Zapiski nauqnyh seminarov POMI Tom 292, 2002 g.

S. Shlosman

APPLICATIONS OF THE WULFF CONSTRUCTION TO THE NUMBER THEORY

Abstract. We apply the geometric construction of solutions of some variational problems of combinatorics to estimate the number of partitions and of plane partitions of an integer.

1. Statement of results

In this note we will explain how certain classical statements from the number theory can be rederived using recent results of the asymptotic combinatorics. Specifically, we will derive the asymptotic behavior of the number of partitions and plain partitions of an integer N.

We recall that a partition p of an integer N is an array of non-negative integers n_1 ≥ n_2 ≥ ... ≥ n_k ≥ ..., such that ∑_∞ i=1 n_i = N. One associates with p a well-known geometric object called Young diagram, Y (p) , with N cells. The set of all Young diagrams with N cells will be denoted by Y_N . Similarly, a plane partition S of an integer N is a two-dimensional array of non-negative integers n_{ij}, such that for any i we have n_{i1} ≥ n_{i2} ≥ ... ≥ n_{ik} ≥ ..., for any j we have n_{1j} ≥ n_{2j} ≥ ... ≥ n_{kj} ≥ ..., while again ∑_∞ i,j=1 nij = N. The corresponding geometric picture is called

a skyscraper, or a mausoleum, or a 3D Young diagram. The set of all skyscrapers with N cells (= the set of all plane partitions of N ) will be denoted by S_N .

Our goal is to explain that as N → ∞ ln |Y_N | ∼ π ( 2 3 )_{1/2} N^{1/2}, (1) and ln |S_N | ∼ 3 ( ζ (3) 4 )_{1/3} N^{2/3}. (2)

The work was partially supported by the Russian Fund for Fundamental research through grant 99-01-00284. 153

154 S. SHLOSMAN

In fact, much more precise information about the behavior of these functions is known. For |Y_N | it is the famous result of Hardy-Ramanujan- Rademacher, see [1]. The corresponding asymptotic behavior of |S_N | was found by Wright in [10].

To get the relations (1) and (2), we are using, correspondingly, the results of [9] and [2], where the shape of the typical Young diagram, resp. skyscraper, were found. (Here “typical” means with respect to the uniform distribution on the sets Y_N and S_N .) These shapes are solutions of certain variational maximizing problems described in details in the next section. Briefly speaking, these problems consist in finding a hypersurface G_η in a certain class that maximizes the surface integral V_η (G) = ∫ G η (n_x) ds_x, where n_x is the normal to G at x, and η is a corresponding given function.

For the case of Young diagrams the function η_Y is defined on a unit quarter-circle Δ^1 = S^1 ∩ R^2_+, and is given by

η_Y (n) = − ( n_1 ln n_1 n_1 + n_2

+ n_2 ln n_2 n_1 + n_2 ) . The typical Young diagram with N cells, scaled by the factor N^{−1/2}, goes along the curve C : exp { − π √ 6 x } + exp { − π √ 6 y } = 1.

This result was obtained by Vershik, see [9] or [8].

In the skyscraper case the function η_S is defined on the set Δ^2 = S^2 ∩ R^3_+ of unit vectors n and is given by

η_S (n) = |n|_1 π 3∑ i=1 L ( π n_i |n|_1 ) ,

where |n|_1 = n_1 + n_2 + n_3, and L is the Lobachevsky function defined for x ∈ [0, π] by L (x) = − x∫ 0 ln (2 sin t) dt.

The surface G_{ηS} in R^3 that describes the shape of a typical skyscraper

APPLICATIONS OF THE WULFF CONSTRUCTION 155

with N cells scaled by the factor N^{−1/3} to the unit volume is given by G_{ηS} = ( ζ (3) 4 )_{−1/3} {(f (A, B, C)−ln A, f (A, B, C)−ln B, f (A, B, C)−ln C)}, where A, B, C > 0, A + B + C = 1, and f (A, B, C) = 1 4π^2 ∫ [0,2π] ∫ [0,2π] ln ( A + Be^{iu} + Ce^{iv} ) dudv,

see [2].

