Zapiski nauqnyh seminarov POMI Tom 303, 2003 g.

N. A. Qasova, F. A. XamoØn

DIAGONAL^NOE OTOBRAȷENIE V OBOBWENNYH PROSTRANSTVAH HARDI V POLIKRUGE

Pust~ U^n = { z = (z_1, . . . , z_n) : |z_i| < 1, i = 1, n } – ediniqnyæ polikrug v n-mernom kompleksnom prostranstve C^n, T^n – ego ostov, L^{⃗p}(T^n), ⃗p = (p_1, . . . , p_n), 0 < p_i < ∞, i = 1, n – prostranstva izmerimyh na T^n funkciæ f, dlØ kotoryh koneqna kvazinorma: ‖f‖_L⃗p_{(T} n_)= ( ∫ T · · · ( ∫ T ( ∫ T |f(ζ)|^{p1} dm_1(ζ_1) )_{p2p1} dm_1(ζ_2) )_{p3p2} · · · dm_1(ζ_n) ) 1_{pn} ,

zdes~ T = T^1, dm_1 – obyqnaØ mera Lebega na T. Pust~ dalee H(U^n) – mnoßestvo vseh golomorfnyh v U^n funkciæ. Obobwennymi prostranstvami Hardi v polikruge U^n nazovem klassy

H^{⃗p} = H^{⃗p}(U^n) = { f ∈ H(U^n), ||f||_H ⃗p_{(U} n_) = sup_{0<r<1} ||f_r||_L⃗p < +∞ } , gde f_r(ζ) = f(rζ), ζ = (ζ_1, . . . , ζ_n) ∈ T^n. Oqevidno, qto pri p_1 = . . . = p_n = p prostranstva H^{⃗p}(U^n) sovpada¸t s klassiqeskimi prostranstvami Hardi H^p(U^n) v polikruge (sm. [1]).

Issledovanie prostranstv H^{⃗p}(U^n) bylo naqato avtorami v rabote [2]. Pust~ teper~ f ∈ H^{⃗p}(U^n), togda oqevidno, qto funkciØ D(f)(z) = f(z, . . . , z), z ∈ U , budet golomorfnoæ v U . V rabote my poluqim polnu¸ harakterizaci¸ teh funkciæ φ ∈ H(U ), U = U^1, dlØ kotoryh spravedlivo predstavlenie φ(z) = f(z, z), f ∈ H^{p1,p2} (U^2). Otmetim, qto v sluqae klassiqeskih prostranstv Hardi H^p(U^n) analogiqnaØ zadaqa byla postavlena U. Rudinom v [1]. Polnoe rexenie fftoæ zadaqi poluqeno F. A. XamoØnom v rabote [3].

DlØ formulirovki osnovnogo rezul~tata zametki vvedem sle-

Rabota podderßana RFFI (grant 01-01-00992). 218

DIAGONAL^NOE OTOBRAȷENIE 219 du¸wee oboznaqenie: pust~ 0 < p, q < +∞,

A^{p,q} = f ∈ H(U ), ||f||_Ap,q = 1∫ 0 π∫ −π |f(re^{iφ})|^pdφ q p dr 1_q < +∞ . Teorema. Pust~ f ∈ H^{p1,p2} (U^2), 1 ≤ p1, p2 < +∞, togda funkciØ

φ(z) = D(f)(z) = f(z, z) prinadleßit klassu A^{p1,p2} . Obratno, esli φ ∈ A^{p1,p2} , to moßno postroit~ v Øvnom vide funkci¸ f ∈ H^{p1,p2} taku¸, qto φ(z) = D(f)(z) = f(z, z), z ∈ U , t.e. D(H^{p1,p2} ) = A^{p1,p2} .

Dokazatel~stvu teoremy predpoxlem sledu¸wu¸ lemmu.

Lemma(sm. [4, 5]). Pust~ B^s_{p1,p2,A}, s > 0, 1 ≤ p1, p2 < +∞ –

klass golomorfnyh v U funkciæ s graniqnymi znaqeniØmi iz klassa O. V. Besova B^s_{p1,p2} s sootvetstvu¸weæ normoæ. Togda dlØ proizvol~nogo lineænogo nepreryvnogo funkcionala Φ ∈ (B^s_{p1,p2,A})^∗ suwestvuet edinstvennaØ golomorfnaØ v U funkciØ g ∈ B^{−s}_{q1,q2} , gde 1 p_i + 1 q_i = 1, i = 1, 2, takaØ, qto

Φ(f) = lim_{ρ→1−0} 1 2π π∫ −π f(ρe^{iφ})g(ρe^{iφ})dφ, (1) priqem c_1||g||_B�s_{q1,q2} ≤ ||Φ|| ≤ c_2||g||_B�s_{q1,q2} , (2) c_i, i = 1, 2, – poloßitel~nye konstanty.

