3η^{κ3 −1}_3 ‖u‖_{Lq,r(Q}T_) (2.3) with arbitrary η_i ≤ η_0. If κ_i > 0, then both p_i and s_i may be infinite. If u ∈ W^{2,1}_{q.r} (Q^T ), then u|_{t=t0} ∈ B^{2−2/r}q,r (Ω) and ‖u‖_B2−2/r_{q,r (Ω)} ≤ c‖u‖_W 2,1_{q,r (QT )}. For arbitrary φ ∈ B^{2−2/r}_{q,r} (Ω) there exists u ∈ W^{2,1}_{q,r} (Q^T ) such that u(x, t_0) = φ(x) and ‖u‖_W 2,1_{q,r (QT )} ≤ c‖φ‖_B2−2/r_{q,r (Ω)}. The proof of this proposition can be found in [1, 2]. We need the following “inverse trace theorem.”

ESTIMATES OF SOLUTIONS OF THE STOKES EQUATIONS 211

Proposition 2.2. For arbitrary v_0 ∈ B^{2−2/r}_{q,r} (Ω) satisfying the hypotheses of Theorem 1.1 (v_0|_S = 0, if 2 − 2/r > 1/q, ‖v_0‖^{(2−2/r)}_Ω < ∞, if 2 − 2/r = 1/q), there exists V_0 ∈ W^{2,1}_{q,r} (Q^T ) such that V_0(x, 0) = v_0(x), V_0(x, t)|_{x∈S} = 0 and

‖V_0‖_W 2,1_{q,r (QT )} ≤ c‖v_0‖^{(2−2/r)}_Ω . (2.4)

Proof. Let {ψ_k(x)}, k = 1, . . . , k_1 + k_2 be a smooth “partition of unity” in Ω : 1 = ∑_{k1+k2} k=1 ψ_k(x), with supp ψ_k ⊂ ω_k, where ω_k are strictly interior subdomains for k = 1, . . . , k_1 and adjacent to the boundary for k = k_1 + 1, . . . , k_2. We assume that there exists a transformation y^{(k)} ≡ y = T_kx which maps ω_k, k = k_1 + 1, . . . , k_2, into a subdomain ω̃_k of the half-space R^n_+ contained in a semi-ball |y| ≤ d, y_n ≥ 0. Let ψ̃_k(y) = ψ_k(T^{−1}_k y) and ṽ_{0k}(y) = v_0(T^{−1}_k y). We extend v_k(x) = v_0(x)ψ_k(x), k = 1, . . . , k_1 by zero into R^n \ ω_k and v_k(y) = ṽ_{0k}(y)ψ̃_k(y) into R^n_+ \ ω̃_k and consider the problem of construction of the functions V_k possessing all the required properties in the space and in the half-space. We set V_k(x, t) = ∫ R^n Γ(x − z, t)v_k(z)dz, k = 1, . . . , k_1,

V_k(y, t) = ∫ R^n_+ ( Γ(y − z, t) − Γ(y − z^∗, t) ) v_k(z)dz

= ∫ R^n Γ(y − z, t)v^−_k (z)dz, k = k_1 + 1, . . . , k_2, where z^∗ = (z_1, . . . , z_{n−1}, −z_n), Γ(z, t) = 1 (4πνt)^{n/2} exp(− |z|^2 4νt ) is a fundamental solution of the heat equation u_t − νΔu = 0 and v^−_k is an odd (with respect to y_n) extension of v_k into R^n_− ≡ {x_n < 0}. It was shown in [5] that ‖V_{kt}‖^r_{Lq,r(Π}T_) + ∑ |j|=2 ‖D^j V_k‖^r_{Lq,r(Π}T_) ≤ c‖v_k‖^r_{Ḃ2−2/rq,r (Rn)},

‖V_k‖^r_{Lq,r(Π}T_) ≤ c ( ‖v_k‖^r_{Lq(R}n_) + ‖V_{kt}‖^r_{Lq,r(Π}T_) ) , k = 1, . . . , k_1,

212 V. A. SOLONNIKOV ‖V_{kt}‖^r_{Lq,r(Π}T_{+)} + ∑ |j|=2 ‖D^j V_k‖^r_{Lq,r(Π}T_{+)} ≤ c‖v^−_k ‖^r_{Ḃ2−2/rq,r (Rn)},

‖V_k‖^r_{Lq,r(Π}T_{+)} ≤ c ( ‖v_k‖^r_{Lq(R}n_) + ‖V_{kt}‖^r_{Lq,r(Π}T_{+)} ) , k = k_1 + 1, , . . . , k_2,

where Π^T = R^n × (0, T ), Π^T_+ = R^n_+ × (0, T ). The norm of v^−_k can be estimated in the following way: if 2 − 2/r < 1 + 1/q, then we can use an evident inequality ‖v^−_k ‖^r_{Ḃ2−2/rq,r (Rn)} ≤ c‖v^{(0)}_k ‖^r_{Ḃ2−2/rq,r (Rn+ )} and if 2 − 2/r > 1, then we have ‖v^−_k ‖^r_{Ḃ2−2/rq,r (Rn)} = (^{n−1}∑ i=1 ‖v^−_{kxi} ‖^r_{Ḃ1−2/rq,r (Rn )} + ‖(v_{kxn} )^+‖^r_{Ḃ1−2/rq,r (Rn)} ) , where v^+ is an even extension of v into R^n_−. It follows from the estimates obtained in [5] that ‖(v_{kxn} )^+‖_Ḃ1−2/r_{q,r (Rn)} ≤ c‖v_{kxn} ‖_Ḃ1−2/r_{q,r (Rn+ )} hence, ‖V_k‖^r_W 2,1_{q,r (ΠT+)} ≤ c ( ‖v_k‖^{(2−2/r)} R^n_+ )_r . We define V_0(x, t), x ∈ Ω, as

V_0(x, t) =

k_1∑

k=1 χ_k(x)V_k(x, t) + k_2∑

k=k_1+1

χ_k(T^{−1}_k y)V_k (T^{−1}_k y, t)

where χ_k(x) are smooth functions with compact supports such that χ_k(x)ψ_k(x) = ψ_k(x). Putting the above estimates together we arrive at (2.4). The proposition is proved.

We also present the theorem of imbedding of W^{2,1}_{q,r} (Q^T ) into Hölder spaces of functions.

Proposition 2.3. If u ∈ W^{2,1}_{q,r} (Q^T ) with 2 − n/q − 2/r ≡ b > 0, then u ∈ B^{b,b/2}_{∞,∞}(Q^T ), and ‖u‖_Bb,b/2_{∞,∞(QT )} ≤ c‖u‖_W 2,1_{q,r (QT )}.

ESTIMATES OF SOLUTIONS OF THE STOKES EQUATIONS 213

Proof. It is enough to consider the case Ω = R^n, since every function u ∈ W^{2,1}_{q,r} (Q^T ) can be extended into Π^T with preservation of class (see [2]). We also extend u into the half-space {t < 0} with preservation of class in such a way that u(x, t) = 0 for t < −2T . From the representation formula u(x, t) = t∫ −∞ ∫ R^n Γ(x − y, t − τ ) ( u_τ (y, τ ) − νΔu(y, τ ) ) dydτ

it follows that |Δ^{[b]+1}_i (h)u(x, t)| ≤ c‖u‖_W 2,1_{q,r (ΠT )}‖Δ^{[b]+1}_i (h)Γ‖_{Lq′,r′ (R}n+1_), |Δ_t(h)u(x, t)| ≤ c‖u‖_W 2,1_{q,r (ΠT )}‖Δ_t(h)Γ‖_{Lq′,r′ (R}n+1_), where [b] is an integral part of b and Δ_t(h) denotes finite difference with respect to t. Easy computations show that ‖Δ^{[b]+1}_i (h)Γ‖_{Lq′,r′ (R}n+1_) ≤ ch^b, ‖Δ_t(h)Γ‖_{Lq′,r′ (R}n+1_) ≤ ch^{b/2}, hence, ‖u‖_Ḃb,b/2_{∞,∞(ΠT )} ≤ c‖u‖_W 2,1_{q,r (ΠT )}. Using also (2.1) with p_1 = s_1 = ∞ we arrive at the desired estimate. The proposition is proved.

