Zapiski nauqnyh seminarov POMI Tom 300, 2003 g.

Yu. A. Kuperin, D. A. Pyatkin

TWO-DIMENSIONAL CHAOS: THE BAKER MAP UNDER CONTROL

Abstract. Some results on the stochastic control of two-dimensional chaotic map, i.e., baker map are presented. The approach is based on probabilistic coupling of the controlled dynamics with a controlling system and subsequent lift of the coupled dynamics in a suitable functional space. The lifted dynamics is described in terms of probability densities and is governed by linear Perron–Frobenius and Koopman operators. Sufficient condition of controllability and estimation for time to achieve control for a given accuracy in terms of spectral decomposition of Perron- Frobenius operator are obtained.

1. Introduction.

It is well-known that chaotic dynamical systems pose a great challenge for the problem of controlling their periodic orbits. It is due to the fact that such systems possess positive Lyapunov exponents and therefore any trajectory of chaotic system is intrinsically unstable. Any controller eager to stabilize an orbit using conventional methods of feedback control has to exert perturbations to the system continuously monitoring its state and adjusting control. Hence conventional control methods such as OGY method [2] are inherently complex from the computational point of view and this drawback can not be overcome without introducing new ideas.

That is why a novel approach to controlling chaotic dynamical systems was proposed recently in [6]. The method is called probabilistic control of chaos.

The main idea of the method [6] is to couple probabilistically a given dynamical system S with another (controlling) system C which represents a contraction on a subset of a phase space. The resulting dynamics is then lifted to a suitable rigged Hilbert space and studied using Frobenius– Perron and Koopman operators.

In [6] the approach is illustrated on one-dimensional system, namely Renyi map which is considered to be a prototype of one-dimensional chaotic systems. It is also announced that it can be applied to a wider class of systems, namely two-dimensional ones. However the spectral de- 206

TWO–DIMENSIONAL CHAOS 207

tails are not discussed. In the present paper we apply the method of probabilistic control to the baker map which is a model two-dimensional chaotic system. We find out what are the subtleties of a two-dimensional case compared with one-dimensional one and what modifications in the scheme of probabilistic coupling are needed in order to achieve the desired result of control.

2. The Baker map.

Two-dimensional baker map is defined on the square X = [0, 1] × [0, 1] by relations

F : (x, y) → F (x, y) = ( 2x, y 2 ) , 0 6 x 6^1_2 ( 2x − 1, y + 1 2 ) , 1 2 < x 6 1. It is known [1] that this is a one-to-one map of X on itself which defines mixing measure-preserving dynamical system and even a Kautomorphism. It is easy to see that the projection of the F map onto x axis is a Bernoulli shift:

x → f(x) = 2x, 0 6 x 6 1 2 2x − 1, 1 2 < x 6 1. Because the baker map is measure-preserving the Koopman (K_b) and Perron–Frobenius (U_b) operators for the baker map are given by equations (K_bB)(x, y) = B(F (x, y)), (U_bA)(x, y) = A(F^{−1}(x, y)) correspondingly, where A(x, y) is a distribution density on the square X = [0, 1] × [0, 1] and B(x, y) is an observable. Initially the operators U_b and K_b are defined in Hilbert space H = L^2(X), and they can be lifted into rigged Hilbert space Φ ⊂ H ⊂ Φ^X such that A(x, y) ∈ Φ and B(x, y) ∈ Φ^X . Here the space Φ^X is a dual space of Φ, and Φ must satisfy the following conditions:

1) Φ is a locally convex topological vector space with a topology stronger than that of H; 2) [Φ]_H = H; 3) K_bΦ ⊂ Φ.

The choice of space Φ is determined by physical considerations and can be made in several ways. In the next section we choose the actual spaces Φ and Φ^X in the stochastic control problem. After fixing the spaces Φ and Φ^X we modify the dynamics of the initial system, construct the

208 YU. A. KUPERIN, D. A. PYATKIN

Perron–Frobenius operator U_p for the modified system and analyze it in the rigged Hilbert Space Φ ⊂ H ⊂ Φ^X .

