Zapiski nauqnyh seminarov POMI Tom 305, 2003 g.

O. A. MulØr

AVTOMORFIZMY I DIFFERENCIROVANI˚ ISKLıQITEL^NYH PROSTYH ALGEBR LI SERII R

Nad polØmi poloßitel~noæ harakteristiki p < 7 suwestvu¸t serii prostyh algebr Li, kotorye ne ØvlØ¸tsØ ni klassiqeskimi algebrami Li, ni algebrami Li kartanovskogo tipa ([1–6]). Pri p = 3 odnoæ iz takih seriæ ØvlØetsØ seriØ R, sostoØwaØ iz algebr R(m), m = (m_1, m_2) ([3–6]).

Algebry Li serii R poØvilis~ v rabote Kuznecova [5] pri klassifikacii graduirovannyh algebr Li s nepoluprostoæ komponentoæ L_0. DlØ p > 2 ffto edinstvennye prostye 1- graduirovannye algebry Li s nerazreximoæ podalgebroæ L_0, ime¸weæ neabelev radikal. GeometriqeskaØ realizaciØ algebr serii R byla poluqena Braunom ([3]) i SkrØbinym ([6]). Algebra R = R(m) imeet Z_2-graduirovku:

R = R_0 ⊕ R_1,

gde R_0 = W (2 : m) = W – obwaØ algebra Li kartanovskogo tipa ot dvuh peremennyh, R_1 = B^2 (Ω(m)) – podmodul~ toqnyh form stepeni 2.

Algebra R takße obladaet Z-graduirovkoæ glubiny 1 R(m) =^{s⨁}_{i=−1} Ri. Pust~ gr W , gr Ω^2 – estestvennye graduirovki v W_i, Ω^2(2 : m) =

Ω^2. Poloßim

gr_iR(m) = gr_iW ⊕ gr_{i+3}Ω^2 ∩ B^2(Ω).

Pust~ ∂_1, ∂_2 – bazis W , ω = dx_1 ∧ dx_2. Togda R_{−1} = ⟨∂_1, ∂_2, ω⟩, Rabota vypolnena pri finansovoæ podderßke RFFI grant No. 02-01-

00725. 165

166 O. A. MUL˚R R_0 = ⟨x_i∂_j, x_1ω, x_2ω, 1 ≤ i, j ≤ 2⟩, · · · R_k = ⟨x^{(s1)}_1 x^{(t1)}_2 ∂_j, x^{(s2)}_1 x^{(t2)}_2 ω,

s_i + t_i = k + 1, 1 ≤ i, j ≤ 2, (s_2 , t_2) ≠ (p^{m1} − 1, p^{m2} − 1)⟩.

Opredelim fil~traci¸, inducirovannu¸ Z-graduirovkoæ: R(m) = R(−1) ⊃ R(0) ⊃ R(1) ⊃ . . . , gde R_{(i)} = ⨁ j≥i R_j.

Umnoßenie v R opredelØetsØ sledu¸wim obrazom: R_0 × R_0 →

R_0 – obyqnoe umnoßenie v W , umnoßenie R_0 na R_1 ØvlØetsØ stan-

dartnym deæstviem W na R_1 ⊂ Ω^2, a R_1 × R_1 → R_0 opredelØetsØ po sledu¸wemu pravilu:

[fω, gω] = (f∂_2 g − g∂_2f)∂_1 − (f∂_1 g − g∂_1f)∂_2 ,

gde f, g ∈ O(2 : m), O(2 : m) – algebra razdelennyh stepeneæ ot dvuh peremennyh. Razmernost~ algebry R(m) ravna 3^{m+1} − 1, gde

m = m_1 + m_2.

V dannoæ rabote issledu¸tsØ avtomorfizmy algebr serii R. Osnovnoæ rezul~tat sformulirovan v teoreme 6. Teorema 4 daet opisanie differencirovaniæ algebr serii R.

Avtor vyraßaet blagodarnost~ M. I. Kuznecovu za postoØnnoe vnimanie k rabote i obsußdenie rezul~tatov.

1. Predvaritel~nye rezul~taty

1.1. Geometriqeskie avtomorfizmy algebry R.

Nazovem avtomorfizm φ geometriqeskim, esli φ(R_0) = R_0. Oboznaqim qerez Aut_0R podgruppu geometriqeskih avtomorfizmov.

Predloßenie 1. Pust~ res : Aut_0R → Aut W (2 : m) – gomomor-

fizm ograniqeniØ (R_0 = W (2 : m)), μ_2 – gruppovaØ shema kvadratnyh korneæ iz 1. Togda sledu¸waØ posledovatel~nost~ toqna:

1 −→ μ_2 −→ Aut_0R^{res}−→ Aut W (2 : m) −→ 1.

Dokazatel~stvo. Pust~ φ ∈ Aut_0R. Pokaßem, qto φ(R_1) = R_1.

Deæstvitel~no, tak kak φ(R_0) = R_0, to φ(R_1) – neprivodimyæ

AVTOMORFIZMY I DIFFERENCIROVANI˚ 167

R_0-modul~. Tak kak R(m) edinstvennym obrazom raskladyvaetsØ

v prØmu¸ summu neizomorfnyh neprivodimyh R_0-podmoduleæ,

R = R_0 ⊕ R_1, to φ(R_1) = R_1.

Naædem Ødro ograniqeniØ res. Pust~ φ ∈ Aut_0R takoæ, qto

φ|_{R0} = id. Togda φ|_{R1} – avtomorfizm R_0-modulØ R_1. Iz lemmy

Xura sleduet, qto φ|_{R1} = a · id, a ∈ K^∗. Tak kak [R_1, R_1] = R_0, to

a^2 = 1 i a ∈ μ_2.

Pokaßem, qto res s¸r¨ektivno. Kak izvestno ([7]), avtomorfizmy algebry W (2 : m) inducirovany avtomorfizmami algebry razdelennyh stepeneæ O(2 : m), to est~ zamenami peremennyh.

Pust~ φ ∈ Aut O(2 : m), J_φ− Økobian φ. DlØ D ∈ W (2 : m),

φ(D) = φDφ^{−1} . Avtomorfizm φ estestvenno deæstvuet na Ω^2 i B^2,

to est~ na R_1. Odnako, ffto deæstvie ne ØvlØetsØ avtomorfizmom algebry R. DlØ togo, qtoby φ prodolßalos~ do avtomorfizma algebry R, nado rassmatrivat~ R_1 kak podmodul~ W -modulØ ob¨emnyh plotnosteæ

Ω^2_{−1/2} = {fω^{−1/2}, f ∈ O(2 : m)}.

Zametim, qto pri p = 3 W -moduli Ω^2_{−1/2} i Ω^2 izomorfny. Deæstvie φ na Ω^2_{−1/2} moßno opredelit~ dvumØ sposobami:

φ(fω^{−1/2}) = ±φ(f)J_φ(0)^{−3/2}J_φω^{−1/2}. (1)

NeposredstvennaØ proverka pokazyvaet, qto pri takom prodolßenii φ na R_1 my poluqaem avtomorfizm Φ algebry R. Oqevidno, Φ|_{R0} = φ. � Otmetim, qto gruppa geometriqeskih avtomorfizmov Aut_0R ØvlØetsØ dvulistnym nakrytiem Aut W (2 : m) (sm. (1)).