The geometric construction, which gives the solution to problems described above, was found in [4]. In fact, it is very close to the Wulff construction [11]. Both constructions are described below, together with the relation between them. Due to the relation (11), the evaluation of the integrals V_η (G_η) becomes very easy. It turns out that

V_{ηY} (G_{ηY} ) = π ( 2 3 )_{1/2} , while

V_{ηS} (G_{ηS} ) = 3 ( ζ (3) 4 )_{1/3} . We know from [9] that most of the Young diagrams with N cells go along the curve N^{1/2}C. On the other hand, if G is a graph of a decaying function g (x) with ∫_∞ 0 g (x) dx = N, then the functional V_{ηY} (G) has the following meaning: “the number of the diagrams with N cells going along the curve G is of the order exp {V_{ηY} (G)}”. Therefore, the value (3) multiplied by N^{1/2} is precisely the exponent of (1). Correspondingly, most of the skyscrapers with N cells go along the surface N^{1/3}G_{ηS} , see [2]. Therefore the value V_{ηS} ( N^{1/3}G_{ηS} ) = N^{2/3} V_{ηS} (G_{ηS} ) has to be the exponent (2). For more details the reader should consult the papers [9], [3], [2] and the review paper [5].

2. The maximizing problem

Let S^d denote the d-dimensional unit sphere in R^{d+1}. Introduce the subset Δ^d = S^d ∩ R^{d+1}_+ of “positive” unit vectors lying in the positive octant. Let a function η on Δ^d be given, which is supposed to be continuous, nonnegative: η (·) ≥ 0, and vanishing on ∂Δ^d. We suppose for

156 S. SHLOSMAN

simplicity that the function η vanishes also in some neighborhood of ∂Δ^d. (The general result which is needed for the formulas in the previous section is then obtained by letting this neighborhood shrink to zero). Let now G ⊂ R^{d+1} be an embedded hypersurface, possibly with a boundary. We assume that for almost every x ∈ G the normal vector n_x to G is defined, and moreover

n_x ∈ Δ^d for a.e. x ∈ G. (5)

Then we can define the functional

V_η (G) = ∫ G η (n_x) ds_x,

here ds is the usual volume d-form induced from the Riemannian metric

on R^{d+1} by the embedding G ⊂ R^{d+1}.

Denote by Q_N ⊂ R^{d+1}_+ the cube consisting of points x ∈ R^{d+1} with 0 ≤ x_i ≤ N, i = 1, 2, ..., d + 1. Denote by O the point (0, 0, ..., 0) ∈ Q_N , and let A = (N, N, ..., N ) ∈ Q_N be the opposite vertex.

Let the number V ∈ ( 0, N^{d+1} ) be given. We introduce the family D^N_V of hypersurfaces G ⊂ Q_N as follows:

i) G splits the cube Q_N into two parts, with the points O and A belonging to different parts; denote them by Q_N (G, O) and Q_N (G, A) ; ii) the property (5) holds;

iii) for the volume vol (G, N), defined as the ((d + 1)-dimensional) volume vol (Q_N (G, O)) of the body Q_N (G, O) , we have

vol (G, N ) = V.

We want to solve the following variational problem: find the upper bound of V_η over D^N_V : v_η = sup_{G∈DN} V V_η (G) , (6)

as well as the maximizing surface(s) V_η ∈ D^N_V , such that V_η (V_η) = v_η , if the maximizer does exist.

It turns out that there exists a geometric construction which provides a solution to the variational problem (6). It was found in [5]. Let K^>_η = { x ∈ R^{d+1}_+ : ∀n ∈ Δ^d (x, n) ≥ η (n)^} , (7)

G_η = ∂ ( K^>_η ) . (8)

APPLICATIONS OF THE WULFF CONSTRUCTION 157

Note that K^>_η is a convex set, so the hypersurface G_η has normals at almost every point. Moreover, these normals fall into Δ^d. Define the dilatation parameter λ (V, N ) as the unique solution of the equation vol ( Q_N ∩ (R^{d+1}_+ \ λ (V, N ) K^>_η^{))} = V. (9)

Theorem 1. The unique solution to the variational problem (6) is the surface G_{η,N,V} = Q_N ∩ λ (V, N ) G_η, (10) provided N is large enough.