Obratno, esli g ∈ B^{−s}_{q1,q2} , to formula (1) poroßdaet lineænyæ nepreryvnyæ funkcional na B^s_{p1,p2} , dlØ kotorogo spravedlivy ocenki (2).

Dokazatel~stvo teoremy. Pust~ f ∈ H^{p1,p2} (U^2), 1 ≤ p1, p2 < +∞,

i F (z) = D(f)(z) = f(z, z), z ∈ U. Dokaßem, qto F ∈ A^{p1,p2} . Imeem

F (z) = 1 (2π)^2 ∫ T 2 f(t_1, t_2)dt_1dt_2 (t_1 − z)(t_2 − z) , z ∈ U.

Pust~ teper~ g – proizvol~naØ funkciØ iz B^{1p2}_{q1,q2,A}. Togda imeem 1 2π π∫ −π F (re^{iθ})g(e^{iθ})dθ =

220 N. A. QASOVA, F. A. XAMO˚N = 1 (2π)^2 π∫ −π π∫ −π f(e^{iθ1} , e^{iθ2} ) 1 2π π∫ −π g(e^{iθ})dθ (e^{iθ1} − re^{iθ})(e^{iθ2} − re^{iθ}) ×

×e^{i(θ1+θ2)}dθ_1dθ_2. (3) Imeet mesto ravenstvo: 1 2π π∫ −π g(e^{iθ} )dθ (e^{iθ1} − re^{iθ})(e^{iθ2} − re^{iθ}) = 1 2π π∫ −π g(e^{iθ} )e^{2iθ}e^{i(θ1+θ2 )}dθ (e^{iθ} − re^{iθ1} )(e^{iθ} − re^{iθ2)} =

= e^{i(θ1+θ2)} 2π π∫ −π g(e^{iθ})e^{2iθ} r(e^{iθ1} − e^{iθ2} ) [ 1 e^{iθ} − re^{iθ1} − 1 e^{iθ} − re^{iθ2} ] dθ =

= e^{i(θ1+θ2 )} r(e^{iθ1} − e^{iθ2} ) 1 2π π∫ −π ( g(e^{iθ})e^{iθ} e^{iθ} − re^{iθ1} − g(e^{iθ})e^{iθ} e^{iθ} − re^{iθ2} ) e^{iθ}dθ =

= e^{i(θ1+θ2)} r(e^{iθ1} − e^{iθ2} ) [g_1(re^{iθ1} ) − g_1(re^{iθ2} )],

gde g_1(z) = g(z)z, z ∈ U. Togda iz (3) poluqaem: 1 2π π∫ −π F (re^{iθ})g(e^{iθ})dθ =

1 (2π)^2 π∫ −π π∫ −π f(e^{iθ1} , e^{iθ2}) [g_1(re^{iθ1} ) − g_1(re^{iθ2} )] r(e^{iθ1} − e^{iθ2} ) dθ_1dθ_2. (4)

Preobrazuem posledniæ integral: I = 1 (2π)^2r π∫ −π π∫ −π f(e^{iθ1} , e^{iθ2} )e^{iθ1} [ g_1(re^{iθ1} ) − g_1(re^{iθ2} ) 1 − e^{i(θ2−θ1)} ] dθ_1dθ_2 =

= 1 r(2π)^2 π∫ −π π∫ −π f(e^{iθ1} , e^{i(θ1+t)}) [ g(re^{iθ1} ) − g(re^{i(θ1 +t)}) 1 − e^{it} ] e^{−iθ1} dθ_1dt.

DIAGONAL^NOE OTOBRAȷENIE 221 PrimenØØ posledovatel~no neravenstvo Gœl~dera s pokazatelØmi p_1 i p_2, iz (4) poluqaem: | | | | | | 1 2π π∫ −π F (re^{iθ})g(e^{iθ})dθ | | | | | | ≤ 1 r(2π)^2 ||f||_Hp1,p2 ||g||_B 1_{p2q} 1^{,q}2 .