1.2. Useqennye koinducirovannye moduli i avtomorfizmy.

Pust~ g = ⟨∂_1, ∂_2⟩, U (g) – universal~naØ obertyva¸waØ algebra. Po teoreme Puankare–Birkgofa–Vitta U (g) moßno otoßdestvit~ s K[∂_1, ∂_2].

Rassmotrim ideal J, poroßdennyæ ∂^{(pmi )}_i , J = (∂^{(pm1 )}_1 , ∂^{(pm2 )}_2 ). Pust~ U = U (g)/J, V – vektornoe prostranstvo. Na prostranstve

c(V ) = Hom_K (U, V ) imeetsØ struktura U-modulØ: (af)(b) = f(ba)

dlØ f ∈ c(V ), a, b ∈ U. Modul~ c(V ) nazyvaetsØ koinducirovannym U-modulem. (�to opredelenie soglasovano s [8]). Modul~ c(V ) imeet estestvennu¸ strukturu O-modulØ, gde O = Hom(U, K) –

168 O. A. MUL˚R algebra, dual~naØ koalgebre U. Esli V – trivial~nyæ g-modul~, moßno sqitat~, qto V ⊂ c(V ), otoßdestvlØØ v ∈ V s funkcieæ na U, v(∂^α) = δ_{α,0}. Togda bazis V ØvlØetsØ bazisom svobodnogo O-modulØ c(V ). Algebra O ØvlØetsØ algebroæ razdelennyh stepeneæ O(2 : m).

Rassmotrim fil~traci¸ g-modulØ c(V ): c(V ) = c(V )_{(−1)} ⊃

c(V )_{(0)} ⊃ c(V )_{(1)} ⊃ . . . , gde c(V )_{(i)} = m_{(i+1)}c(V ), m – maksimal~-

nyæ ideal v O, i graduirovku c(V ) = c(V )_{−1} ⊕ c(V )_0 ⊕ c(V )_1 ⊕ . . . ,

c(V )_i = m_{i+1}V , gde O = K ⊕ m_1 ⊕ . . . – standartnaØ graduirovka

algebry O(2 : m).

Otmetim, qto c(V )_{(i)} = {l ∈ c(V )_{(i−1)}|g · l ⊂ c(V )_{(i−1)}}, i ≥ 1,

c(V )_{(0)} = {f ∈ Hom(U, V )|f(1) = 0}.

Pust~ teper~ V −U-modul~, V^′−U-podmodul~ V , ne soderßawiæ nenulevyh U-invariantnyh podprostranstv.

Teorema 1. Suwestvuet gomomorfizm j : V → HomK (U, V /V^′) ta-

koæ, qto (1) j – gomomorfizm U-moduleæ, (2) j – in¨ektivnyæ gomomorfizm.

Dokazatel~stvo. Opredelim j sledu¸wim obrazom: j(v)(b) =

b · v, gde b ∈ U, v ∈ V . Oqevidno, j – gomomorfizm U-moduleæ.

Tak kak Kerj − U-invariantnoe podprostranstvo i Kerj ⊂ V^′, to

Kerj = 0. �

Tak kak abeleva algebra Li g deæstvuet nil~potentnymi operatorami na V , to H = Ann_V g ≠ 0. Esli V = H ⊕ V^′, to

c(V /V^′) = c(H). Oqevidno, esli v teoreme 1 codim V^′ = 1, to V = H ⊕ V^′. Takim obrazom, my imeem rassmotrennu¸ vyxe si-

tuaci¸ s trivial~nym g-modulem H.

Pust~ g = ⟨∂_i, i = 1, 2⟩ ⊂ W = W (2 : m), V – W -modul~, V^′ – ^W_{(0)}-modul~, gde ^W_{(0)} = W_{(0)} + ⟨(∂/∂x_i)^{pmi} , i = 1, 2⟩. (sm. [8]). Moßno otoßdestvit~ useqennyæ koinducirovannyæ W -modul~

coind (V /V^′) = Hom_{U (}c_{W(0))}(U (W ), V /V^′) s c(V /V^′), tak kak {∂^α}

– bazis svobodnogo levogo U (^W_{(0)})-modulØ U (W ). V dal~neæxem v podobnoæ situacii my budem otoßdestvlØt~ coind (V /V^′) s c(V /V^′).

Teorema 2. Pust~ W = W (n : m) – obwaØ algebra Li kartanov-

skogo tipa, l_1, l_2, . . . , l_n ∈ W takie, qto

AVTOMORFIZMY I DIFFERENCIROVANI˚ 169 1) l^{pmi}_i = 0, 1 ≤ i ≤ n;

2) ⟨l_1, l_2, . . . , l_n⟩ – abeleva podalgebra; 3) ⟨l_1, l_2, . . . , l_n⟩ ⊕ W_{(0)} = W .

Togda suwestvuet edinstvennyæ avtomorfizm Φ ∈ Aut W takoæ, qto Φ(∂_i) = l_i.

Nabrosok dokazatel~stva. Napomnim (sm. [8]), qto algebru

O(n : m) moßno vosstanovit~ invariantnym sposobom po alge-

bre Li W (n : m).

Pust~ O = Hom_B (U (W ), K), B – podalgebra v U (W ), poroßdennaØ normalizatorom W_{(0)} v Prim (U (W )) (algebre Li primitivnyh fflementov bialgebry U (W )). Soglasno [8], B = U (^W_{(0)}), gde

^W_{(0)} = W_{(0)} + ⟨(∂/∂x_i)p^{mi} , i = 1, . . . , n⟩. Umnoßenie v O opredelØ-

etsØ formuloæ (f · g)(u) = ∑ (u) f(u^{(1)} )g(u^{(2)}),

gde Δ(u) = ∑ (u) u^{(1)} ⊗ u^{(2)} – koumnoßenie v U (W ). Algebra U (W )

ØvlØetsØ svobodnym levym B-modulem s bazisom ∂^α = ∂^{α1}_1 · · · ∂^{αn}_n ,

0 ≤ α_i < p^{mi} . Sledovatel~no, O = Hom_K (K[∂_1, . . . , ∂_n]/(∂^{pm1}_1 , . . . , ∂^{pmn}_n ), K). DlØ dvoæstvennogo bazisa x^{(α)} = x^{(α1)}_1 · · · x^{(αn)}n , 0 ≤ α_i < p^{mi} , imeem x^{(α)} · x^{(β)} = (_{α+β} α ) x^{(α+β)} i ∂_i(x^{(α)}) = x^{(α−εi)}. S drugoæ

storony, {l^α = l^{α1}_1 · · · l^{αn}_n , 0 ≤ α_i < p^{mi} , i = 1, . . .n} – takße bazis svobodnogo B-modulØ U (W ) i, sledovatel~no, O = Hom_K (K[l_1, . . . , l_n]/(l^{pm1}_1 , . . . , l^{pmn}_n ), K). DlØ dvoæstvennogo bazisa y^{(α)} = y^{(α1)}_1 · · · y^{(αn)}n vypolnØ¸tsØ te ße sootnoxeniØ, qto i dlØ x^{(α)} i l_i(y^{(α)} ) = y^{(α−εi)}. Oqevidno, lineænoe otobraßenie ϕ : O −→ O, ϕ(x^{(α)}) = y^{(α)} – avtomorfizm algebry O. Pri fftom ϕ∂_iϕ^{−1} = l_i.