The operator U_b can be decomposed as U_b = U_x R U^+_y , where U_x is Perron–Frobenius operator for the one-dimensional Bernoulli shift which acts in x variable; R is an operator of multiplication by function 1 + r(x) r(y), where r(x) ≡ 1 for 0 6 x < 1/2 and r(x) ≡ −1 for 1/2 6 x 6 1; U^+_y is Koopman operator for the one-dimensional Bernoulli shift acting in y variable. This relation gives rise to the decomposition of U_b:

U_b = U_x (1 + r(x) r(y)) U^+_y = U_x U^+_y + U_x r(x) r(y) U^+_y = U_{b0} + δU_b (1)

into diagonal U_{b0} and off-diagonal δU_b parts.

3. Controlled Baker map.

In this section we construct the so-called controlled baker map. We follow the ideas proposed in [6].

We select some periodic orbit of period N , i.e., the sequence of points {(x_s, y_s)}^N_{s=1} such that (x_{s+1}, y_{s+1}) = F (x_s, y_s) and F (x_N , y_N ) = (x_1, y_1).

We specify also a set {Δ_s ⊂ X}^N_{s=1} of rectangular neighborhoods (control windows) of points (x_s, y_s) such that: 1) (x_s, y_s) ∈ Δ_s; 2)

Δ_i ∩ Δ_k = ?, i ≠ k; 3) Δ ≡^N ⋃ s=1 Δ_s ⊂ X.

Now we construct the controlled map F_p. If (x, y) ∈ Δ_s (s = 1, 2, . . . , N ) then F_p acts by definition as F (x, y) with probability p and as C(x, y) with probability 1 − p where the function C(x, y) is given by:

C(x, y) = (a_sx + (1 − a_s)x_s, b_sy + (1 − b_s)y_s), (x, y) ∈ Δ_s.

Here the real numbers a_s, b_s satisfy |a_s| 6 1, |b_s| 6 1 so that C is a contraction with stationary points (x_s, y_s) (s = 1, 2, . . . , N ). If (x, y) ∈ X \ Δ then F_p(x, y) ≡ F (x, y). In order to simplify calculations above assume that Δ = X. Then the Perron–Frobenius operator U_p for the coupled system F_p will act on a density ρ as U_p ρ = p · U_bρ+ + (1 − p) · [_N ∑ s=1 ρ ( x − (1 − a_s)x_s a_s , y − (1 − b_s)y_s b_s ) χ_{C(Δs)} ] = = p · U_bρ + (1 − p) · Ũ ρ. (2)

TWO–DIMENSIONAL CHAOS 209

Now the Perron–Frobenius operator U_p specifies dynamics in the space of densities for the coupled system F_p. The operator U_p itself as well as its spectral characteristics depend on parameters p, a_1, . . . , a_N , b_1, . . . , b_N . The task of control is to choose their values in such a way that any initial density ρ_0 under the dynamics U^t_p would converge to some equilibrium density ρ_{inv} , i.e., the density ρ_{inv} would represent a global attractor in the space of densities. If this turns out to be impossible but the iterations U^t_p ρ_0 converge to the ρ_{inv} for any ρ_0 belonging to some subspace of the densities space then we speak of partial control.

4. Analysis of the coupled system.

As we pointed out in Sec. 3 projections of the chosen control windows Δ_s generate partition of the unit interval [0, 1] of the abscissa axis. We will denote elements of this latter partition also as Δ_s in cases when it does not lead to misunderstanding.

We introduce the following system of functions: | β_n(x) ⟩ = N∑ s=1 (x − x_s)^n · χ_{Δs} (x), n = 0, 1, . . . . (3)

In the space of piecewise-analytic functions on interval [0, 1] with respect to the partition Δ_s and in a dual space we define the system of functionals ⟨~ β_m(x) | = 1 N N∑ s=1 (−1)^m m! δ^{(m)}(x − x_s), m = 0, 1, . . . . (4)

These systems are mutually dual (or biorthogonal), i.e., ⟨~ β_m(x) | β_n(x) ⟩ = δ_{mn}. In this pair of bases the matrix elements of the operator U for Bernoulli shift have the form U_{mn} = ⟨~ β_m | U | β_n ⟩ =

= 1 2^n , n = m, 1 N m! 2^{m+1} N∑ i,j=1 d^m dx^m (x − x_{j+1})^n | |_{xi∈S(Δj )}, n > m, 0, n < m.

