A. S. Sivatski

SPLITTING OF QUADRATIC FORMS UNDER SOME GENERIC FIELD EXTENSIONS

Abstract. Let F be a field, charF 6= 2, φ and ψ be anisotropic quadratic forms over F . Let L be the generic field extension of F such that

i(ψL^) ¿^{2. Under which conditions is the form} φL^{isotropic? We give the}

answer to this question in the cases where dim φ = 5, dim ψ = 6 and dim φ = 6, dim ψ = 7.

1. Notation and basic facts

Let F be a field of characteristic different from 2, let φ and ψ be anisotropic quadratic forms over F . There is a great number of papers devoted to the question of splitting the form φ over the field F (ψ), i.e., the generic field extension of F over which ψ becomes isotropic. Clearly, F (ψ) can be regarded as the generic field extension K over F such that i(ψ_K ) ¿ 1. In the present paper we consider an analogous question concerning the generic field extension L/F such that i(ψ_L) ¿ 2. Which conditions does the form φ have to satisfy to become isotropic over L? In general this difficult problem can hardly be expected to be solved. We give an answer to this question if dim φ = 5, dim ψ = 6 and if dim φ = 6, dim ψ = 7. It turns out that the answer depends on ind φ and ind ψ.

All the fields in the paper have characteristic different from 2 and all the quadratic forms are nondegenerate. By a form we always mean a quadratic form. A form φ over a field F is called an F -form. By φan we denote its anisotropic part, i.e., φ ≃ φan ⊥ kH for some k ¿ 0 and φan is anisotropic. Here, the number k = i(φ) is the Witt index of the form φ. By definition d_±(φ) = (−1) n(n�1)_2 det φ, where n = dim φ. W (F ) is the Witt ring of the field F , I(F ) is the ideal of classes of evendimensional forms in W (F ). The symbol ⟨⟨a1, . . . , a_n⟩⟩ = ⟨1, −a1⟩ ⊗ · · ·⊗ ⟨1, −a_n⟩ stands for an n-fold Pfister form. P_n(F ) is the set of all n-fold Pfister forms, GP_n(F ) is the set of all forms similar to n-fold Pfister forms. If π ∈ GP_n(F ), τ is

The work under this publication was partially supported by SFB 478 “Geometrische Strukturen in der Mathematik” and INTAS 00-566. 267

similar to a subform of π and dim τ > 2^{n−}1, then we say that τ is an nfold Pfister neighbor of π. [φ] is the class of φ in W (F ). We use the signs ≃ and ∼ for isomorphism and similarity. For example, φ1 ∼ φ2 means that there is a ∈ F^∗ such that φ1 ≃ aφ2. If K/F is a field extension and φ is a form over F , then φ_K is the extension of φ to K, i.e. φ ⊗_F K. Given a form φ, we denote by F (φ) the function field of the projective quadric X_φ defined by the equation φ = 0. For an anisotropic form φ we set i1(φ) = i(φ_F (_φ)). By definition H^n(F ) = H^n(Gal(Fsep/F ), Z/2Z). In particular, H2(F ) ≃ 2Br(F ) is 2-torsion in the Brauer group of F . For a form φ we denote by C(φ) the Clifford algebra of φ and by C0(φ) the even part of C(φ). If φ ∈ I2(F ), then C(φ) is a central simple algebra over F , and we set ind φ = ind C(φ), i.e. the Schur index of C(φ). If dim φ is odd, then C0(φ) is a central simple algebra over F and we set ind φ = ind C0(φ). Finally, if dim φ = 2m but φ /∈ I2(F ), then C0(φ) is a central simple algebra over F (pd_±(φ)) and we set ind φ = ind C0(φ). There exists an isomorphism I2(F )/I3(F ) −→2 Br(F ), which takes any [φ] ∈ I2(F ) to [C(φ)] ∈2 Br(F ) ([14]). If [D] ∈2 Br(F ) and ind D = 4, then any form φ ∈ I2(F ) with dim φ = 6 corresponding to [D] under this isomorphism is called Albert form. If A is a central simple algebra over F , then F (A) is the function field of the Severi-Brauer variety of A. It is well known that ind A_F (_A) = 1.