My imeem dva bazisa svobodnogo O-modulØ W (n : m) {∂_i, i = 1, . . . , n} i {l_i, i = 1, . . . , n}. Tak kak D^ϕ = ϕDϕ^{−1} = ∑ i f_i(y)l_i ∈ W (n : m) dlØ D = ∑ i f_i(x)∂_i, to otobraßenie Φ : D → D^ϕ ØvlØetsØ

avtomorfizmom algebry W (n : m), pri fftom Φ(∂_i) = l_i. Oqevidno, Φ opredelen odnoznaqno. �

170 O. A. MUL˚R

Rassmotrim algebru Li ~R = ~R_0 ⊕ ~R_1, gde ~R_0 = R_0 = W (2 : m),

~R_1 = Ω2. Umnoßenie v ~R opredelØetsØ tak ße, kak v R. Netrudno

videt~, qto R = [ ~R, ~R].

Primenim teori¸ useqennyh koinducirovannyh moduleæ k dokazatel~stvu sledu¸weæ teoremy.

Teorema 3. Pust~ α – abeleva podalgebra v^~R takaØ, qto

α ∩ ~R_{(0)} = 0, α + ~R_{(0)} = ⟨∂_1, ∂_2⟩ + ~R_{(0)},

α = ⟨l_1, l_2⟩, l^{pm1}_1 = l^{pm2}_2 = 0, l_i ≡ ∂_i(mod ~R_{(0)}).

Togda suwestvuet avtomorfizm φ ∈ Aut ~R takoæ, qto φ(∂_1) = l_1, φ(∂_2) = l_2.

Dokazatel~stvo. Netrudno pokazat~, qto^~R_{(0)} ne soderßit nenu-

levyh α-invariantnyh podprostranstv. V samom dele, esli H ⊂

~R_{(0)} – nenulevoe α-invariantnoe podprostranstvo, to gr H ⊂ ~R_{(0)}

– podprostranstvo, invariantnoe otnositel~no ⟨∂_1, ∂_2⟩. Odnako, ~R_{(0)} ne soderßit nenulevyh podprostranstv, invariantnyh otnositel~no ⟨∂_1, ∂_2⟩. Sledovatel~no, gr H = 0 i H = 0.

Pust~ U – universal~naØ obertyva¸waØ algebra α. Rassmotrim U = U/J, gde J – ideal, poroßdennyæ ∂^{(pmi )}_i , i = 1, 2. Po teoreme 1 suwestvuet in¨ektivnyæ gomomorfizm j : ~R →

Hom_K (U, ~R/ ~R_{(0)}). Iz ravenstva razmernosteæ sleduet, qto j –

izomorfizm.

Pust~ V_0, V_1 takie, qto ~R_{(0)} ⊂ V_i ⊂ ~R, i = 1, 2, ~R/ ~R_{(0)} = V_0/ ~R_{(0)}⊕

V_1/ ~R_{(0)}. Oboznaqim V^′_i = j^{−1}(Hom_K (U, V_i/ ~R_{(0)}), i = 0, 1. ˚sno, qto V^′_i – naibol~xee α-invariantnoe podprostranstvo v V_i,

dim V^′_i = 3^mdim V_i/ ~R_{(0)},

gde m = m_1 + m_2. SravnivaØ razmernosti ~R i V^′_1 ⊕ V^′_2 , poluqaem razloßenie

~R = V^′_1 ⊕ V^′_2 . (2)

Oboznaqim qerez A_0, A_1 – naibol~xie α-invariantnye podprostranstva v α + ~R_{(0)}, ⟨ω⟩ + ~R_{(0)} sootvetstvenno.

Pokaßem, qto [A_0, A_0] ⊂ A_0. Imeem [A_0, A_0] ⊂ [α, A_0]+[ ~R_{(0)}, A_0] ⊂

A_0 + ~R_{(0)} ⊂ α + ~R_{(0)}. Tak kak [A_0, A_0] – α-invariantnoe podpro-

stranstvo, to ono soderßitsØ v A_0.

AVTOMORFIZMY I DIFFERENCIROVANI˚ 171 Pust~ A_{0,(0)} = ~R_{(0)} ∩A_0, A_{1,(0)} = ~R_{(0)} ∩A_1. Tak kak [α, A_{0,(0)}] ⊂ A_0

(A_0 – α-invariantno) i α ≡ ⟨∂_1, ∂_2⟩(mod ~R_{(0)}), to A_{0,(0)} ⊂ ⟨x_i∂_j , 1 ≤ i, j ≤ 2⟩ + ~R_{(1)}. Analogiqno, tak kak A_1 = ⟨~ω⟩ + A_{1,(0)} (zdes~ ~ω ≡ ω(mod ~R_{(0)})) i A_1 – α-invariantno, to [α, A_{1,(0)}] ⊂ A_1 ⊂ ⟨ω⟩ + ~R_{(0)}.

Tak kak α ≡ ⟨∂_1, ∂_2⟩(mod ~R_{(0)}), to A_{1,(0)} ⊂ ⟨x_1ω, x_2ω⟩ + ~R_{(1)}.

Pokaßem, qto [A_0, A_1] ⊂ A_1. V samom dele, [A_0, A_1] = [α, A_1] +

[A_{0,(0)} + A_1] ⊂ A_1 + [⟨x_i∂_j, 1 ≤ i, j ≤ 2⟩ + ~R_{(1)}, ⟨ω⟩ + ~R_{(0)}] ⊂ ⟨ω⟩ + ~R_{(0)}.

Teper~, tak kak [A_0, A_1] – α-invariantnoe podprostranstvo, to

[A_0, A_1] ⊂ A_1.

Dalee, [A_1, A_1] = [⟨~ω⟩ + A_{1,(0)}, ⟨~ω⟩ + A_{1,(0)}] ⊂ [⟨~ω⟩, A_{1,(0)}] +

[A_{1,(0)}, A_{1,(0)}] ⊂ [⟨ω⟩ + ~R_{(0)}, ⟨x_1ω, x_2ω⟩ + ~R_{(1)}] + ~R_{(0)} ⊂ ⟨∂_1, ∂_2⟩ + ~R_{(0)} = α + ~R_{(0)}. Teper~, tak kak [A_1, A_1] – α-invariantno, [A_1, A_1] ⊂ A_0.

