Zapiski nauqnyh seminarov POMI Tom 301, 2003 g.

L. ı. Kolotilina OCENKI DL˚ KRA`NIH SOBSTVENNYH ZNAQENI` BLOQNYH 2�2 �RMITOVYH MATRIC

§1. Vvedenie Pust~ A ∈ C^{n×n} , n > 2, – ffrmitova matrica porØdka n, predstavlennaØ v vide A = [ A_{11} A_{12} A^∗_{12} A_{22} ] , gde A_{12} ≠ 0, priqem oba diagonal~nyh bloka A_{11} i A_{22} poloßitel~no opredeleny. Iz poloßitel~noæ opredelennosti A_{11} i A_{22} sleduet, qto matrica A privoditsØ bloqno diagonal~nym preobrazovaniem podobiØ k matrice

B = D^{−1/2}_A AD^{−1/2}_A = [ I R R^∗ I ] , gde D_A = [ A_{11} 0 0 A_{22} ]

– bloqno diagonal~naØ qast~ A i na protØßenii dannoæ stat~i

R = R_A = A^{−1/2}_{11} A_{12}A^{−1/2}_{22} .

Sledovatel~no, po zakonu sohraneniØ inercii mladxie sobstvennye znaqeniØ λ_n(A) i λ_n(B) = 1 − ‖R‖ matric A i B libo ime¸t odinakovye znaki, libo oba ravny nul¸. Takim obrazom,

λ_n(A) > 0 ⇐⇒ ‖R‖ 6 1 i λ_n(A) 6 0 ⇐⇒ ‖R‖ > 1. (1.1)

Zdes~ i niße sobstvennye znaqeniØ n × n matricy C oboznaqa¸tsØ qerez λ_i(C), i = 1, . . . , n, a esli vse sobstvennye znaqeniØ vewestvenny, to predpolagaetsØ, qto

λ_n(C) 6 · · · 6 λ_2(C) 6 λ_1(C),

Rabota vypolnena pri podderßke grantov RFFI 03-01-00349 i NX- 2268.2003.1. 172

OCENKI DL˚ KRA`NIH SOBSTVENNYH ZNAQENI` 173 t.e. sobstvennye znaqeniØ zanumerovany v porØdke nevozrastaniØ; ‖ · ‖ oznaqaet spektral~nu¸ normu matricy.

V §2 fftoæ stat~i my pokaßem, qto v ukazannyh vyxe predpoloßeniØh otnositel~no matricy A spravedlivy neravenstva

λ_1(A) > μ_+(A) ≡ ‖A_{12}‖ ( 1 ‖R‖ + 1 ) (1.2)

i libo

0 6 λn(A) 6 μ−(A) ≡ ‖A12‖^{( 1}_{‖R‖} − 1^), (1.3)

libo μ_−(A) ≡ ‖A_{12}‖ ( 1 ‖R‖ − 1 )

6 λn(A) 6 0. (1.4)

Krome togo, budut privedeny usloviØ, neobhodimye i dostatoqnye dlØ togo, qtoby neravenstva (1.2)–(1.4) obrawalis~ v ravenstva.

V §3 rassmatriva¸tsØ bloqnye 2 × 2 ffrmitovy poloßitel~no opredelennye matricy, kraænie sobstvennye znaqeniØ kotoryh udovletvorØ¸t ravenstvam

λ_1(A) = μ_+(A) i λ_n(A) = μ_−(A), (1.5)

i privoditsØ rØd ffkvivalentnyh usloviæ, harakterizu¸wih takie matricy. V qastnosti, okazyvaetsØ, qto usloviØ (1.5) ravnosil~ny optimal~noæ obuslovlennosti matricy A otnositel~no nevyroßdennyh bloqno diagonal~nyh preobrazovaniæ podobiØ.

§2. Ocenki sobstvennyh znaqeniæ

V fftom paragrafe my budem predpolagat~, qto A = [ A_{11} A_{12} A^∗_{12} A_{22} ] ∈ C^{n×n} , n > 2, – ffto ffrmitova matrica, A_{12} ≠ 0, a diagonal~nye bloki A_{11} i A_{22} porØdkov m, 1 6 m < n, i n−m sootvetstvenno oba poloßitel~no opredeleny.

Vvedem sledu¸wie oboznaqeniØ:

R = A^{−1/2}_{11} A_{12}A^{−1/2}_{22} ,

174 L. ı. KOLOTILINA μ_± = ‖A_{12}‖ 1 ± ‖R‖ ‖R‖ . PervaØ teorema fftogo paragrafa ustanavlivaet nißn¸¸ ocenku dlØ starxego sobstvennogo znaqeniØ matricy A.

Teorema 2.1. V ukazannyh vyxe predpoloßeniØh na matricu A

spravedlivo neravenstvo

λ_1(A) > μ_+(A), (2.1)

priqem neravenstvo (2.1) obrawaetsØ v ravenstvo togda i tol~ko togda, kogda suwestvu¸t nenulevye vektory x ∈ C^m i y ∈ C^{n−m} takie, qto A [ x y ] = λ_1(A) [ x y ] i A [ x −y ] = μ_−(A) [ x −y ] . (2.2)

Dokazatel~stvo. Pust~

A_{12}y = ‖A_{12}‖x, A^∗_{12}x = ‖A_{12}‖y, ‖x‖ = ‖y‖ = 1, (2.3) tak qto x i y obrazu¸t paru singulØrnyh vektorov matricy A_{12}, associirovannu¸ s singulØrnym qislom σ_1(A_{12}) = ‖A_{12}‖ > 0.

Pokaßem sperva, qto ‖A_{12}‖^2 ‖R‖^2 6 x^∗A_{11}x y^∗A_{22}y. (2.4)

Deæstvitel~no, iz (2.3) sleduet, qto

A^{−1/2}_{11} A_{12}y = RA^{1/2}_{22} y = ‖A_{12}‖A^{−1/2}_{11} x, tak qto my imeem

‖A_{12}‖^2x^∗A^{−1}_{11} x = y^∗A^{1/2}_{22} R^∗RA^{1/2}_{22} y 6 ‖R^2‖y^∗A_{22}y ili, ffkvivalentno, ‖A_{12}‖^2 ‖R‖^2 6 y^∗A_{22}y x^∗A^{−1}_{11} x

. (2.5)

Poskol~ku, v silu neravenstva Koxi–Xvarca,

1 = x^∗x = (x^∗A^{−1/2}_{11} )(A^{1/2}_{11} x) 6 ( x^∗A^{−1}_{11} x x^∗A_{11}x )_{1/2} ,

OCENKI DL˚ KRA`NIH SOBSTVENNYH ZNAQENI` 175 to neravenstvo (2.4) trivial~no sleduet iz (2.5).

