Zapiski nauqnyh seminarov POMI Tom 298, 2003 g.

L. V. Gadasina

GRANICA BERRI––�SSEENA DL˚ U –STATISTIK 1. Vvedenie

Pust~ X_1, . . ., X_n – nezavisimye sluqaænye veliqiny so znaqeniØmi v izmerimom prostranstve (X, B). Predpoloßim, qto n ≥ m ≥ 2 i rassmotrim U -statistiku

U_n = U_n(X_1, . . . , X_n) = ∑ 1≤i_1<···<i_m≤n Φ_{i1...im} (X_{i1} , . . . , X_{im} ), gde Φ_{i1...im} : X^m → R – simmetriqeskie funkcii takie, qto E|Φ_{i1...im} (X_{i1} , . . . , X_{im} )| < ∞ dlØ vseh 1 ≤ i_1 < · · · < i_m ≤ n. Oboznaqim I^c_k = i_{k+1}, . . . , i_c, I_c = I^c_0, Ǐ^c_k = 1 ≤ i_{k+1} < · · · < i_c ≤ n, Ǐ_c = Ǐc_0, X_{Ic} = X_{i1} , . . . , X_{ic} , analogiqno J c_k = j_{k+1}, . . . , j_c, J̌ c_k = 1 ≤ j_{k+1} < · · · < j_c ≤ n i t. d.

Opredelim kanoniqeskie funkcii

g_{Ic} = g_{Ic} (X_{Ic} ) = ∫ X · · · ∫ X U_n c∏ s=1 (δ_{Xis} (dy_{is} )−P_{is} (dy_{is} )) ∏ s∈I_m \I_c P_s(dy_s) =

= c∑ d=1 ∑ J̌_d ,J_d ∈I_c (−1)^{c−d}(E[U_n|X_{Jd} ] − EU_n), gde 1 ≤ i_1 < · · · < i_c ≤ n, c = 1, . . . , m. Togda v sootvetstvii s predstavleniem Gefdinga

U_n = m∑ c=1 ∑ 1≤i_1<···<i_c≤n g_{Ic} + EU_n = m∑ c=1 U_n(g_{Ic} ) + EU_n. Poloßim σ^2_n = ∑_n j=1 Eg^2_j > 0, t.e. budem rassmatrivat~ tol~ko nevyroßdennye U -statistiki.

Rabota podderßana grantom NX 2258-2003-1. 54

GRANICA BERRI––�SSEENA 55 Oboznaqim,

Δ_n(x) = |P (σ^{−1}_n (U_n − EU_n) < x) − Φ(x)|,

Δ_n = sup_x Δ_n(x),

gde Φ(x) – funkciØ raspredeleniØ standartnoæ normal~noæ sluqaænoæ veliqiny.

Central~naØ predel~naØ teorema dlØ nevyroßdennyh U -statistik v sluqae neodinakovo raspredelennyh sluqaænyh veliqin byla dokazana v 1948 g. v [10], dalee usloviØ vypolneniØ fftoæ teoremy oslablØlis~ (sm., naprimer, [12]).

Naxa zadaqa ustanovit~ skorost~ shodimosti pri minimal~- nyh dopustimyh momentnyh usloviØh na kanoniqeskie funkcii g_{i1,...,ic} , c = 1, . . ., m. Bol~xinstvo ime¸wihsØ rezul~tatov kasa- ¸tsØ sluqaØ m = 2. Granica, zavisØwaØ ot max_{i<j} E|Φ(X_i, X_j)|^3, byla poluqena v 1982, [9]. V 1989 [8] byla poluqena granica, zavisØwaØ ot max_j E|g_j|^3; max_{i<j} E|g_{ij}|^{5/3}. V 1998, [1], byla dokazana sledu¸waØ teorema:

Δ_n ≤ 17( n∑ j=1 E|g_j|^3 + √∑ i<j Eg^2_{ij} ). V [3] postroen primer Ødra Φ, takoæ qto E|g_1|^3 < ∞ i E|Φ|^{5/3−ε} < ∞ pri ε > 0, i sluqaænye veliqiny X_j = X^{(n)}_j , j = 1, . . ., n, takie qto vypolneno Δ_n ≥ c(ε)n^{−1/2+3ε/2} s konstantoæ c(ε) > 0.

2. Rezul~taty

Rassmotrim useqennye sluqaænye veliqiny g^n_{Ic} = g_{Ic} I(|g_{Ic} | ≤ σ_n), 1 ≤ i_1 < · · · < i_c ≤ n, gde I(A) – indikatornaØ funkciØ mnoßestva A ∈ B.

Teorema 1. Esli σ^2_n > 0, togda pri vseh 1 ≤ p < 2 i n ≥ m

Δ_n ≤ A_m( σ^{−2}_n n∑ j=1 Eg^2_j I(|g_j| > σ_n) + σ^{−3}_n n∑ j=1 E|g_j|^3I(|g_j| ≤ σ_n)+

56 L. V. GADASINA +σ^{−1}_n m∑ c=2 ∑ 1≤i_1<···<i_c≤n E|g_{Ic} |I(|g_{Ic} | > σ_n)

+ m∑ c=2 σ^{−c−1} n ∑ 1≤i_1<···<i_c≤n E|g^n_{i1} · . . . · g^n_{ic} g^n_{Ic} |+

+ 1 (2 − p)^3 σ^{−p}_n m∑ c=2 ∑ 1≤i_1<···<i_c≤n E|g_{Ic} |^pI(|g_{Ic} | ≤ σ_n) ), gde A_m zavisit tol~ko ot m.

Teorema 2. V usloviØh teoremy 1

Δ_n ≤ A_m( σ^{−2}_n n∑ j=1 Eg^2_j I(|g_j| > σ_n) + σ^{−3}_n n∑ j=1 E|g_j|^3I(|g_j| ≤ σ_n)+

+σ^{−1}_n m∑ c=2 ∑ 1≤i_1<···<i_c≤n E|g_{Ic} |I(|g_{Ic} | > σ_n) + σ^{−3}_n m∑ c=2 ∑ 1≤i_1<···<i_c≤n E|g^n_{i1} |^{2/c} · . . . · |g^n_{ic} |^{2/c}|g^n_{Ic} |+

+ 1 (2 − p)^3 σ^{−p}_n m∑ c=2 ∑ 1≤i_1<···<i_c≤n E|g_{Ic} |^pI(|g_{Ic} | ≤ σ_n) ). Sledstvie. Pust~ δc =^{2c+1}_{2c−1} , c = 1, . . . , m. Togda

Δ_n ≤ A_m m∑ c=1 σ^{−δc}_n ∑ Ǐ_c E|g_{Ic} |^{δc} , gde A_m zavisit tol~ko ot m.

3. Dokazatel~stva Dokazatel~stvo teoremy 1. Vvedem sledu¸wie oboznaqeniØ g_{Icn}(X_{Ic} ) = ∫ X · · · ∫ X U_n(g^n_{Ic} ) c∏ s=1 (δ_{Xis} (dy_{is} ) − P_{is} (dy_{is} )),

GRANICA BERRI––�SSEENA 57 g_{IcJd n}(X_{Jd} ) = ∫ X · · · ∫ X U_n(g^n_{Ic} ) d∏ s=1 (δ_{Xjs} (dy_{js} ) − P_{js} (dy_{js} )) ∏ s∈I_c \J_d P_s(dy_s) = − ∫ X · · · ∫ X U_n(g_{Ic} I(|g_{Ic} | > σ_n)) d∏ s=1 (δ_{Xjs} (dy_{js} ) − P_{js} (dy_{js} )) ∏ s∈I_c \J_d P_s(dy_s) c > d. Togda po predstavleni¸ Gefdinga U_n(g^n_{Ic} ) = c∑ d=1 ∑ 1≤j_1<···<j_d≤n g_{IcJd n}(X_{Jd} ) + EU_n(g^n_{Ic} ). Primeniv analog lemmy o srezkah iz [4] dlØ sluqaØ neodinakovo raspredelennyh sluqaænyh veliqin, poluqaem

Δ_n(x) ≤ |P (σ^{−1}_n (θ_1 + m∑ c=1 c∑ d=1 ∑ J̌_d g_{IcJd n}(X_{Jd} )) < x) − Φ(x)|+

+ m∑ c=1 ∑ 1≤i_1<...i_c≤n P (|g_{Ic} | > σ_n), gde θ_1 = − m∑ c=1 ∑ Ǐ_c E|g_{Ic} |I(|g_{Ic} | > σ_n). Teper~ zapixem m∑ c=1 c∑ d=1 ∑ J̌_d g_{IcJd n}(X_{Jd} ) = m∑ c=1 n∑ j=1 g_{Icjn}(X_j )

+ m∑ c=2 ∑ Ǐ_c g_{Icn}(X_{Ic} ) + m−1∑ d=2 m∑ c=d+1 ∑ J̌_d g_{IcJd n}(X_{Jd} ). i dalee m∑ c=1 n∑ j=1 g_{Icjn}(X_j ) = n∑ j=1 g_{jn}(X_j ) + m∑ c=2 n∑ j=1 g_{Icjn}(X_j ).