Remark 2. The analogue of the variational problem (6) obtained by removing the constraint (5) is ill posed.

Note that the set K^>_η is a convex region in R^{d+1}. If at some boundary point the region K^>_η has a unique support plane, then this plane is of the form L_η (n) = { x ∈ R^{d+1} : (x, n) = η (n)^}

for the corresponding n. Therefore for N large we have

vol (G_η) =

V_η (G_η) d + 1

. (11)

The proof of the above theorem relies on the following construction which associates with the variational problem (6) a certain Wulff variational problem. Once the correspondence is established, the proof follows easily from known properties of the Wulff problem.

3. The corresponding Wulff problem

First we formulate the general Wulff problem. We restrict ourselves to the symmetric case, in order to make the relation with the above maximizing problem more transparent. Let a real function τ on S^d be given. We suppose that the function is continuous, positive: τ (·) ≥ const > 0, and symmetric with respect to the reflections in coordinate planes: τ (n) ≡ τ (n_1, n_2, ..., n_{d+1}) = τ (±n_1, ±n_2, ..., ±n_{d+1}) for any choice of signs. Then for every hypersurface M^d (possibly with a boundary) embedded in R^{d+1} we can define the Wulff functional W_τ ( M^d ) = ∫ M^d τ (n_x) ds_x. (12)

158 S. SHLOSMAN

Here x ∈ M^d is a point on the manifold M^d, and the vector n_x is the unit vector parallel to the normal to M^d at x. We suppose that M^d is smooth enough.

Suppose additionally that the hypersurface M^d lies in fact in R^{d+1}_+ , and separates the origin O from infinity in R^{d+1}_+ . Let N^{d+1} ⊂ R^{d+1}_+ be the union of all finite components of R^{d+1}_+ \ M^d; we denote the volume | N^{d+1} | of N^{d+1} by vol ( M^d ) , and call it the volume inside M^d. We denote by D^′ the collection of all such hypersurfaces M^d in R^{d+1}_+ with finite volumes. By D^′_Λ ⊂ D^′ we denote the collection of all these hypersurfaces M^d for which the volume vol ( M^d ) inside M^d equals Λ.

The Wulff problem consists in finding the lower bound of W_τ over D^′_Λ : w_τ = inf_{M∈D′} � W_τ (M ) , (13)

as well as the minimizing surface(s) W^{(Λ)}_τ , such that W_τ ( W^{(Λ)}_τ ) = w_τ , if it exists.

The answer is given by the following Wulff construction. Let

K^<_τ = { x ∈ R^{d+1} : ∀n (x, n) ≤ τ (n)^} , and Wτ = R^{d+1}_+ ∩ ∂K^<_τ ._{(14)}

Note that the set K^<_τ is a symmetric convex bounded region in R^{d+1}. If at some boundary point the region K^<_τ has a unique support plane, then this plane is of the form

L_τ (n) = { x ∈ R^{d+1} : (x, n) = τ (n)^} (15)

for the corresponding n. Therefore

vol (W_τ ) = 1 d + 1

W_τ (W_τ ) . (16)

Theorem 3. The variational problem (13) has a unique solution

W^{(Λ)}_τ = ( Λ (d + 1) W_τ (W_τ )

)_{1/(d+1)} W_τ , which is a scaled version of the Wulff shape W_τ , see (14).

Remark 4. The standard use of the name “Wulff shape” refers to the full surface ∂K^<_τ itself. In our symmetric setting the surface ∂K^<_τ is a union of W_τ and its multiple reflections in coordinate planes.

APPLICATIONS OF THE WULFF CONSTRUCTION 159

Remark 5. The variational problem (13) might have no solutions if the function τ was allowed to vanish.