Oboznaqim z = [ x y ] . Ispol~zuØ (2.3), neravenstvo meßdu srednim arifmetiqeskim i srednim geometriqeskim, a takße neravenstvo (2.4), my vyvodim trebuemu¸ ocenku (2.1) sledu¸wim obrazom:

λ_1(A) > z^∗Az z^∗z = x^∗A_{11}x + y^∗A_{22}y + 2‖A_{12}‖ 2

>^(x^∗A11x y^∗A22y^{)1/2} + ‖A12‖ >^{‖A12‖}_{‖R‖} + ‖A12‖ = μ+(A). (2.6)

Dalee, esli λ_1(A) = μ_+(A), to, prinimaØ vo vnimanie (2.6), my zakl¸qaem, qto A [ x y ] = μ_+(A) [ x y ] . Vvidu (2.3), iz poslednego sootnoxeniØ sledu¸t ravenstva

A_{11}x = μ_+(A)x − A_{12}y = ‖A_{12}‖ ‖R‖ x, A_{22}y = μ_+(A)y − A^∗_{12}x = ‖A_{12}‖ ‖R‖ y, iz kotoryh s uqetom (2.3) vytekaet, qto A [ x −y ] = μ_−(A) [ x −y ] . Tem samym neobhodimost~ (2.2) dokazana.

Nakonec, dlØ togo, qtoby ustanovit~ dostatoqnost~ usloviæ (2.2) dlØ vypolneniØ ravenstva λ_1(A) = μ_+(A), my zametim, qto iz ortogonal~nosti sobstvennyh vektorov [_x y ] i [_x −y ] matricy A vytekaet sootnoxenie ‖x‖ = ‖y‖, a iz usloviæ (2.2) legko vyvodØtsØ ravenstva

A_{12}y = λ_1(A) − μ_−(A) 2 x, A^∗_{12}x = λ_1(A) − μ_−(A) 2 y, oznaqa¸wie, qto [λ_1(A) − μ_−(A)]/2 ØvlØetsØ singulØrnym qislom matricy A_{12}. Sledovatel~no, λ_1(A) − μ_−(A) 6 2‖A_{12}‖,

176 L. ı. KOLOTILINA tak qto λ_1(A) 6 μ_−(A) + 2‖A_{12}‖ = μ_+(A).

Poluqennoe neravenstvo v soqetanii s neravenstvom (2.1) i dokazyvaet, qto λ_1(A) = μ_+(A).

Teorema 2.1 dokazana polnost~¸. �

Zameqanie 2.1. Pri dokazatel~stve teoremy 2.1 bylo ustano-

vleno, qto iz usloviæ (2.2) sledu¸t ravenstva

A_{12}y = λ_1(A) − μ_−(A) 2 x, A^∗_{12}x = λ_1(A) − μ_−(A) 2 y. Poskol~ku po teoreme 2.1 iz (2.2) takße sleduet, qto λ_1(A) = μ_+(A), my imeem A_{12}y = μ_+(A) − μ_−(A) 2 x = ‖A_{12}‖x, A^∗_{12}x = μ_+(A) − μ_−(A) 2 y = ‖A_{12}‖y. Sledovatel~no, vektory x i y, neobhodimo udovletvorØ¸wie uslovi¸ ‖x‖ = ‖y‖, obrazu¸t posle normirovki x/‖x‖ i y/‖y‖ paru singulØrnyh vektorov matricy A_{12}, otveqa¸wu¸ ee starxemu singulØrnomu qislu ‖A_{12}‖. S drugoæ storony, iz (2.2) legko sleduet, qto

A_{11}x = λ_1(A) + μ_−(A) 2 x = μ_+(A) + μ_−(A) 2 x = ‖A_{12}‖ ‖R‖ x i, analogiqno, A_{22}y = ‖A_{12}‖ ‖R‖ y, a znaqit Ry = A^{−1/2}_{11} A_{12}A^{−1/2}_{22} y = ‖R‖x i R^∗x = ‖R‖y. Takim obrazom, v usloviØh teoremy 2.1 ravenstvo λ_1(A) = μ_+(A)

OCENKI DL˚ KRA`NIH SOBSTVENNYH ZNAQENI` 177 spravedlivo togda i tol~ko togda, kogda sootnoxeniØ (2.2) vypolneny dlØ normirovannyh vektorov x i y: ‖x‖ = ‖y‖ = 1, kotorye odnovremenno obrazu¸t pary starxih singulØrnyh vektorov dlØ matric A_{12} i R = A^{−1/2}_{11} A_{12}A^{−1/2}_{22} .

Zameqanie 2.2. Iz dokazatel~stva teoremy 2.1 v qasti dosta-

toqnosti legko sleduet, qto ravenstvo λ_1(A) = μ_+(A) spravedlivo i pri uslovii, qto dlØ nekotoryh nenulevyh vektorov x i y vypolneny sootnoxeniØ A [ x y ] = λ_1(A) [ x y ] , A [ x −y ] = λ_k(A) [ x −y ] , k > 2, priqem λ_k(A) 6 μ_−(A). Takim obrazom, uslovie (2.2) dopuskaet nekotoroe oslablenie.

Sledu¸waØ teorema ustanavlivaet verhn¸¸ ocenku dlØ mladxego sobstvennogo znaqeniØ λ_n(A) ffrmitovoæ poloßitel~no poluopredelennoæ bloqnoæ 2 × 2 matricy A.

Teorema 2.2. Pust~ matrica A = [ A_{11} A_{12} A^∗_{12} A_{22} ] ∈ C^{n×n} , n > 2, A_{12} ≠ 0,

s poloßitel~no opredelennymi diagonal~nymi blokami A_{11} i A_{22} ffrmitova i poloßitel~no poluopredelena. Togda

λ_n(A) 6 μ_−(A), (2.7)

priqem, esli A poloßitel~no opredelena, to neravenstvo (2.7) obrawaetsØ v ravenstvo togda i tol~ko togda, kogda suwestvu¸t nenulevye vektory x ∈ C^m i y ∈ C^{n−m} takie, qto A [ x −y ] = λ_n(A) [ x −y ] , A [ x y ] = μ_+(A) [ x y ] . (2.8)

Dokazatel~stvo. Pust~ Rv = ‖R‖u, R^∗u = ‖R‖v, ‖u‖ = ‖v‖ = 1, (2.9) tak qto vektory u i v obrazu¸t paru singulØrnyh vektorov matricy R = A^{−1/2}_{11} A_{12}A^{−1/2}_{22} , associirovannu¸ s σ_1(R) = ‖R‖ > 0.