(5)

Below we present the pair of bases which will serve for the analysis of the Perron–Frobenius operator U_p for the controlled baker map. We take the system of tensor products { | β_i(x), β̃_j(y) ⟩ }^∞_{i,j=0} to be the basis in the

210 YU. A. KUPERIN, D. A. PYATKIN

space Φ, while for the dual basis in Φ^X we take the system of products { ⟨~ β_i(x), β_j(y) | }^∞_{i,j=0}. Indeed, ⟨~ β_i, β_j | β_i0 , β̃_j0 ⟩ = ⟨~ β_i | β_i0 ⟩⟨ β_j |~ β_j0 ⟩ = = ⟨~ β_i | β_i0 ⟩⟨~ β_j0 | β_j ⟩_∗ = δ_{i,i}0 δ_{j,j}0 . (6) We define the spaces Φ and Φ^X as closures of the corresponding linear

sets in weak convergence topology.

Using (2) we see that matrix elements of the operator U_p in this pair

of bases are ⟨~ β_i, β_j | U_p | β_i0 , β̃_j0 ⟩ = p ⟨~ β_i, β_j | U_b | β_i0 , β̃_j0 ⟩ + + (1 − p) ⟨~ β_i, β_j |~ U | β_i0 , β̃_j0 ⟩ . (7) Using (1) we calculate matrix elements separately for diagonal and off-

diagonal parts of operator U_b. For the diagonal part U_{b0} we obtain: ⟨~ β_i, β_j | U_{b0} | β_i0 , β̃_j0 ⟩ = ⟨~ β_i, β_j | U_x U^+_y | β_i0 , β̃_j0 ⟩ = = ⟨~ β_i | U_x | β_i0 ⟩ ⟨ β_j | U^+_y |~ β_j0 ⟩ = ⟨~ β_i | U_x | β_i0 ⟩ ⟨~ β_j0 | U_y | β_j ⟩_∗ . (8)

Using (5) one has ⟨~ β_i, β_j | U_{b0} | β_i0 , β̃_j0 ⟩ = 1 2^{i+j0} , i = i^′, j = j^′, U_{i i}0 U_j0_j , i^′ > i, j > j^′, 0, otherwise. (9)

For the off-diagonal part δU_b we obtain ⟨~ β_i, β_j | δU_b | β_i0 , β̃_j0 ⟩ = ⟨~ β_i, β_j | U_x r(x) r(y) U^+_y | β_i0 , β̃_j0 ⟩ = (10) = ⟨~ β_i | U_x r(x) | β_i0 ⟩⟨ β_j | r(y) U^+_y |~ β_j0 ⟩ = ⟨~ β_i | U_x r(x) | β_i0 ⟩⟨~ β_j0 | U_y r(y) | β_j ⟩_∗ . In order to calculate each of the similar factors in the r.h.s. of (10) we

make use of intertwining relation for the operator U : d^m dx^m U f = 1 2^m U d^m dx^m f. (11)

Therefore ⟨~ β_i | U_x r(x) | β_i0 ⟩ = 1 N i! N∑ s=1 d^i dx^i | U_x r(x) | β_i0 ⟩ | | x_s =

TWO–DIMENSIONAL CHAOS 211 = 1 2 N i! N∑ s,q=1 d^i dx^i [(x/2 − x_q)^{i0} − (x/2 + 1/2 − x_q)^{i0} ] | | x_s∈S(Δ_q )

. (12)

If we denote by t_{i i}0 the values of ⟨~ β_i | U_x r(x) | β_i0 ⟩ obtained in (12) we see immediately that t_{i i}0 = 0 when i ¿ i^′.

Summing up the obtained relations we arrive to the following: the matrix elements of the operator U_b in our pair of bases have the form: ⟨~ β_i, β_j | U_b | β_i0 , β̃_j0 ⟩ = 1 2^{i+j0} , i = i^′, j = j^′, U_{i i}0 U_j0_j + t_{i i}0 t_j0_j, i^′ > i, j > j^′, 0, otherwise.