58 L. V. GADASINA Opredelim h_{cj} = g_{Icjn}, h^n_{cj} = h_{cj}I(|h_{cj} | ≤ σ_n), h_{cjn} = h^n_{cj} − Eh^n_{cj}, c = 2, . . . , m, j = 1, . . . , n, σ̄^2_n = n∑ j=1 E(g_{jn} + m∑ c=2 h_{cjn})^2,

z_j = z_j (X_j ) = σ̄^{−1}_n (g_{jn} + m∑ c=2 h_{cjn}), s_n = n∑ j=1 z_j ,

ẑ_j = z_j + E(g^n_j + m∑ c=2 h^n_{cj}). Snova primenim lemmu o srezkah dlØ h_{cj}

Δ_n(x) ≤ |P (σ^{−1}_n (θ_1 + n∑ j=1 (g_{jn} + m∑ c=2 h_{cjn}) + m−1∑ d=2 m∑ c=d+1 ∑ J̌_d g_{IcJd n}(X_{Jd} )+

+ m∑ c=2 ∑ Ǐ_c g_{Icn}(X_{Ic} ) + n∑ j=1 m∑ c=2 Eh^n_{cj} ) < x) − Φ(x)|+

+ m∑ c=1 ∑ Ǐ_c P (|g_{Ic} | > σ_n) + m∑ c=2 n∑ j=1 P (|g_{Icjn}| > σ_n) =

= |P (σ̄_nσ^{−1}_n (s_n + v_n + w_n) + a_n < x) − Φ(x)| + d_n, gde a_n = σ̄^{−1}_n θ_1 + σ̄^{−1}_n n∑ j=1 m∑ c=2 Eh^n_{cj},

d_n = m∑ c=1 ∑ Ǐ_c P (|g_{Ic} | > σ_n) + m∑ c=2 n∑ j=1 P (|g_{Icjn}| > σ_n),

v_n = σ̄^{−1}_n m−1∑ d=2 m∑ c=d+1 ∑ J̌_d g_{IcJd n}(X_{Jd} ),

GRANICA BERRI––�SSEENA 59

w_n = σ̄^{−1}_n m∑ c=2 ∑ Ǐ_c g_{Icn}(X_{Ic} ). Togda Δ_n ≤ sup_x |P (s_n + v_n + w_n < x) − Φ(x)|+

+ sup_x |Φ(x + a_n) − Φ(x)| + sup_x |Φ( σ̄_n σ_n x) − Φ(x)| + d_n. Pri fftom po svoæstvam funkcii Φ

sup_x |Φ(x + a_n) − Φ(x)| ≤ 1 √ 2π |a_n|, (1)

sup_x |Φ( σ̄_n σ_n x) − Φ(x)| ≤ 1 √ 2πe | σ̄^2_n σ^2_n − 1| σ_n σ̄_n . (2)

OcenivaØ a_n i d_n, poluqaem |a_n| ≤ σ̄^{−1}_n n∑ j=1 E|g_j|I(|g_j| > σ_n)+(2m+1)σ̄^{−1}_n m∑ c=2 ∑ Ǐ_c E|g_{Ic} |I(|g_{Ic} | > σ_n), (3) i d_n ≤ σ^{−1}_n n∑ j=1 E|g_j|I(|g_j| > σ_n) + (2m + 1)σ^{−1}_n m∑ c=2 ∑ Ǐ_c E|g_{Ic} |I(|g_{Ic} | > σ_n). (4) Oboznaqim h = ( ∑_n j=1 E|z_j |^3)^{−1}. Ne umen~xaØ obwnosti moßno sitat~, qto h > 2^{m+3}. Togda po neravenstvu �sseena

sup_x |P (s_n + v_n + w_n < x) − Φ(x)| ≤ 2 π h∫ 0 |Ee^{it(sn+vn +wn)} − e^{−t2/2}|t^{−1}dt

+ 24 π √ 2π h^{−1} ≤≤ 2 π h∫ 0 |Ee^{itsn} − e^{−t2/2}|t^{−1}dt

+ 2 π 2^{m+3}∫

0 |Ee^{it(sn+vn +wn)} − Ee^{itsn} |t^{−1}dt+

60 L. V. GADASINA + 2 π h∫ 2^{m+3} |Ee^{it(sn+vn+wn )} − Ee^{itsn} |t^{−1}dt + 24 π √ 2π h^{−1} =

= ε_1 + ε_2 + ε_3 + 24 π √ 2π h^{−1}. DlØ ocenki ε_1 vospol~zuemsØ teoremoæ 2 glavy XVI.5 [6], s T = h^{−1} vmesto T = 8h^{−1}/9

ε_1 ≤ π^{−1}σ̄^{−3}_n n∑ j=1 E|g_{jn} + m∑ c=2 h_{cjn}|^3 ≤≤ 16π^{−1}σ̄^{−3}_n n∑ j=1 E|g^n_j |^3

+32π^{−1}(m − 1)^2mσ̄^{−3}_n σ^2_n m∑ c=2 ∑ Ǐ_c E|g_{Ic} |I(|g_{Ic} | > σ_n). Slagaemoe s h^{−1} ocenivaetsØ analogiqnym obrazom.

Utverßdenie 1. Pust~ γ^{(k)}_1 , . . . , γ^{(k)}n , k = 1, . . . , c – seriØ posledo-

vatel~nosteæ, sostoØwih iz nezavisimyh odinakovo raspredelennyh veliqin, takih qto γ^{(1)}_{i1} , . . . , γ^{(c)}_{ic} – nezavisimy pri i_1 ≠ · · · ≠ i_c i, krome togo, ne zavisØt ot X_1, . . . , X_n. Togda

E| ∑ Ǐ_c γ^{(1)}_{i1} . . . γ^{(c)}_{ic} g_{Icn}|^p ≤ 2^{(2−p)c} c∏ s=1 E|γ^{(s)}_1 |^p ∑ Ǐ_c E|g_{Icn}|^p, 1 ≤ p ≤ 2. V processe dokazatel~stva nam ponadobØtsØ sledu¸wie neravenstva:

Utverßdenie 2. DlØ vseh x ∈ R 1. e^{ix} − 1| ≤ |x|. 2.|e^{ix} − 1| ≤ |x|^{p−1}, 1 ≤ p ≤ 2. 3.|e^{ix} − 1 − ix| ≤ 2|x|^p, 1 ≤ p ≤ 2. 4. a · b ≤ p^{−1}a^p + q^{−1}b^q, a > 0, b > 0, p^{−1} + q^{−1} = 1.

Ocenka ε2. Nam ponadobitsØ sledu¸waØ lemma. Lemma 1. DlØ vseh 0 ≤ t ≤ h i 1 ≤ i1 < · · · < ic ≤ n pri c = 1, . . ., m n∏ k=1,k≠I_c |E exp(itz_k)| ≤ exp(−t^2(1/3 − c2^{−(2m+9)/3)})).