178 L. ı. KOLOTILINA

Preßde vsego, ustanovim neravenstvo ( u^∗A^{−1}_{11} u v^∗A^{−1}_{22} v )_{−1/2}

6^{‖A12‖}_{‖R‖} . (2.10)

Deæstvitel~no, iz (2.9) sleduet, qto

u^∗Rv = u^∗A^{−1/2}_{11} A_{12}A^{−1/2}_{22} v = ‖R‖, a v silu neravenstva Koxi–Xvarca my togda imeem ‖R‖ 6 ‖A^{−1/2}_{11} u‖ ‖A12A^{−1/2}_{22} v‖ = ( u^∗A^{−1}_{11} u )_{1/2}( v^∗A^{−1/2}_{22} A^∗_{12}A_{12}A^{−1/2}_{22} v )_{1/2}

6 ‖A12‖^(u^∗A^{−1}_{11} u^{)1/2(}v^∗A^{−1}_{22} v^{)1/2}.

Oboznaqim z = [ A^{−1/2}_{11} u −A^{−1/2}_{22} v ] . UqityvaØ poloßitel~nu¸ poluopredelennost~ ffrmitovoæ matricy A (iz kotoroæ sleduet, qto ‖R‖ 6 1), a takße ispol~- zuØ (2.9), neravenstvo meßdu srednim arifmetiqeskim i srednim geometriqeskim i neravenstvo (2.10), my vyvodim: 0 6 λn(A) 6^{z∗Az}_{z∗z} =^{u∗u + v∗v − u∗Rv − v∗R∗u} u^∗A^{−1}_{11} u + v^∗A^{−1}_{22} v = 2 − 2‖R‖ u^∗A^{−1}_{11} u + v^∗A^{−1}_{22} v 6 1 − ‖R‖ (u^∗A^{−1}_{11} u v^∗A^{−1}_{22} v)^{1/2}

6^{‖A12‖}_{‖R‖} (1 − ‖R‖) = μ−(A).

(2.11)

Esli matrica A poloßitel~no opredelena, tak qto ‖R‖ < 1, i vypolneno ravenstvo λ_n(A) = μ_−(A), to iz (2.11) neobhodimo sleduet, qto A [ A^{−1/2}_{11} u −A^{−1/2}_{22} v ] = μ_−(A) [ A^{−1/2}_{11} u −A^{−1/2}_{22} v ] .

OCENKI DL˚ KRA`NIH SOBSTVENNYH ZNAQENI` 179 Takim obrazom my imeem ravenstva

A^{1/2}_{11} u − A_{12}A^{−1/2}_{22} v = μ_−(A)A^{−1/2}_{11} u,

A^∗_{12}A^{−1/2}_{11} u − A^{1/2}_{22} v = −μ_−(A)A^{−1/2}_{22} v, kotorye mogut byt~ perepisany v vide

u − Rv = μ_−(A)A^{−1}_{11} u, v − R^∗u = μ_−(A)A^{−1}_{22} v. (2.12) Poskol~ku v silu (2.9) u − Rv = (1 − ‖R‖)u, v − R^∗u = (1 − ‖R‖)v, iz sootnoxeniæ (2.12) vytekaet, qto

A_{11}u = μ_−(A) 1 − ‖R‖ u = ‖A_{12}‖ ‖R‖ u, A_{22}v = μ_−(A) 1 − ‖R‖ v = ‖A_{12}‖ ‖R‖ v ili, ravnosil~no,

A^{1/2}_{11} u = ‖A_{12}‖ ‖R‖ A^{−1/2}_{11} u, A^{1/2}_{22} v = ‖A_{12}‖ ‖R‖ A^{−1/2}_{22} v. (2.13)

Ispol~zuØ (2.9) i (2.13), my vyvodim: A [ A^{−1/2}_{11} u A^{−1/2}_{22} v ] = [ A^{1/2}_{11} u + A_{12}A^{−1/2}_{22} v A^∗_{12}A^{−1/2}_{11} u + A^{1/2}_{22} v ] = [ A^{1/2}_{11} (u + Rv) A^{1/2}_{22} (R^∗u + v) ]

= (1 + ‖R‖) [ A^{1/2}_{11} u A^{1/2}_{22} v ] = ‖A_{12}‖ ‖R‖ (1 + ‖R‖) [ A^{−1/2}_{11} u A^{−1/2}_{22} v ]

= μ_+(A) [ A^{−1/2}_{11} u A^{−1/2}_{22} v ] . Tem samym pri ‖R‖ < 1 neobhodimost~ usloviæ (2.8) dlØ togo, qtoby neravenstvo (2.7) obrawalos~ v ravenstvo, ustanovlena.

Nakonec, dlØ togo, qtoby dokazat~ dostatoqnost~ usloviæ (2.8) dlØ vypolneniØ ravenstva λ_n(A) = μ_−(A), zametim, qto iz (2.8) legko sledu¸t sootnoxeniØ

A_{12}y = μ_+(A) − λ_n(A) 2 x, A^∗_{12}x = μ_+(A) − λ_n(A) 2 y.

180 L. ı. KOLOTILINA Poskol~ku iz ortogonal~nosti sobstvennyh vektorov [_x y ] i [_x −y ] vytekaet, qto ‖x‖ = ‖y‖, poslednie sootnoxeniØ oznaqa¸t, qto [μ_+(A)−λ_n(A)]/2 ØvlØetsØ singulØrnym qislom matricy A_{12}, otkuda sleduet, qto

μ_+(A) − λ_n(A) 6 2‖A_{12}‖. (2.14)

S drugoæ storony, vvidu (2.7) my imeem

μ_+(A) − λ_n(A) > μ_+(A) − μ_−(A) = 2‖A_{12}‖. (2.15)

Iz neravenstv (2.14) i (2.15) s oqevidnost~¸ sleduet ravenstvo

λ_n(A) = μ_−(A),

qto i zaverxaet dokazatel~stvo teoremy 2.2. �

Zameqanie 2.3. Esli, v usloviØh teoremy 2.2, λn(A) = μ−(A) = 0 i A [_x −y ] = 0, to vtoroe iz ravenstv (2.8) moßet i ne vypolnØt~sØ.

Deæstvitel~no, pust~

A = 3 0 . . 2 0 0 1 . . 0 1 . . . . . . . . . . . . . . . 2 0 . . 3 0 0 1 . . 0 1 .