The space B^{b,b/2}_{∞,∞}(Π^T ) coinsides with the Hölder space C^{b,b/2}(Q^T ) for b < 1 and for b > 1.

Finally, we consider an auxiliary stationary problem −νΔ⃗u(x) + ∇s(x) = 0, ∇ · ⃗u = g(x), x ∈ Ω, ⃗u|_S = 0. (2.5) Proposition 2.4. If g ∈ W^1_q (Ω), q > 1, and ∫ Ω g(x)dx = 0, then problem (2.5) has a solution ⃗u ∈ W^2_q (Ω), s ∈ W^1_q (Ω), which is unique, up to an additive constant for the pressure, and satisfies the inequalities

‖⃗u‖_W 2_{q (Ω)} + ‖∇s‖_{Lq(Ω)} ≤ c_1‖g‖_W 1_{q (Ω)} (2.6) and ‖⃗u‖_{Lq(Ω)} ≤ c_2‖g‖_W −1_{q (Ω)}. (2.7)

214 V. A. SOLONNIKOV

In particular, if g(x) = ∇ · ⃗h(x) + h_0(x), (2.8)

then ‖⃗u‖_{Lq(Ω)} ≤ c_2 ( ‖⃗h‖_{Lq(Ω)} + ‖h_0‖_{Lq1 (Ω)} + ‖⃗h · ⃗n‖_{Lq2 (S)} ) , (2.9)

where q_1, q_2 ≤ q satisfy the conditions 1 q_1 ≤ 1 q + 1 n , 1 q_2 ≤ n (n − 1)q . (2.10)

If supp⃗h, supp h_0 ∈ ω_ρ(x_0) ≡ Ω̄ ∩ {x − x_0| ≤ ρ}, ρ ∈ (0, 1), then ‖⃗u‖_{Lq(Ω)} ≤ c_2 ( ‖⃗h‖_{Lq(Ω)} +ρ^{1+n/q−n/q1} ‖h_0‖_{Lq1 (Ω)} + ρ^{n/q−(n−1)/q2} ‖⃗h · ⃗n‖_{Lq2 (S)} ) . (2.11)

Proof. The first statement of the theorem and the estimate (2.6) are well known. (2.7) is proved by duality arguments (see [7, 12]). We consider an auxiliary problem −νΔ⃗φ(x) + ∇π(x) = ⃗ψ(x), ∇ · ⃗φ(x) = 0, ⃗φ(x)|_S = 0 with arbitrary smooth ⃗ψ(x). Integrating by parts we easily obtain ∫ Ω ⃗u(x) · ⃗ψ(x)dx = − ∫ Ω gπdx = ∫ Ω g(π − π̄)dx, (2.12)

where π̄ = |Ω|^{−1} ∫ Ω π(x)dx. From this relation and from the Poincaré inequality it follows that | | | ∫ Ω ⃗u(x) · ⃗ψ(x)dx | | | ≤ ‖g‖_W −1_{q (Ω)}‖π − π̄‖_W 1_{q′1 (Ω)} ≤ c‖g‖_W −1_{q (Ω)}‖∇π‖_{Lq′ (Ω)}

≤ c‖g‖_W −1_{q (Ω)}‖ ⃗ψ‖_{Lq′ (Ω)}, q^′ = q/(q − 1). Since ⃗ψ is arbitrary, this implies (2.4). If g(x) = ∇ · ⃗h(x) + h_0(x), then ∫ Ω g(π − π̄)dx = − ∫ Ω ⃗h · ∇πdx + ∫ Ω h_0(π − π̄)dx + ∫ S ⃗h · ⃗n(π − π̄)dx

ESTIMATES OF SOLUTIONS OF THE STOKES EQUATIONS 215 and | | | ∫ Ω ⃗u(x) · ⃗ψ(x)dx | | | ≤ c ( ‖⃗h‖_{Lq(Ω)}‖∇π‖_{Lq′ (Ω)} + ‖h_0‖_{Lq1 (Ω)}‖π − π̄‖_{Lq′1 (Ω)} + ‖⃗h · ⃗n‖_{Lq2 (S)}‖π − π̄‖_{Lq′2 (S)} ) ‖ ⃗ψ‖_{Lq′ (Ω)}. with q^′_1 and q^′_2 ≥ q^′ satisfying the conditions 1 − n q^′ + n q^′_1 ≥ 0, 1 − n q^′ + n − 1 q^′_2 ≥ 0 equivalent to (2.10). This implies (2.9). Assume finally that supp ⃗h, supp h_0 ∈ ω_ρ(x_0) ≡ Ω̄ ∩ {|x − x_0| ≤ ρ}. It is clear that (2.12) holds with the constant π̄ replaced by π̄_ρ = |ω_ρ(x_0)|^{−1} ∫ ω_ρ(x_0) π(x)dx.

We have | | | ∫ Ω h_0(π − π̄_ρ)dx | | | ≤ ‖h0‖_{Lq1 (ωρ(x0))}‖π − π̄ρ‖_{Lq′1 (ωρ(x0))}

≤ cρ^{1−n/q′+n/q′1} ‖h_0‖_{Lq1 (ωρ(x0))}‖∇π‖_{Lq′(ωρ(x0))} and, by virtue of an interpolation inequality, | | | ∫ S ⃗h · ⃗n(π − π̄_ρ)dS | | | ≤ ‖⃗h · ⃗n‖_{Lq2 (sρ)}‖π − π̄ρ‖_{Lq′2 (sρ)}

≤ c‖⃗h · ⃗n‖_{Lq2 (sρ)} ( ρ^{1−n/q′+(n−1)/q′2} ‖∇π‖_{Lq′ (ωρ(x0))} +ρ^{−n/q′ +(n−1)/q′2} ‖π − π̄_ρ‖_{Lq′ (ωρ(x0))} )

≤ cρ^{n/q−(n−1)/q2} ‖⃗h · ⃗n‖_{Lq2 (sρ)}‖∇π‖_{Lq′(ωρ(x0))}. Hence, in this case ‖g‖_W −1_{q (Ω)} ≤ c ( ‖⃗h‖_{Lq(ωρ)} + ρ^{1+n/q−n/q1} ‖h_0‖_{Lq1 (ωρ(x0))} +ρ^{n/q−(n−1)/q2} ‖⃗h · ⃗n‖_{Lq2 (sρ)} ) . (2.13)

Collecting the estimates we arrive at (2.11). The proposition is proved.