Oboznaqim A_0 = A_0/A_0 ∩ ~R_{(0)}, A_1 = A_1/A_1 ∩ ~R_{(0)}. Togda A_0 ∼= α,

A_1 ∼= ⟨~ω⟩, ~ω ≡ ω(mod ~R_{(0)}) i ~R/ ~R_{(0)} = A_0 + A_1, pofftomu iz (2)

poluqaem: ~R = A_0 + A_1.

Zametim, qto A_0, A_1 ime¸t standartnu¸ fil~traci¸ koinducirovannogo modulØ, A_{0,(i)} = m^{(i+1)}α, gde m – maksimal~nyæ ideal algebry O. Analogiqno, A_{1,(i)} = m^{(i+1)} ~ω, gde [α, ~ω] = 0.

Tak kak ~R_{(i)} = {l ∈ ~R_{(i−1)}|[α, l] ⊂ ~R_{(i−1)}}, i > 0, to A_{0,(i)} = ~R_{(i)}∩A_0 i A_{1,(i)} = ~R_{(i)} ∩ A_1. Sledovatel~no, algebra A_0 – fil~trovannaØ algebra Li i A_1 – fil~trovannyæ A_0-modul~. Krome togo,

[A_{1,(i)}, A_{1,(j)}] ⊂ A_{0,(i+j)}.

Deæstvie α na koinducirovannyh modulØh A_0, A_1 sovpadaet s umnoßeniem v ~R, pofftomu [l_i, fl] = l_i(f) · l dlØ f ∈ O, l_i ∈ α i

[l_i, f ~ω] = l_i(f)~ω. V qastnosti, (A_0, A_{0,(0)}) – tranzitivnaØ algebra

Li i vloßenie j : (A_0, A_{0,(0)}) −→ (c(α), mc(α)) ØvlØetsØ minimal~- nym vloßeniem A_0 v W (2 : m) (sm. [8]). Iz ravenstva razmernosteæ poluqaem, qto A_0 ∼= W (2 : m).

Soglasno teoreme 2 sootvetstvu¸wiæ izomorfizm φ moßno vybrat~ tak, qtoby φ(l_i) = ∂_i, φ(y^{(γ)} l_i) = x^{(γ)}∂_i. Zdes~ i v dal~- neæxem qerez y^{(γ)} oboznaqaetsØ bazis O = Hom(U (α), K), dual~- nyæ bazisu l^γ = l^{γ1}_1 l^{γ2}_2 , 0 ≤ γ_i < p^{mi} .

Teper~, [y_sl_t, ~ω] ∈ A_1. Imeem [l_i, [y_sl_t, ~ω]] = [[l_i, y_sl_t], ~ω] +

[y_sl_t, [l_i, ~ω]] = l_i(y_s)[l_t, ~ω] + [y_sl_t, 0] = 0. Sledovatel~no, [y_sl_t, ~ω] = a~ω, a ∈ K. S drugoæ storony, y_sl_t ≡ x_s∂_t(mod ~R_{(1)}), ~ω ≡

172 O. A. MUL˚R ω(mod ~R_{(0)}). Pofftomu a~ω = [y_sl_t, ~ω] = l_t(y_s)~ω. Ots¸da A_{0,(0)}-modul~ A_{0,(0)} ∼= W (2 : m)_{(0)}, A_1/A_{1,(0)} izomorfen W (2 : m)_{(0)}-modul¸ Ω^2/mΩ^2. Zdes~ W (2 : m)_{(0)} – standartnaØ maksimal~naØ podalge-

bra v W (2 : m). Sledovatel~no, A_1 ∼= Ω^2 kak W (2 : m)-modul~. Tak kak ⟨~ω⟩ = Ann_{A1} α, ⟨ω⟩ = Ann_Ω2 φ(α), to izomorfizm φ : A_1 −→ Ω^2 moßno vybrat~ tak, qtoby φ(y^{(γ)} ~ω) = x^{(γ)} ~ω.

Naædem proizvedenie [y_i ~ω, ~ω]. Tak kak [l_i, [y_1 ~ω, ~ω] = [[l_i, y_1 ~ω], ~ω] =

[l_i(y_1)~ω, ~ω] = l_i(y_1 )[~ω, ~ω] = 0, to [y_1 ~ω, ~ω] ∈ Ann_{A0} α = α. S dru-

goæ storony, [y_1 ~ω, ~ω] = [x_1ω + r_1, ω + r^′_0] = ∂_2 + r^{′′}_0 = l_2 + r_0, gde r_0, r^′_0, r^{′′}_0 ∈ ~R_{(0)}, r_1 ∈ ~R_{(1)}. Znaqit, [y_1 ~ω, ~ω] = l_2. Analogiqnye argumenty, ispol~zu¸wie fil~traci¸ v A_1, pokazyva¸t, qto

[y_1 ~ω, y_2 ~ω] = y_1l_1 + y_2l_2 . Teper~ indukcieæ po i + j moßno dokazat~,

qto dlØ f ~ω ∈ A_{1,i} = m^{i+1} ~ω i g~ω ∈ A_{1,j} = m^{j+1} ~ω vypolnØetsØ:

[f ~ω, g~ω] = (fl_2 (g) − gl_2(f))l_1 − (fl_1 (g) − gl_1(f))l_2 .

Takim obrazom, imeem φ([f ~ω, g~ω]) = [φ(f ~ω), φ(g~ω)], to est~ otobraßenie φ : ~R −→ ~R, φ(y^{(γ)} l_i) = x^{(γ)}∂_i, φ(y^{(γ)} ~ω) = x^{(γ)}ω ØvlØetsØ avtomorfizmom algebry ~R. � Otmetim, qto iz predloßeniØ 2 sleduet, qto suwestvuet toqno dva avtomorfizma, udovletvorØ¸wih uslovi¸ teoremy 3.

2. DifferencirovaniØ algebry R Pust~ D = Der R. Tak kak R = R_0 ⊕ R_1, to suwestvuet avtomorfizm φ ∈ Aut R, takoæ, qto φ|_{R0} = id, φ|_{R1} = −id, φ^2 = id. Estestvennoe deæstvie φ na Der R, D^φ = φDφ^{−1}, privodit k razloßeni¸ D = D_0 ⊕ D_1. Oqevidno, D_i(R_j) ⊂ R_{i+j} , i, j ∈ Z_2.

Lemma 1. Pust~ D ∈ D. Esli D(R_0) = 0, to D = 0. Dokazatel~stvo. Predpoloßim, qto D(R_0) = 0. Rassmotrim dva

sluqaØ.

1. Pust~ D ∈ D_0. Togda D(R_1) ⊂ R_1. DlØ r_0 ∈ R_0, r_1 ∈ R_1 vypolnØetsØ: D([r_0, r_1]) = [r_0, D(r_1)]. Tak kak D|_{R1} – ffndomorfizm

R_0-modulØ R_1 i R_1 – neprivodimyæ R_0-modul~, to D|_{R1} = α · id, α ∈ K^∗. Tak kak R = R_0 ⊕ R_1, R_0 = [R_1, R_1], to D|_{R1} = 2α · id.