Matrica A perestanovoqno podobna bloqno diagonal~noæ matri- ce 3 2 . . 0 0 2 3 . . 0 0 . . . . . . . . . . . . . . . 0 0 . . 1 1 0 0 . . 1 1 ,

tak qto ee sobstvennye znaqeniØ obrazu¸t mnoßestvo {0, 1, 2, 5}. Trivial~naØ proverka pokazyvaet, qto pri x = y =

[_0 1 ]

A [ x −y ] = 0 i A [ x y ] = 2 [ x y ] .

OCENKI DL˚ KRA`NIH SOBSTVENNYH ZNAQENI` 181 Dalee, poskol~ku v silu usloviØ λ_n(A) = 0 my imeem ‖R‖ = 1 (sm., naprimer, (1.1)), to

μ_−(A) = ‖A_{12}‖ ‖R‖ − ‖A_{12}‖ = 0, μ_+(A) = ‖A_{12}‖ ‖R‖ + ‖A_{12}‖ = 2‖A_{12}‖,

pri fftom ‖A_{12}‖ = ‖ ‖ [ 2 0 0 1 ]‖ ‖ = 2, tak qto A [ x y ] ≠ μ_+(A) [ x y ] . Zameqanie 2.4. Pri dokazatel~stve teoremy 2.2 bylo pokazano,

qto iz usloviæ (2.8) sledu¸t ravenstva

A_{12}y = μ_+(A) − λ_n(A) 2 x, A^∗_{12}x = μ_+(A) − λ_n(A) 2 y i λ_n(A) = μ_−(A), tak qto A_{12}y = μ_+(A) − μ_−(A) 2 x = ‖A_{12}‖x, A^∗_{12}x = μ_+(A) − μ_−(A) 2 y = ‖A_{12}‖y. Poskol~ku ‖x‖ = ‖y‖ v silu ortogonal~nosti sobstvennyh vektorov [_x −y ] i [_x y ] , to vektory x/‖x‖ i y/‖y‖ obrazu¸t paru singulØrnyh vektorov matricy A_{12}, otveqa¸wu¸ ee singulØrnomu qislu ‖A_{12}‖. S drugoæ storony, poskol~ku iz (2.8) takße sleduet, qto

A_{11}x = μ_+(A) + λ_n(A) 2 x = μ_+(A) + μ_−(A) 2 x = ‖A_{12}‖ ‖R‖ x i, analogiqno, A_{22}y = ‖A_{12}‖ ‖R‖ y, to my imeem

Ry = A^{−1/2}_{11} A_{12}A^{−1/2}_{22} y = ‖R‖ ‖A_{12}‖ ‖A_{12}‖x = ‖R‖x.

182 L. ı. KOLOTILINA Analogiqno ustanavlivaetsØ, qto R^∗x = ‖R‖y. Takim obrazom, dlØ poloßitel~no opredelennoæ bloqnoæ 2 × 2 matricy A ravenstvo

λ_n(A) = μ_−(A)

vypolnØetsØ togda i tol~ko togda, kogda sootnoxeniØ (2.8) spravedlivy dlØ normirovannyh vektorov x i y : ‖x‖ = ‖y‖ = 1, kotorye odnovremenno obrazu¸t pary starxih singulØrnyh vektorov dlØ matric A_{12} i R.

Iz teorem 2.1 i 2.2 i ih dokazatel~stv netrudno vyvesti sledu¸wie ocenki kraænih sobstvennyh znaqeniæ bloqnoæ 2 × 2 matricy A, formuliruemye v terminah spektral~nyh harakteristik ee blokov.

Sledstvie 2.1. Pust~ A – ffrmitova bloqnaØ 2 × 2 matrica po-

rØdka n, n > 2, s poloßitel~no opredelennymi diagonal~nymi blokami. Togda

λ_1(A) > [ λ_{min} (A_{11})λ_{min}(A_{22}) ]_{1/2} + ‖A_{12}‖, (2.16)

a esli, krome togo, matrica A poloßitel~no poluopredelena, to

λ_n(A) 6 ‖A_{11}‖^{1/2}‖A_{22}‖^{1/2} − ‖A_{12}‖. (2.17)

Dokazatel~stvo. Pust~ vektory u i v udovletvorØ¸t usloviØm

(2.9). Togda, v silu (2.10), my imeem ( u^∗A^{−1}_{11} u v^∗A^{−1}_{22} v )_{−1/2}

6^{‖A12‖}_{‖R‖} , (2.18)

priqem ffto neravenstvo spravedlivo dlØ proizvol~noæ ffrmitovoæ matricy A s poloßitel~no opredelennymi diagonal~nymi blokami. S drugoæ storony, oqevidno, ( u^∗A^{−1}_{11} u v^∗A^{−1}_{22} v )_{−1}

>^(‖A^{−1}_{11} ‖ ‖A^{−1}_{22} ‖^{)−1}

= λ_{min}(A_{11})λ_{min}(A_{22}).

(2.19)

OCENKI DL˚ KRA`NIH SOBSTVENNYH ZNAQENI` 183 Sledovatel~no, po (2.1), (2.18) i (2.19) my imeem

λ_1(A) > μ_+(A) = ‖A_{12}‖ ‖R‖ + ‖A_{12}‖ > [ λ_{min}(A_{11})λ_{min}(A_{22}) ]_{1/2} + ‖A_{12}‖. Analogiqno, esli vektory x i y udovletvorØ¸t usloviØm (2.3), to v silu (2.4) spravedlivo neravenstvo ( x^∗A_{11}x y^∗A_{22}y )_{1/2}

>^{‖A12‖}_{‖R‖} ,

i, primenØØ teoremu 2.2, my vyvodim neravenstvo (2.17) sledu- ¸wim obrazom:

λ_n(A) 6 μ_−(A) = ‖A_{12}‖ ‖R‖ − ‖A_{12}‖

   6^(x^∗A11x y^∗A22y^{)1/2} − ‖A12‖ 6 ‖A11‖^{1/2}‖A22‖^{1/2} − ‖A12‖.
�

PoslednØØ teorema fftogo paragrafa ustanavlivaet nißn¸¸ ocenku dlØ mladxego sobstvennogo znaqeniØ matricy A v tom sluqae, kogda λ_n(A) 6 0.