(13)

Matrix elements of U_b possess the so-called nonreccurrence property [4], meaning that for nonnegative δi and δj generally ⟨~ β_{i−δi}, β_{j+δj} | U_b | β_i, β̃_j ⟩ ≠ 0, but at the same time necessarily ⟨~ β_i, β_j | U_b | β_{i−δi}, β̃_{j+δj} ⟩ = 0. In other words, the matrix of the operator U_b is in some sense upper-triangular; which means precisely that upper-left submatrix of U_b of any finite order can be made strictly upper-triangular by renumerating the bases elements. The nonreccurrence property is the key point for the spectral analysis of the operator U_b.

Because of the validity of nonreccurrence property for the operator U_b we can apply the general diagonalization scheme based on the so-called Subdynamics [4, 5].

Namely, we introduce the projectors

P_n = ∑ i+j=n | β_i, β̃_j ⟩⟨~ β_i, β_j | , Q_n = I − P_n. (14)

Each projector P_n selects (n + 1)-dimensional subspace which is eigenspace of the U_{b0} operator with eigenvalue^1_{2n} .

The matrix U_b has numbers λ_m =^1_{2m} as its diagonal elements. These numbers represent spectrum of operator U_b in the following sense: in a specially chosen pair of bases | β^′_i0 , β̃^′_j0 ⟩ and ⟨~ β^′_i, β^′_j | the matrix of the operator U_b splits into direct sum of Jordan blocks. Each block is generated by a single projector P_m and every projector P_m generates one block. The total correlation function can be decomposed into the sum of independently evolving modes ⟨~ β^′_i, β^′_j | U^t_p | β^′_i0 , β̃^′_j0 ⟩ with exponentially decaying asymptotics λ^t_{i,j} when t → ∞, where λ_{i,j} are given by (17). Off-diagonal elements of the Jordan block in a subspace generated by

212 YU. A. KUPERIN, D. A. PYATKIN

P_m produce polynomial corrections to the exponential decay. The pair of bases which provide such a decomposition is given by the Creation C_m(z) and Destruction D_m(z) operators [4, 5]: | β^′_i0 , β̃^′_j0 ⟩ = [P_m + D_m(z)] | β_i0 , β̃_j0 ⟩ (15) ⟨~ β^′_i, β^′_j | = [P_m + C_m(z)] ⟨~ β_i, β_j | . (16)

Now we calculate the last term in (7). Using explicit expression for action of Ũ one can obtain: ⟨~ β_i, β_j |~ U | β_i0 , β̃_j0 ⟩ = 1 N^2 N∑ s,q=1 b^{j+1}_q a^i_s δ_i0_i δ_j0_j .

Thus we see that matrix of the addend Ũ is strictly diagonal. Therefore the matrix of the coupled operator U_p can be deduced from the matrix of p U_b just by modifying diagonal terms. So the scheme of diagonalization of the U_b operator can be carried out for the U_p substituting [z − λ_{i,j} ] for the [z − 2^{m−k+l}] in the recurrent equations for related matrix elements of U_b, C_m(z) and D_m(z), where λ_{i,j} are given by λ_{i,j} = p · 1 2^{(i+j)}

+ (1 − p) · 1 N^2 N∑ s,q=1 b^{j+1}_s a^i_q , (17)

Now from (17) we are able to deduce the control condition. According to [6] the sufficient condition for the system to become controllable is that all eigenvalues of the Perron–Frobenius operator (except λ_{0,0} = 1) lie outside the unit disc, i.e., |λ_{i,j}| > 1, i, j ¿ 1. It is easy to see that in general we are unable to achieve this condition because for any fixed value of i it is possible to make |λ_{i,j}| arbitrary small choosing appropriate j if |b_s| < 1. That is why we are forced to put all b_s to be equal to 1. This means that our controlling map C does not move points in y coordinate leaving them all stationary. In this case our eigenvalues modify to λ_{i,j} = p · 1 2^{(i+j)}

+ (1 − p) · 1 N N∑ q=1 1 a^i_q , (18)

and the system will be controllable if |λ_{i,j}| > 1. Restricting our considerations with the most transparent case when for all q contracting factors a_q = a we obtain the simplified spectrum in the form λ_{i,j} = p ·^1_{2(i+j)} + (1 − p) ·^1_{ai} . The controllability condition now reads:

TWO–DIMENSIONAL CHAOS 213 |λ_{i,j}| = | p ·^1_2 + (1 − p)^1_a | > 1. This condition corresponds to the region I in plane of parameters a and p depicted in Fig. 1. If parameters are chosen in this region then the controllability condition holds, all eigenvalues of the operator U_p lie outside the unit disc and this means that any initial density under the dynamics U^t_p converges to the singular measure which represents equilibrium state of the system. This situation is interpreted as global control of the system since the mentioned measure serves as a global attractor in space of densities.