The paper [7] contains a simple proof that W_τ ( W^{(Λ)}τ ) ≤ W_τ (M ) for every M ∈ D^′_Λ. The uniqueness of the minimizing surface is proven in [6].

Now we are going to construct the Wulff problem corresponding to the problem (6) (and its solution (10)). For this we have to specify the function τ_η (n) and the value Λ of the volume. First we put

Λ = N^d − V.

We define τ (n) under assumption that the normalization constant λ (V, N ) from the equation (9) equals to 1. This is done to simplify the notation. In this case for n ∈ Δ^d we put

τ_η (n) = dist (A, L_η (n)) ,

see (15). For the remaining n-s the function τ is defined by symmetry.

Note that τ_η (n) + η (n) = ( n, −→ OA ) . Therefore for G in D^N_V we have:

V_η (G) + W_{τη} (G) = ∫ G ( n_x, −→ OA ) ds_x.

Let Π be the hyperplane orthogonal to the vector −→ OA, and P denote the orthogonal projection on Π. Then the last integral is nothing else but the d-dimensional area S (P (G)) of the set P (G) , so

V_η (G) + W_{τη} (G) = S (P (G)) , (17)

and therefore sup G∈D^N_V V_η (G) ≤ sup_{G∈DN} V S (P (G)) − inf_{G∈DNV} W_{τη} (G) (18)

Denote by G_0 the surface made from d faces of the cube Q_N containing the vertex O. Then clearly S (P (G_0)) ≥ S (P (G)) for every G ∈ D^N_V . Since we suppose that the function η vanishes in some neighborhood of

160 S. SHLOSMAN

∂Δ^d, we have that S (P (G_η)) = S (P (G_0)) , provided N is large enough. Also, by the very definition of the function τ_η and in view of Theorem 3, inf G∈D^N_V W_{τη} (G) = W_{τη} (G_η) ,

so (17) and (18) imply that indeed sup G∈D^N_V V_η (G) = V_η (G_η) .

References

1. G. E. Andrews, The theory of partitions. — Encyclopedia of Mathematics and its Applications, Vol. 2. Addison-Wesley Publishing Co., Reading, Mass.–London– Amsterdam (1976).

2. R. Cerf and R. Kenyon, The low-temperature expansion of the Wulff crystal in the 3D Ising model. — Comm. Math. Phys. 222 (2001), 147–179.

3. A. Dembo, A. Vershik, and O. Zeitouni, Large deviations for integer partitions. — Markov Proc. Rel. Fields. 6 (2000), 147–179.

4. S. Shlosman, Geometric variational problems of statistical mechanics and of combinatorics. Probabilistic techniques in equilibrium and nonequilibrium statistical physics. — J. Math. Phys. 41 (2000), 136–137.

5. S. Shlosman, Wulff construction statistical mechanics and in combinatorics. — Russian Math. Surveys 56 (2000), 709–738.

6. J. E. Taylor, Unique structure of solutions to a class of nonelliptic variational problems. — Proc. Symp. Pure Math. 27 (1975), 419–427.

7. J. E. Taylor, Some crystalline variational techniques and results. — Asterisque,

154–155 (1987), 307–320.

8. A. Vershik, Statistical mechanics of the partitions. — Funct. Anal. Appl. 30 (1996), 19–30.

9. A. Vershik and S. Kerov, Asymptotic of the largest and typical dimensions of irreducible representations of a symmetric group. — Funct. Anal. Appl. 19 (1985), 21–31.

10 E. M. Wright, Asymptotic partition formulae. I. Plane partitions. — Quart. J.

Math. (Oxford) 2 (1931), 177–189.

11. G. Wulff, Zur frage der geschwindigkeit des wachsturms under auflosung der kristallflachen. — Z. Kristallogr. 34 (1901), 449–530.

Postupilo 27 sentØbrØ 2002 g.

Centre de Physique Theorique, Marseille France, and IITP, RAS, Moscow, Russia E-mail: shlosman@cpt.univ-mrs.fr