For a given form ψ by L we always denote the generic splitting field for ψ such that i(ψ_L) ¿ 2. If i1(ψ) ¿ 2, then L = F (ψ). If i1(ψ) = 1, then L = K(τ ), where K = F (ψ) and τ ≃ (ψ_F (_ψ))an.

The proofs of the main results of the paper are somewhat technical and founded on difficult theorems of many authors. For convenience of the reader we give the list of assertions which we shall use in the sequel.

(1.1) Arason-Pfister Hauptsatz ([1]). Let φ ∈ I^n(F ). If dim φ < 2^n, then φ is hyperbolic.

(1.2) Theorem ([18]). 1) If φ and ψ are 4-dimensional forms over F such that d_±(φ) = d_±(ψ) = d /∈ F^∗2 and [C0(φ)] = [C0(ψ)] ∈ Br F ( √ d), then φ ∼ ψ.

2) If φ and ψ are 4-dimensional anisotropic forms over F such that φ_F (ψ) is isotropic and ψ /∈ GP2(F ), then φ ∼ ψ.

(1.3) Theorem ([4]). Let ψ be an anisotropic form over a field F , dim ψ = 6, ind ψ = 2, ψ ∼ ⟨⟨a, b⟩⟩ ⊥ ⟨−c, cd⟩, bψ ∼ ⟨ab, −a, −b, d⟩.

1) Since [C0( bψ)] = [C0(ψ)] it follows from theorem (1.2) that the form

b_{ψ is defined up to similarity and (ψF (ψ))an ∼} b_{ψF (ψ).}

2) The form ψ_F ( b_ψ) is anisotropic and is a Pfister neighbor of ⟨⟨a, b, c⟩⟩_F ( b_ψ). In particular, the Pfister form ⟨⟨a, b, c⟩⟩_F ( b_ψ) is uniquely defined.

(1.4) Theorem ([9]). Any two Albert forms corresponding to the same biquaternion algebra are similar.

(1.5) Theorem ([3]). Let φ and ψ be anisotropic forms over F and dim φ 6 5. Suppose that φ is not a 3-fold Pfister neighbor and ψ /∈ GP2(F ). Then φ_F (_ψ) is isotropic if and only if ψ is similar to a subform of φ.

(1.6) Theorem ([10]). Let φ and ψ be anisotropic forms over F , dim φ = 6, dim ψ ¿ 5 and ψ is not a 3-fold Pfister neighbor. Suppose that φ_F (_ψ) is isotropic. Then φ has a subform similar to ψ.

(1.7) Theorem ([5]). Let φ be an anisotropic form, dim φ = 7. Then i1(φ) ≠ 2.

(1.8) Theorem ([12], [17]). Let F be a field, D a division algebra over F , q an F -form. Then the following conditions are equivalent:

a) D_F (_q) is not a division algebra.

b) There exists an F - algebra homomorphism C0(q) −→ D. In particular, if q ∈ I3(F ), then D_F (_q) is a division algebra. (1.9) Theorem ([16]). Let D be a division algebra over F of exponent 2, a ∈ F^∗, t an indeterninate variable. Then D_F (^√_a) is a division algebra if and only if D_F (_t) ⊗ (a, t) is a division algebra over F (t).

(1.10) Theorem ([13]). For any field F there is an isomorphism H3(F ) ≃ I3(F )/I4(F ) such that for any a, b, c ∈ F^∗ the cup product l_a ∪ l_b ∪ l_c ∈ H3(F ) goes to ⟨⟨a, b, c⟩⟩ mod I4(F ). (1.11) Theorem ([15]). Let D be a central division F -algebra of exponent 2. Suppose that D is decomposable (into the tensor product of two proper subalgebras). Then H3(F (D)/F ) = H1(F ) ∪ [D].

(1.12) Theorem ([7]). Let A be a central simple F -algebra, and let σ be an anisotropic form over F . If dim σ 6 5, then (σ_F (_A))an is defined over F .