GRANICA BERRI––�SSEENA 61

Dokazatel~stvo. RazlagaØ exp(itzk) v rØd Teælora, poluqaem |E exp(itz_k)| ≤ 1 − 1 2 Ez^2_kt^2 + 1 6 |t|^3E|z_k|^3 ≤ 1 − 1 2 t^2(Ez^2_k − 1 3 hE|z_k|^3) ≤ exp ( − 1 2 t^2(Ez^2_k − 1 3 hE|z_k|^3) ) , gde poslednee neravenstvo poluqeno vvidu togo, qto 1 − x ≤ e^{−x} dlØ vseh x ∈ R. Togda n∏ k=1, k≠I_c |E exp(itz_k)| ≤ exp −1 2 t^2( ∑ k≠I_c Ez^2_k − 1 3 h ∑ k≠I_c E|z_k|^3) =

= exp ( − 1 2 t^2( 2 3 − Ez^2_{i1} − · · · − Ez^2_{ic} + 1 3 hE|z_{i1} |^3 + · · · + 1 3 hE|z_{ic} |^3) ) . Krome togo, E|z_i|^3 ≥ 0, Ez^2_i ≤ (E|z_i|^3)^{2/3} ≤ h^{−2/3} ≤ 2^{−2(m+3)/3}, qto i dokazyvaet lemmu.

Rassmotrim podintegral~nu¸ funkci¸ v ε_2 Ee^{it(sn+vn +wn )} − Ee^{itsn} = Ee^{itsn} (e^{it(vn+wn )} − e^{itvn} + e^{itvn} − 1) = = Ee^{it(sn+vn)}(e^{itwn} − 1) + Ee^{itsn} (e^{itvn} − 1) = = Ee^{it(sn+vn)}(e^{itwn} − 1 − itw_n) + itEe^{itsn} w_n+ +itEe^{itsn} (e^{itvn} − 1)w_n + Ee^{itsn} (e^{itvn} − 1) = = L_1 + L_2 + L_3 + L_4.

DlØ ocenki L_1 vospol~zuemsØ tret~im neravenstvom utverßdeniØ 2, a zatem utverßdeniem 1. Togda |L_1| ≤ 2|t|^pE|w_n|^p ≤ 2^{(2−p)m+1}(m − 1)^{p−1}σ̄^{−p}_n |t|^p m∑ c=2 ∑ Ǐ_c E|g_{Icn}|^p, 1 ≤ p ≤ 2. DlØ ocenki L_2 zapixem |L_2| ≤ σ̄^{−1}_n |t| m∑ c=2 ∑ Ǐ_c |E exp(it ∑ k≠I_c z_k)e^{itzi1} . . . e^{itzic} g_{Icn}| =

62 L. V. GADASINA = σ̄^{−1}_n |t| m∑ c=2 ∑ Ǐ_c |E exp(it ∑ k≠I_c z_k)| · |E(e^{itẑi1} − 1) . . . (e^{itẑic} − 1)g_{Icn}|, gde poslednee ravenstvo my moßem zapisat~ blagodarØ vyroßdennosti g_{Icn}, i po lemme 1 |L_2| ≤ σ̄^{−1}_n |t|^{m+1} exp(−t^2(1/3 − m2^{−(2m+9)/3})) m∑ c=2 ∑ Ǐ_c E|ẑ_{i1} . . . ẑ_{ic} g_{Icn}|. Pereædem k L_3. Vospol~zuemsØ neravenstvom Gel~dera s 1 ≤ p ≤ 2, q = p/(p − 1) |L_3| ≤ |t|(E|e^{itvn} − 1|^q)^{1/q}(E|w_n|^p)^{1/p} i po utverßdeniØm 1 i 2 |L_3| ≤ 2^{1/q}|t|^{1+1/q}(E|v_n|)^{1/q}(E|w_n|^p)^{1/p} ≤ ≤ 2 q |t|E|v_n| + 1 p |t|^pE|w_n|^p ≤

≤ 2 q 3^m|t|σ̄^{−1}_n m∑ c=3 ∑ Ǐ_c E|g_{Ic} |I(|g_{Ic} | > σ_n)+

+ 1 p 2^{(2−p)m}(m − 1)^{p−1}|t|^pσ̄^{−p}_n m∑ c=2 ∑ Ǐ_c E|g_{Icn}|^p. I, nakonec, |L_4| ≤ |t|E|v_n| ≤ σ̄^{−1}_n |t| m−1∑ d=2 m∑ c=d+1 ∑ J̌_d E|g_{IcJd n}| ≤

≤ 3^mσ̄^{−1}_n |t| m∑ c=3 ∑ Ǐ_c E|g_{Ic} |I(|g_{Ic} | > σ_n). Ocenka ε3. Razloßim podintegral~noe vyraßenie Ee^{it(sn+vn+wn )} − Ee^{itsn} = = (Ee^{it(sn+wn )} − Ee^{itsn} ) + (Ee^{it(sn+vn+wn )} − Ee^{it(sn+wn )}) =

GRANICA BERRI––�SSEENA 63 = I_1 + I_2.

Ispol~zuem metod randomizacii (sm, naprimer, [1],[2]). Zafiksiruem t ∈ [2^{m+3}, h], i rassmotrim posledovatel~nost~ nezavisimyh meßdu soboæ i nezavisØwih ot X_1, . . . , X_n sluqaænyh veliqin α_1, . . . , α_n, ime¸wih raspredelenie Bernulli takih, qto P (α_j = 1) = 1 − P (α_j = 0) = f(t) = 9 · 2^{m−1}t^{−2} log(t), j = 1, . . . , n. Zametim, qto f(t) ∈ [0, 1] dlØ vseh t. Togda sluqaænye veliqiny X_j , j = 1, . . ., n, moßno predstavit~ v sledu¸wem vide X_j^d= α_jX̄_j + (1 − α_j)X̃_j , j = 1, . . ..n, gde X̄_j , X̃_j – nezavisimye kopii X_j pri vseh j = 1, . . ., n. Togda

s_n^d= n∑ j=1 α_jz̄_j + n∑ j=1 (1 − α_j)z̃_j = s^{(1)}_n (X̄) + s^{(2)}_n (X̃).

Vospol~zovavxis~ tem, qto dlØ g_{Icn} verny svoæstva additivnosti i odnorodnosti, poluqim

w_n^d= σ̄^{−1}_n m∑ c=2 c∑ k=0 W_{ck} = m∑ c=2 c∑ k=0 W̄_{ck}, gde W̄_{ck} = σ̄^{−1}_n ∑ Ľ_k ∑ Ǐc_k,Ic_k≠L_k k∏ s=1 α_{ls} c∏ s=k+1 (1 − α_{is} )g_{Icn}(X̄_{Lk} , X̃_{Ic\Lk} ). (6) i v_n^d= m−1∑ d=2 m∑ c=d+1 d∑ k=0 V̄_{cdk} = σ̄^{−1}_n^{m−1} ∑ d=2 m∑ c=d+1 d∑ k=0 V_{cdk}, gde V̄_{cdk} = σ̄^{−1}_n ∑ Ľ_k ∑ J̌ d_k ,J d_k ≠L_k k∏ s=1 α_{ls} d∏ s=k+1 (1 − α_{js} )g_{Ic Jdn}(X̄_{Lk} , X̃_{Jd \Lk} ).

Zametim, qto v W_{ck} ( c k ) slagaemyh, a v V_{cdk} ( d k ) slagaemyh.

64 L. V. GADASINA

Lemma 2. Oboznaqim posledovatel~nost~ α1, . . . , αn qerez α. To- gda E|E[e^{its(1)n} |α]|^2 ≤ t^{−3·2m} �1 , E|E[e^{its(2)n} |α]|^2 ≤ t^{3·2m} �1 e^{−t2/3}, E|E[exp(it ∑ k≠I_c α_kz_k)|α]|^2 ≤ t^{−3·2m/3} �1_{(2}2m/3_{−3c/4)} ,

E|E[exp(it ∑ k≠I_c (1 − α_k)z_k)|α]|^2 ≤ t^{3·2m/3}

�1_{(2}2m/3_{−3c/4)}

exp(−t^2(1/3 − c2^{−2(m+3)/3})).