216 V. A. SOLONNIKOV

3. Proof of Theorems 1.1–1.4 Proof of Theorem 1.1. We reduce problem (1.1) to a similar problem with g = 0 and ⃗v_0 = 0 by construction of some auxiliary functions. Let ⃗V_0(x, t) be a vector field from W^{2,1}_{q,r} (Q^T ) satisfying the conditions ⃗V_0(x, 0) = ⃗v_0(x), ⃗V_0(x, t)|_{x∈S} = 0 and the inequality ‖⃗V_0‖_W 2,1_{q,r (Q}T_) ≤ c‖⃗v_0‖^{(2−2/r)}_Ω . (3.1) Such a vector field can be constructed, as indicated in the proposition 2.2. Now, let (⃗u, s) and ( ⃗w, σ) be solutions to the problems −νΔ⃗u(x, t) + ∇s(x, t) = 0, ∇ · ⃗u = g(x, t) − ∇ · ⃗V_0(x, t), ⃗u|_{x∈S} = 0, (3.2)

⃗w_t − νΔ ⃗w + ∇σ = ⃗f_1(x, t), ∇ · ⃗w = 0, x ∈ Ω, t ∈ (0, T ), ⃗w(x, 0) = 0, ⃗w(x, t)|_{x∈S} = 0 (3.3) with ⃗f_1 = ⃗f − ⃗V_{0t} + νΔ⃗V_0 − ⃗u_t. By virtue of (2.6) and (2.7), we have ‖⃗u‖_W 2,1_{q,r (QT )} + ‖∇s‖_{Lq,r(Q}T_) ≤ c ( ‖⃗V_0‖_W 2,1_{q,r (QT )} +‖g‖_{Lr (0,T ;W} 1_{q (Ω))} + ‖g_t‖_{Lr(0,T ;W} −1_{q (Ω))} ) . (3.4) As shown in [4, 5], problem (3.3) in uniquely solvable, and ‖ ⃗w‖_W 2,1_{q,r (QT )} + ‖∇σ‖_{Lq,r(Q}T_) ≤ c‖ ⃗f_1‖_{Lq,r(Q}T_) ≤ c ( ‖ ⃗f‖_{Lq,r(Q}T_) + ‖⃗V_0‖_W 2,1_{q,r (Q}T_) + ‖⃗u_t‖_{Lq,r(Q}T_) ) (3.5) Further, from (1.5) it follows that ∫ Ω ∇φ(x) · ⃗u(x, t)dx = ∫ Ω ∇φ(x) · (⃗u(x, t) + ⃗V_0(x, t) − ⃗v_0(x))dx

− ∫ Ω ∇φ(x) · (⃗V_0(x, t) − ⃗v_0(x))dx → 0 as t → 0,

ESTIMATES OF SOLUTIONS OF THE STOKES EQUATIONS 217

which shows that ⃗u(x, 0) = 0. Hence, ⃗v = ⃗V_0 + ⃗u + ⃗w, ∇p = ∇s + ∇σ is a solution of (1.1). The estimates obtained above imply (1.6). Clearly, the solution is unique. The theorem is proved.

Proof of Theorem 1.2. Let λ ∈ (0, (1−θ)ρ) and let ζ(x, t) be a smooth cut-off function such that 0 ≤ ζ(x, t) ≤ 1, ζ(x, t) = 1 for (x, t) ∈ Q_{ρ−λ} and ζ(x, t) = 0 for (x, t) ∈ Q_ρ \ Q_{ρ−λ/2}, |D^j_xD^a_t ζ(x, t)| ≤ c(|j|, a)λ^{−|j|−2a}. The functions ⃗w(x, t) = ⃗v(x, t)ζ(x, t) and s(x, t) = p(x, t)ζ(x, t) extended by zero into Q^{t0} \ Q_ρ can be considered as a solution of initial boundaryvalue problem ⃗w_t − νΔ ⃗w + ∇s = ⃗f_1(x, t), ∇ · ⃗w = g(x, t), ⃗w(x, 0) = 0, ⃗w|_{x∈S} = 0, (3.6) with ⃗f_1(x, t) = ζ(x, t) ⃗f(x, t) − 2ν∇⃗v(x, t)∇ζ − ν⃗vΔζ + p∇ζ + ⃗vζ_t g(x, t) = ⃗v · ∇ζ. According to (1.6), ‖⃗v‖_W 2,1_{q,r (Qρ−λ )} + ‖∇p‖_{Lq,r(Qρ−λ )} ≤ ‖ ⃗w‖_W 2,1_{q,r (Q}t_{0 )} + ‖∇s‖_{Lq,r(Q}t0_) ≤ c ( ‖ ⃗f_1‖_{Lq,r(Q}t0_) + ‖g‖_{Lr(0,t0;W} 1_{q (Ω))} + ‖g_t‖_{Lr(0,t0;W} −1_{q (Ω))} ) . (3.7) The norms in the right-hand side are estimated as follows: ‖ ⃗f_1‖_{Lq,r(Q}t_{0 )} + ‖g‖_{Lr(0,t0;W} 1_{q (Ω))} ≤ ‖ ⃗f‖_{Lq,r(Qρ−λ/2 )} +cλ^{−1} ( ‖∇⃗v‖_{Lq,r(Qρ−λ/2 )} + ‖p‖_{Lq,r(Qρ−λ/2 )} ) + cλ^{−2}‖⃗v‖_{Lq,r(Qρ−λ/2 )}. Since g_t = ∇ζ · ( ⃗f + νΔ⃗v − ∇p) = ∇ · ⃗h + h_0, h_k = ν∇ζ · ∂⃗v ∂x_k − p ∂ζ ∂x_k , k = 1, 2, . . . , n, h_0 = ∇ζ · ⃗f − ν n∑ k=1 ∂∇ζ ∂x_k ∂⃗v ∂x_k + pΔζ, we can estimate the norm of g_t in (3.7) by inequality (2.13): ‖g_t(·, t)‖_W −1_{q (Ω)} ≤ c ( ‖⃗h(·, t)‖_{Lq(ωρ−λ/2 )}

218 V. A. SOLONNIKOV +ρ^{1/q} ‖⃗h · ⃗n‖_{Lq(sρ−λ/2 )} + ρ‖h_0‖_{Lq(ωρ−λ/2 )} )

which implies ‖g_t‖_{Lr(0,t0;W} −1_{q (Ω))} ≤ c ( λ^{−1}ρ‖ ⃗f ‖_{Lq,r(Qρ−λ/2 )} + λ^{−2}‖⃗v‖_{Lq,r(Qρ−λ/2 )} +λ^{−1}(1 + ρλ^{−1}) ( ‖∇⃗v‖_{Lq,r(Qρ−λ/2 )} + ‖p‖_{Lq,r(Qρ−λ/2 )} )

+ρ^{1/q}λ^{−1} ( ‖∇⃗v‖_{Lq,r(σρ−λ/2 )} + ‖p‖_{Lq,r(σρ−λ/2 )} )) , (3.8) where σ_μ = s_μ × (t_0 − μ^2, t_0). We estimate the norms in the right-hand side by inequalities (2.1)–(2.3), i.e., ‖⃗v‖_{Lq,r(Qρ−λ/2 )} ≤ η^2_1‖⃗v‖_W 2,1_{q,r (Qρ−λ/2 )} +cη^{n/q−n/q1+2/r−2/r1} 1 ‖⃗v‖_{Lq1,r1 (Qρ−λ/2 )}, ‖∇⃗v‖_{Lq,r(Qρ−λ/2 )} ≤ η_2‖⃗v‖_W 2,1_{q,r (Qρ−λ/2 )} +cη^{−1+n/q−n/q1+2/r−2/r1} 2 ‖⃗v‖_{Lq1,r1 (Qρ−λ/2 )}, ‖∇⃗v‖_{Lq,r(σρ−λ/2 )} ≤ η^{1−1/q}_3 ‖⃗v‖_W 2,1_{q,r (Qρ−λ/2 )} +cη^{−1+(n−1)/q−n/q1+2/r−2/r1} 3 ‖⃗v‖_{Lq1,r1 (Qρ−λ/2 )}, and, in addition, ‖p‖_{Lq(ωρ−λ/2 )} ≤ η_4‖∇p‖_{Lq(ωρ−λ/2 )} + cη^{n/q−n/q2}_4 ‖p‖_{Lq2 (ωρ−λ/2 )}, ‖p‖_{Lq(ω}′_{ρ−λ/2 )} ≤ η^{1−1/q}_5 ‖∇p‖_{Lq(ωρ−λ/2 )} + cη^{(n−1)/q−n/q2} 5 ‖p‖_{Lq2 (ωρ−λ/2 )}. We set η_1 = ε_1λ, η_2 = ε_2λ^2ρ^{−1}, η_3 = (ε_3λρ^{−1/q} )^{q′} , η_4 = ε_4λ^2ρ^{−1}, and η_5 = ε_5(λρ^{−1/q})^{q′} with sufficiently small ε_i. Choosing ε_i in an appropriate way we obtain N (λ) ≤ εN (λ/2) + c(1 + λ^{−1}ρ)‖ ⃗f ‖_{Lq,r(Qρ−λ/2 )} +ϕ_1(λ, ρ, ε)‖⃗v‖_{Lq1,r1 (Qρ−λ/2 )} + ϕ_2(λ, ρ, ε)‖p‖_{Lq2,r (Qρ−λ/2 )}, (3.9) where N (μ) = ‖⃗v‖_W 2,1_{q,r (Qρ−μ)} + ‖∇p‖_{Lq,r(Qρ−μ)}