(1.13) Theorem ([6]). Let φ be an anisotropic form over F , dim φ = 8, φ /∈ I2(F ) or φ ∈ I2(F ) and ind φ = 8. Then for any F -form σ the form (φ_F (_φ))an is not similar to σ_F (_φ).

(1.14) Theorem ([6]). Let φ be an anisotropic form, dim φ = 8, φ /∈ I2(F ). Then i1(φ) = 1.

(1.15) Theorem ([4]). Let φ be an anisotropic form, dim φ 6 6, let π be an anisotropic 3-fold Pfister form. Suppose that φ_F (_π) is isotropic. Then there is an F -form τ such that (φ_F (_π))an ≃ τ_F (_π).

(1.16) Theorem ([2], [8]). Let β be an anisotropic form, dim β = 8, β ∈ I2(F ), ind β = 8. Let further D be a division algebra corresponding to β under the isomorphism I2(F )/I3(F ) ≃2 Br(F ). Then the form β_F (_D) is anisotropic.

(1.17) Theorem ([11]). Let β be an anisotropic form, dim β = 8, β ∈ I2(F ), ind β = 4. Let further D be a division algebra corresponding to β under the isomorphism I2(F )/I3(F ) ≃2 Br(F ). Then the form β_F (_D) is anisotropic.

2. Splittings of forms

In this section we solve the problem in question for two cases: Propositions 2.1 and 2.3 deal with the case where dim φ = 5, dim ψ = 6 and Proposition 2.4 treats the case where dim φ = 6, dim ψ = 7. Recall that we reserve the letter L for the generic field over the ground field F such that i(ψ_L) ¿ 2. In the sequel we use a few times the following rather obvious statement.

Let φ and ψ be anisotropic F -forms. Suppose φ_L is isotropic and K/F is such a field extension that i(ψ_K ) ¿ 2. Then φ_K is isotropic.

(Indeed, it is easy to see that the field extension LK/K is purely transcendental, so since φ is isotropic over LK, it remains isotropic over K). Proposition 2.1. Let F be a field, let ψ and φ be anisotropic forms over F such that dim ψ = 6, dim φ = 5, ind φ = 2, φ is a neighbor of π ∈ P3(F ). 1) Suppose ind ψ = 1, ψ is a neighbor of ρ ∈ P3(F ). Then φ_L is isotropic iff π ≃ ρ.

2) Suppose ind ψ = 2, ψ_F ( b_ψ) is a neighbor of ρ_F ( b_ψ) where ρ ∈ P3(F ). Then φ_L is isotropic iff either [(π ⊥ −ρ)]_F ( b_ψ) = 0 or [π_F ( b_ψ)] = 0.

3) Suppose ind ψ = 4. Then φ_L is isotropic iff there exists a ∈ F^∗ such that π ≡ ⟨⟨a⟩⟩ ⊗ ψ ( mod I4(F )). In this case [⟨⟨a, d_±(ψ)⟩⟩] = 0.

Proof.

1) Obvious.

2) Recall that if ψ ∼ ⟨⟨a, b⟩⟩ ⊥ ⟨−c, cd⟩, then we set bψ to be any form similar to ⟨ab, −a, −b, d⟩. Since (ψ_F (_ψ))an ∼ bψ_F (_ψ) we have the following chain of equivalent conditions:

φ_L is isotropic ⇔ φ_F (_{ψ,} b_ψ) is isotropic ⇔ φ_F ( b_{ψ,ρ}) is isotropic ⇔ π_F ( b_{ψ,ρ}) is isotropic ⇔ either π_F ( b_ψ) = 0, or π_F ( b_ψ) = ρ_F ( b_ψ).