Dokazatel~stvo. Rassmotrim posledovatel~nost~ sluqaænyh

veliqin X̆_1, . . . , X̆_n taku¸, qto X̆_j – nezavisimye kopii X_j pri vseh j = 1, . . . , n, togda z̄_j , z̃_j i z_j (X̆_j ) = z̆_j – nezavisimye odinakovo raspredelennye pri vseh j = 1, . . . , n. Otkuda poluqaem E|E[exp(it n∑ j=1 α_jz̄_j )|α]|^2 = EE[exp(it n∑ j=1 α_j (z̄_j − z̆_j ))|α] =

= E(exp(it n∑ j=1 α_j(z̄_j − z̆_j ))) = n∏ j=1 E exp(itα_j (z̄_j − z̆_j)).

Razloßim exp(itα_j (z̄_j − z̆_j)) v rØd Teælora |E exp(itα_j(z̄_j − z̆_j ))| ≤ 1 − 1 2 t^2E(α_j(z̄_j − z̆_j))^2 + 1 6 |t|^3E(α_j |z̄_j − z̆_j|)^3. Vospol~zovavxis~ neravenstvom E|z̄_j − z̆_j|^3 ≤ 4E|z_j|^3, poluqaem

|E exp(itα_j(z̄_j − z̆_j ))| ≤ 1 − t^2f(t)(Ez^2_j − 2 3 hE|z_j|^3) ≤ ≤ exp(−t^2f(t)(Ez^2_j − 2 3 hE|z_j|^3)). Togda E|E[e^{its(1)n} |α]|^2 ≤ exp(−t^2f(t)( n∑ j=1 Ez^2_j − 2 3 h n∑ j=1 E|z_j |^3)) =

= exp(−3 · 2^{m−1}t^2t^{−2} log(t)) = t^{−3·2m} �1 ,

GRANICA BERRI––�SSEENA 65 qto daet pervoe neravenstvo lemmy.

DlØ vtorogo sootnoxeniØ poluqaem analogiqnym obrazom E|E[e^{its(2)n} |α]|^2 ≤ exp(−t^2(1 − f(t)) 1 3 ) = t^{3·2m} �1 e^{−t2/3}. Dva poslednih neravenstva poluqaem po analogii s lemmoæ 1 E|E[exp(it ∑ k≠I_c α_kz_k)|α]|^2 ≤

≤ exp(−t^2f(t)( 1 3 − c∑ s=1 Ez^2_{is} + 2 3 h c∑ s=1 E|z_{is} |^3)) ≤

≤ exp(−t^2f(t)( 1 3 − c2^{−2(m+3)/3})) = t^{−3·2m/3}

�1_{(2}2m/3_{−3c/4)} , qto zaverxaet dokazatel~stvo lemmy.

Razloßim I_1 sledu¸wim obrazom

I_1 = E exp(it(s^{(1)}_n + s^{(2)}_n + m∑ c=2 c∑ k=0 W̄_{ck})) − E exp(it(s^{(1)}_n + s^{(2)}_n )) =

= E exp(it(s^{(1)}_n + s^{(2)}_n + m∑ c=2 W̄_{cc})) − E exp(it(s^{(1)}_n + s^{(2)}_n ))+

+E exp(it(s^{(1)}_n +s^{(2)}_n + m∑ c=2 (W̄_{cc} +W̄_{c0})))−E exp(it(s^{(1)}_n +s^{(2)}_n + m∑ c=2 W̄_{cc}))+

+E exp(it(s^{(1)}_n + s^{(2)}_n + m∑ c=2 c∑ k=0 W̄_{ck})) − E exp(it(s^{(1)}_n + s^{(2)}_n

+ m∑ c=2 (W̄_{cc} + W̄_{c0}))) = I_{11} + I_{12} + I_{13}.

DlØ pervogo slagaemogo zapixem

I_{11} = E exp(it(s^{(1)}_n + s^{(2)}_n ))(exp(it m∑ c=2 W̄_{cc}) − 1 − it^m ∑ c=2 W̄_{cc})+

+itE exp(it(s^{(1)}_n + s^{(2)}_n )) m∑ c=2 W̄_{cc} = I_{111} + I_{112}.

66 L. V. GADASINA Vospol~zuemsØ tem, qto pri fiksirovannyh α sluqaænaØ veliqina s^{(2)}n ne zavisit ot s^{(1)}n i W_{cc}, togda po utverßdeni¸ 2 |I_{111}| ≤ 2|t|^p(m − 1)^{p−1} m∑ c=2 E|E[e^{its(2)n} |α] · E[|W̄_{cc}|^p|α]|. Po neravenstvu Gel~dera, utverßdeni¸ 1 i lemme 2 |I_{111}| ≤ A_mσ̄^{−p}_n |t|^p m∑ c=2 ∑ Ǐ_c (E|E[e^{its(2)n} |α]|^2)^{1/2}( c∏ s=1 E|α_{is} |^{2p})^{1/2}E|g_{Icn}|^p ≤

≤ A_mσ̄^{−p}_n |t|^{p+3·2m} �2 e^{−t2/6}f(t) m∑ c=2 ∑ Ǐ_c E|g_{Icn}|^p, 1 ≤ p ≤ 2. Pereædem k I_{112} |I_{112}| ≤ |t|σ̄^{−1}_n m∑ c=2 ∑ Ǐ_c E|E[e^{its(2)n} |α] · E[exp(it ∑ k≠I_c α_kz̄_k)|α] c∏ s=1 α_{is} E[ c∏ s=1 e^{itαisz̄is} g_{Icn}|α]|, i analogiqno L_2 zapixem |I_{112}| ≤ |t|σ̄^{−1}_n m∑ c=2 ∑ Ǐ_c E|E[e^{its(2)n} |α] · E[exp(it ∑ k≠I_c α_kz̄_k)|α] c∏ s=1 α_{is} ×

×E[(e^{itαi1 ẑi1} − 1) · . . . · (e^{itαic ẑic} − 1)g_{Icn}|α]|. Po neravenstvu Gel~dera, utverßdeni¸ 2 i lemme 2 |I_{112}| ≤ |t|^{m+1}σ̄^{−1}_n m∑ c=2 ∑ Ǐ_c (E|E[e^{its(2)n} |α]|^2)^{1/2}(E|E

[exp(it ∑ k≠I_c α_kz_k)|α]|^2)^{1/2}( c∏ s=1 Eα^4_{is} )^{1/2} × E|ẑ_{i1} · . . . · ẑ_{ic} g_{Icn}| ≤

≤ A_mσ̄^{−1}_n |t|^{3m/4(1+3·2m/3} �1_{)+1}

e^{−t2/6} log^{m/2}(t) m∑ c=2 ∑ Ǐ_c E|ẑ_{i1} · . . . · ẑ_{ic} g_{Icn}|.

GRANICA BERRI––�SSEENA 67 Rassmotrim I_{12} I_{12} = E exp(it(s^{(1)}_n + s^{(2)}_n ))(exp(it m∑ c=2 W̄_{cc}) − 1)(exp(it^m ∑ c=2 W̄_{c0}) − 1)+

+E exp(it(s^{(1)}_n + s^{(2)}_n ))(exp(it( m∑ c=2 W̄_{c0})) − 1 − it m∑ c=2 W̄_{c0})+

+itE exp(it(s^{(1)}_n + s^{(2)}_n )) m∑ c=2 W̄_{c0} = I_{121} + I_{122} + I_{123}.