Ots¸da α = 0, to est~ D = 0.

AVTOMORFIZMY I DIFFERENCIROVANI˚ 173 2. Pust~ D ∈ D_1, D(R_1) ⊂ R_0. DlØ r_0 ∈ R_0, r_1 ∈ R_1 imeet mesto

D([r_0, r_1]) = [r_0, D(r_1)], to est~ D|_{R1} : R_1 → R_0 – R_0-gomomorfizm.

Tak kak R_0 i R_1 – neizomorfnye neprivodimye R_0-moduli, to

D|_{R1} = 0. Takim obrazom, D = 0. �

Iz lemmy 1 sleduet, qto ograniqenie res : D → D|_{R0} in¨ektivno, pri fftom res(D_0) ⊂ Der R_0. Soglasno [7], Der R_0 = W (2 : m), gde

W (2 : m) – p-zamykanie R_0 v Der R, priqem W (2 : m) estestvenno

deæstvuet differencirovaniØmi algebry R.

Takim obrazom, D_0 ∼= W (2 : m).

Lemma 2. H^1(W (2 : m), Ω^2) = 0.

Dokazatel~stvo. Tak kak Ω^2 = coindW ⟨ω⟩ – useqennyæ koinduci-

rovannyæ W -modul~, gde W = W (2 : m), to soglasno ([8], teorema 3.1) H^1(W, Ω^2) = H^0(Ω) ⊗ H^1(W_{(0)}, ⟨ω⟩)+ H^1(Ω) ⊗ H^0(W_{(0)}, ⟨ω⟩), gde W_{(0)} – standartnaØ maksimal~naØ podalgebra, ω = dx_1 ∧ dx_2,

H^i(Ω) – kogomologii de Rama nad O(2 : m).

˚sno, qto H^0(W_{(0)}, ⟨ω⟩) = 0. Pokaßem, qto H^1(W_{(0)}, ⟨ω⟩) = 0. Pust~ ψ ∈ Z^1(W_{(0)}, ⟨ω⟩). Togda ψ([l_0 , l_1]) = l_0 ∘ ψ(l_1 ) − l_1 ∘ ψ(l_0 ), gde l_0 ∈ W_{(0)}, l_1 ∈ W_{(1)}. Tak kak my rassmatrivaem ⟨ω⟩ kak faktor

Ω^2/mΩ^2, to l_1 ∘ ψ(l_0 ) = 0, sledovatel~no, ψ|_{W(1)} ∈ Hom_{W(0)} (W_{(1)}, ⟨ω⟩). Rassmotrim ψ|_{W(1)} . Tak kak ψ([a, b]) = 0 dlØ a, b ∈ W_{(1)}, to ψ induciruet morfizm W_{(0)}-moduleæ (oboznaqim ego takße qerez ψ)

ψ : W_{(1)}/[W_{(1)}, W_{(1)}] → ⟨ω⟩.

Soglasno [9],

W_{(1)}/[W_{(1)}, W_{(1)}] ∼= W_1 + ⟨x^{(pki )}_i , 1 ≤ k_i < m_i, i = 1, . . . , n⟩ ⊗ W_{−1}. (3) Oboznaqim mtp(V, U ) kratnost~ modulØ V v U , to est~ koliqestvo faktorov v kompozicionnom rØde modulØ U , izomorfnyh V . Iz (3) imeem mtp(⟨ω⟩, W_{(1)}/[W_{(1)}, W_{(1)}]) = 0. Sledovatel~no, poluqaem Hom_{W0} (W_{(1)}/[W_{(1)}, W_{(1)}], ⟨ω⟩) = 0.

Rassmotrim inducirovannoe otobraßenie ψ : W_0 → ⟨ω⟩,

ψ(l) = λ_lω, gde λ_l ∈ K. Zametim, qto ψ([W_0, W_{(0)}]) = 0. Pust~ z = x_1∂_1 + x_2∂_2, togda [z, b] = 0 dlØ l¸bogo b ∈ W_0. Imeem 0 = ψ([z, b]) = zλ_bω − bλ_zω. Napomnim, qto D ∘ ω = (div D)ω = tr (D)ω.

174 O. A. MUL˚R Znaqit, z ∘ ω = 2ω, 2λ_bω − λ_z tr (b)ω = 0, to est~ 2λ_b − λ_z tr (b) = 0. Sledovatel~no, λ_b = −λ_z tr (b). Ots¸da dim Z^1(W_{(0)}, ⟨ω⟩) ≤ 1.

Napomnim, qto B^1 (W_{(0)}, ⟨ω⟩) = {ad b, b ∈ ⟨ω⟩}. Sledovatel~no,

dim B^1(W_{(0)}, ⟨ω⟩) = 1. Pofftomu B^1(W_{(0)}, ⟨ω⟩) = Z^1(W_{(0)}, ⟨ω⟩), to

est~ H^1(W_{(0)}, ⟨ω⟩) = 0. Sledovatel~no, H^1(W (2 : m), Ω^2) = 0. �

Iz toqnoæ posledovatel~nosti kogomologiæ, sootvetstvu¸weæ toqnoæ posledovatel~nosti kofffficientov

0 → B^2 → Ω^2 → Ω^2/B^2 → 0,

gde B^2 = B^2(Ω), poluqaem H^1(W, B^2) ∼= H^0(W, Ω^2/B^2). Zametim, qto dim H^1(W, B^2) = 1, tak kak Ω^2/B^2 ∼= ⟨x^{(pm1 −1)}_1 x^{(pm2 −1)}_2 ω⟩.

Tak kak B^1 = {ad b : W → B^2, ad b(l) = [b, l]} i x^{(pm1 −1)}_1 x^{(pm2 −1)}_2 ω ∉

B^2, to D_1 = Ω^2. Takim obrazom, dokazana

Teorema 4. Der R^∼= R_0 + Ω^2, gde R_0 – p-zamykanie R_0 v Der R. �

3. Avtomorfizmy algebry R

Teorema 5. R_{(0)} – edinstvennaØ maksimal~naØ podalgebra koraz-

mernosti 3.

Dokazatel~stvo. Pust~ M – maksimal~naØ podalgebra koraz-

mernosti 3, M ≠ R_{(0)}. Rassmotrim inducirovannu¸ fil~traci¸ v M : M = M_{(−1)} ⊃ M_{(0)} ⊃ M_{(1)} . . . ⊃ M_{(i)} ⊃ . . . , gde M_{(i)} = M ∩R_{(i)}. AssociirovannaØ graduirovannaØ algebra gr M ØvlØetsØ odnorodnoæ podalgebroæ v R. Esli gr M = R_{(0)}, to M = R_{(0)}. Pofftomu budem rassmatrivat~ gr M vmesto M i, takim obrazom, sqitat~, qto M – odnorodnaØ podalgebra.