Teorema 2.3. Pust~ A – bloqnaØ 2 × 2 ffrmitova matrica porØd-

ka n > 2 s poloßitel~no opredelennymi diagonal~nymi blokami, A_{12} ≠ 0 i pust~ λ_n(A) 6 0. Togda

λ_n(A) > μ_−(A), (2.20)

priqem pri λ_n(A) ≠ 0 ffto neravenstvo obrawaetsØ v ravenstvo togda i tol~ko togda, kogda sootnoxeniØ A [ x −y ] = λ_n(A) [ x −y ] , A [ x y ] = μ_+(A) [ x y ] (2.21)

vypolneny dlØ nenulevyh vektorov x ∈ C^m i y ∈ C^{n−m} takih, qto x^∗A_{12}y = ‖A_{12}‖ ‖x‖ ‖y‖. (2.22) Dokazatel~stvo. Pust~ A [ x −y ] = λ_n(A) [ x −y ] , ‖x‖^2 + ‖y‖^2 > 0.

184 L. ı. KOLOTILINA �to uslovie ravnosil~no ravenstvam

A_{11}x − A_{12}y = λ_n(A)x, A^∗_{12}x − A_{22}y = −λ_n(A)y, (2.23) iz kotoryh sleduet, qto x^∗A_{12}y = x^∗A_{11}x − λ_n(A)‖x‖^2, (2.24)

y^∗A^∗_{12}x = y^∗A_{22}y − λ_n(A)‖y‖^2. (2.25) Poskol~ku λ_n(A) 6 0, a bloki A_{11} i A_{22} poloßitel~no opredeleny, iz (2.24) vytekaet, qto qislo x^∗A_{12}y vewestvenno i poloßitel~no pri x ≠ 0. V fftom sluqae, oqevidno, spravedlivo takße i neravenstvo y ≠ 0. Analogiqno, iz (2.25) my vyvodim, qto y^∗A^∗_{12}x = x^∗A_{12}y > 0 pri y ≠ 0, i v fftom sluqae x ≠ 0. Takim obrazom, veliqina x^∗A_{12}y vsegda poloßitel~na, a oba vektora x i y neobhodimo ØvlØ¸tsØ nenulevymi. UqityvaØ skazannoe vyxe i dvaßdy ispol~zuØ neravenstvo meßdu srednim arifmetiqeskim i srednim geometriqeskim, my vyvodim:

−λ_n(A) = − [x^∗ − y^∗]A [ x −y ]

[x^∗ − y^∗] [ x −y ] = 2x^∗A_{12}y − (x^∗A_{11}x + y^∗A_{22}y) ‖x‖^2 + ‖y‖^2

6^{x∗A12y − (x∗A11x y∗A22y)1/2}

‖x‖ ‖y‖ . (2.26)

Dalee, v silu neravenstva Koxi–Xvarca my imeem

x^∗A_{12}y = (x^∗A^{1/2}_{11} )(RA^{1/2}_{22} y) 6 ‖A^{1/2}_{11} x‖ ‖RA^{1/2}_{22} y‖

6 ‖R‖(x^∗A11x y^∗A22y)^{1/2}

ili, ravnosil~no,

(x^∗A_{11}x y^∗A_{22}y)^{1/2} > x^∗A_{12}y ‖R‖ . (2.27)

Iz neravenstva (2.26) s uqetom (2.27) sleduet, qto −λ_n(A) 6 x^∗A_{12}y ‖x‖ ‖y‖ ( 1 − 1 ‖R‖ )

6 ‖A12‖^(1 −^1_{‖R‖}^) = −μ−(A).

Tem samym neravenstvo (2.20) ustanovleno.

OCENKI DL˚ KRA`NIH SOBSTVENNYH ZNAQENI` 185 Iz privedennogo dokazatel~stva neravenstva (2.20) sleduet, qto ravenstvo λ_n(A) = μ_−(A) (2.28) spravedlivo v tom i tol~ko tom sluqae, kogda vypolneny sledu- ¸wie usloviØ: ‖x‖ = ‖y‖; (2.29) x^∗A_{11}x = y^∗A_{22}y; (2.30) A^{1/2}_{11} x = αRA^{1/2}_{22} y = αA^{−1/2}_{11} A_{12}y, α ∈ C , α ≠ 0; (2.31) R^∗RA^{1/2}_{22} y = ‖R‖^2A^{1/2}_{22} y; (2.32) x^∗A_{12}y = ‖A_{12}‖ ‖x‖ ‖y‖. (2.33) Predpoloßim teper~, qto ravenstvo (2.28) spravedlivo i, sledovatel~no, vypolneny sootnoxeniØ (2.29)–(2.33).

Sootnoxenie (2.31) ravnosil~no ravenstvu A_{11}x = αA_{12}y, α ∈ C , α ≠ 0. (2.34) V silu (2.23), (2.28) i (2.34) my imeem A_{11}x − A_{12}y = (α − 1)A_{12}y = μ_−(A)x, (2.35) otkuda sleduet, qto (α − 1)x^∗A_{12}y = μ_−(A)‖x‖^2, tak qto

α = 1 + μ_−(A) ‖x‖^2 x^∗A_{12}y

(2.33)

= 1 + μ_−(A) ‖x‖^2 ‖A_{12}‖ ‖x‖ ‖y‖ (2.29)

= 1 + μ_−(A) ‖A_{12}‖ = 1 ‖R‖ . (2.36)

SootnoxeniØ (2.34) i (2.36) da¸t nam ravenstvo A_{12}y = ‖R‖A_{11}x, (2.37) podstavlØØ kotoroe v (2.35), my poluqaem, qto μ_−(A)x = (1 − ‖R‖)A_{11}x

186 L. ı. KOLOTILINA ili, poskol~ku ‖R‖ ≠ 1,

A_{11}x = μ_−(A) 1 − ‖R‖ x = ‖A_{12}‖ ‖R‖ x. (2.38)

Teper~ iz (2.37) i (2.38) my vyvodim, qto

A_{11}x + A_{12}y = (1 + ‖R‖)A_{11}x = (1 + ‖R‖) ‖A_{12}‖ ‖R‖ x = μ_+(A)x. (2.39)

Dalee, ravenstvo (2.32) moßno perepisat~ v vide A^∗_{12}A^{−1}_{11} A_{12}y = ‖R‖^2A_{22}y, iz kotorogo vvidu (2.37) sleduet, qto A^∗_{12}x = ‖R‖A_{22}y. (2.40) Ispol~zuØ sootnoxeniØ (2.23), (2.28) i (2.40), my vyvodim

−μ_−(A)y = A^∗_{12}x − A_{22}y = ( 1 − 1 ‖R‖ ) A^∗_{12}x, tak qto A^∗_{12}x = μ_−(A)‖R‖ 1 − ‖R‖ y = ‖A_{12}‖y. (2.41)

Teper~, vvidu (2.40) i (2.41), my imeem

A^∗_{12}x + A_{22}y = ( 1 + 1 ‖R‖ ) A^∗_{12}x = μ_+(A)y. (2.42)

SootnoxeniØ (2.39) i (2.42) oznaqa¸t, qto A [ x y ] = μ_+(A) [ x y ] , qto i zaverxaet dokazatel~stvo neobhodimosti usloviæ (2.21) dlØ spravedlivosti ravenstva (2.28) pri λ_n(A) < 0. UsloviØ ße (2.22) sovpada¸t s (2.33).