Po neravenstvu Gel~dera s 1 ≤ p ≤ 2, q = p/(p − 1) i utverßdeniØm 1 i 2 |I_{121}| ≤ (E| exp(it m∑ c=2 W̄_{cc}) − 1|^p)^{1/p}(E| exp(it^m ∑ c=2 W̄_{c0}) − 1|^q)^{1/q} ≤

≤ 2^{1/q}|t|^{1+p/q}(m − 1)^{p−1}( m∑ c=2 E|W̄_{cc}|^p)^{1/p}( m∑ c=2 E|W̄_{c0}|^p)^{1/q} ≤

≤ A_m|t|^pf(t)^{2/p}σ̄^{−p}_n m∑ c=2 ∑ Ǐ_c E|g_{Icn}|^p, 1 ≤ p < 2. Poskol~ku pri fiksirovannyh α s^{(1)}n ne zavisit ot W_{c0} i s^{(2)}n , poluqaem analogiqno I_{111} |I_{122}| ≤ A_mσ̄^{−p}_n |t|^{p−3·2m} �2^m∑ c=2 ∑ Ǐ_c E|g_{Icn}|^p, 1 ≤ p ≤ 2. I_{123} ocenivaetsØ analogiqno I_{112} I_{123} ≤ |t|σ̄^{−1}_n m∑ c=2 ∑ Ǐ_c E|E[e^{its(1)n} |α] · E[exp(it ∑ k≠I_c (1 − α_k)z_k|α] c∏ s=1 (1 − α_{is} ) × E[(e^{it(1−αi1 )ẑi1} − 1) · . . . · (e^{it(1−αic )ẑic} − 1)g_{Icn}|α]| ≤

≤ |t|^{1−9m2m/3} �4 e^{−t2(1/6−m2} �2m/3�3_) σ̄^{−1}_n m∑ c=2 ∑ Ǐ_c E|ẑ_{i1} · . . . · ẑ_{ic} g_{Icn}|.

68 L. V. GADASINA DlØ I_{13} zapixem sledu¸wee predstavlenie

I_{13} = E exp(it(s^{(1)}_n + s^{(2)}_n + m∑ c=2 W̄_{c0}))(exp(it^m ∑ c=2 W̄_{cc}) − 1)

(exp(it m∑ c=2 c−1∑ k=1 W̄_{ck}) − 1) + E exp(it(s^{(1)}_n + s^{(2)}_n +^m ∑ c=2 W̄_{c0}))

(exp(it m∑ c=2 c−1∑ k=1 W̄_{ck}) − 1 − it^m ∑ c=2 c−1∑ k=1 W̄_{ck}) + itE exp(it(s^{(1)}_n + s^{(2)}_n

+ m∑ c=2 W̄_{c0})) m∑ c=2 c−1∑ k=1 W̄_{ck} = I_{131} + I_{132} + I_{133},

gde I_{131} i I_{132} oceniva¸tsØ po analogii s prediduwim.

DlØ ocenki I_{133} nam ponadobitsØ seriØ randomizaciæ. Pust~ η^{(s)}_1 , . . . , η^{(s)}_n s = 1, . . . , m − 1 – seriØ nezavisimyh odinakovo raspredelennyh sluqaænyh veliqin, ne zavisØwih ot α i X_1, . . . , X_n i ime¸wih raspredelenie Bernulli P (η^{(s)}_j = 1) = 1 − P (η^{(s)}_j = 0) = 1/2, j = 1, . . . , n, s = 1, . . . , m − 1. Oboznaqim fftu seri¸ qerez η. Togda X̄_j moßno predstavit~ sledu¸wim obrazom X̄_j^d= η^{(1)}_j Y^{(1)}_j + (1 − η^{(1)}_j )Ȳ^{(1)}_j , gde Y^{(1)}_j , Ȳ^{(1)}_j – nezavisimye kopii X̄_j pri vseh j = 1, . . . , n, i dalee Y^{(1)}_j^d= η^{(2)}_j Y^{(2)}_j + (1 − η^{(2)}_j )Ȳ^{(2)}_j , . . . Y^{(m−1)} j d= η^{(m)}_j Y^{(m)}_j + (1 − η^{(m)}_j )Ȳ^{(m)}_j , gde Y^{(s+1)}_j , Ȳ^{(s+1)}_j – nezavisimye kopii Y^{(s)}_j pri s = 2, . . ., m − 1. Togda s^{(1)}_n (X̄)^d= s^{(1)}_{n1} (Y^{(1)}) + s^{(2)}_{n1} (Ȳ^{(1)}) = = n∑ j=1 η^{(1)}_j α_jz_j (Y^{(1)}_j ) + n∑ j=1 (1 − η^{(1)}_j )α_jz_j (Ȳ^{(1)}_j ).

GRANICA BERRI––�SSEENA 69 I pri s = 1, . . . , m − 1

s^{(1)}_{ns} = s^{(1)}_{ns+1} + s^{(2)}_{ns+1} = s^{(1)}_{ns+1}(Y^{(s+1)}) + s^{(2)}_{ns+1}(Ȳ^{(s+1)}). Krome togo, poloßim s^{(1)}_{n0} := s^{(1)}_n , s^{(2)}_{n0} := s^{(2)}_n .

Takim obrazom,

s^{(1)}_{n0} + s^{(2)}_{n0}^d= k∑ r=0 s^{(2)}_{nr} + s^{(1)}_{nk}^d= s∑ r=0 s^{(2)}_{nr} + s^{(1)}_{nk} s = 1, . . ., k, gde s^{(1)}_{nk} (Ȳ^{(k)}) = n∑ l=1 k∏ s=1 η^{(s)}_l α_lz_l(Y^{(k)}_l ),

s^{(2)}_{nr} (Ȳ^{(r)}) = n∑ l=1 r−1∏ s=1 η^{(s)}_l (1 − η^{(r)}_l )α_lz_l(Ȳ^{(r)}_l ).

I sledovatel~no,

W̄_{ck}^d=^k ∑ b_1=0 ∑ Ǐ_c ∑ Ľ_k,L_k∈I_c c∏ s=k+1 (1 − α_{is} ) ∑ Ř_{b1} ,R_{b1} ∈L_k k∏ s=1 α_{ls} ×

× b_1∏

s=1 η^{(1)}_{rs} k∏ s=b_1+1

(1 − η^{(1)}_{ls} )g_{Ic nRb1} (Y^{(1)}_{Rb1} , Ȳ^{(1)}_{Lk\Rb1} , X̃_{Ic\Lk} )^d=

d= k∑ b_1=0 ∑ Ř_{b1} ∑ Ľ^k_{b1} ,L^k_{b1} ≠R_{b1} ∑ Ǐ^c_k,I^c_k≠L^k_{b1} S R_{b1} c∏ s=k+1 (1 − α_{is} ) k∏ s=1 α_{ls} ×

× b_1∏

s=1 η^{(1)}_{rs} k∏ s=b_1+1 (1 − η^{(1)}_{ls} )g_{Ic nRb1} (Y^{(1)}_{Rb1} , Ȳ^{(1)}_{Lk\Rb1} , X̃_{Ic \Lk} ). Togda razloßim W̄_{ck} na tri tipa slagaemyh W̄_{ck}^d=^k ∑ b_1=0 W̄_{ckb1} = W̄_{ck0}(Ȳ^{(1)}_{Lk} , X̃_{Ic\Lk} ) + W̄_{ckk}(Y^{(1)}_{Lk} , X̃_{Ic\Lk} )+

