Zapiski nauqnyh seminarov POMI Tom 300, 2003 g.

O. Yu. Koltsova

ON HAMILTONIAN SYSTEMS WITH HOMOCLINIC ORBIT TO A SADDLE-CENTER

Abstract. We consider a real analytic two degrees of freedom Hamiltonian system possessing a homoclinic orbit to a saddle-center equilibrium (two nonzero real and two nonzero imaginary eigenvalues). We take a two-parameter unfolding for such the system and show that in nonresonance case there are countable sets of multi-round homoclinic orbits to a saddle-center. We also find families of periodic orbits, accumulating at homoclinic orbits.

1. Introduction and set-up

Let a real analytic Hamiltonian vector field X_{H0} with a Hamiltonian H_0 have a saddle-center equilibrium p, H_0(p) = 0, i.e., eigenvalues of the corresponding linearization operator are ±iω, ±λ, ωλ ≠ 0, ω, λ ∈ R. Such equilibrium has two analytic one-dimensional submanifolds, stable, W^s, and unstable, W^u, passing through p. Suppose one component of the set W^s\{p} coincides with one component of the set W^u\{p} forming a homoclinic loop Γ lying within a three-dimensional level V_0 = {H_0 = 0}. Since the existence of the loop is a codimension two phenomenon then bifurcations for Hamiltonian systems close to the system with the loop should be studied in a two-parameter unfolding H_μ, μ ∈ R^2. Let H_μ, μ ∈ R^2, C^r-smoothly depends on μ, r > 3, and suppose the Hamiltonian H_0 has a saddle-center singular point p with a loop Γ. All our considerations will be done in some small neighbourhood U of Γ.

Without loss of generality we may consider all Hamiltonians H_μ to have the same singular point p (i.e., p does not depend on μ for ‖ μ ‖ small enough) and H_μ(p) ≡ 0. Due to the Moser theorem [6] there is a symplectic chart with coordinates (x_1, x_2, y_1, y_2) such that all H_μ can be written in the normal form

H_μ(x_1, x_2, y_1, y_2) = h(ξ, η) = λη + ωη + · · · ,

This work was supported by the Russian Foundation of Basic Research under grants INTAS 00-221 and 01-01-00905. 187

188 O. YU. KOLTSOVA

where ξ = x_1y_1, η = (x^2 + y^2 )/2, with λ, ω being functions of μ, ω(0)λ(0) ≠ 0. After a linear scaling of H_μ (or time), depending on μ, we can assume λ(μ) ≡ 1. For definiteness, we suppose henceforth γ(μ) = ω(μ)/λ(μ) to be positive. In these coordinates differential equations take the form

ẋ_1 = −x_1 ∂h ∂ξ , ẋ_2 = −y_2 ∂h ∂η , ẏ_1 = y_1 ∂h ∂ξ , ẏ_2 = x_2 ∂h ∂η . Thus the local stable submanifold W^s is the axis x_1 and the axis y_1 is the local unstable submanifold W^u. For definiteness we suppose the outgoing part of Γ to coincide locally with the half-axis y_1 > 0. Depending on whether Γ returns to p being locally the half-axis x_1 < 0 or x_1 > 0 we distinguish two cases, I and II. These cases have different topology of levels V_h = {H_μ = h}. In the case I all orbits starting near the homoclinic one stay close to it for one round along homoclinic orbit.

In order to study the orbit behaviour near the loop Γ, we use the Poincare map f_μ at some section N . Map f_μ is constructed as a composition of two maps, one local near the singular point, T_μ, and another one global, S_μ, near a global piece of Γ. As local three-dimensional crosssections we take the disks N^s = {x_1 = ±d_1, η 6 η_0} and N^u = {y_1 = d_2, η 6 η_0} for some small positive η_0. These sections are foliated by levels V_h into smooth two-dimensional disks which we denote N^s_h, N^u_h , respectively. Since the sets V_h are invariant under the flow, it is convenient to restrict the maps T_μ : N^s → N^u and S_μ : N^u → N^s to disks N^s_h , N^u_h .