ESTIMATES OF SOLUTIONS OF THE STOKES EQUATIONS 219

and ϕ_i are linear conbinations of the expressions c(ε)λ^{ai} ρ^{bi} such that

a_i + b_i = −μ_i, i = 1, 2. (3.10)

It is clear that for a certain κ ≥ 1 λ^κϕ_i(λ, ρ, ε) are increasimg functions of λ. We multiply (3.9) by λ^κ and require that 2^κε ≤ 1 2 . Then (3.9) implies f(λ) ≤ 1 2 f(λ/2) + K(λ), λ ∈ (0, ρ(1 − θ)), where f(λ) = λ^κN (λ) and K(λ) = λ^κ ( ϕ_1(λ, ρ, ε)‖⃗v‖_{Lq1,r1 (Qρ)} + ϕ_2(λ, ρ, ε)‖p‖_{Lq2,r(Qρ)} )

+cλ^κ(1 + λ^{−1}ρ)‖ ⃗f ‖_{Lq,r(Qρ)}. Since K is a monotone increasing function of λ, we conclude that f(λ) ≤ K(λ) + 1 2 K(λ/2) + . . . ≤ 2K(λ), or N (λ) ≤ ϕ_1(λ, ρ, ε)‖⃗v‖_{Lq1,r1 (Qρ)} + ϕ_2(λ, ρ, ε)‖p‖_{Lq2,r (Qρ)} +c(1 + λ^{−1}ρ)‖ ⃗f ‖_{Lq,r(Qρ)}. Setting λ = ρ(1 − θ) and taking (3.10) into account we arrive at (1.9). Let us prove the second statement of the theorem.

The functions ⃗w = ζ⃗v ∈ W^{2,1}_{q0 ,r}(Q^{t0} ), s = ζp, where by ζ we mean now a smooth cut-off function with supp ζ ∈ Q_ρ and ζ(x, t) = 1 in Q_ρ′′ , ρ^{′′} ∈ (ρ^′, ρ) is a solution of problem (3.6) whose data, ⃗f_1 and g, satisfy the hypotheses of the Theorem 1.1 with a certain exponent greater than q_0. Indeed, according to imbedding theorems for the spaces W^{2,1}_{q,r} (Q^{t0} ) (see Proposition 2.1), ⃗v, ∇⃗v ∈ L_{m1,r} (Q_ρ), ∇⃗v ∈ L_{m2 ,r}(σ_ρ), σ_ρ = s_ρ × (t_0 − ρ^2, t_0), where m_1, m_2 > q_0 satisfy the conditions 1 − n q_0 + n m_1 ≥ 0, 1 − n q_0 + n − 1 m_2

≥ 0; (3.11)

220 V. A. SOLONNIKOV

and also p ∈ L_{m1,r} (Q_ρ), p ∈ L_{m2 ,r}(σ_ρ). We fix m_1, m_2 > q_0 such that n n − 1 ( 1 q_0 − 1 n ) ≤ 1 m_2 ≤ n (n − 1)m_1 . Then both condition (3.11) and (2.10) (with q = q_1 = m_1, q_2 = m_2) are satisfied; as a consequence, g ∈ L_r (0, t_0; W^1_{m1} (Ω)), g_t ∈ L_r (0, t_0; W^{−1}_{m1} (Ω)). By Theorem 1.1, problem (3.6) has a solution ⃗w ∈ W^{2,1}_{m,r} (Q^{t0} ), ∇s ∈ L_{m,r}(Q^{t0} ), m = min (q, m_1) > q_0. Clearly, it coinsides with ζ⃗v and ζp. Repeating these arguments, if necessary, we conclude the proof.

Let us consider a nonlinear problem ⃗v_t − νΔ⃗v + ∇p = ⃗f (x, t) − (⃗v · ∇)⃗v, ∇ · ⃗v = 0, (3.12) ⃗v(x, 0) = ⃗v_0(x), ⃗v(x, t)|_{x∈S} = 0. (3.13) It is well known that a generalized solution of this problem possesses the following properties: ⃗v ∈ L_{2,∞}(Q^T ), ∇⃗v ∈ L_{2,2}(Q^T ), and the nonlinear term belongs to L_{q0 ,r0} (Q^T ) with n q_0 + 2 r_0

= 1 + n, q_0 ∈ [1, n n − 1 ], r_0 ∈ [1, 2].

It follows that ⃗v ∈ W^{2,1}_{q0,r0} (Q^T ), ∇p ∈ L_{q0,r0} (Q^T ).

We fix q_0 > 1 and r_0 < 2 sufficiently close to 2.

Proof of Theorem 1.3. We estimate the nonlinear term as follows: ‖(⃗v · ∇)⃗v‖_{Lm1,m0 (Qρ )} ≤ ‖∇⃗v‖_{L2,r0 (Qρ )}‖⃗v‖_{Lσ,τ (Qρ)}, (3.14) 1 m_1 = 1 σ + 1 2 , 1 m_0 = 1 τ + 1 r_0

. (3.15)

Since r_0 < 2, the right-hand side in (3.14) is bounded. It is clear that m_1 ∈ (1, 2), m_0 ∈ (1, r_0), and n m_1 + 2 m_0 = n σ + 2 τ + n 2 + 2 r_0 = n + 4 2 − ϵ + ϵ_1

with ϵ_1 = 2/r_0 − 1, We require that ϵ_1 ∈ (0, ϵ). By Theorem 1.2, ⃗v ∈ W^{2,1}_{m1 ,m0} (Q_{ρ1} ), ∀ρ_1 < ρ, and ‖⃗v‖_W 2,1_{m1 ,m0 (Qρ1 )} + ‖∇p‖_{Lm1,m0 (Qρ1 )} ≤ c(ρ, ρ_1) ( ‖ ⃗f‖_{Lm1 ,m0 (Qρ)}

ESTIMATES OF SOLUTIONS OF THE STOKES EQUATIONS 221 +‖∇⃗v‖_{L2,r0 (Qρ)}‖⃗v‖_{Lσ,τ (Qρ)} +‖⃗v‖_{Ls1,m0 (Qρ)}+‖p‖_{Ls2,m0 (Qρ)} ) , s_1, s_2 ≤ m_1.

By virtue of imbedding theorem (Proposition 2.1), ∇⃗v ∈ L_{q1 ,r0} (Q_{ρ1} ) with q_1 ≥ m_1 satisfying the condition 1 − n/m_1 − 2/m_0 + n/q_1 + 2/r_0 ≥ 0, i.e., n q_1 + 2 r_0 ≥ −1 + n m_1 + 2 m_0 = n + 2 2 − ϵ + ϵ_1 = n 2 + 2 r_0 − ϵ. (3.16) It follows that 1/q_1 −1/2 ≥ −ϵ/n, in particular, q_1 may be chosen greater than 2.