70 L. V. GADASINA + k−1∑ b_1=1 W̄_{ckb1} (Y^{(1)}_{Rb1} , Ȳ^{(1)}_{Lk\Rb1} , X̃_{Ic\Lk} ), i dalee k−1∑ b_1=1 W̄_{ckb1}^d= k−1∑ b_1=1 b_1∑

b_2=0

W̄_{ckB1b2} (Y^{(2)}_{Rb2} , Ȳ^{(2)}_{Rb1 \Rb2} , Ȳ^{(1)}_{Lk\Rb1} , X̃_{Ic\Lk} )^d=

d= k−1∑ b_1=1

(W̄_{ckB1b1} + W̄_{ckB10}) + k−1∑ b_1=1 b_1−1∑

b_2=1 (W̄_{ckB2b2} + W̄_{ckB20}) + · · ·+

+ k−1∑ b_1=1 b_1−1∑

b_2=1 · · · b_k�_2∑

b_k�_1 =1

(W̄_{ckBk}�_{1bk}�_1 + W̄_{ckBk}�_{1 0}) =

= k−1∑ j=1 ∑ 1≤b_j<···<b_1≤k−1 (W̄_{ckBj bj} + W̄_{ckBj0}), gde pri j > 0 W_{ckBj bj} = ∑ Ř_{bj} ∑ Ř^{bj}�^1_{bj} ,R^{bj}�^1_{bj} ≠R_{bj} · · · ∑ Ř^b1_{b2} ,R^b1_{b2} ≠(S R^{bs}�^1_{bs} ) ∑ Ľk_{b1} ∑ Ǐc_k b_j∏

s=1 ( j+1∏ i=1 η^{(i)}_{rs} )×

× b_j�_1∏

s=b_j +1 ( j−1∏ i=1 η^{(i)}_{rs} (1 − η^{(j)}_{rs} )) · · · k∏ s=b_1+1

(1 − η^{(1)}_{ls} ) k∏ s=1 α_{ls} c∏ s=k+1 (1 − α_{is} )× ×g_{IcnRbj} (Y^{(j+1)}_{Rbj} , Ȳ^{(j)}_{Rbj}�_{1 \Rbj} , . . . , Ȳ^{(1)}_{Lk\Rb1} , X̃_{Ic\Lk} ). Takim obrazom, moßem zapisat~ I_{133} = it m∑ c=2 c−1∑ k=1 k−1∑ j=0 ∑ 1≤b_j<···<b_1≤k−1 E[exp(it( j+1∑ r=0 s^{(2)}_{nr}

+s^{(1)}_{nj+1} + m∑ d=2 W_{d0}))(W̄_{ckBj bj} + W̄_{ckBj 0})] = J_1 + J_2, gde pri j = 0 summa W̄_{ckBj bj} + W̄_{ckBj 0} oznaqaet W̄_{ck0} + W̄_{ckk}. Zametim, qto W_{ckBj bj} ne zavisit ot s^{(2)}_{nj+1}(Ȳ^{(j+1)}), a W_{ckBj 0} ne zavisit ot s^{(1)}_{nj+1}(Y^{(j+1)}) pri fiksirovannyh α, η.

GRANICA BERRI––�SSEENA 71 Poskol~ku J_1 and J_2 oceniva¸tsØ odinakovo, rassmotrim tol~ko J_1

J_1 = it m∑ c=2 c−1∑ k=1 k−1∑ j=0 ∑ 1≤b_j <···<b_1≤k−1 E[exp(it( j+1∑ r=0 s^{(2)}_{nr} + s^{(1)}_{nj+1}))

(exp(it m∑ d=2 W̄_{d0}) − 1)W̄_{ckBj bj} ] + it^m ∑ c=2 c−1∑ k=1 k−1∑ j=0 ∑ 1≤b_j <···<b_1≤k−1 E[exp(it( j+1∑ r=0 s^{(2)}_{nr} + s^{(1)}_{nj+1}))W̄_{ckBj bj} ] = J_{11} + J_{12}.

DlØ ocenki J_{11} vydelim nezavisimu¸ qast~ i vospol~zuemsØ vyroßdennost~¸ g_{IcnRbj} |J_{11}| ≤ |t| m∑ c=2 c−1∑ k=1 k−1∑ j=0 ∑ 1≤b_j<···<b_1≤k−1 ∑ Ř_{bj} · · · ∑ Ľk_{b1} E| b_j∏

s=1

( j+1∏ i=1 η^{(i)}_{rs} ) · · · k∏ s=1 α_{ls} × E[e^{its(2)nj+1} |α, η]E[exp(it ∑ a≠S_Rb_{s�1bs} j+1∏ s=1 η^{(s)}_a α_az_a(Y^{(j+1)}))|α, η]×E[ ∏ a=S_Rb_{s�1bs}^{(exp(it} j+1∏ s=1 η^{(s)}_a α_az_a(Y^{(j+1)}))−1)

(exp(it m∑ d=2 W̄_{d0}) − 1) ∑ Ǐc_k c∏ s=k+1 (1 − α_{is} )g_{IcnRbj} |α, η]|. Po neravenstvu Gel~dera s 1 ≤ p ≤ 2, q = p/(p−1) i utverßdeniØm 1 i 2 poslednee matematiqeskoe oßidanie ne prevoshodit ( ∏ a=S_Rb_{s�1bs}^{E[| exp(it} j+1∏ s=1 η^{(s)}_a α_az_a)

−1|^q|α, η] · E[| exp(it m∑ d=2 W̄_{d0}) − 1|^q|α, η])^{1/q}×

72 L. V. GADASINA ×(2^{(2−p)(c−k)} ∑ Ǐc_k c∏ s=k+1 (1 − α_{is} )^pE[|g_{IcnRbj} |^p|α, η])^{1/p}

≤ A_m|t|^{k+p−1}σ̄^{−1}_n ( ∏ a=S_Rb_{s�1bs}^α q a j+1∏ s=1 (η^{(s)}_a )^q E|z_a|^q)^{1/q}

×( m∑ c=2 2^{(2−p)c} ∑ Ǐ_c E|g_{Icn}(X̃_{Ic} )|^p)^{1/q}(2^{(2−p)(c−k)} ∑ Ǐc_k E|g_{IcnRbj} |^p)^{1/p}. Poskol~ku q ≥ 2, imeem E|z_a|^q = Ez^2_a|z_a|^{q−2} ≤ m^{q−2}2^{q−3}(σ_n/σ̄_n)^{q−2} Ez^2_a. Sledovatel~no, po neravenstvu Gel~dera dlØ summ |J_{11}| ≤ A_m(σ_n/σ̄_n)^{(q−2)/q}σ̄^{−p}_n ×

× m∑ c=2 c−1∑ k=1 |t|^{k+p} k−1∑ j=0 ∑ 1≤b_j <···<b_1≤k−1 ∑ Ř_{bj} · · · ∑ Ľk_{b1} E| b_j∏

s=1 ( j+1∏ i=1 η^{(i)}_{rs} )^2 · · · k∏ s=1

α^2_{ls} × E[e^{its(2)nj+1} |α, η]E[exp(it ∑ a≠S_Rb_{s�1bs} j+1∏ s=1 η^{(s)}_a α_az_a(Y^{(j+1)}))|α, η]

×( ∏ a=S_Rb_{s�1bs}^{Ez} 2 a m∑ c=2 ∑ Ǐ_c E|g_{Icn}|^p)^{1/q}( ∑ Ǐc_k E|g_{IcnRbj} |^p)^{1/p} ≤

≤ A_m|t|^{p−1.06} log^{(m−1)/2}(t)(σ_n/σ̄_n)^{1/p−1}σ̄^{−p}_n × ×( m∑ c=2 c−1∑ k=1 k−1∑ j=0 ∑ 1≤b_j <···<b_1≤k−1 m∑ c=2 ∑ Ǐ_c E|g_{Icn}|^p)^{1/q}×

×( m∑ c=2 c−1∑ k=1 k−1∑ j=0 ( c k )_j ∑ 1≤b_j <···<b_1≤k−1 ∑ Ǐ_c E|g_{Icn}|^p)^{1/p}, gde my ispol~zovali ∑ 1≤i_1≠···≠i_c ≤n c∏ s=1 Ez^2_{is} ≤ ( n∑ i=1 Ez^2_i )^c = 1.