Ustanovim teper~ dostatoqnost~ usloviæ (2.21) i (2.22). Iz sootnoxeniæ (2.21) sledu¸t ravenstva

A_{12}y = A_{11}x − λ_n(A)x, A_{12}y = −A_{11}x + μ_+(A)x. SkladyvaØ ffti ravenstva, my prihodim k sootnoxeni¸

A_{12}y = μ_+(A) − λ_n(A) 2 x,

OCENKI DL˚ KRA`NIH SOBSTVENNYH ZNAQENI` 187 iz kotorogo nemedlenno sleduet, qto x^∗A_{12}y = μ_+(A) − λ_n(A) 2 ‖x‖^2. (2.43)

S drugoæ storony, poskol~ku sobstvennye vektory [_x −y ] i [_x y ] matricy A neobhodimo ortogonal~ny, my imeem ‖x‖ = ‖y‖, a togda uslovie (2.22) perepisyvaetsØ v vide x^∗A_{12}y = ‖A_{12}‖ ‖x‖^2. (2.44) SootnoxeniØ (2.43) i (2.44) pokazyva¸t, qto μ_+(A) − λ_n(A) = 2‖A_{12}‖, otkuda sleduet, qto λ_n(A) = μ_+(A) − 2‖A_{12}‖ = μ_−(A), t.e. neravenstvo (2.20) obrawaetsØ v ravenstvo. Teorema 2.3 dokazana polnost~¸. �

Zameqanie 2.5. Primer, rassmotrennyæ v zameqanii 2.3, poka-

zyvaet, qto v usloviØh teoremy 2.3 pri λ_n(A) = 0 = μ_−(A) i A [_x −y ] = 0 vtoroe iz ravenstv (2.21) moßet ne vypolnØt~sØ.

Zameqanie 2.6. V teoreme 2.3 uslovie (2.22) moßno zamenit~ na

uslovie x^∗Ry = ‖R‖ ‖x‖ ‖y‖. (2.45) Deæstvitel~no, esli vypolneny usloviØ (2.21), to, kak legko ubedit~sØ, ime¸t mesto sootnoxeniØ

A_{11}x = μ_+(A) + λ_n(A) 2 x, A_{22}y = μ_+(A) + λ_n(A) 2 y, A_{12}y = μ_+(A) − λ_n(A) 2 x, iz kotoryh (s uqetom ravenstva ‖x‖ = ‖y‖, vyteka¸wego iz (2.21)) sleduet, qto

x^∗A_{12}y ‖x‖ ‖y‖ = μ_+(A) − λ_n(A) 2 , x^∗Ry ‖x‖ ‖y‖ = μ_+(A) − λ_n(A) μ_+(A) + λ_n(A) .

188 L. ı. KOLOTILINA V silu poslednih sootnoxeniæ usloviØ (2.22) i (2.45) ravnosil~ny ravenstvam

‖A_{12}‖ = μ_+(A) − λ_n(A) 2 (2.46) i ‖R‖ = μ_+(A) − λ_n(A) μ_+(A) + λ_n(A) ili 1 ‖R‖ + 1 =

2μ_+(A) μ_+(A) − λ_n(A)

(2.47)

sootvetstvenno. Ravnosil~nost~ ße usloviæ (2.46) i (2.47) oqevidno sleduet iz opredeleniØ

μ_+(A) = ‖A_{12}‖ ( 1 ‖R‖ + 1 ) . Zameqanie 2.7. Po analogii s teoremoæ 2.2 moßno vydvinut~

predpoloßenie, qto usloviØ (2.21) ØvlØ¸tsØ dostatoqnymi dlØ vypolneniØ ravenstva λ_n(A) = μ_−(A). Vopros o spravedlivosti fftogo predpoloßeniØ poka ostaetsØ otkrytym.

§3. Matricy s optimal~nymi kraænimi sobstvennymi znaqeniØmi Pust~ A =

[_{A11 A12} A�_{12 A22} ] – n × n ffrmitova poloßitel~no opredelennaØ matrica, predstavlennaØ v bloqnoæ 2 × 2 forme, priqem A_{12} ≠ 0. V sootvetstvii s teoremami 2.1 i 2.2 kraænie sobstvennye znaqeniØ A udovletvorØ¸t ocenkam

λ_1(A) > μ_+(A) ≡ ‖A_{12}‖ ( 1 ‖R_A‖ + 1 ) , λ_n(A) 6 μ_−(A) ≡ ‖A_{12}‖ ( 1 ‖R_A‖ − 1 ) , (3.1)

gde R_A = A^{−1/2}_{11} A_{12}A^{−1/2}_{22} . V fftom paragrafe my rassmatrivaem matricy, kraænie sobstvennye znaqeniØ kotoryh udovletvorØ¸t ravenstvam λ_1(A) = μ_+(A), λ_n(A) = μ_−(A), (3.2) t.e. matricy, na kotoryh ocenki (3.1) dostiga¸tsØ.

Esli usloviØ (3.2) vypolneny, budem govorit~, qto otnositel~no rassmatrivaemogo bloqnogo 2 × 2 razbieniØ matrica A imeet optimal~nye kraænie sobstvennye znaqeniØ.

OCENKI DL˚ KRA`NIH SOBSTVENNYH ZNAQENI` 189 Razliqnye harakterizacii bloqnyh 2 × 2 matric s optimal~- nymi kraænimi sobstvennymi znaqeniØmi predstavleny v teoreme 3.1, dokazatel~stvo kotoroæ osnovyvaetsØ na teoremah 2.1 i 2.2.