Vozmoßny tri sluqaØ.

1. M + R_{(0)} = R_{(0)} + ⟨a⟩, a = α_1∂_1 + α_2∂_2 + βω ∈ M . a) Pust~ α_1 ≠ 0, togda moßno sqitat~, qto a = ∂_1 + α_2∂_2 + βω.

Togda ∂_2, ω /∈ M . Tak kak [x_1∂_2, a] = −∂_2, to x_1∂_2 /∈ M . Tak kak

[x_1ω, a] = −ω + β∂_2, to x_1ω /∈ M . Poluqaem, qto codim M ≥ 4.

Analogiqno rassmatrivaetsØ sluqaæ α_2 ≠ 0.

b) Pust~ β ≠ 0. Togda a = α_1∂_1 + α_2∂_2 + ω ∂_1, ∂_2 /∈ M . Esli

α_1 = 0, to [x_1ω, a] = −α_1ω + ∂_2, znaqit, x_1ω /∈ M . Tak kak [x^{(2)}_1 ∂_1, a] = x_1ω, to x^{(2)}_1 ∂_1 /∈ M . Poluqaem codim M ≥ 4. Esli α_1 ≠ 0, to [x_1∂_2, a] = −α_1∂_2, [x^{(2)}_1 ∂_2, a] = −α_1x_1∂_2, sledovatel~no, x^{(2)}_1 ∂_2, x_1∂_2 /∈ M . Ots¸da codim M ≥ 4.

AVTOMORFIZMY I DIFFERENCIROVANI˚ 175 2. M + R_{(0)} = R_{(0)} + ⟨a, b⟩, a = α_{11}∂_1 + α_{12}∂_2 + β_1ω, b = α_{21}∂_1 +

α_{22}∂_2 + β_2ω.

a) Pust~ |_{α11 α12} α_{21} α_{22} | ≠ 0. Togda moßno sqitat~ a = ∂_1 + β_1ω ∈ M , b = ∂_2 + β_2ω ∈ M . Sledovatel~no, ω /∈ M .

Predpoloßim, β_1 = 0, togda [x_1ω, a] = −ω, znaqit, x_1ω /∈ M .

[x^{(2)}_1 ω, a] = −x_1ω, znaqit, x^{(2)}_1 ω /∈ M . Esli β_2 = 0, to [x_2ω, b] = −ω,

sledovatel~no, x_2ω /∈ M . Poluqaem codim M ≥ 4. Esli β_2 ≠ 0, to

[x_1∂_1, b] = β_2ω. Ots¸da x_1∂_1 /∈ M . Znaqit, codim M ≥ 4.

Predpoloßim, β_1 ≠ 0. Togda [x_2∂_2, a] = β_1ω. Znaqit, x_2∂_2 /∈ M . Iz togo, qto [x_1x_2∂_2, a] = x_2∂_2 + β_1 x_1ω, imeem: x_1x_2∂_2 /∈ M . Esli

β_2 = 0, to x_2ω /∈ M , tak kak [x_2ω, b] = −ω. Poluqaem codim M ≥ 4.

Esli β_2 ≠ 0, to [x_1∂_1, b] = β_2ω. Ots¸da x_1∂_1 /∈ M . OpØt~ poluqaem

codim M ≥ 4.

b) Pust~ teper~ | |^{α11 β1}

α_{21} β_2 | | ≠ 0. Togda moßno sqitat~ a = ∂1 + α_{12}∂_2 ∈ M , b = ω + α_{22}∂_2 ∈ M . Sledovatel~no, ∂_2 /∈ M . Tak kak [x_1ω, b] = ∂_2, to x_1ω /∈ M . Tak kak [x^{(2)}_1 ω, a] = x_1ω, to x^{(2)}_1 ω /∈ M .

Tak kak [x_1∂_2, a] = −∂_2, to x_1∂_2 /∈ M . Sledovatel~no, codim M ≥ 4.

Sluqaæ | |^{α12 β1}

α_{22} β_2 | | ≠ 0 rassmatrivaetsØ analogiqno.

3. M + R_{(0)} = R. Togda R_{−1} = M_{−1}. Pust~ R_s – posledniæ qlen graduirovki algebry R, s = p^{m1} + p^{m2} − 3.

a) Esli R_s ⊂ M , to R_s = M_s. Togda dlØ m = max(m_1, m_2) R = p^m −1∑

t=0 (ad R_{−1})^tR_s ⊂ M,

to est~ M = R, protivoreqie.

b) Esli R_s ⊄ M , to, uqityvaØ, qto dim R_s = 2, imeem: libo

dim M_s = 1, libo M_s = 0.

Pust~ dim M_s = 1. Togda M_0 ⊂ st_{R0} M_s, gde st_{R0} M_s – stabilizator M_s v R_0. Pofftomu M_0 ≠ R_0. Tak kak codim M = 3, to opØt~ poluqaem dva sluqaØ: codim M_0 = 2 i codim M_0 = 1 v

R_0. Esli codim M_0 = 2, to R_1 = M_1. Imeem: M_0 = [M_{−1}, M_1] = [R_{−1}, R_1] = R_0. Poluqaem protivoreqie. Esli codim M_0 = 1,

to suwestvuet k, takoe, qto R_k ≠ M_k, a R_{k+1} = M_{k+1}. Togda

M_k = [M_{−1}, M_{k+1}] = [R_{−1}, R_{k+1}] = R_k. Protivoreqie.

Pust~ teper~ M_s = 0. Rassmotrim takoe k, qto R_k ≠ M_k. Esli 0 ≤ k ≤ s − 2, gde s = p^{m1} + p^{m2} − 3, to R_{k+1} = M_{k+1}

176 O. A. MUL˚R i M_k = [M_{−1}, M_{k+1}] = [R_{−1}, R_{k+1}] = R_k. Poluqaem protivoreqie. Esli k = p^{m1} + p^{m2} − 4, to codim M_{s−1} = 1 v R_{s−1}. Tak kak

M_s = 0, to [M_1, M_{s−1}] = 0. Tak kak M_{s−1} ⊂ R_{s−1}, a M_1 = R_1, to M_{s−1} ⊂ Ann_{Rs}�_1 R_1. UqityvaØ, qto codim M_{s−1} = 1 v R_{s−1}, polu-

qaem: codim Ann_{Rs}�_1 R_1 = 1. Rassmotrim R_{s−1} = ⟨x^{(pm1 −2)} 1 x^{(pm2 −1)} 2 ∂_i, x^{(pm1 −2)} 1 x^{(pm2 −1)} 2 ω, x^{(pm1 −1)} 1 x^{(pm2 −2)} 2 ∂_i, x^{(pm1 −1)} 1 x^{(pm2 −2)} 2 ω, i = 1, 2⟩ i R_1 = ⟨x^{(2)}_1 ∂_i, x^{(2)}_1 ω, x^{(2)}_2 ∂_i, x^{(2)}_2 ω, x_1x_2∂_i, x_1x_2ω, i = 1, 2⟩.