3) This case is the most difficult one. If π ≡ ⟨⟨a⟩⟩ ⊗ ψ ( mod I4(F )), then π_L ≡ ⟨⟨a⟩⟩ ⊗ (ψ_L)an ( mod I4(L)). Since dim (ψ_L)an = 2 we obviously have dim (π_L ⊥ −⟨⟨a⟩⟩ ⊗ ψ_L)an 6 8 + 4 = 12, therefore, it follows from Theorem 1.1 that (π_L)an ≃ (⟨⟨a⟩⟩⊗ψ_L)an, so dim (π_L)an 6 4. Applying theorem 1.1 again we get [π_L] = 0, and so the form φ_L is isotropic. Moreover, since (ψ_L)an ∼ ⟨⟨d_±(ψ)⟩⟩ we get [⟨⟨a, d_±(ψ)⟩⟩_L] = 0, hence [⟨⟨a, d_±(ψ)⟩⟩] = 0 as well.

Assume now that φ_L is isotropic. If ψ ∈ I2(F ), then the assertion 3) follows from Theorem 1.11. Assume now that ψ /∈ I2(F ). Put d = d_±(ψ). Take any c ∈ D(ψ) and let ψ ≃ ψ^′ ⊥ ⟨c⟩. Then α ≃ ψ^′ ⊥ ⟨−d_±(ψ^′)⟩ is an Albert form. Let A be a division algebra corresponding to α. If t is an indeterminate, then by Theorem 1.9 we get D = A ⊗_F (d, t) is a division algebra as well. Put K = F (t).

Lemma 2.2. [π_K(_D)] = 0.

Proof. It is evident that

[ψ]_K(^√_{d,D}) = [α]_K(^√_{d,D}) = [(a, d)]_K(^√_{d,D}) = 0.

So dim (ψ_K(_D))an is either 2 or 6. If dim (ψ_K(_D))an = 2, then i(ψ_K(_D)) = 2, and since φ_L is isotropic the form φ_K(_D) is isotropic too, hence [π_K(_D)] = 0. If dim (ψ_K(_D))an = 6, then ψ_K(_D) ≃ ⟨1, −d⟩ ⊗ τ for some K(D)-form τ , so ψ_K(_D) is a Pfister neighbor and (ψ_K(_{ψ,D}))an = 2. Hence [π_K(_{ψ,D})] = 0. Suppose now that [π_K(_D)] ≠ 0. Since [π_K(_{D,ψ})] = 0 we get ψ_K(_D) is a neighbor of π_K(_D). Since c ∈ D(ψ) we have ψ_K(_D) ⊂ cπ_K(_D). Consider the form β = ψ ⊥ ⟨−ct, ctd_±(ψ)⟩. Obviously β ∈ I2(K) and β corresponds to D, hence ind β = 8. By Theorem 1.16 the form β_K(_D) ∈ I3(K(D)) is anisotropic. Then

dim (β_K(_D) ⊥ −cπ_K(_D))an 6

dim (β_K(_D) ⊥ −ψ_K(_D))an+dim (ψ_K(_D) ⊥ −cπ_K(_D))an = 2 + 2 = 4 < 8.

Thus β_K(_D) ≃ cπ_K(_D). Therefore, [(β_K(_π))_K(_π)(_D)] = 0. Besides C(β_K(_π)) ∼ D_K(_π) and by Theorem 1.8 we obtain ind D_K(_π) = 8. Hence β_K(_π) is anisotropic. By Theorem 1.16 we get a contradiction. The lemma is proved.