Teorema 3.1. Pust~ A =^{[ A11 A12}_A�_{12 A22}^] – n × n, n > 2, ffrmitova polo-

ßitel~no opredelennaØ matrica, gde A_{11} ∈ C^{m×m} , 1 6 m < n, i A_{12} ≠ 0. Sledu¸wie utverßdeniØ ravnosil~ny:

(i) A imeet optimal~nye kraænie sobstvennye znaqeniØ; (ii) suwestvu¸t nenulevye vektory x ∈ C^m i y ∈ C^{n−m} takie, qto A [ x y ] = λ_1(A) [ x y ] , A [ x −y ] = λ_n(A) [ x −y ] ; (3.3)

(iii) matrica A optimal~no obuslovlena otnositel~no gruppy Δ(m, n − m), t.e. k(A) ≡ λ_1(A) λ_n(A) = min Δ∈Δ(m,n−m) { λ_1(Δ^∗AΔ) λ_n(Δ^∗AΔ) } ; (iv) λ_1(A) λ_n(A) = 1 + ‖R_A‖ 1 − ‖R_A‖ ; (3.4)

(v) matrica A imeet optimal~nyæ otnositel~no mnoßestva D(m, n − m) razbros sobstvennyh znaqeniæ, t.e. s(A) ≡ λ_1(A) − λ_n(A) = min_{D∈D(m,n−m)}{λ_1(A + D) − λ_n(A + D)}; (vi) λ_1(A) − λ_n(A) = 2‖A_{12}‖; (3.5) (vii) dlØ l¸bogo nenulevogo vektora z ∈ C^n spravedlivo neravenstvo z^∗Az z^∗A^{−1}z ‖z‖^4 6 1 1 − ‖R_A‖^2 . (3.6)

Zdes~ i niße qerez D(m, n−m) oboznaqeno mnoßestvo ffrmitovyh n × n matric vida [ D_1 0 0 D_2 ] , gde D_1 ∈ C^{m×m} ,

a qerez Δ(m, n − m) oboznaqena gruppa vseh nevyroßdennyh n × n matric vida [ Δ_1 0 0 Δ_2 ] , gde Δ_1 ∈ C^{m×m} .

190 L. ı. KOLOTILINA

Dokazatel~stvo. Po teoremam 2.1 i 2.2 my imeem neravenstva

λ_1(A) λ_n(A) > μ_+(A) μ_−(A) = 1 + ‖R_A‖ 1 − ‖R_A‖ (3.7) i λ_1(A) − λ_n(A) > μ_+(A) − μ_−(A) = 2‖A_{12}‖. (3.8) Krome togo, kaßdoe iz neravenstv (3.7) i (3.8) obrawaetsØ v ravenstvo togda i tol~ko togda, kogda A imeet optimal~nye kraænie sobstvennye znaqeniØ. Tem samym dokazana ffkvivalentnost~ utverßdeniæ (i), (iv) i (vi).

Oboznaqim Δ^∗AΔ = B = [ B_{11} B_{12} B^∗_{12} B_{22} ] , gde Δ – proizvol~naØ matrica iz mnoßestva Δ(m, n − m). Kak legko ubedit~sØ,

‖R_B‖ = ‖B^{−1/2}_{11} B_{12}B^{−1/2}_{22} ‖ = ‖A^{−1/2}_{11} A_{12}A^{−1/2}_{22} ‖ = ‖R_A‖. Ispol~zuØ poluqennoe sootnoxenie i primenØØ (3.7) k matrice B, my vyvodim: λ_1(Δ^∗AΔ) λ_n(Δ^∗AΔ) = λ_1(B) λ_n(B) > 1 + ‖R_B‖ 1 − ‖R_B‖ = 1 + ‖R_A‖ 1 − ‖R_A‖ . (3.9)

S drugoæ storony, pri

Δ_0 = [ A^{−1/2}_{11} 0 0 A^{−1/2}_{22} ]

my, oqevidno, imeem

λ_1(Δ^∗_0AΔ_0) = 1 + ‖R_A‖, λ_n(Δ^∗_0AΔ_0) = 1 − ‖R_A‖, tak qto λ_1(Δ^∗_0AΔ_0) λ_n(Δ^∗_0AΔ_0) = 1 + ‖R_A‖ 1 − ‖R_A‖ . Iz neravenstva (3.9) i tol~ko qto ustanovlennogo ravenstva sleduet, qto min Δ∈Δ(m,n−m) { λ_1(Δ^∗AΔ) λ_n(Δ^∗AΔ) } = 1 + ‖R_A‖ 1 − ‖R_A‖ , tak qto utverßdeniØ (iii) i (iv) ravnosil~ny.

OCENKI DL˚ KRA`NIH SOBSTVENNYH ZNAQENI` 191 Analogiqno, vvedem oboznaqeniØ

A + D = C = [ C_{11} C_{12} C^∗_{12} C_{22} ] , D ∈ D(m, n − m). ˚sno, qto C_{12} = A_{12}. (3.10) Esli matrica C poloßitel~no opredelena, to, v silu (3.8) v primenenii k matrice C i ravenstva (3.10), my imeem

λ_1(C) − λ_n(C) > 2‖C_{12}‖ = 2‖A_{12}‖. (3.11)

Esli ße matrica C neopredelena, to moßno naæti skalØrnyæ sdvig α > 0 takoæ, qto matrica C_1 = C + αI_n ØvlØetsØ poloßitel~no opredelennoæ. Poskol~ku, oqevidno,

λ_1(C_1) − λ_n(C_1) = λ_1(C) − λ_n(C),

my zakl¸qaem, qto neravenstvo (3.11) spravedlivo dlØ vseh D ∈ D(m, n − m). S drugoæ storony, pri

D_0 = − [ A_{11} 0 0 A_{22} ] my imeem C_0 = A + D_0 = [ 0 A_{12} A^∗_{12} 0 ] , λ_1(C_0) = ‖A_{12}‖, λ_n(C_0) = −‖A_{12}‖, tak qto λ_1(C_0) − λ_n(C_0) = 2‖A_{12}‖.

Neravenstvo (3.11) i tol~ko qto ustanovlennoe ravenstvo pokazyva¸t, qto min D∈D(m,n−m) { λ_1(A + D) − λ_n(A + D) } = 2‖A_{12}‖.

Sledovatel~no utverßdeniØ (v) i (vi) ravnosil~ny.

Esli matrica A imeet optimal~nye kraænie sobstvennye znaqeniØ, to, po teoreme 2.1, naædutsØ nenulevye vektory x i y takie, qto A [ x y ] = λ_1(A) [ x y ] i A [ x −y ] = μ_−(A) [ x −y ] = λ_n(A) [ x −y ] .

192 L. ı. KOLOTILINA Tem samym ustanovleno, qto iz (i) sleduet (ii).

Esli spravedlivy sootnoxeniØ (3.3), to, kak netrudno ubedit~sØ,

A^∗_{12}x = λ_1(A) − λ_n(A) 2 y, A_{12}y = λ_1(A) − λ_n(A) 2 x. Sledovatel~no, [λ_1(A) − λ_n(A)]/2 ØvlØetsØ singulØrnym qislom A_{12}, a znaqit λ_1(A) − λ_n(A) 2 6 ‖A12‖. Poluqennoe neravenstvo v soqetanii s neravenstvom (3.8) oznaqaet, qto λ_1(A) − λ_n(A) = 2‖A_{12}‖.

