Zapiski nauqnyh seminarov POMI Tom 300, 2003 g.

A. P. Itin, A. I. Neishtadt, and A. A. Vasiliev

RESONANT PHENOMENA IN SLOWLY IRREGULAR RECTANGULAR WAVEGUIDES

Abstract. The waveguide with a rectangular cross section of size and orientation slowly changing along the waveguide’s length is considered. Methods of the canonical perturbation theory to describe the ray dynamics in the waveguide are used. As the size and orientation of cross section slowly changes along the ray trajectory, certain resonance conditions can be satisfied. The phenomena of scattering on a resonance and capture into a resonance is studied. These phenomena lead to destruction of adiabatic invariance in the system.

In view of optical-mechanical analogy [1], propagation of rays in inhomogeneous medium can be described by a Hamiltonian system. This makes geometrical optics of waveguides a natural object of nonlinear dynamics (see, e.g., [2]). In a slowly irregular waveguide, the Hamiltonian function slowly depends on the coordinate along the waveguide. Such a system can be studied using adiabatic invariants and methods of the canonical perturbation theory ([3–7]). In [5], the canonical perturbation theory was used in the case of a planar slowly irregular waveguide. This is a 2 d.o.f. slow-fast Hamiltonian system, where resonances have exponentially small effect. In the present paper we consider effects of capture into resonance and scattering on resonances in ray dynamics in a waveguide with a rectangular cross section whose size and orientation slowly changes along the waveguide’s length. We use the methods of analysis of these resonant phenomena developed for Hamiltonian systems with slow and fast variables [8]. These methods were designed and the corresponding theorems were proved for smooth systems. However, in [9, 10] it was demonstrated that they can be also applied adequately for billiard systems, which possess discontinuities. Ray dynamics in a waveguide is another example of a system with discontinuities where one can try to apply these methods. In many aspects the system considered in the present paper is similar to rectangular billiard with slowly moving borders, considered in [9]. The main difference is that here we deal with a 3 d.o.f.

The work was supported in part by grants RFBR 03-01-00158 and INTAS 00-221. 173

174 A. P. ITIN, A. I. NEISHTADT, AND A. A. VASILIEV

system, while in [9] we considered a 2^1_2 d.o.f. system (i.e., a system with explicit time dependence).

Consider rays propagating in a waveguide of rectangular orthogonal cross section. Let x, y be coordinates in the plane orthogonal to the axis of the waveguide, and z be coordinate along this axis. Let the size and orientation of the rectangle in the cross section of the waveguide slowly depend on z. The propagation of rays in the waveguide is described with the following Hamiltonian function:

H = p^2_x + p^2_y + p^2_z − n^2(x, y, εz), (1)

where p_x, p_y, p_z are momenta canonically conjugated to coordinates x, y, z, respectively, and n(x, y, εz) is the refraction index, ε ≪ 1 is a positive small parameter. The system should be considered on the Hamiltonian level H = 0. As z-coordinate changes, the rectangular cross section slowly turns around its center by the angle α = α(εz). At the same time, the waveguide’s axis can slowly bend. Therefore, the refraction index can be expressed as n = n(x cos α(εz) + y sin α(εz) + u(εz), −x sin α(εz) + y cos α(εz) + v(εz), εz). Functions u and v describe bending of the axis. We make a canonical transformation of variables (p_x, p_y, p_z, x, y, z) → (p_1, p_2, p_3, q_1, q_2, q̂_3) defined by the generating function

(x cos α(εz) + y sin α(εz) + u(εz))p_1 +

+(−x sin α(εz) + y cos α(εz) + v(εz))p_2 + p_3z.

Introduce also q_3 = εq̂_3. In the new coordinates, the Hamiltonian function takes the form

H = p^2_1 + p^2 + p^2_3 + 2εp_3β(p_1 q_2 − p_2q_1)−

− n^2(q_1, q_2, q_3) + εp_3(u^′ + v^′) + O(ε^2), (2)

where canonically conjugated are p_1, p_2, p_3 and q_1, q_2, ε^{−1}q_3; β, u^′, v^′ denote derivatives of α, u, v w.r.t. their argument correspondingly. Variables (p_1, q_1) and (p_2, q_2) are fast; they change at a rate of order 1. Variables (p_3, q_3) are slow; they change at a rate of order ε. Assume the following simple coordinate dependence for the normalized refraction index:

n(q_1, q_2, q_3) = { n_0 if |q_1| < d_1(q_3), and |q_2| < d_2(q_3), n_1 if |q_1| > d_1(q_3) or |q_2| > d_2(q_3), (3) where 2d_i are the lengths of the sides of the rectangular cross section, which depend on q_3; n_0, n_1 = const , 0 < n_1 < n_0 for a waveguide using