Fig. 1. Regions of control. Dependence of control on parameters p and a. The vertical axis is the value of parameter p. The horizontal axis is

the value of parameter a. The region I corresponds to the global control and is located inside the curvilinear triangle. The region II corresponds to partial control and is located outside the curvilinear triangle.

If we select the point (a, p) in region II then some finite number of the eigenvalues λ_{i,j} lie inside the unit disc and in order for the trajectory to be stabilized by the stochastic control the initial density ρ_0 must lie in some subspace of the space of densities. This subspace is distinguished by orthogonality condition ⟨~ β^′_i, β^′_j | ρ_0 ⟩ = 0 for those functionals ⟨~ β^′_i, β^′_j | which correspond to the eigenvalues |λ_{i,j}| < 1. This situation can be interpreted as partial control.

In case of global control the operator U_p can be diagonalized in a specially chosen pair of bases (16)–(15). This means that its generalized spectral decomposition can be written in the form

U_p ρ = ∑ i,j λ_{i,j} ⟨~ β^′_i, β^′_j | ρ ⟩ | β^′_i, β̃^′_j ⟩ , (19)

and the dynamics in t is given by

U^t_p ρ = ∑ i,j λ^t_{i,j} ⟨~ β^′_i, β^′_j | ρ ⟩ | β^′_i, β̃^′_j ⟩ . (20)

214 YU. A. KUPERIN, D. A. PYATKIN

According to the general ideas presented in [8] the characteristic time of the system is given by T ∼=^1_K ln

(_1 ε ) , where ε is a given accuracy with which the trajectory is observed and K is the Kolmogorov entropy. If we denote by z_1 the least eigenvalue λ_{i,j} which is greater than 1 then the analog of K will be ln z_1 and the formula for the characteristic time will be T ∼=^1_{ln z1} ln

(_1 ε ) , which agrees well with the expression written in [6].

This value has meaning of the transient time to achieve control, i.e., the time which is needed for a system to settle on a given trajectory subject to stabilization.

References

1. A. Lasota, M. Mackey, Probabilistic Properties of Deterministic Systems, Cambrige University Press, N. Y (1985).

2. E. Ott, C. Grebogi, J. A. Yorke, Controlling chaotic dynamical systems, in: Chaos Soviet-American Perspectives on Nonlinear Science, D. K. Campbell ed., American Institute of Physics, N.Y. (1990), pp. 153–172.

3. Hiroshi H. Hasegawa, Dean J. Driebe, Intrinsic irreversibility and the validity of the kinetic description of chaotic systems, Phys. Rev. E 50 (1994), 1781–1809.

4. Hiroshi H. Hasegawa, William C. Saphir, Unitarity and irreversibility in chaotic systems, Phys. Rev. A 46 (1992), 7401–7423.

5. I. Antoniou, S. Tasaki, Generalized spectral decomposition of mixing dynamical systems, Intern. J. of Quantum Chemistry, 46 (1993), 425–474.

6. I. Antoniou, V. Basios, F. Bosco, Probabilistic Control of Chaos: Chaotic Maps Under Control., Computers Math. Applic., 34, Nos. 2–4 (1997), 373–389.

7. C. Obcema, E. Brandas, Ann. Phys. (N.Y.) 151 (1983), 383. 8. H.G. Schuster, Deterministic Chaos, Physik-Verlag, Weinheim (1984).

Postupilo 30 noØbrØ 2002 g.

Laboratory of Complex Systems Theory, Institute for Physics, St.Petersburg, e-mail: kuperin@JK1454.spb.edu danila@DP2627.spb.edu