The local map T_μ(h) : N^s_h → N^u_h in the coordinates (x_2, y_2) can be written in the following form [4]:

x^1_2 = x^0_2 cos Δ_h(η_0) − y^0_2 sin Δ_h(η_0), y^1_2 = x^0_2 sin Δ_h(η_0) + y^0_2 cos Δ_h(η_0),

where (x^1_2, y^1_2 ) are coordinates on N^u_h and (x^0_2, y^0_2 ) are coordinates on N^s_h, Δ_h(η) = −a^′_h(η) ln(±d_1d_2/a_h(η)), a_h(η) is the solution of the equation h(ξ, η) = h with respect to ξ in some neighbourhood of the point (0, 0), a_h(η) = h − γη + · · · , a^′_h(η) = da_h(η)/dη. The global map S_μ(h) : N^u_h → N^s_h is some analytic symplectic map smoothly depending on μ:

x^0_2 = F_μ(x^1_2, y^1_2 , h), y^0_2 = G_μ(x^1_2, y^1_2 , h),

where det(D(F_μ, G_μ)/D(x^1_2, y^1_2 )) ≡ 1, F_0(0, 0, 0) = G_0(0, 0, 0) = 0 (the latter follows from the loop existence). Henceforth we shall consider such two-parameter unfolding of the system with a loop for which the following

ON HAMILTONIAN SYSTEMS 189

genericity condition is satisfied: det(D(F_μ, G_μ)/D(μ_1, μ_2)) ≠ 0 at the point x^1_2 = y^1_2 = h = μ_1 = μ_2 = 0. Let us denote the Jacobi matrix D(F_μ, G_μ)/D(x^1_2, y^1_2 ) calculated at x^1_2 = y^1_2 = h = μ_1 = μ_2 = 0 by A.

2. Multi-round homoclinic orbits

Now consider the level V_0 where the equilibrium point is located. Later on we will write f_μ, S_μ, T_μ instead of f_μ(0), S_μ(0), T_μ(0).

Global map, and, therefore A depend on a choice of the cross-sections, determined by constants d_1, d_2. We can choose some positive constants d̃_1 and d̃_2 such that A has the diagonal form diag(b, b^{−1}) [3]. So the global map takes the form:

x^0_2 = u_1 + bx^1_2 + O(‖ u ‖^2 + ‖ X^1 ‖^2),

y^0_2 = u_2 + b^{−1}y^1_2 + O(‖ u ‖^2 + ‖ X^1 ‖^2),

where X^1 = (x^1_2, y^1_2 ), u = Rμ, R is Jacobi matrix D(F_μ, G_μ)/D(μ_1, μ_2) calculated at x^1_2 = y^1_2 = h = μ_1 = μ_2 = 0. Later on we denote new parameters as u, the coordinates (x^1_2, y^1_2 ) in N^u_0 - as (x, y), and the coordinates (x^0_2, y^0_2 ) in N^s_0 - as (x̄, ȳ).

Evidently, for u ≠ 0 the loop is already destroyed, but some multiround loops can exist. The most complete investigation of n-round homoclinic orbits to a saddle-center in a one-parameter unfolding of reversible two-degree-of-freedom Hamiltonian systems was accomplished in [1, 5].

The existence of homoclinic doubling and tripling was proved before [2, 3]:

Theorem 1. Assume b ≠ 1. Then there is a positive ε small enough and tubular neighbourhood U of Γ in the level V_0 such that in a neighbourhood E_ε = {u :‖ u ‖< ε} there exist four countable families of points Ω_2 = {u^i_j : i = 1, 4, ‖ u^i_j ‖→ 0 as j → ∞}, each its point corresponds to a Hamiltonian system with two-round homoclinic orbit to p lying in U , and there exist eight countable families Ω_3 = {u^i_j : i = 1, 8, ‖u^i_j‖ → 0 as j → ∞}, each its point corresponds to a Hamiltonian systems with three-round homoclinic orbit to p lying in U .

190 O. YU. KOLTSOVA

Moreover, when b > (1 + √ 5)/2 there are other families of u-values which correspond to three-round orbits to p.

The results of this paper are concerned with the existence of n-round orbits, n = 2^k · 3^m, where k, m ∈ Z^+ , k + m > 1. At first we prove the existence of 2 · 2^k and 3 · 2^k-round homoclinic loops.