RESONANT PHENOMENA 175

total inner reflection and one can formally put n_1 = 0 for a waveguide with perfectly reflecting walls. We use a canonical transformation to introduce new variables (I_i, ϕ_i), i = 1, 2 such that

q_i = { −d_i + 2d_iϕ_i/π if 0 < ϕ_i 6 π, 3d_i − 2d_iϕ_i/π if π < ϕ_i 6 2π, (4) p_i = πI_i 2d_i sign (sin ϕ_i).

If d_i are constant, and β = 0, the new variables (I_i, ϕ_i) are just the action-angle variables of the system.

Variables p_i and q_i (i = 1, 2) can be expressed in terms of (I_i, ϕ_i) as the Fourier series:

p_i = ∞∑ k=1

′ 2I_i d_ik sin kϕ_i, (5)

q_i = − ∞∑ k=1

′ 8d_i π^2k^2 cos kϕ_i, where primes denote summation over odd k. In the new variables the Hamiltonian of the system is: H = π^2 4 ( I^2_1 d^2_1 + I^2_2 d^2 ) + p^2_3 − n^2_0−

− 16εp_3β π^2 ∞∑ k1=1 ′ ∞∑ k2=1 ′ [ (I_1d^2k_1 + I_2d^2_1k_2) d_1d_2k^2_1 k^2 sin(k_1ϕ_1 − k_2ϕ_2)+

+ (I_1 d^2k_1 − I_2d^2_1k_2) d_1d_2k^2_1 k^2 sin(k_1ϕ_1 + k_2ϕ_2) ] + +ε [E_1(ϕ_1, p_3, q_3) + E_2(ϕ_2, p_3, q_3)] + O(ε^2) = H_0 + εH_1. (6) Variables p_3, q_3 in (6) are O(ε)-close to p_3, q_3 in (2); for brevity, we use for them the same notation. Terms E_i appear because generating function of transformation (4) depends on slow variables p_3, q_3; the explicit form of these terms is not important.

In the adiabatic approximation, one averages (6) over fast angle variables ϕ_1, ϕ_2 to find that I_1, I_2 are adiabatic invariants of the motion, and the dynamics is approximately described by the Hamiltonian H_0 considered on the energy level H_0 = 0 with constant values of I_1, I_2. It is known

176 A. P. ITIN, A. I. NEISHTADT, AND A. A. VASILIEV

that I_i equals d_i sin ψ_i multiplied by a constant factor, where ψ_i is the angle of reflection by the corresponding wall. This implies, in particular, that an initially parallel beam of rays stays parallel in the course of propagation along the waveguide.

This approach, however, is not applicable near resonances, where some terms of the sum in (6) change slowly. Let m, j be relatively prime integers. We call the terms in (6) with k_1 = rm, k_2 = rj and integer r (m, j)-resonant, if the following resonance condition is met: mI_1 d^2_1 − jI_2 d^2

= 0. (7)

As the time grows, the values of d_i change and the system may approach a resonance. Consider the ray dynamics near an (m, j)-resonance. We make a canonical transformation (I_1, I_2, ϕ_1, ϕ_2) → (R, J, ϕ, ψ) with the generating function W = (mϕ_1 − jϕ_2)R − (l_1ϕ_1 − l_2ϕ_2)J, where l_1, l_2 are integers, ml_2 − jl_1 = 1. Variables p_3, q_3 remain unchanged under this transformation.