Now, we repeat the estimate of a nonlinear term. Instead of (3.14)– (3.16), we have ‖(⃗v · ∇)⃗v‖_{Lm2,m0 (Qρ1 )} ≤ ‖∇⃗v‖_{Lq1,r0 (Qρ1 )}‖⃗v‖_{Lσ,τ (Qρ1 )}, (3.17) 1 m_2 = 1 σ + 1 q_1 , n m_2 + 2 m_0 = n σ + 2 τ + n q_1 + 2 r_0 ≥ n + 2 2 − 2ϵ + ϵ_1, ⃗v ∈ W^{2,1}_{m2 ,m0} (Q_{ρ2} ), ∇⃗v ∈ L_{q2 ,r0} (Q_{ρ2} ), 1/q_2 − 1/2 ≥ −2ϵ/n. If we continue in this way, we show after a finite number of steps that ∇⃗v ∈ L_{ql ,r0} (Q_{ρl} ) and ⃗v ∈ W^{2,1}_{ml+1 ,m0} (Q_{ρl+1} ) with ρ_{l+1} < ρ_1 < . . . < ρ and with arbitrarily large q_l and m_{l+1} . Since 2 − n/m_{l+1} − 2/m_0 = 2 − n/m_{l+1} − 2(1/τ + 1/r_0) = 1 − 2/r_0 − n/m_{l+1} + n/σ + ϵ > 0 if m_{l+1} is large enough and r_0 is close enough to 2, ⃗v(x, t) is bounded in Q_{ρl+1} . As a consequence, (⃗v · ∇)⃗v ∈ L_{M,r0} (Q_l), and ⃗v ∈ W^{2,1}_{M,r0} (Q_ρ′ ), ρ^′ < ρ_{l+1} The theorem is proved.

Proof of Theorem 1.4. We reduce the theorem to the preceding one by showing that ⃗v ∈ L_{σ1,τ1} (Q_ρ′ ), ∀ρ^′ < ρ, with some σ_1 > σ, τ_1 > τ . We again start with the estimate of the nonlinear term: ‖(⃗v · ∇)⃗v‖_{Lm,μ(Qρ )} ≤ ‖⃗v‖_{Lσ,τ (Qρ )}‖∇⃗v‖_{L2,2(Qρ)}, 1 m = 1 σ + 1 2 , 1 μ = 1 τ + 1 2 , and we conclude that, by virtue of Theorem 1.2, ⃗v ∈ W^{2,1}_{m,μ}(Q_{ρ1} ), ∀ρ_1 < ρ. Now, we want to show that ⃗v ∈ W^{2,1}_{q1 ,μ}(Q_{ρ2} ), ∀ρ_2 < ρ_1, with some q_1 > m.

Let ζ(x, t) be a smooth cut-off function with supp ζ ∈ Q_{ρ1} , ζ(x, t) = 1 in Q_{ρ2} , and let ζ_1 be another cut-off function supported in Q_{ρ1} and such

222 V. A. SOLONNIKOV

that 0 ≤ ζ_1 ≤ 1, ζ_1(x, t)ζ(x, t) = ζ(x, t). The functions ⃗w = ζ⃗v, s = ζp extended by zero into Q^{t0} \ Q_{ρ1} are a solution of the problem ⃗w_t − νΔ ⃗w + ∇s = ⃗f_2(x, t) − (ζ_1⃗v · ∇) ⃗w, ∇ · ⃗w = g(x, t), ⃗w(x, 0) = 0, ⃗w(x, t)|_{x∈S} = 0 (3.18) with g = ⃗v · ∇ζ ⃗f_2 = ⃗f_1 + (⃗v · ∇ζ)⃗v and with ⃗f_1 defined in (3.6). Moreover, g_t = g^′ + g^{′′} where g^{′′} = ∇ζ · ( ⃗f + νΔ⃗v − ∇p), g^′ = ∇ζ · (⃗v · ∇)⃗v = ∇ · ⃗h^′ + h^′_0, h^′_k = v_k∇ζ · ⃗v, h^′_0 = −⃗v · (⃗v · ∇)∇ζ. We have seen above in the proof of Theorem 1.2 that ⃗f_1 ∈ L_{m1,μ}(Q^{t0} ), g ∈ L_μ(0, t_0; W^1_{m1} (Ω)), g^{′′} ∈ L_μ(0, t_0; W^{−1}_{m1} (Ω)) with m_1 > m satisfying the inequality 1/m_1 ≥ 1/m − 1/n. In addition, we have ⃗h^′ ∈ L_{σ/2,τ/2}(Q_{ρ1} ), h^′_0 ∈ L_{σ/2,τ/2}(Q_{ρ1} ). From 1/μ = 1/τ + 1/2 > 2/τ it follows that μ < τ /2, hence, ⃗h^′ ∈ L_{σ/2,μ}(Q_{ρ1} ), h^′_0 ∈ L_{σ/2,μ}(Q_{ρ1} ), and as a consequence (since ⃗v vanishes at the boundary), g^′ ∈ L_μ(0, t_0; W^{−1}_{σ/2}(Ω)).

Next, we observe that for arbitrary m̃ < σ, μ̃ < τ the estimate ‖(ζ_1⃗v · ∇) ⃗w‖_{Lm̃,μ̃(Qρ)} ≤ ‖⃗v‖_{Lσ,τ (Qρ)}‖∇ ⃗w‖_{Lq̃,r̃ (Qρ)} ≤ c‖⃗v‖_{Lσ,τ (Qρ)}‖ ⃗w‖_W 2,1_{m̃,μ̃(Qρ)} holds with 1/q̃ = 1/m̃−1/σ and 1/r̃ = 1/μ̃−1/τ . If the norm ‖⃗v‖_{Lσ,τ (Qρ)} is sufficiently small, which is the case for small ρ, then the term (ζ_1⃗v ·∇) ⃗w determines a continuous linear operator from W^{2,1}_{m̃,μ̃}(Q^{t0} ) into L_{m̃,μ̃}(Q^{t0} ) with a small norm. This makes it possible to conclude that problem (3.18) has a unique solution ⃗w ∈ W^{2,1}_{q1,μ}(Q^{t0} ), ∇s ∈ L_{q1 ,μ}(Q^{t0} ) where q_1 = min(m_1, σ/2) > m. It is clear that the solution coincides with (ζ⃗v, ζp). If m_1 < σ/2, then we can repeat our arguments and show that ⃗v ∈ W^{2,1}_{q2 ,μ}(Q_{ρ2} ), q_2 = min(m_2, σ/2), 1/m_2 > 1/m − 2/n, in a smaller cylinder Q_{ρ2} . After a finite number of steps we arrive at the conclusion that ⃗v ∈ W^{2,1}_{σ/2,μ}(Q_ρ′ ), ρ^′ < ρ. Now we notice that 2 − 2n/σ − 2/μ + n/σ + 2/τ = 1 − n/σ > 0, so according to the Proposition 2.1 ⃗v ∈ L_{σ1,τ1} (Q_ρ′ ) with some σ_1 > σ and τ_1 > τ such that 2 − 2n/σ − 2/μ + n/σ_1 + 2/τ_1 ≥ 0. Since n/σ_1 + 2/τ_1 < 1, the theorem is reduced to Theorem 1.3.

ESTIMATES OF SOLUTIONS OF THE STOKES EQUATIONS 223

4. On problem (1.13) We recall that the solution of problem (1.13) is representable in the form ⃗v(x, t) = t∫ 0 ∫ R^n_+ G(x, y, t − τ ) ⃗f^′(y, τ )dydτ, (4.1)

p(x, t) = ϕ(x, t) + t∫ 0 ∫ R^n_+ ⃗P (x, y, t − τ ) · ⃗f^′(y, τ )dydτ, (4.2)

where ϕ(x, t) = − ∫ R^n_+ ∇_y(E(x − y) + E(x − y^∗)) · ⃗f (y, t)dy,

and ⃗f^′(x, t) = ⃗f (x, t) − ∇ϕ(x, t) ≡ Q ⃗f (4.3) is a projection of ⃗f onto the space of divergence free vector fields with f_n|_{xn=0} = 0 (see [12]).