Theorem 2. Assume (1) b ≠ 1;

(2) parameters b and γ do not satisfy the resonance relations of the kth order: F_j(a, γ) = 0, j = 1, k, a = b − b^{−1}, (1) where

F_1(a, γ) = a − (−1)^iγ(a^2 + 1), i = 1, 2, F_2(a, γ) = F_1(2F_1(a, γ), γ), .... F_k(a, γ) = F_1(2F_{k−1}(a, γ), γ). Then for any k ∈ Z^+ and u^∗ ∈ Ω_2k there is a tubular neighborhood U of Γ, U ⊂ V_0, and a positive ε(k) small enough, such that on parameter plane (u_1, u_2) in a neighborhood E_{ε(k)} = {u : ‖u − u^∗‖ < ε(k)} there exist sets

Ω_n = � u^i_j : i = 1, 4, ‖u^i_j − u^∗‖ → 0 as j → ∞ � for n = 2 · 2^k and Ω_n = � u^i_j : i = 1, 8, ‖u^i_j − u^∗‖ → 0 as j → ∞ � for n = 3 · 2^k, corresponding to systems with Hamiltonians H_u, u ∈ Ω_n, having n-round homoclinic orbit to p.

Proof. This proof has a recurrent character. Consider first k = 1. For a given two-round homoclinic orbit corresponding to some u^∗ from Ω_2 we construct a new global map S_1 along its global piece. Jacobi matrix DS_1 /D(x, y) for x = y = 0, u = u^∗ can become a rotation matrix under some relations between b and γ (the resonance relation). In the nonresonance case, from Theorem 1, we get sets of 4-round and 6-round homoclinic orbits near Γ.

ON HAMILTONIAN SYSTEMS 191

Then choosing Γ_u� as Γ and repeating this proof for k = 2 we get existence of 4-round and 6-round homoclinic orbits relatively Γ_u� (or 8- round and 12-round homoclinic orbits relatively Γ).

Repeating this proof for k = 3, . . . , we get conditions of the theorem about existence of n-round homoclinic orbits for n = m · 2^k, m = 2, 3 and the resonance relations (1). �

The resonance relations can be used to answer the question about the existence of multi-round homoclinic orbits for a Hamiltonian system with a homoclinic loop with fixed values of parameters b and γ.

Let b and γ be connected by the resonance relation of the order k with some index i (for example i = 1). We consider four families of parameter values from Ω_2, i = 1, 4, corresponding to those Hamiltonian systems in the unfolding that have two-round homoclinic orbits (they have been obtained in Theorem 1). If we take some u^∗ = u^1_j� (or u^∗ = u^3_j� ) from Ω_2, then there exists a neighbourhood in the parameter plane |u − u^∗| < ε which consists of countable sets of parameter values, corresponding to Hamiltonian systems with n-round homoclinic orbits of finite roundness 2 · 2^m, 3 · 2^m for m = 1, k − 1 only. Choosing a parameter from the remaining family u^∗ = u^2_j� (or u^∗ = u^4_j� ) we obtain the countable sets of parameter values in some neighbourhood |u − u^∗| < ε. The elements of these sets correspond to Hamiltonian systems with multi-round homoclinic orbits of any roundness 2 · 2^m, 3 · 2^m, m = 1, 2, . . ..

Now we prove the existence of countable sets of parameter values corresponding to systems with 6-round and 9-round homoclinic orbits.

Theorem 3. Assume (1) b ≠ 1;

(2) parameters b and γ do not satisfy the resonance relations:

γ = (−1)^j

(−1)^{i+1}(b^3 − b^{−3}) √ b^2 + b^{−2} + 1 + 2 (b^2 + b^{−2} − 1)(b^3 − b^{−3} + 2(−1)^i √ b^2 + b^{−2} + 1) , i, j = 0, 1. (2)

Then for any u^∗ ∈ Ω_3 there is a tubular neighborhood U of Γ, U ⊂ V_0, and a positive ε small enough, such that on parameter plane (u_1, u_2) in a neighborhood E_ε = {u : ‖u − u^∗‖ < ε} there exist sets Ω_6 = {u^i_j : i = 1, 4, ‖u^i_j − u^∗‖ → 0 as j → ∞}

192 O. YU. KOLTSOVA and Ω_9 = {u^i_j : i = 1, 8, ‖u^i_j − u^∗‖ → 0 as j → ∞}, corresponding to systems having 6-round and 9-round homoclinic orbits to p.

Proof. We take an u^∗ ∈ Ω_3, corresponding to the system with threeround homoclinic orbit Γ_u� to p. Let us determine the Poincare map as a composition of two maps, one local near the singular point and another one global near a global piece of Γ_u� .