The resonance condition takes the form

R = R_{res}(J, p_3, q_3) = jl_2d^2_1 + ml_1 d^2 m^2d^2 + j^2d^2_1 J. (8) In the new variables Hamiltonian (6) is H = H_0(R, J, p_3, q_3) + εH_1(R, J, ϕ, ψ, p_3, q_3). The canonically conjugated pairs of variables are (R, ϕ), (J, ψ) and (p_3, ε^{−1}q_3). It follows from the form of the Hamiltonian that ψ is a fast variable, and one can average the equations of motion over it. In the averaged system, J = −jI_1 + mI_2 is the integral of motion and below we consider J as a parameter. We use another canonical transformation (R, ϕ) → (P, ϕ) with generating function W_1 = (P + R_{res}(J, p̄_3, q_3))ϕ + ε^{−1}p̄_3q_3 to introduce new “action” variable P = R − R_{res}; the conjugated “angle” variable is ϕ. In a small neighborhood of the resonance where P is of order √ ε, the Hamiltonian takes the following form (bars omitted):

H = Λ(J, p_3, q_3) + F_0 + O(ε^2), F_0 = 1 2 gP^2 + bχ(ϕ) + aϕ, (9)

where Λ is H_0 on the resonance, and g = ( ∂^2H_0 ∂R^2 ) R=Rres = π^2 2 ( m^2 d^2_1 + j^2 d^2 ) , b = −4 εp_3βd_1d_2J mj(m^2 d^2 + j^2d^2_1) , (10)

RESONANT PHENOMENA 177 χ(ϕ) = 8 π^2 ∞∑ r=1

′ 1 r^3 sin rϕ = { ϕ − ϕ^2/π if 0 < ϕ < π, ϕ + ϕ^2/π if − π < ϕ 6 0.

For the coefficient a we have the following expression (see [8]):

a = (ω_2/m)(L/det A), L = ω_2{ω_1, H_0} − ω_1{ω_2, H_0}, A = ( ∂^2H_0/∂I^2 ω^T ω 0 ) , (11)

where ω = (ω_1, ω_2), ω_1 = (π^2/2)(I_1/d^2_1), ω_2 = (π^2/2)(I_2/d^2), and {f, g} denotes the Poisson bracket of f, g w.r.t. variables p_3, q_3. Values of d_i, ω_i, L, det A in expressions (10) and (11) are calculated on the resonant surface.

The dynamics near the resonance depends on the properties of the resonance Hamiltonian F_0. Consider this Hamiltonian at frozen values of J, p_3, q_3. Corresponding phase portraits of the resonance Hamiltonian on the (ϕ, P )-plane are similar to those of a pendulum under the action of a constant torque. If |a| < |b|, the phase portrait has a separatrix and an oscillatory domain. If |a| > |b|, there is no such a domain on the phase portrait. To be definite, assume a < 0, b > 0. The area S of the oscillatory domain (in the case |a| < |b|) is a function of J, p_3, q_3, and can be expressed as follows:

S = 2 √ 2 g ϕr∫ ϕl √ F^s_0 − bχ(ϕ) − aϕ d ϕ, (12) where F^s_0 is the value of F_0 on the separatrix

F^s_0 = π 4 (a + b)^2 b , (13)

and ϕ_l, ϕ_r are the roots of the integrand (in particular, ϕ_r is the coordinate of the saddle point). The explicit expression for ϕ_l depends on the relation between a and b. Consider the case a < (2 √ 2 − 3)b (the expression for the opposite sign in this inequality is cumbersome, and we do not present it here). We have

ϕ_l = − π 2 a + b b (1 + √ 2), ϕ_r = π 2 a + b b . (14)

For the area S one finds: S = √ 2 g (a + b)^2 2 ( 1 + 3π 4 ) ( π b )_{3/2} . (15)

178 A. P. ITIN, A. I. NEISHTADT, AND A. A. VASILIEV

Now we take into account a slow evolution of variables p_3, q_3 in the system. Suppose that due to this evolution the area of the oscillation region S grows with time. In this case, additional space appears inside the oscillatory domain. Hence, phase points can cross the separatrix and change their mode of motion from rotational to oscillatory. This phenomenon is called capture into a resonance. A captured phase point leaves a vicinity of the straight line R = const, J = const in the space (I_1, I_2, p_3, q_3) and continues its motion following approximately the resonant curve R = R_{res}(J, p_3, q_3), J = const. In this case, direction of ray propagation is not anymore determined by equations I_{1,2} = const, and can be found from equations R = R_{res}, J = const. If later the value of S starts decreasing with time, phase points previously captured can cross the separatrix again and leave the oscillatory domain. This is escape from the resonance.