GRANICA BERRI––�SSEENA 73 Otkuda poluqaem

|J_{11}| ≤ A_m(σ_n/σ̄_n)^{1/p−1}σ̄^{−p}_n |t|^{p−1.06} log^{(m−1)/2}(t) m∑ c=2 ∑ Ǐ_c E|g_{Icn}|^p. Pereædem k J_{12} (oboznaqim b_0 := k). Snova vospol~zuemsØ vyroßdennost~¸ g_{IcnRbj} , |J_{12}| ≤ |t|σ̄^{−1}_n m∑ c=2 c−1∑ k=1 k−1∑ j=0 ∑ 1≤b_j<···<b_1≤k−1 ∑ Ř_{bj} · · · ∑ Ǐc_k

E| b_j∏

s=1 ( j+1∏ i=1 η^{(i)}_{rs} ) · · · k∏ s=1 α_{ls} × c∏ s=k+1 (1 − α_{is} )E[e^{its(2)nj+1} |α, η] j∏ d=1 E[exp(it ∑ a≠R^{bd}�^1_{bd} d−1∏ s=1 η^{(s)}_a (1 − η^{(d)}_a )α_az_a)|α, η]

×E[exp(it ∑ a≠I^c_k (1 − α_a)z_a)|α, η] × E[exp(it n∑ a=1 j+1∏ s=1 η^{(s)}_a α_az_a)|α, η] j∏ d=1 b_d�_1∏

s=b_d+1

(exp(it d−1∏ a=1 η^{(a)}_{rs} (1−η^{(d)}_{rs} )α_{rs}ẑ_{rs} )−1)× b_j∏

s=1 (exp(it j+1∏ a=1 η^{(a)}_{rs} α_{rs}ẑ_{rs} )−1) c∏ s=k+1 (exp(it(1 − α_{is} )ẑ_{is} ) − 1)g_{IcnRbj} |. Ispol~zuØ te ße priemy, qto i ranee, poluqim |J_{12}| ≤ A_m|t|^{m+3·2m} �2_{−9·2}m/3�4_{−3/2} exp(−t^2(1/6 −(m − 1)2^{−2m/3−3})) log^{1/2}(t) × σ̄^{−1}_n m∑ c=2 ∑ Ǐ_c E|ẑ_{i1} . . . ẑ_{ic} g_{Ic n}|. OstaetsØ ocenit~ I_2. Zapixem predstavlenie

I_2 = E exp(it(s^{(1)}_n + s^{(2)}_n + m∑ c=2 c∑ k=0 W̄_{ck} +^{m−1} ∑ d=2 m∑ c=d+1 d∑ k=0 V̄_{cdk}))

74 L. V. GADASINA −E exp(it(s^{(1)}_n + s^{(2)}_n + m∑ c=2 c∑ k=0 W̄_{ck})) = E exp(it(s^{(1)}_n + s^{(2)}_n +^m ∑ c=2 W̄_{c0}))

(exp(it m∑ c=2 c∑ k=1 W̄_{ck}) − 1 − it m∑ c=2 c∑ k=1 W̄_{ck}) × (exp(it m−1∑ d=2 m∑ c=d+1 V̄_{cd0}) − 1)+

+itE exp(it(s^{(1)}_n + s^{(2)}_n + m∑ c=2 W̄_{c0}))(exp(it m−1∑ d=2 m∑ c=d+1 V̄_{cd0})

−1) m∑ c=2 c∑ k=1 W̄_{ck} + E exp(it(s^{(1)}_n + s^{(2)}_n ))(exp(it^m ∑ c=2 W̄_{c0})

−1)(exp(it m−1∑ d=2 m∑ c=d+1 V̄_{cd0})

−1)+E exp(it(s^{(1)}_n +s^{(2)}_n ))(exp(it m−1∑ d=2 m∑ c=d+1 V̄_{cd0})−1)+E exp(it(s^{(1)}_n +s^{(2)}_n

+ m∑ c=2 c∑ k=0 W̄_{ck} + m−1∑ d=2 m∑ c=d+1 V̄_{cd0})) − E exp(it(s^{(1)}_n + s^{(2)}_n + m∑ c=2 c∑ k=0 W̄_{ck})). i ispol~zuem te ße priemy, qto i vyxe. V qastnosti, vtoroe slagaemoe ne prevoshodit A_m(σ_n/σ̄_n)^{(q−2)/2}|t|^{2+1/q} m∑ c=2 c∑ k=1 ∑ Ľ_k (E|E

[exp(it ∑ j≠L_k α_j z_j)|α]|^2)^{1/2}f(t)^k × (σ̄^{−1}_n m−1∑ d=2 m∑ c=d+1 ∑ J̌_d E|g_{IcJdn}| k∏ s=1 Ez^2_{ls} )^{1/q}(σ̄^{−p}_n ∑ Ǐc_k,Ic_k≠L_k E|g_{Icn}|^p)^{1/p} ≤ A_m(σ_n/σ̄_n)^{2/p−1}|t|^{1+9m·2m/3} �4_{−1/p−3·2}m�2 log(t) × σ̄^{−1}_n m−1∑ d=2 m∑ c=d+1 ∑ J̌_d E|g_{IcJd n}|)^{1/q}(σ̄^{−p}_n ∑ Ǐ_c E|g_{Icn}|^p)^{1/p}, 1 ≤ p ≤ 2, q = p/(p − 1). DlØ zaverxeniØ dokazatel~stva teoremy nam ponadobØtsØ sledu¸wie dve lemmy

GRANICA BERRI––�SSEENA 75

Lemma 3._| | | σ̄^2_n σ^2_n − 1 | | | | ≤ 2σ^{−2}n n∑ j=1 Eg^2_j I(|g_j| > σ_n)

+2m(m + 4)σ^{−1}_n m∑ c=2 ∑ Ǐ_c E|g_{Ic} |I(|g_{Ic} | > σ_n), and σ̄^2_n ≥ 0.5 · σ^2_n.

Dokazatel~stvo. Po opredeleni¸

σ̄^2_n = n∑ j=1 E(g_{jn} + m∑ c=2 h_{cjn})^2 =

= n∑ j=1 Eg^2_{jn} + n∑ j=1 E( m∑ c=2 h_{cjn})^2 + 2 n∑ j=1 E(g_{jn} m∑ c=2 h_{cjn}), gde n∑ j=1 E( m∑ c=2 h_{cjn})^2 = n∑ j=1 m∑ c=2 Eh^2_{cjn} + n∑ j=1 ∑ 2≤c_1≠c_2≤m Eh_{c1jn}h_{c2jn} ≤

≤ 2σ_nm n∑ j=1 m∑ c=2 ∑ Ǐ_c�_1,I_c�_1 ≠j E|g_{Ic}�_{1,j} |I(|g_{Ic}�_{1,j}| > σ_n) ≤

≤ 2σ_nm^2 m∑ c=2 ∑ Ǐ_c E|g_{Ic} |I(|g_{Ic} | > σ_n), n∑ j=1 E(g_{jn} m∑ c=2 h_{cjn}) ≤ 2σ_n n∑ j=1 m∑ c=2 Eh_{cjn}

≤ 4σ_nm m∑ c=2 ∑ Ǐ_c E|g_{Ic} |I(|g_{Ic} | > σ_n), n∑ j=1 Eg^2_{jn} = n∑ j=1 E(g^n_j )^2 − n∑ j=1 (Eg^n_j )^2 = σ^2_n

− n∑ j=1 Eg^2_j I(|g_j | > σ_n) − n∑ j=1 (Eg_jI(|g_j | > σ_n))^2.

76 L. V. GADASINA Sledovatel~no,

σ̄^2_n ≥ σ^2_n − n∑ j=1 Eg^2_j I(|g_j| > σ_n) − n∑ j=1 (Eg_jI(|g_j| > σ_n))^2

−2m(m + 4)σ_n m∑ c=2 ∑ Ǐ_c E|g_{Ic} |I(|g_{Ic} | > σ_n),

σ̄^2_n ≤ σ^2_n − n∑ j=1 Eg^2_j I(|g_j| > σ_n) − n∑ j=1 (Eg_jI(|g_j| > σ_n))^2

+2m(m + 4)σ_n m∑ c=2 ∑ Ǐ_c E|g_{Ic} |I(|g_{Ic} | > σ_n). Qto daet pervoe neravenstvo lemmy. Moßem sqitat~, qto pravaØ qast~ pervogo neravenstva men~xe 0.5, poskol~ku Δ_n ≤ 1, togda σ̄^2_n ≥ 0.5 · σ^2_n.