Tak kak [x^{(pm1 −2)} 1 x^{(pm1 −1)}

2 ∂_2, x_1x_2∂_2] =

=(p^{m1} − 1)(1 − (p^{m2} − 1))x^{(pm1 −1)}_1 x^{(pm2 −1)}_2 ∂_2, [x^{(pm1 −1)} 1 x^{(pm2 −2)}

2 ∂_1, x_1x_2∂_1] =

=(p^{m2} − 1)(1 − (p^{m2} − 1))x^{(pm1 −1)}_1 x^{(pm2 −1)}_2 ∂_1,

to x^{(pm1 −2)}

1 x^{(pm1 −1)}

2 ∂_2, x^{(pm1 −1)}

1 x^{(pm2 −2)}

2 ∂_1 /∈ Ann_{Rs}�_1 R_1. Ots¸da

sleduet, qto codim Ann_{Rs}�_1 R_1 ≥ 2. Protivoreqie.

Takim obrazom, edinstvennoæ maksimal~noæ podalgebroæ korazmernosti 3 ØvlØetsØ R_{(0)}. �

Sledstvie 1. Podalgebra R_{(0)} invariantna otnositel~no avto-

morfizmov algebry R. � Opredelim fil~traci¸ v Aut R : Aut R = Aut_{(0)}R ⊃ Aut_{(1)}R ⊃

. . . , gde Aut_{(i)}R = {φ ∈ Aut R|(φ − id) : R_{(j)} → R_{(i+j)}}.

Lemma 3. Pust~ φ ∈ Aut R, U1 = ⟨ω⟩, U2 = ⟨∂1, ∂2⟩, V1 = ⟨x1ω, x2ω⟩,

V_2 = ⟨x_i∂_j, 1 ≤ i, j ≤ 2⟩. Togda:

(1) φ(V_1) ⊂ V_1 + R_{(1)}; (2) φ(V_2) ⊂ V_2 + R_{(1)}; (3) φ(U_2) ⊂ U_2 + R_{(0)}; (4) φ(U_1) ⊂ U_1 + R_{(0)}.

Dokazatel~stvo. Tak kak fil~traciØ algebry R odnoznaqno

vosstanavlivaetsØ po podalgebre R_{(0)}, to iz invariantnosti R_{(0)}

AVTOMORFIZMY I DIFFERENCIROVANI˚ 177 sleduet invariantnost~ fil~tracii otnositel~no avtomorfizmov. Pofftomu kaßdomu φ ∈ Aut R sootvetstvuet avtomorfizm

φ ∈ Aut R, dlØ kotorogo φ(R_i) = R_i pri vseh i.

Podalgebra R_0 = ⟨x_i∂_j , x_1ω, x_2ω, 1 ≤ i, j ≤ 2⟩ imeet radikal Rad (R_0) = ⟨x_1∂_1 + x_2∂_2, x_1ω, x_2ω⟩. Tak kak φ – avtomorfizm, to φ(Rad (R_0)) = Rad (R_0). Netrudno videt~, qto V_1 = {l ∈

Rad (R_0)|l^p = 0}. Ots¸da φ(V_1) = V_1, to est~ φ(V_1) ⊂ V_1 + R_{(1)}.

Utverßdenie (1) dokazano.

Tak kak V_2 = N (V_1), gde N (V_1) – normalizator V_1 v R_0, to (2) sleduet iz (1).

Dokaßem (3). Zametim, qto U_2 – edinstvennyæ neprivodimyæ

V_2-podmodul~ v R_{−1}. Tak kak φ(U_2) – dvumernyæ neprivodimyæ

podmodul~ otnositel~no φ(V_2) = V_2, to φ(U_2) = U_2.

Utverßdenie (4) dokazyvaetsØ analogiqno. �

Tak kak fil~traciØ v R invariantna otnositel~no avtomorfizmov, to Aut_{(1)}R sostoit iz vseh avtomorfizmov, deæstvu¸wih trivial~no na associirovannoæ graduirovannoæ algebre.

Pust~ Aut_0R – podgruppa odnorodnyh avtomorfizmov. Pokaßem, qto Aut_0R ⊂ Aut_0R. Prostranstva R_{0,i} = R_0 ∩ R_i moßno opredelit~ induktivno: v oboznaqeniØh lemmy 3 R_{0,−1} = U_2,

R_{0,0} = V_2, R_{0,i} = {l ∈ R_i|[U_2, l] ⊂ R_{0,i−1}}, i ≥ 0. Pust~ φ ∈ Aut_0R. Po lemme 3, φ(U_2 ) ⊂ U_2. Tak kak φ(R_i) = R_i, to

φ(R_{0,i}) = R_{0,i}. Takim obrazom, φ(R_0) = R_0, to est~ φ ∈ Aut_0R. Iz

toqnoæ posledovatel~nosti

1 −→ Aut_{(1)}R −→ Aut R^f−→ Aut_0R −→ 1,

gde ψ^f→ gr ψ dlØ ψ ∈ Aut R, poluqaem, qto dlØ opisaniØ Aut R ostaetsØ rassmotret~ avtomorfizmy φ ∈ Aut_{(1)}R. Takoæ avtomorfizm moßno zapisat~ v vide:

φ = 1 + D + φ_{k+1} + · · · , D ∈ D_k, · · · , φ_{k+1} : R_j → R_{j+k+h},

gde D = Der R.

Predloßenie 2. Aut R^∼= Aut^~R.

Dokazatel~stvo. Tak kak [^~R,^~R] = R, to avtomorfizmy algebry

~R induciru¸t avtomorfizmy algebry R. Pust~ g – gomomorfizm

178 O. A. MUL˚R ograniqeniØ g : Aut ~R → Aut R, g(φ) = φ|_R. Pokaßem, qto g s¸r¨ektivno. Rassmotrim ψ ∈ Aut R. Togda ⊂ D), to ψ prodolßaetsØ do avtomorfizma ~ψ algebry D. Zametim, qto ~R = R + N_D(R_{(0)}), gde N_D(R_{(0)}) – normalizator podalgebry

R_{(0)} v D. Iz sledstviØ 1 poluqaem, qto ~ψ( ~R) = ~R.

Pust~ teper~ ψ ∈ Aut ~R, ψ|_R = id. Pokaßem, qto ψ = id. Oboznaqim x^{(pm1 −1)}

1 x^{(pm2 −1)}

2 ω qerez A, a ψ(A) – qerez B. Tak kak

[∂_i, A] ∈ R, to [∂_i, B] = ψ([∂_i, A]) = [∂_i, A] i [∂_i, A − B] = 0. Zna-

qit, A − B ∈ R_{−1}.

Pust~ l_0 ∈ R_0. Tak kak [ ~R, ~R] = R, to [l_0, A] ∈ R. Imeem

[l_0, B] = [ψ(l_0), ψ(A)] = ψ[l_0, A] = [l_0, A]. Ots¸da [l_0, A − B] = 0.