Phase points that cross the resonance without being captured undergo a jump of adiabatic invariant R of order √ ε (and, therefore, jumps of I_{1,2}, since I_1 = mR − l_1J, I_2 = −jR + l_2J). This phenomenon is called scattering on a resonance. Both capture into a resonance and scattering on a resonance are probabilistic phenomena, and they are usual in systems with resonance crossings (see [8, 11, 12]). If a phase point M_0 is an initial point of a phase trajectory crossing the resonance surface, the probability to be captured at the resonance crossing is given by the following formula:

Pr (M_0) = { √ ε {S, Λ}/(2π|a|) if {S, Λ} > 0, 0 if {S, Λ} < 0. (16)

Expression in the r.h.s. of (16) is calculated at the point where the adiabatic trajectory (i.e., one with I_{1,2} = const) starting at M_0 crosses the resonant surface. Therefore, if d_i = d_i(q_3) are periodic functions with period of order 1, then along the distance Δq_3 ∼ ε^{−1/2} (corresponding to Δz ∼ ε^{−3/2}) phase trajectories with initial conditions of total measure ∼ 1 undergo captures. Along the corresponding phase trajectories, adiabatic invariants I_i change by values of order 1. As a result, initially parallel beam of rays in a waveguide with reflective walls can be completely destroyed. In a waveguide using total inner reflection, this can produce large losses due to penetration of rays through the walls.

A jump in R can be considered as random with a mean value of or- der √ ε and standard deviation also of order √ ε. This jump produces a jump of order √ ε in I_{1,2}. These jumps due to multiple scattering (without captures) on resonances result in drift and diffusion of I_{1,2}. The diffusion

RESONANT PHENOMENA 179

produces slow divergence of an initially parallel beam of rays. Along a distance Δq_3 ∼ ε^{−1} (corresponding to Δz ∼ ε^{−2}) the diffusion of adiabatic invariants I_{1,2} leads to complete destruction of the beam.

References

1. V. I. Arnold, Mathematical Methods of Classical Mechanics, Springer, New York (1978).

2. R. Z. Sagdeev, D. A. Usikov, and G. M. Zaslavsky, Nonlinear Physics, Harwood Academic Publishers, Chur (1988).

3. A. D. Shatrov, Izv. VUZov, “Radiophysica” 20, No. 8 (1977), 1153. 4. V. A. Borovikov and A. V. Popov, in: Direct and Inverse Problems of Theory of Diffraction, IRE, Moscow (1979).

5. A. I. Neishtadt, Propagation of rays in slowly irregular waveguides and perturbation theory for Hamiltonian systems, Izv. VUZov, “Radiophysica” 25, No. 2 (1982), 218–226.

6. Yu. A. Kravtsov and Yu. A. Orlov, Geometrical Optics Of Inhomogeneous Media, Springer Verlag, New York (1990).

7. L. M. Brekhovskikh and O. A. Godin, Acoustics of Layered Media II - Point Sources and Bounded Beams, Springer-Verlag, Berlin, Heidelberg, New York (1999).

8. A.I. Neishtadt, On adiabatic invariance in two-frequency systems, in: C.Simo (Ed.), Hamiltonian Systems with Three or More Degrees of Freedom, NATO ASI Series C, Vol. 533, Kluwer Academic Publishers, Dordrecht (1999), pp. 193–213.

9. A. P. Itin, A. I. Neishtadt, and A. A. Vasiliev, Resonant phenomena in slowly perturbed rectangular billiards, Phys. Lett. A 291 (2001), 133–138.

10. A. P. Itin and A.I. Neishtadt, Resonant phenomena in slowly perturbed elliptic billiards, Regular and Chaotic Dynamics, No. 2 (2003) (to appear).

11. V. I. Arnold, V. V. Kozlov, and A. I. Neishtadt, Mathematical aspects of classical and celestial mechanics, Encyclopaedia of Mathematical Sciences, Vol. 3, Springer, Berlin (1988).

12. A. P. Itin, A. I. Neishtadt, and A. A. Vasiliev, Captures into resonance and scattering on resonance in dynamics of a charged relativistic particle in magnetic field and electrostatic wave, Physica D 141 (2000), 281–296.

Postupilo 30 noØbrØ 2002 g.

Space Research Institute RAN