The elements of the Green’s tensor {G(x, y, t), ⃗P (x, y, t)} of problem (1.13) with ⃗f = ⃗f^′ are given by G_{ij}(x, y, t) = δ_{ij} ( Γ(x − y, t) − Γ(x − y^∗, t) )

+4(1 − δ_{jn}) ∂ ∂x_j x_n∫

0 ∫ R^{n−1} ∂E(x − z) ∂x_i Γ(z − y^∗, t)dz, i, j = 1, . . . , n,

P_j(x, y, t) = 4ν(1 − δ_{nj}) ∂ ∂x_j ( ∫ R^{n−1} ∂E(x^′ − z^′, x_n) ∂x_n Γ(z^′ − y^′, y_n, t)dz^′

+ ∫ R^{n−1} E(x^′ − z^′, x_n) ∂Γ(z^′ − y^′, y_n, t) ∂y_n dz^′ ) , j = 1, . . . , n. (4.4) By E(x) we mean the fundamental solution of the Laplace equation, i.e., E(x) = −((n − 2)|S_1|)^{−1}|x|^{−(n−2)} if n > 2 and E(x) = (2π)^{−1}log |x|, if n = 2, and |S_1| is the surface area of the unit sphere in R^n, y^∗ = (y_1, . . . , −y_n) and y^′ = (y_1, . . . , y_{n−1}).

224 V. A. SOLONNIKOV

Proposition 4.1. Functions (4.1) and (4.2) satisfy the inequalitiy ‖⃗v_t‖^r_{Lq,r(Π}T_{+)} + ∑ |j|=2 ‖D^j⃗v‖^r_{Lq,r(Π}T_{+)} + ‖∇p‖^r_{Lq,r(Π}T_{+)} ≤ c_1‖ ⃗f‖^r_{Lq,r(Π}T_{+)}, (4.5) with the constant c_1 independent of T and ‖⃗v‖^r_{Lq,r(Π}T_{+)} ≤ c_2(T )‖⃗v_t‖^r_{Lq,r(Π}T_{+)} ≤ c_1c_2(T )‖ ⃗f‖^r_{Lq,r(Π}T_{+)}. (4.6) Proof. We write (4.1) in the form ⃗v(x, t) = ⃗U (x, t) − ⃗U^∗(x, t) + 4 n−1∑ j=1 S_j (U^∗_j )^{(0)}(x, t),

where ⃗U (x, t) = t∫ 0 ∫ R^n_+ Γ(x − y, t − τ ) ⃗f^′(y, τ )dydτ,

⃗U^∗(x, t) = t∫ 0 ∫ R^n_+ Γ(x − y^∗, t − τ ) ⃗f^′(y, τ )dydτ, x ∈ R^n_+,

(⃗U^∗)^{(0)} is a zero extension of ⃗U^∗ into R^n_−, and S_j is a singular integral operator with the vector-valued kernel equal to^{∂∇E(x)}_{∂xj} , if x_n > 0, and to zero, if x_n < 0. By virtue of inequality ‖u_t‖^r_{Lq,r(Π}T_{+)} + ∑ |j|=2 ‖D^j u‖^r_{Lq,r(Π}T_{+)} ≤ c‖f‖^r_{Lq,r(Π}T_{+)} for the heat potential u(x, t) = t∫ 0 ∫ R^n Γ(x − y, t − τ )f(y, τ )dydτ (see [5]), and of the Calderon–Zygmund theorem, we have ‖⃗v_t‖^r_{Lq,r(Π}T_{+)} ≤ c‖ ⃗f^′‖^r_{Lq,r(Π}T_{+)}. Applying again the Calderon–Zygmund theorem, this time to the operator ∇ϕ in (4.3), we obtain ‖ ⃗f^′‖^r_{Lq,r(Π}T_{+)} ≤ c‖ ⃗f ‖^r_{Lq,r(Π}T_{+)}.

ESTIMATES OF SOLUTIONS OF THE STOKES EQUATIONS 225

Now, we can consider ⃗v as a solution of a stationary Stokes problem −νΔ⃗v(x, t) + ∇p(x, t) = ⃗f (x, t) − ⃗v_t(x, t), ∇ · ⃗v = 0, ⃗v(x, t)|_{xn=0} = 0. From coercive L_p-estimate for this problem it follows that ∑ |j|=2 ‖D^j⃗v‖^r_{Lq,r(Π}T_{+)} + ‖∇p‖^r_{Lq,r(Π}T_{+)} ≤ c_1 ( ‖ ⃗f ‖^r_{Lq,r(Π}T_{+)} + ‖⃗v_t‖^r_{Lq,r(Π}T_{+)} ) .

Together with the above estimate for ⃗v_t, this implies (4.5), and (4.6) follows easily from

‖⃗v(·, t)‖^r_{Lq(R}n_{+)} ≤ r t∫ 0 ‖⃗v_τ (·, τ )‖_{Lq(R}n_{+ )}‖⃗v(·, τ )‖^{r−1}_{Lq(R}n_{+ )}dτ

≤ t∫ 0 ‖⃗v_τ (·, τ )‖^r_{Lq(R}n_{+)}dτ + (r − 1) t∫ 0 ‖⃗v(·, τ )‖^r_{Lq(R}n_{+)}dτ.

The proposition is proved.

Proof of Theorem 1.5. Let ρ^′ = (ρ + ρ_1)/2 and let ω(t) and ψ(x) be two smooth cut-off functions such that 0 ≤ ω(t), ψ(x) ≤ 1, ψ(x) = 1 for |x − x_0| ≤ ρ^′, ψ(x) = 0 for |x − x_0| ≥ ρ, ω(t) = 1 for t ∈ (t_0 − ρ^{′ 2}, t_0), ω(t) = 0 for t < t_0−ρ^2. We set ζ(x, t) = ω(t)ψ(x), ⃗f_1(x, t) = ⃗f(x, t)ζ(x, t), ⃗f_2(x, t) = ⃗f (x, t)(1 − ψ(x))ω(t), ⃗f_3(x, t) = ⃗f(x, t)(1 − ω(t)), and we define ⃗v_i, p_i(x, t) by the formulas (4.1) and (4.2) with ⃗f = ⃗f_i, i = 1, 2, 3. It is clear that ⃗f_1 + ⃗f_2 + ⃗f_3 = ⃗f and that (1.14) holds. We also set ⃗f^′_i = Q ⃗f_i, ϕ_i(x, t) = − ∫ R^n_+ ∇(E(x − y) − E(x − y^∗)) · ⃗f_i(y, t)dy,

p^′_i(x, t) = t∫ 0 ∫ R^n_+ ⃗P (x, y, t − τ ) · ⃗f^′_i (y, τ )dydτ.

We start the estimates of p_i with the proof of (1.21). If (x, t) ∈ Q_{ρ1} , then ϕ_3(x, t) = 0, and p_3(x, t) = p^′_3(x, t). Let U^{(i)}(x^′, t), i = 1, 2, 3 be

226 V. A. SOLONNIKOV

matrices with the elements

U^{(i)}_{kj} (x^′, t) = t∫ 0 ∫ R^n_+ ∂Γ(x^′ − y^′, y_n, t − τ ) ∂y_k f_{ij} (y, τ )dydτ. k, j = 1, . . . , n,

where f_{ij} = ⃗f_i · e_j . If t ∈ (t_0 − ρ^2_1, t_0) and τ < t_0 − ρ^{′ 2}, then the kernel ∇Γ(x − y, t − τ ) has no singularity. This implies

|D^j_x′ D^h_t U^{(3)}_{kj} (x^′, t)| ≤ c‖ ⃗f_3‖_{Lq0,r0 (Πt0−ρ}′ 2_), x^′ ∈ R^{n−1}, t ∈ (t_0 − ρ^2_1, t_0),

‖D^h_t U^{(3)}(·, t)‖_{Lq0 (R}n−1_) 6 c t∫ 0 ∞∫ 0 e^{− c1 y} 2 n t−τ ‖ ‖f_3(·, y_n, τ ) ‖ ‖_{Lq0 (Rn−1 )}^{dy}n^{dτ} (t−τ)^{1+h} 6 c^{‖ ⃗}f3^‖_{Lq0,r0 (Πt0−ρ}′ 2_), and, due to elementary estimates of harmonic simple layer potential, |D^j_xD^h_t p^′_3(x, t)| ≤ c (^{|j|+1}∑ |β|=|j| sup x^′∈R^{n−1} |D^β_x′ D^h_t U^{(3)}(x^′, t)|

+‖D^h_t U^{(3)}(·, t)‖_{Lq0 (R}n−1_{\sρ1 (x0))} ) ≤ c‖ ⃗f ‖_{Lq0,r0 (Πt0−ρ}′ 2_), (x, t) ∈ Q_{ρ1} . Hence, (1.21) is proved. Inequalities (1.15) and (1.18) follow from (4.5).