On the other hand, by Theorems 1.11 and 1.10 we have H3(K(D)/K) = [D] ∪ H1(K) and H3(K) = I3(K)/I4(K). Thus, in view of Lemma 2.2 we have π ≡ ⟨⟨p⟩⟩ ⊗ (α ⊥ ⟨⟨d, t⟩⟩) ( mod I4(K)) (∗) for some p ∈ F [t]. Clearly, we may assume that p is squarefree. Now take into consideration the first residue map d_t : I3(K)/I4(K) −→ I2(F )/I3(F ) which is well defined by the following rule: d_t(⟨⟨p1, p2, p3t^n⟩⟩ ( mod I4(K)) = n⟨⟨p1(0), p2(0)⟩⟩ ( mod I3(F )) if p1, p2, p3 ∈ F [t] and p1(0), p2(0), p3(0) ≠ 0. Since d_t takes π to zero, p(0) ≠ 0, for otherwise applying d_t to the both parts of (∗) we would get α ≡ ⟨⟨d, −^p_t (0)⟩⟩ mod I3(F ), a contradiction. Hence [⟨⟨p(0), d⟩⟩] = d_t([π − ⟨⟨p⟩⟩ ⊗ α]) = 0. Besides, [α] = [ψ] + [⟨x, −xd⟩] for x = −d_±(ψ^′), and so π ≡ ⟨⟨p⟩⟩ ⊗ (ψ ⊥ ⟨x, −xd⟩ ⊥ ⟨⟨d, t⟩⟩) = ⟨⟨p⟩⟩ ⊗ ψ ⊥ ⟨⟨p, d⟩⟩ ⊗ ⟨1, x, −t⟩ ≡ ⟨⟨p⟩⟩ ⊗ ψ ⊥ xt⟨⟨p, d⟩⟩ ( mod I4(K)). (∗∗) Finally consider the map s_t : W (K) −→ W (F ) which is well defined by the following equation: s_t([⟨pt^n⟩]) = [⟨p(0)⟩] if p ∈ F [t] and p(0) ≠ 0. Applying s_t to (∗∗) we obtain the desirable result. The proposition is proved.

Proposition 2.3. Let F be a field, let ψ and φ be anisotropic forms over F such that dim ψ = 6, dim φ = 5, ind φ = 4.

1) Suppose ind ψ = 1. Then φ_L is anisotropic.

2) Suppose ind ψ = 2. Then φ_L is isotropic iff φ has a subform similar

to b_{ψ or φ is similar to a subform of ψ.}

3) Suppose ind ψ = 4, ψ ∉ I2(F ). Then φ_L is isotropic iff φ is similar to a subform of ψ.

4) Suppose ind ψ = 4, ψ ∈ I2(F ). Then φ_L is isotropic iff for some λ ∈ F^∗ the forms φ and λψ have a common 4- dimensional subform.

Proof. 1) Since by Theorem 1.8 the algebra C0(φ)_F (_ψ) is a skewfield, the form φ_F (_ψ) is anisotropic.

2) If φ contains a subform similar to bψ or φ is similar to a subform of ψ, then evidently φ_L is isotropic. Now suppose that φ_L is isotropic.

Let K = F (ψ), τ = (ψ_K )an. By Theorem 1.8 φ_K is anisotropic and ind φ_K = 4. On the other hand, φ_K(_τ) is isotropic. Hence it follows from Theorem 1.5 that τ is similar to a subform of φ_K , that is xτ ⊥ ⟨y⟩ ≃ φ_K for some x, y ∈ K. Comparing the determinants in the last equality we get y = d_±(ψ)d_±(φ). Let β ≃ φ ⊥ ⟨−d_±(ψ)d_±(φ)⟩. We obtain that β_K is isotropic. If β is anisotropic, then, since ψ is not a Pfister neighbor we have by Theorem 1.6 that β ∼ ψ, and so φ is similar to a subform of ψ. If β is isotropic, then φ ≃ τ1 ⊥ ⟨d_±(ψ)d_±(φ)⟩ for some form τ1. Now notice that by Theorem 1.3 τ ∼ bψ_K . Hence it follows that φ_K( b_ψ) is isotropic and so by Theorem 1.5 φ_K ≃ z bψ ⊥ ⟨d_±(ψ)d_±(φ)⟩ for some z ∈ K. Therefore, we conclude that the forms bψ_K and τ1_K are similar, hence C0( bψ)_K ≃ C0(τ1)_K . Then by Theorem 1.8 [C0( bψ)] = [C0(τ1)], and so by Theorem 1.2 bψ ∼ τ1 over F .