Takim obrazom, utverßdenie (vi) sleduet iz (ii).

Teper~ ostaetsØ lix~ pokazat~, qto utverßdenie (vii) ravnosil~no kaßdomu iz utverßdeniæ (i)–(vi).

Esli matrica A imeet optimal~nye kraænie sobstvennye znaqeniØ, to po neravenstvu Kantoroviqa (sm., naprimer, [6, II. 4.3.1]) dlØ l¸bogo nenulevogo vektora z ∈ C^n my imeem z^∗Az z^∗A^{−1}z ‖z‖^4 6

[λ_1(A) + λ_n(A)]^2 4λ_1(A)λ_n(A) = [μ_+(A) + μ_−(A)]^2 4μ_+(A)μ_−(A) . Trivial~nye vyqisleniØ pokazyva¸t, qto [μ_+(A) + μ_−(A)]^2 4μ_+(A)μ_−(A) = 1 1 − ‖R_A‖^2 , (3.12)

tak qto iz (i) sleduet (vii).

Nakonec, pust~

Az_1 = λ_1(A)z_1, ‖z_1‖ = 1; Az_n = λ_n(A)z_n, ‖z_n‖ = 1. Pri z_0 = z_1 + z_n √ 2 my imeem

‖z_0‖ = 1, z^∗_0 Az_0 z^∗_0 A^{−1}z_0

‖z_0‖^4 = [λ_1(A) + λ_n(A)]^2 4λ_1(A)λ_n(A) .

OCENKI DL˚ KRA`NIH SOBSTVENNYH ZNAQENI` 193 Sledovatel~no, esli spravedlivo utverßdenie (vii), to, prinimaØ vo vnimanie (3.12), my poluqaem

[λ_1(A) + λ_n(A)]^2 4λ_1(A)λ_n(A) = [k(A) + 1]^2

4k(A) 6 1 1 − ‖R_A‖^2 = [μ_+(A) + μ_−(A)]^2 4μ_+(A)μ_−(A) = [^{μ+(A)} μ�(A) + 1]^2 4^{μ+(A)} μ�(A) . Poskol~ku funkciØ f(x) = (x + 1)^2 4x ØvlØetsØ strogo vozrasta¸weæ pri x > 1, my zakl¸qaem, qto k(A) 6 μ_+(A) μ_−(A) . Poskol~ku, s drugoæ storony, k(A) > μ_+(A) μ_−(A) v silu (3.7), my prihodim k ravenstvu k(A) = μ_+(A) μ_−(A) = 1 + ‖R_A‖ 1 − ‖R_A‖ . Takim obrazom, my pokazali, qto iz (vii) sleduet (iv), qto i zaverxaet dokazatel~stvo teoremy 3.1. �

Umestno zametit~, qto neravenstvo k(A) > 1 + ‖R_A‖ 1 − ‖R_A‖ vpervye bylo poluqeno Dffmmelem [4], ravnosil~nost~ utverßdeniæ (ii) i (iii) byla ustanovlena v [1], gde byla takße privedena harakterizaciØ optimal~no obuslovlennyh matric v terminah vektornoæ agregacii, a ravnosil~nost~ utverßdeniæ (i), (ii), (iii) i (v) byla vpervye dokazana v [5].

Oqevidnyæ primer matric s optimal~nymi kraænimi sobstvennymi znaqeniØmi da¸t bloqnye 2 × 2 ffrmitovy poloßitel~no opredelennye matricy s ediniqnymi diagonal~nymi

194 L. ı. KOLOTILINA blokami, kotorye, kak horoxo izvestno (sm., naprimer, [1–3]), optimal~no obuslovleny otnositel~no sootvetstvu¸weæ gruppy bloqno diagonal~nyh matric. Netrivial~nym klassom matric s optimal~nymi kraænimi sobstvennymi znaqeniØmi ØvlØetsØ klass tak nazyvaemyh uravnovexennyh matric, rassmotrennyæ v rabote [2], v kotoroæ bylo pokazano, qto uravnovexennye matricy optimal~no obuslovleny.

Literatura 1. L. ı. Kolotilina, Optimal~no obuslovlennye bloqnye 2 � 2 matricy.

— Zap. nauqn. semin. POMI 268 (2000), 72–85.

2. L. ı. Kolotilina, Ob odnom klasse optimal~no obuslovlennyh bloqnyh

2 � 2 matric. — Zap. nauqn. semin. POMI 284 (2002), 64–76.

3. L. ı. Kolotilina, O kraænih sobstvennyh znaqeniØh bloqnyh 2 � 2 ffr-

mitovyh matric. — Zap. nauqn. semin. POMI 296 (2003), 27–38.

4. J. Demmel, The condition number of equivalence transformations that block diagonalize matrix pencils. In: Matrix Pencils (B. Kagström and A. Ruhe, eds.), Lecture Notes in Math. 973, Springer (1982), pp. 2–16.

5. S. C. Eisenstat, J. W. Lewis, M. H. Schultz, Optimal block diagonal scaling of block 2-cyclic matrices. — Linear Algebra Appl. 44 (1982), 181–186.

6. M. Markus, H. Mink, Obzor po teorii matric i matriqnyh neravenstv.

M., Nauka (1972).

Kolotilina L. Yu. Bounds for the extreme eigenvalues of block 2 × 2 Hermitian matrices.

Let an n × n Hermitian matrix A be presented in block 2 × 2 form as A = [_{A11 A12} A�_{12 A22} ] , where A_{12} ≠ 0, and assume that the diagonal blocks A_{11} and A_{22} are positive definite. Under these assumptions, it is proved that the extreme eigenvalues of A satisfy the bounds

λ_1(A) > ‖A_{12}‖(‖R‖^{−1} + 1), |λ_n(A)| 6 ‖A_{12}‖ | ‖R‖^{−1} − 1 | , where R = A^{−1/2}_{11} A_{12}A^{−1/2}_{22} and ‖ · ‖ is the spectral norm. Further, in the positive-definite case, several equivalent conditions necessary and sufficient for both of the above bounds to be attained are provided.

Postupilo 11 sentØbrØ 2003 g.

S.-Peterburgskoe otdelenie Matematiqeskogo instituta im. V. A. Steklova RAN