Let us estimate L_{q,r} (Q_{ρ1} )-norm of p_1 = ϕ_1 + p^′_1. Clearly, ‖ϕ_1‖_{Lq,r(Qρ1 )} ≤ c‖ ⃗f‖_{Lq,r(Qρ)}. Further, for sufficiently small ε > 0 we have |p^′_1(x, t)| =≤ c ∫ R^{n−1} |U^{(1)}(y^′, t)| dy^′ (x^′ − y^′|^2 + x^2_n)^{(n−1)/2} ≤ c ( ∫ R^{n−1} |U^{(1)}(y^′, t)|^q dy^′ (x^′ − y^′|^2 + x^2_n)^{(n−1)/2−εq/2} )_{1/q} ,

( ∫ R^{n−1} dy^′ (x^′ − y^′|^2 + x^2_n)^{(n−1)/2+εq′/2} )_{1/q}′

≤ c x^ε_n ( ∫ R^{n−1} |U^{(1)}(y^′, t)|^q dy^′ (x^′ − y^′|^2 + x^2_n)^{(n−1)/2−εq/2} )_{1/q}

ESTIMATES OF SOLUTIONS OF THE STOKES EQUATIONS 227

from which it follows that ‖p^′_1‖_{Lq(ωρ1 (x0))} ≤ c ( ∫ R^{n−1} |U^{(1)}(y^′, t)|^qdy^′ ∫ ω_{ρ1} (x_0) dx x^{εq1}_n (x^′ − y^′|^2 + x^2_n)^{(n−1)/2−εq/2} )_{1/q}

≤ c‖U^{(1)}(·, t)‖_{Lq(R}n−1_). By virtue of the Young inequality, ‖U^{(1)}(·, t)‖_{Lq(R}n−1_) ≤ c t∫ 0 ∞∫ 0 ‖ ⃗f^′_1(·, y_n, τ )‖_{Lq(R}n−1_)e^{− c1 y} 2 n t−τ dy_ndτ t − τ

≤ c t∫ 0 ‖ ⃗f_1(·, τ )‖_{Lq(R}n_{+)} dτ (t − τ )^{1−1/2q′} and, as a consequence, ‖p^′_1‖_{Lq,r(Qρ1 )} ≤ c‖U^{(1)}‖_{Lq,r(R}n−1_{×(t0−ρ}2_{,t0))} ≤ c‖ ⃗f_1‖_{Lq,r(Qρ)}. This completes the proof of (1.16). Let us pass to (1.17). If (x, t) ∈ Q_{ρ1} , then the function ϕ_2 is harmonic, and the kernel of the integral operator in D^j ϕ_2(x, t) = − ∫ R^n_+\ω_ρ′ (x_0) D^j_x∇_y(E(x − y) − E(x − y^∗)) · ⃗f_2(y, t)dy

is bounded by a constant depending on ρ − ρ_1, hence, |D^j ∇ϕ_2(x, t)| ≤ c‖ ⃗f (·, t)‖_{Lq0(R}n_{+ \ωρ′ (x0))}, which implies ‖D^j ∇ϕ_2‖_{L∞,r0 (Qρ1 )} ≤ c‖ ⃗f ‖_{Lq0,r0 (π(ρ,ρ1 )}. To estimate p^′_2, we introduce a new smooth cut-off function ψ_1(x) such that 0 ≤ ψ_1(x) ≤ 1, ψ_1(x) = 1, if x ∈ ω_{ρ2} (x_0), ψ(x) = 0, if x ∈ R^n \ ω_{ρ3} (x_0) where ρ_1 < ρ_2 < ρ_3 < ρ^′, and we write p^′_2 in the form p^′_2 = q^′ + q^{′′} with

q^′(x, t) = 4ν(1 − δ_{nj} ) ( ∫ R^{n−1} ∂E(x^′ − z^′, x_n) ∂x_n ψ_1(z^′, 0)U^{(2)}_{jj} (z^′, t)dz^′

228 V. A. SOLONNIKOV + ∫ R^{n−1} ∂E(x^′ − z^′, x_n) ∂x_j ψ_1(z^′, 0)U^{(2)}_{nj} (z^′, t)dz^′ ) ,

q^{′′} (x, t) = 4ν(1 − δ_{nj}) ( ∫ R^{n−1} ∂E(x^′ − z^′, x_n) ∂x_n (1 − ψ_1(z^′, 0))U^{(2)}_{jj} (z^′, t)dz^′

+ ∫ R^{n−1} ∂E(x^′ − z^′, x_n) ∂x_j (1 − ψ_1(z^′, 0))U^{(2)}_{nj} (z^′, t)dz^′ )

Since q^′ is harmonic, arbitrary derivative of D^k_xq^′, |k| ≥ 2, is a linear combination of D^{k′}_x′ D^m_{xn} q^′, m = 0, 1, |k^′| = |k|−m. By a standard estimate of the harmonic simple layer potential, we have |D^j∇q^′(x, t)| ≤ c |j|+1∑

|k|=|j| |D^k_x′ ψ_1U^{(2)}(·, t)|_Cα_{(R}n−1_),

α ∈ (0, 1). For (z, t) ∈ Q_{ρ2} and (y, τ ) ∈ π(ρ, ρ_1) the kernel ∇Γ(z −y, t−τ ) in U^{(2)} is bounded together with all its derivatives, so we easily obtain |D^j∇q^′(x, t)| ≤ c t∫ 0 ‖ ⃗f_2(·, τ )‖_{Lq0(R}n_{+ )}dτ and, as a consequence, ‖D^j∇q^′‖_{L∞,r0 (Qρ1 )} ≤ c‖ ⃗f_2‖_{Lq0,r0 (π(ρ,ρ1 ))}. (4.7) Further, if x ∈ ω_{ρ1} (x_0) and y ∈ R^{n−1} \ ω_{ρ2} , then E(x − y) and its derivatives are bounded, hence, |D^j∇q^{′′} (x, t)| ≤ c‖(1 − ψ_1)U^{(2)}(·, t)‖_{Lq0 (R}n−1_)

≤ c t∫ 0 ‖ ⃗f_2(·, τ )‖_{Lq0 (R}n_{+)} dτ (t − τ )^{1−1/2q′}0 ;

from which it follows that (4.7) holds, also for q^{′′} and (1.17) is proved.

Finally, we prove (1.19) and (1.20). We have for (x, t) ∈ Q_{ρ1} : |ϕ_2(x, t)| ≤ c ∫ R^n_+ |x − y|^{−n−1}| ⃗f_2(y, t)|dy ≤ c‖ ⃗f_2(·, t)‖_{Lq̃(R}n_)

ESTIMATES OF SOLUTIONS OF THE STOKES EQUATIONS 229

with q̃ = min (q_0, n − ϵ). In addition, we should estimate p^′_2(x, t). It is easily seen that for (x, t) ∈ Q_{ρ1} |p^′_2(x, t)| ≤ c ( |U^{(2)}(·, t)|_Cα_{(sρ3 (x0))} + ‖U^{(2)}(·, t)‖_{Lq0(R}n−1_{\sρ2 )} )

≤ c t∫ 0 ‖ ⃗f_2(·, τ )‖_{Lq0 (R}n_{+)} dτ (t − τ )^{1−1/2q′}0 . Hence, ‖p^′_2‖_{L∞,r0 (Qρ1 )} ≤ c‖ ⃗f ‖_{Lq0,r0 (π(ρ,ρ1 ))}. which completes the proof of (1.19) and (1.20).