3) We preserve the notation in the proof of 2). Let α be any Albert form over F such that α ≃ ψ_F (√_d�(_ψ)). Then by Theorem 1.6 the form ψ_F (_α) is anisotropic and ind ψ_F (_α) = 2. Suppose φ_L is isotropic. Following the proof of 2) it suffices to show that the form β ≃ φ ⊥ ⟨−d_±(ψ)d_±(φ)⟩ is anisotropic. If this is not the case, then as was shown in the proof of 2), over F (α) the form “ψ_F (_α) is similar to some F - form τ1. Then ψ_F (_{α,τ1}) is a Pfister neighbor, hence [ψ_F (_{α,τ1,}√_d�(_ψ))] = 0 which in turn implies that [ψ_F (_{τ1 ,}√_d�(_ψ))] = 0 and therefore, ind ψ_F (_{τ1} ) = 1. But this is impossible because ind ψ = 4.

4) Since [ψ_L] = 0 it is clear that if φ and λψ have a common 4- dimensional subform, then φ_L is isotropic.

Let D be a skewfield corresponding to ψ, K = F (D). By Theorem 1.12 the form (φ_K )an is defined over F . Now suppose φ_L is isotropic. Since i(ψ_K ) = 3 it follows that φ_K is isotropic. Let τ ≃ (φ_K )an. If dim τ = 1 then there is a ∈ F^∗ such that [(φ ⊥ ⟨a⟩)]_K = 0. Then (φ ⊥ ⟨a⟩)_F (_ψ) is isotropic and it follows from Theorem 1.6 that φ ⊥ ⟨a⟩ ∼ ψ. Suppose dim τ = 3. It is clear that C([φ ⊥ −τ ]) ∼ D. We have [(φ ⊥ −τ )_K ] = 0. Hence by Theorem 1.17 dim (φ ⊥ −τ )an = 6 and so ψ ∼ (φ ⊥ −τ )an. Therefore, there exists λ ∈ F^∗ such that φ ⊥ −λψ = τ ⊥ 4H which proves this part of the proposition.

Proposition 2.4. Let dim ψ = 7, dim φ = 6.

1) Suppose ind ψ = 1. Then φ_L is isotropic if and only if φ has a subform isomorphic to a neighbor of ψ ⊥ d_±(ψ) ∈ GP3(F ).

2) Suppose ind ψ = 2, ind φ = 1, φ is a neighbor of π ∈ P3(F ),

C0(ψ) ∼ (u, v). Then φ_L is isotropic iff dim (ψ_F (_π))an = 3, or equivalently iff there exists s ∈ F^∗ such that ψ ⊥ −d_±(ψ)⟨u, v, −uv⟩ ≃ sπ ⊥ H. 3) Suppose ind ψ = 2, ind φ = 2, φ ∼ ⟨⟨a, b⟩⟩ ⊥ ⟨−c, cd⟩, C0(ψ) ∼ (u, v). Then ψ ⊥ −d_±(ψ)⟨u, v, −uv⟩ ≃ sρ ⊥ H for some s ∈ F^∗ and 3-fold Pfister form ρ. Moreover φ_L is isotropic iff ρ_F (b_φ) ≃ ⟨⟨a, b, c⟩⟩_F (b_φ).

4) Suppose ind ψ ≤ 2, ind φ ≥ 4. Then φ_L is anisotropic. 5) Suppose ind ψ = 4, α be an Albert form corresponding to ψ. Then φ_L is isotropic iff φ is similar to either α or a subform of ψ.

6) Suppose ind ψ = 8. Then φ_L is isotropic iff φ is similar to a subform of ψ.

Proof. 1) This follows from Theorem 1.15.

2) Suppose φ_L is isotropic. Then by Theorem 1.7 dim (ψ_F (_ψ))an = 5, so (ψ_F (_ψ))an is a neighbor of π and dim (ψ_F (_{ψ,π}))an = 3. If ψ_F (_π) is anisotropic, then i1(ψ_F (_π)) = 2, which is impossible in view of Theorem 1.7. Hence ψ_F (_π) is isotropic, hence dim (ψ_F (_π))an = dim (ψ_F (_{π,ψ}))an = 3 and therefore, (ψ_F (_π))an ≃ d_±(ψ)⟨u, v, −uv⟩. By Theorem 1.7 the first case is impossible. It follows that ψ ⊥ −d_±(ψ)⟨u, v, −uv⟩ ≃ sπ ⊥ H for some s ∈ F^∗. Conversely, if dim ((ψ_F (_π))an) = 3, then (ψ_F (_ψ))an is isotropic over F (ψ, π), and so (ψ_F (_ψ))an is a neighbor of (π_F (_ψ))an. Therefore, φ_L is isotropic.