Lemma 4. σ^{−1}_n m∑ c=2 ∑ Ǐ_c E|ẑ_{i1} · . . . · ẑ_{ic} g_{Ic n}| ≤ A_m( m∑ c=2 σ^{−c−1} n ∑ Ǐ_c E|g^n_{i1} · . . . · g^n_{ic} g^n_{Ic} |+

+σ^{−2}_n m∑ c=2 ∑ Ǐ_c Eg^2_{Ic} I(|g_{Ic} | ≤ σ_n) + m∑ c=1 (σ^{−1}_n m∑ r=2 ∑ Ǐ_r E|g_{Ir} |I(|g_{Ir} | > σ_n))^c). Dokazatel~stvo. Po opredeleni¸ E|ẑ_{i1} · . . . · ẑ_{ic} g_{Icn}| = σ̄^{−c}_n E| c∏ s=1 (g^n_{is} + m∑ r=2 h^n_{ris} )g^n_{Ic} | ≤

≤ σ̄^{−c}_n E|g^n_{i1} · . . . · g^n_{ic} g^n_{Ic} |+

+σ̄^{−c}_n c∑ d=1 ∑ 1≤j_1<···<j_d≤c E| d∏ s=1 ( m∑ r=2 h^n_{rijs} ) c−d∏ s=1 g^n_{iks} g^n_{Ic} |,

GRANICA BERRI––�SSEENA 77 gde indeksy k_s ∈ {1, . . . , c}\{J_d}. Primeniv neravenstvo Gel~dera i oceniv E( ∑_m r=2 h^n_{rijs} )^2 kak v lemme 3, poluqim, qto vtoroe slagaemoe ne prevoshodit σ̄^{−c}_n √ 2(m − 1) c∑ d=1 ∑ 1≤j_1<···<j_d ≤c ( d∏ s=1 σ_n m∑ r=2 ∑ L_r�_1≠i_{js} E|g_{Lr}�_{1ijs} |I(|g_{Lr}�_{1ijs} | > σ_n) × c−d∏ s=1 E(g^n_{iks} )^2)^{1/2}(E(g^n_{Ic} )^2)^{1/2}.

Dalee primenim neravenstvo Gel~dera dlØ summ i zametiv, qto ∑ 1≤i_{k1} <···<i_{kc}�_d ≤n c−d∏ s=1 E(g^n_{iks} )^2 ≤ σ^{2(c−d)}_n , poluqim utverßdenie lemmy.

Ob¨edinØØ formuly (1)–(4), ocenki ε_1, ε_2, ε_3 i sootnoxeniØ σ^{−1}_n Eg^2_{Ic} I(|g_{Ic} | ≤ σ_n) = σ^{−p}_n E|g_{Ic} |^pI(|g_{Ic} | ≤ σ_n), σ^{−1}_n E|g_j|I(|g_j| > σ_n) = σ^{−2}_n Eg^2_j I(|g_j | > σ_n), poluqaem utverßdenie teoremy 1.

Dokazatel~stvo teoremy 2. Rassmotrim σ^{−c−1}_n^∑ˇ_{Ic} E|g^n_{i1} · . . . ·

g^n_{ic} g^n_{Ic} |. Poskol~ku_c ∏ s=1 |g^n_{is} |^{1−2/c} ≤ σ^{c−2}_n , poluqaem σ^{−c−1} n ∑ Ǐ_c E|g^n_{i1} · . . . · g^n_{ic} g^n_{Ic} | ≤ σ^{−3}_n ∑ Ǐ_c E( c∏ s=1 |g^n_{is} |^{2/c} · |g^n_{Ic} |), qto daet teoremu 2.

Dokazatel~stvo sledstviØ. Ispol~zuØ qetvertoe neravenstvo

utverßdeniØ 2 s p = δ_c =^{2c+1}_{2c−1} i q =^{2c+1}_2 poluqaem σ^{−3}_n ∑ Ǐ_c E| c∏ s=1 |g^n_{is} |^{2/c} · |g^n_{Ic} | ≤ 2c − 1 2c + 1 σ^{−δc}_n ∑ Ǐ_c E|g^n_{Ic} |^{δc}

78 L. V. GADASINA + 2 2c + 1 σ^{−2c−1} n ∑ Ǐ_c c∏ s=1 E|g^n_{is} |^{2c+1c} . Dalee dlØ vtorogo slagaemogo imeem 2 2c + 1

(σ^{− 2c+12}n n∑ i=1 E{|g^n_i |^{3/c}|g^n_i |^{2(c−1)/c}})^c ≤

≤ 2 2c + 1

(σ^{− 2c+12}n ( n∑ i=1 E(g^n_i )^2)^c

�1_c ( n∑ i=1 E|g^n_i |^3)^{1c} )^c ≤

≤ 2 2c + 1 σ^{−3}_n n∑ i=1 E|g^n_i |^3, qto daet sledstvie.

Literatura 1. I. B. Alberink, A Berry-Esseen bound for U-statistics in non-i.i.d. case. — Preprint

98-057 SBF 343, Universität Bielefeld (1998), 1–12.

2. V. Bentkus, M. Bloznelis, F. Götze, A Berry-Esseen Bound for Student’s Statistics

in Non-I.I.D. Case. — Journal of Theoretical Probability, 9, (1996), 765–796.

3. V. Bentkus, F. Götze, R. Zitikis, Lower estimates of the convergence rate for U-

statistics. — Ann. Probab. 22, 4 1707–1714 (1994), 1707–1714.

4. ı. V. Borovskih, O normal~noæ approksimacii U-statistik. — Teor.

ver. i ee prim., 45, 3 (2000), 469–488.

5. ı. V. Borovskih, V. S. Korol¸k, TeoriØ U-statistik. — Kiev, Naukova dumka (1989).

6. Yu. V. Borovskikh, V. S. Korolyuk, Martingale Approximation. — VSP. Utreht,

The Netherlands (1997), 196–230.

7. V. Feller, Vvedenie v teori¸ veroØtnosteæ i ee priloßeniØ. — T. 2, per. s angl. M.: Mir (1984).

8. K. O. Friedrich, A Berry-Esseen bound for functions of independent random vari-

ables. — Ann. Statist. 17, 1 (1989), 170–183.

9. M. Ghosh, R. Dasgupta, Berry-Esseen theorem for U-statistics in the non i.i.d.

case. — Colloguia mathematica socieatatis János Bolyai, 32. Nonparametric statistical inference.– Amsterdam: North Holland publishing company, 1 (1982), 293– 313.

10. W. Hoeffding, A class of statistics with asymptotically normal distribution. Ann.

Math. Statist. 19, 3 (1948), 293–325.

11. X. A. Haximov, G. R. Abdurahmanov, Ob ocenke skorosti shodimosti v

central~noæ predel~noæ teoreme dlØ obobwennyh U-statistik. — Teor.

ver. i ee prim., 43, 1 (1998), 69–81.

GRANICA BERRI––�SSEENA 79 12. T. L. Maleviq, G. R. Abdurahmanov, Central~naØ predel~naØ teorema

dlØ obobwennyh (neodnorodnyh) U-statistik ot razliqno raspredelennyh sluqaænyh veliqin. — Izv. AN UzSSR, ser. fiz.-mat. nauk, 2 (1986), 28– 33. Gadasina L.V. A Berry-Esseen bound for U -statistics. The rate of convergence in the central limit theorem for non-degenerate U -statistics of n independent random variables is investigated under minimal sufficient moment conditions on canonical functions of Hoeffding representation.

Postupilo 18 noØbrØ 2003 g.

Sankt-Peterburgskiæ gosudarstvennyæ universitet Puteæ SoobweniØ, kafedra prikladnoæ matematiki