If Jacobi matrix DS_1 /D(x, y) for x = y = 0, u = u^∗ is a rotation matrix, then, depending on which of eight families u^∗ belongs to, we will get one from the resonance relations (2). In the nonresonance case, by Theorem 1, in some neighborhood E_ε in parameter plane there exist sets Ω_6 = {u^i_j : i = 1, 4, ‖u^i_j − u^∗‖ → 0 as j → ∞} and Ω_9 = {u^i_j : i = 1, 8, ‖u^i_j − u^∗‖ → 0 as j → ∞}, corresponding to the systems with 6-round and 9-round homoclinic orbits.

�_{On the next stage we take three-round homoclinic orbit Γu� as Γ and}

applying Theorem 3 to this case we get sets Ω_{18} and Ω_{27}. Repeating this procedure we get the existence of n-round homoclinic orbits for n = m·3^k, m = 2, 3, and the resonance relations (2), where instead of parameter b we substitute the parameter of new global map b_k.

As consequence of Theorems 2, 3 we obtain the existence of 2^k · 3^mround homoclinic orbits. Indeed, choosing a multi-round homoclinic loop with roundnees 3 · 2^k (or 2 · 3^k) and applying Theorem 3 (or Theorem 2) we get 2^k · 3^m-round (or 3^k · 2^m-round) homoclinic loops.

3. Periodic orbits

Now we briefly discuss the existence of families of periodic orbits in the level V_0. As was proved earlyer (see [3]), if b ≠ 1 then there exist four countable families of one-round periodic orbits in some neighbourhood of Γ which accumulate at Γ within the level V_0. The type of these orbits depends on some quantity s = γ(b − b^{−1}), namely, if |s| < 2, then two from these families consist of elliptic periodic orbits and two remaining families consist of hyperbolic ones. If |s| > 2 then all the periodic orbits of these families are hyperbolic.

ON HAMILTONIAN SYSTEMS 193

We apply this result to neighbourhoods of n-round homoclinic orbits Γ_u� , u^∗ ∈ Ω_n, where n = 2^k · 3^m for some k and m (for definitness, we suppose k > 1, i.e., n = 2n_0). As was proved above such homoclinic orbit exists if b and γ are not connected by the resonance relation. This relation appears from the condition that Jacobi matrix DS̃/DX calculated at x = y = 0, u = u^∗ is not a rotation matrix, where S̃ is the global map near a global piece of n_0-round homoclinic orbit. Therefore b̃ ≠ 1 and the result [3] can be applied to this case. So the existence of 2n_0-round homoclinic orbis involves the existence of four countable families of oneround periodic orbits relatively Γ_{n0} -round homoclinic loop. Theirs types depend on γ(b̃ − b̃^{−1}).

Thus in the nonresonance case in some neighbourhood of every multiround homoclinic orbit, obtained above, we get four countable families of one-round periodic orbits.

Acknowledgement.

Author is thankful to prof. L. Lerman for pointing out possible appearance of resonance conditions in the problem and fruitful discussions.

References

1. C. Grotta Ragazzo, Irregular dynamics and homoclinic orbits to Hamiltonian saddle-center, Comm. Pure Appl. Math. Phys. L (1997), 105–147.

2. O. Yu. Koltsova, On a structure of a bifurcation set in a two-parameter family of Hamiltonian systems with a seperatrix loop [in Russian], in: Methods of Qualitative Theory of Diff. Eq, ed. L. P. Shil’nikov, Nizhny Novgorod State Univ. (1991), 25– 35. 3. O. Yu. Koltsova, L. M. Lerman, Periodic and homoclinic orbits in a two-parameter unfolding of a Hamiltonian systems with a homoclinic orbit to a saddle-center, Int. J. of Bifurcations and Chaos 5, No. 2 (1995), 397–408.

4. L. M. Lerman, Hamiltonian systems with a separatrix loop of a saddle-center, in:

Methods of Qualitative Theory of Diff. Eq. [in Russian], ed. E. A. Leontovich- Andronova, Gorky State Univ. (1987), pp. 89-103.

5. A. Mielke, P. Holmes, O. O’Reilly, Cascades of homoclinic orbits to, and chaos near, a Hamiltonian saddle-center, J. Dyn. Diff. Eq. 4 (1992), 95–126.

6. J. Moser, On the generalization of a theorem of A. Liapunoff, Comm. Pure Appl.

Math. 11 (1958), 257–271.

Postupilo 30 noØbrØ 2002 g.

Dept. of Comput. Math. and Cybernetics, Nizhny Novgorod State University, E-mail: koltsova@uic.nnov.ru