3) It is clear that the form ψ ≃ ψ ⊥ −d_±(ψ) ∈ I2(F ) and ind ψ = 2. It is easy to see that there is a ∈ F^∗ such that ψ ≃ ⟨⟨a⟩⟩⊗τ for some form τ . Hence there are forms γ and ρ ∈ P3(F ) and s ∈ F^∗ such that dim γ = 3 and ψ^′ ⊥ −γ ≃ sρ. Since C0(ψ^′) ∼ (u, v) we have γ ≃ d_±(ψ)⟨u, v, −uv⟩. Suppose φ_L is isotropic. Since φ_F (b_φ) is anisotropic, dim (ψ_F (b_φ))an ≥ 5, that is ρ_F (b_φ) ≠ 0. If dim (ψ_F (b_φ))an = 7, then replacing ψ and φ by ψ_F (b_φ) and φ_F (b_φ) we reduce this case to case 2). If dim (ψ_F (b_φ))an = 5, then (ψ_F (b_φ))an is a neighbor of both of nonzero Pfister forms ⟨⟨a, b, c⟩⟩_F (b_φ) and ρ_F (b_φ). Consequently, we have [⟨⟨a, b, c⟩⟩ ⊥ −ρ]_F (b_φ) = 0.

Conversely, suppose that φ_L is anisotropic and ⟨⟨a, b, c⟩⟩_F (b_φ) = ρ_F (b_φ). Then 0 = [ρ_L(b_φ)] = [⟨⟨a, b, c⟩⟩_L(b_φ)] = [(φ_L)_L( c_φL) ⊥ β],

where dim β = 2, and so (φ_L)_L( c_φL) is isotropic, a contradiction to Theorem 1.3.

4) If ind ψ = 2, then by Theorem 1.8 the form φ1 = φ_F (_ψ) is anisotropic and ind φ1 ≥ 4. On the other hand, the form τ = (ψ_F (_ψ))an is a Pfister neighbor. Applying Theorem 1.8 again we get that φ1_F (_ψ)(_τ) is anisotropic, and so φ_L is anisotropic.

5) It is evident that if φ is a subform of ψ, then φ_L is isotropic. Since ind ψ_L = 2 it follows that φ_L also isotropic if φ ∼ α. Let, conversely, φ_L is isotropic. Consider two possible cases:

a) ψ ⊥ ⟨−d_±(ψ)d_±(φ)⟩ is isotropic. b) ψ ⊥ ⟨−d_±(ψ)d_±(φ)⟩ is anisotropic.

In case a) there exists a subform φ1 of ψ such that d_±(φ1) = d_±(φ) and dim φ1 = 6. Since φ_L and φ1_L are isotropic and ind (ψ_F (_ψ))an = 4 by Theorem 1.6 there exist a, a1 ∈ F (ψ)^∗ such that a(ψ_F (_ψ))an ⊂ φ_F (_ψ) and a1(ψ_F (_ψ))an ⊂ φ1_F (_ψ). It follows that τ = (aa1φ_F (_ψ) ⊥ −φ1_F (_ψ)) ∈ I2(F (ψ)) and dim τan ≤ 2. Therefore, aa1φ_F (_ψ) ≃ φ1_F (_ψ). Consider the form σ = φ1_F (_φ). Since σ_F (_{φ,ψ}) is isotropic and ψ_F (_φ) is not a Pfister neighbor one can see that by Theorem 1.6 σ is itself isotropic. But then, since φ is not a Pfister neighbor we have also by Theorem 1.6 φ ∼ φ1 and the proof is complete.