Ispol~zuØ lemmu, ots¸da poluqaem, qto F ∈ B^{− 1p2}p_1,p_2 , t.e.

sup 0<ρ<1 1∫ 0 π∫ −π |F (ρe^{iφ})|^{p1} dφ p2_p 1 dρ 1_p 2 < +∞, priqem ||F ||_Ap1,p2 ≤ c||f||_Hp1,p2 . Teper~ dokaßem obratnoe utverßdenie: esli F ∈ A^{p1,p2} , my postroim funkci¸ f ∈ H^{p1,p2} taku¸, qto D(f)(z) = f(z, z) = F (z), z ∈ U. Ispol~zuØ integral~noe predstavlenie funkcii F (sm. [6]), imeem

F (z) = 1 π ∫ U F (ζ) (1 − ζz)^2 dm_2(ζ), z ∈ U, gde dm_2(ζ) – ploskaØ mera Lebega. Poloßim

f(z_1 , z_2) = 1 π ∫ U F (ζ)dm_2(ζ) (1 − ζz_1)(1 − ζz_2)

. (5)

Oqevidno, qto D(f) = F . Dokaßem, qto f ∈ H^{p1,p2} . Ispol~zuem dvoæstvennost~ prostranstv H^{p1,p2} i H^{q1,q2} , gde^1_{pi} +^1_{qi} = 1, i = 1, 2 (sm. [2]). Pust~ ψ ∈ H^{q1,q2} . UqityvaØ ravenstvo (5), imeem π∫ −π π∫ −π f(re^{iφ1} , re^{iφ2})ψ(e^{iφ1} , e^{iφ2} )dφ_1dφ_2 =

= 1 π ∫ U F (ζ) π∫ −π π∫ −π ψ(e^{iφ1} , e^{iφ2} )dφ_1dφ_2 (1 − ζre^{iφ1} )(1 − ζre^{iφ2} ) dm_2(ζ) =

= 1 π ∫ U F (ζ) π∫ −π π∫ −π ψ(e^{iφ1} , e^{iφ2} )e^{iφ1} e^{iφ2} dφ_1dφ_2 (e^{iφ1} − rζ)(e^{iφ2} − rζ) dm_2(ζ) =

222 N. A. QASOVA, F. A. XAMO˚N

= 2π ∫ U F (ζ)ψ(rζ, rζ)dm_2(ζ). Ispol~zuØ dokazannu¸ pervu¸ qast~ teoremy, poluqaem: | | | | | ∫ T 2 f(rζ_1, rζ_2)ψ(ζ_1, ζ_2)dm_2(ζ) | | | | | ≤

≤ c||F ||_Ap1,p2 ||D(ψ)||_Aq1,q2 ≤ c_1||F ||_Ap1,p2 ||ψ||_Hq1,q2 . OstaetsØ primenit~ dvoæstvennost~ meßdu prostranstvami H^{p1,p2} i H^{q1,q2} . V itoge poluqaem ||f||_Hp1,p2 ≤ c_2||F ||_Ap1,p2 . Teorema dokazana polnost~¸.

Literatura

1. Rudin U. TeoriØ funkciæ v polikruge. — Mir, M. (1974). 2. XamoØn F. A., Qasova N. A. Opisanie lineænyh nepreryvnyh funkcionalov v prostranstvah Hardi so smexannymi normami v polikruge. — Sovremennye metody teorii funkciæ i smeßnye voprosy: tezisy dokladov Voroneßskoæ zimneæ matematiqeskoæ xkoly. Voroneß (2001), 285–286.

3. XamoØn F. A. Teoremy vloßeniØ i harakteristika sledov v prostranstvah H^p(U^n), 0 < p < 1. — Mat. sbornik 107(149), No. 3(11) (1978), 446–462.

4. Tribel~ X. TeoriØ funkcional~nyh prostranstv. Mir, M. (1986). 5. Peller V. V., Hruwev S. V. Operatory GankelØ, nailuqxie priblißeniØ i stacionarnye Gaussovskie processy. — Uspehi mat. nauk 37, Vyp. 1(223) (1982), 53–124.

6. Djrbashian M. M., Shamoyan F. A. Topics in the theory of A^pα spaces. — Leipzig:

Teubner-Texte 105 (1988), 200.

Chasova N. A., Shamoyan F. A. The diagonal mapping in general Hardy spaces in the polidisk.

For p = (p_1, p_2), 1 < p_i < +∞, i = 1, 2, let H^{p1,p2} be the Hardy class on the bidisk with mixed norm. We give a complete discription of all holomorphic function φ in the unit disk that are representable in the form φ(z) = f(z, z), |z| < 1, with f ∈ H^{p1,p2} . Postupilo 23 maØ 2003 g.

BrØnskiæ gosudarstvennyæ universitet

E-mail: root@shamoyan.bitmcnit.bryansk.su