As for ⃗v_i(x, t), these vector fields can be considered as solutions to parabolic problems ⃗v_{it} − νΔ⃗v_i = ⃗f_i − ∇p_i, ⃗v_i|_{t=0} = 0, ⃗v_i | |_{xn=0} = 0, i = 1, 2, 3.

We make use of local estimates for these problems in Sobolev and Hölder spaces and obtain ‖⃗v_1‖_W 2,1_{q,r (Qθρ1 )} ≤ ( ‖ ⃗f_1‖_{Lq,r(Qρ1 )} + ‖∇p_1‖_{Lq,r(Qρ1 )} + ρ^{−λ1} ‖⃗v_1‖_{Lq,r(Qρ1 )} ) , ‖⃗v_2‖_W 2,1_{M,r0 (Qθρ1 )} ≤ ( ‖∇p_2‖_{Lq0,r0 (Qρ1 )} + ρ^{−λ2} ‖⃗v_2‖_{Lq0,r0 (Qρ1 )} ) , |⃗v_3|_Cm+2+α,(m+2+α)/2_{(Qθρ1 )} ≤ c ( |∇p_3|_Cm+α,(m+α)/2_{(Qρ1 )} + ρ^{−λ3} ‖⃗v_3‖_{Lq0,r0 (Qρ1 )} ) with α ∈ (0, 1) and with some positive λ_i. We estimate the norms of ∇p_i and of ⃗v_i by inequalities (1.15), (1.18), (1.21), and (4.6), and arrive at (1.22)-(1.24) (in a smaller cylinder Q_{θρ1} , which is not essential). Theorem 1.5 is proved.

Finally, let us estimate ∇⃗v = ∇⃗v_1 + ∇⃗v_2 + ∇⃗v_3. By virtue of (1.22) and (1.24), sup_{Qθ ρ1} |∇⃗v_1(x, t)| ≤ c‖ ⃗f_1‖_{Lq,r(Qρ)} if n/q + 2/r < 1, and sup_{Qθ ρ1} |∇⃗v_3(x, t)| ≤ c‖ ⃗f_3‖_{Lq0,r0 (Qt0−ρ}′ 2_).

230 V. A. SOLONNIKOV

For (x, t) ∈ Q_{θρ1} the vector field ⃗v_2(x, t) is given by ⃗v_2(x, t) = − t∫ t_0−ρ^{′ 2} ∫ R^n_+ G(x, y, t − τ )∇p_2(y, τ )dydτ,

where G(x, y, t − τ ) = Γ(x − y, t − τ ) − Γ(x − y^∗, t − τ ), hence, ∂ ∂x_k ⃗v_2(x, t) = − t∫ t_0−ρ^{′ 2} ∫ R^n_+ ∂ ∂x_k G(x, y, t − τ )(1 − ψ_1(y))∇p_2(y, τ )dydτ

− t∫ t_0−ρ^{′2} ∫ R^n_+ (Γ(x − y, t − τ ) ± Γ(x − y^∗, t − τ )) ∂ ∂y_k ψ_1(y)∇p_2(y, τ )dydτ

−2δ_{kn} t∫ t_0−ρ^{′2} ∫ R^{n−1} Γ(x^′ − y^′, x_n, t − τ )ψ(y)∇p_2(y^′, 0, τ )dy^′dτ

≡ ⃗w^{(1)}_k (x, t) + ⃗w^{(2)}_k (x, t) + ⃗w^{(3)}_k (x, t) where the signs “+^{′′} and “−^{′′} correspond to k = n and k < n, respectively. It is clear that | ⃗w^{(1)}_k (x, t)| ≤ c t∫ t_0−ρ^{′2} ‖∇p_2(·, τ ‖_{Lq0 (R}n_{+)}dτ ≤ c‖ ⃗f_2‖_{Lq0,r0 (π(ρ,ρ1 ))},

| ⃗w^{(2)}_k (x, t)| ≤ c t∫ t_0−ρ^{′2} sup_{Rn} + |(ψ_1(y)∇p_2(y, τ ))_{yk} |dτ ≤ c‖ ⃗f_2‖_{Lq0,r0 (π(ρ,ρ1 ))}.

Assume that ∂ω_q(x_0) ∩ {x_n = 0} ≠ ?. Then for arbitrary x ∈ ∂ω_q(x_0) with x_n = 0 we have

| ⃗w^{(3)}_n (x, t)| ≤ c t∫ t_0−ρ^{′2} (t − τ )^{−1/2} sup_{Rn} + |ψ_1(y)∇p_2(y, τ )|dτ 6 c t∫ t_0−ρ^{′2} (t − τ )^{−1/2}‖ ⃗f(·, τ )‖_{Lq0 (R}n_{+\ωρ′ )}dτ,

ESTIMATES OF SOLUTIONS OF THE STOKES EQUATIONS 231

which implies | ⃗w^{(3)}_n (x, t)| ≤ c‖ ⃗f_2‖_{Lq0,r0 (π(ρ,ρ1))} only in the case r_0 > 2. This condition is not satisfied for the nonlinear term in Propositions 1.3 and 1.4.

References

1. Ya. S. Bugrov, Function spaces with mixed norm. — Izv. AN SSSR, 197, 1 (1971), 17–20. Transl.: Math. USSR-Izv., 5 (1971), 1145-1167.

2. O. V. Besov, V. P. Il’in, and S.M.Nikol’skii, Integral Representations of Functions and Imbedding Theorems. Nauka, Moscow (1975); Transl.: Vol. 1, 2, J.Wiley & Sons 1978.

3. K. K. Golovkin, On equivalent norms for fractional spaces. — Trudy Mat. Inst.

Steklov, 66 (1962), 364–383. Transl.: Amer. Math. Soc. Transl., Ser. 2, 81 (1969), 257–280.

4. Y. Giga and H. Sohr, Abstract Lp-estimates for the Cauchy problem with applications to the Navier–Stokes equations in exterior domains. — J. Funct. Anal., 102 (1991), 72–94.

5. P. Maremonti and V. A. Solonnikov, On the estimates of solutions of nonstationary Stokes problem in anisotropic S. L. Sobolev spaces with a mixed norm. — Zap. Nauchn. Semin. POMI, 222 (1995), 124–150.

6. R. Farwig and H. Sohr, The stationary and nonstationary Stokes system in exterior domains with nonzero divergence and nonzero boundary values. — Math. Meth. Appl. Sci., 17 (1994), 269–291.

7. G. A. Seregin, Some estimates near the boundary for solutions of the nonstationary linearized Navier–Stokes equations. — Zap. Nauchn. Semin. POMI, 271 (2000), 204–223.

8. G. A. Seregin, Local regularity of suitable weak solutions to the Navier–Stokes equations near the boundary. — J. Math. Fluid Mech., 4 (2002), 1–29.

9. G. A. Seregin, Differentiability properties of weak solutions of the Navier–Stokes equations. — Algebra i Analiz 14 (2002), 194–237.

10. J. Serrin, On the interior regularity of weak solutions of the Navier–Stokes equations. — Arch. Rat. Mech. Anal., 9 (1962), 185–197.

11. Kyungkeun Kang, On boundary regularity for the Stokes and Navier–Stokes equations. Thesis, Univ. of Minnesota (2002).

12. V. A. Solonnikov, Estimates of solutions of nonstationary Navier–Stokes equations. — Zap. Nauchn. Semin. LOMI 38 (1973), 153–231. Transl.: J. Sov. Math., 8 (1977), 467–529..

Postupilo 12 i¸nØ 2002 g.

S.-Peterburgskoe otdelenie Matematiqeskogo instituta im. V. A. Steklova RAN