Case b) can be reduced to case a). Let β = ψ ⊥ ⟨−d_±(ψ)d_±(φ)⟩ and K = F (β). Notice that by Theorem 1.14 we have i1(β) = 1. The subform φ1 = (β_K )an of ψ_K is such that dim φ1 = 6, and d_±(φ1) = d_±(φ). Replacing the field F by K we are under conditions of case a), so φ_K ∼ φ1. By Theorem 1.13 this is possible only if β ∈ I2(F ) and ind β = 4. In this case φ_K ∼ φ1 ∼ α_K . But then C(φ)_K ≃ C(α)_K . Hence by Theorem 1.8 C(φ) ≃ C(α), and by Theorem 1.4 φ ∼ α.

6) The proof of this part coincides with that of part 5) except that the proof of part 5) shows that the case b) is impossible.

Acknowledgements The preprint of this article was made during the author’s visit to the University of Münster in October–November, 2001. I would like to thank Professor Winfried Scharlau for making this visit possible. The financial support of SFB 478 and INTAS 00-566 is gratefully acknowledged.

References

1. J. Kr. Arason, A. Pfister, Beweis des Krullschen Durchschnittsatzes für den Wittring. — Invent. Math. 12 (1971), 173–176.

2. H. Esnault, B. Kahn, M. Levine, V. Viehweg, The Arason invariant and mod 2 algebraic cycles. — K-theory Preprint Archives no. 151.

3. D. W. Hoffmann, Isotropy of 5-dimensional quadratic forms over the function field of a quadric. — Proc. Symp. Pure Math. 58.2 (1995), 217–225.

4. D. W. Hoffmann, On 6-dimensional quadratic forms isotropic over the function field of a quadric. — Comm. Alg. 22 no. 6 (1994), 1999–2014.

5. J. Hurrelbrink, U. Rehmann, Splitting patterns of quadratic forms. — Math.

Nachr. 176 (1995), 111–127.

6. O. T. Izhboldin, On the isotropy of quadratic forms over the function field of a quadric. — St. Petersburg Math. J. 10 no. 1 (1999), 25–43.

7. O. T. Izhboldin, N. A. Karpenko, Generic splitting fields of central simple algebras:

Galois cohomology and nonexcellence. — Algebras and Repr. Theory 2 (1999), 19–59.

8. O. T. Izhboldin, N. A. Karpenko, On the group H3(F (ψ, D)/F ). — Doc. Math.

2 (1997), 297–311.

9. N. Jacobson, Some applications of Jordan norms to involutorial associative algebras. — Adv. Math. 48 no. 2 (1983), 149–165.

10. A. Laghribi, Formes quadratiques de dimension 6. — Math. Nachr. 204 (1999), 125–135.

11. A. Laghribi, Isotropie de certaines formes quadratiques de dimension 7 et 8 sur le corps des fonctions d’une quadrique. — Duke Math. J. 85 no. 2 (1996), 397–410.

12. A. S. Merkurjev, Simple algebras and quadratic forms. — Math. USSR, Izv. 38 no. 1 (1992), 215–221.

13. A. S. Merkurjev, A. A. Suslin, The group K3 for a field. — Math. USSR Izv. 36 no. 3 (1991), 541–565.

14. A. S. Merkurjev, On the norm residue symbol of degree two. — Sov. Math. Dokl.

24 (1981), 546–551.

15. E. Peyre, Products of Severi-Brauer varieties and Galois cohomology. — Proc.

Symp. Pure Math. 58.2 (1995), 369–401.

16. J. P. Tignol, Algèbres indécomposables d’exposant premier. — Adv. Math. 65 no. 3 (1987), 205–228.

17. J. P. Tignol, Réduction de l’indice d’une algèbre simple centrale sur le corps des fonctions d’une quadrique. — Bull. Soc. Math. Belg. Sér. A 42 no. 3 (1990), 735–745.

18. A. R. Wadsworth, Similarity of quadratic forms and isomorphism of their function fields. — Trans. Amer. Math. Soc. 208 (1975), 352–358.

Postupilo 4 i¸lØ 2002 g.

Department of Mathematics St.Petersburg Electrotechnical University