Sledovatel~no, A = B i ψ = id. �

Pust~ G = Aut R, Lie G – algebra Li G, i pust~ Lie G = L_0 ⊕ L_1 – inducirovannaØ Z_2−graduirovka.

Teorema 6. L_0^∼= Lie Aut W (2 : m), L_1^∼= m^{(2)}Ω^2_{−1/2}, gde m – maksi-

mal~nyæ ideal O(2 : m).

Dokazatel~stvo fftoæ teoremy osnovyvaetsØ na rØde lemm.

Lemma 4. Pust~ Rk =^{∑k−1}_{i=1} [Ri, Rk−i], k > 1. Togda

1. Esli k ≠ p^t − 1, to R_k = R_k.

2. Esli k = p^t − 1, to R_k/R_k ∼= ⟨x^{(pt)}_j ∂_i, x^{(pt)}_j ω, 1 ≤ i, j ≤ 2⟩.

Dokazatel~stvo. Oqevidno, ⟨x^{(pt)}_j ∂i, x^{(pt)}_j ω, 1 ≤ i, j ≤ 2⟩ ⊆ Rk/Rk.

Dokaßem obratnoe vkl¸qenie.

Pust~ F = x^{(α1)}_1 x^{(α2)}_2 ω ∈ R_k, α_1 + α_2 − 1 = k. (Sluqaæ D =

x^{(α1)}_1 x^{(α2)}_2 ∂_i ∈ R_k, i = 1, 2 rassmotren v [9, glava III, §3, predlo-

ßenie 1].) Togda F = [x^{(α2)}_2 ∂_1, x^{(α1+1)}_1 ω] ∈ R_k, krome treh sluqaev: a) α_2 ≤ 1, b) α_1 = p^{s+1} − 1, v) α_1 = 0. Rassmotrim ffti sluqai otdel~no.

a) Imeem [x^{(α)}_1 x^{(α2)}_2 ∂_1, x^{(k+2−α2−α)}

1 ω] = γ_1ω, gde γ_1 = (_{k+1−α2} α ) + (_{k+1−α2} α−1 ) , α = 2 − α_2, . . . , k − α_2. Kofffficient γ_1 = 0 dlØ l¸bogo

α lix~ pri k + 1 − α_2 = p^t. ZnaqeniØ α_2 = 0 i k = p^t − 1, sootvetstvu¸t utverßdeni¸ (2) lemmy. Esli α_2 = 1, to F ∈ R_k, poskol~ku F = [x^{(k)}_1 ∂_2, x^{(2)}_2 ω] ∈ R_k.

AVTOMORFIZMY I DIFFERENCIROVANI˚ 179 b) Esli α_2 ≢ 2(mod 3), to

[x_1x^{(α2)}_2 ∂_2, x^{(ps+1−2)}

1 x_2ω] = = (( p^{s+1} − 1 1 ) + ( p^{s+1} − 1 1 ) ( α_2 1 )) x^{(ps+1 −1)} 1 x^{(α2)}_2 ω =

= (p^{s+1} − 1)(α_2 + 1)x^{(ps+1−1)}_1 x^{(α2)}_2 ω ≠ 0.

Esli α_2 ≡ 2(mod 3), to

[x_1x^{(α2−1)}

2 ∂_2, x^{(ps+1−2)}

1 x^{(2)}_2 ω] = = (( p^{s+1} − 1 1 ) ( α_2 1 ) + ( p^{s+1} − 1 1 ) ( α_2 2 )) x^{(ps+1−1)} 1 x^{(α2)}_2 ω =

= (p^{s+1} − 1)(α_2 + α_2(1 − α_2))x^{(ps+1−1)}_1 x^{(α2)}_2 ω ≠ 0.

Takim obrazom, F = x^{(ps+1−1)}_1 x^{(α2)}_2 ω ∈ R_k.

v) Tak kak ( α_2 α ) F = [x^{(α)}_2 ∂_1, x^{(α2−α)}_2 x_1ω] ∈ R_k, 2 ≤ α ≤ k + 1,

a kofffficient ( α_2 α ) = 0 dlØ l¸bogo α lix~ pri F = x^{(k+1)}_2 ω,

k + 1 = p^t, to my prihodim k utverßdeni¸ (2) lemmy. �

Lemma 5. Pust~ (ad ls)^p|R_{�1} = 0, gde ls ∈ Rs, s ≥ 0. Togda (ad ls)^p = 0. Dokazatel~stvo. Predpoloßim, (ad ls)^p(Ri) = 0. Dokaßem, qto

(ad l_s)^p(R_{i+1}) = 0.

Zametim, qto R_i ⊂ Hom(R_{−1}, R_{i−1}). Esli l_i ∈ R_i, to l_i(l_{−1}) =

[l_i, l_{−1}] ∈ R_{i−1}. (Tak kak R tranzitivna, to esli l_i(l_{−1}) = 0 dlØ

l¸bogo l_{−1} ∈ R_{−1}, to l_i = 0.) Imeem:

(ad l_s)^p(l_{i+1} ) ∈ R_{i+1+ps},

[(ad l_s)^p(l_{i+1}), l_{−1}] = (ad l_s)^p([l_{i+1}, l_{−1}]) − [l_{i+1}, (ad l_s)^p(l_{−1})].

Pervoe slagaemoe ravno nul¸ po predpoloßeni¸, a vtoroe – po uslovi¸. Itak, (ad l_s)^p(R_{i+1}) = 0, to est~ (ad l_s)^p = 0. �

180 O. A. MUL˚R

Lemma 6. (x^{(α)}_i ω)^3 = 0 dlØ α ≥ 1, i = 1, 2.

Dokazatel~stvo. Dostatoqno pokazat~, qto (ad x^{(α)}_1 ω)^3(R−1) = 0.

Imeem

ad x^{(α)}_1 ω(∂_1) = [x^{(α)}_1 ω, ∂_1] = −x^{(α−1)}_1 ω,

[x^{(α)}_1 ω, [x^{(α)}_1 ω, ∂_1]] = ( − ( c2α − 2 α ) + ( 2α − 2 α − 1 )) x^{(2α−2)} 1 ∂_2,

(ad x^{(α)}_1 ω)^3(∂_1) = [x^{(α)}_1 ω, [x^{(α)}_1 ω, [x^{(α)}_1 ω, ∂_1]]] = 0.

Analogiqno proverØetsØ, qto (ad x^{(α)}_1 ω)^3 (∂_2) = 0 i (ad x^{(α)}_1 ω)^3(ω) = 0. Itak, (x^{(α)}_1 ω)^p = 0. Analogiqno, (x^{(α)}_2 ω)^p = 0. �

Lemma 7. x^{(2)}_i ω ∈ Lie G dlØ i = 1, 2.

Dokazatel~stvo. Po lemme 6, (ad x^{(2)}_1 ω)^3 = 0. Pust~ φs =

exp(s ad (x^{(2)}_1 ω)), s ∈ K. Togda φ_s(∂_1) = ∂_1 − sx_1ω + s^2x^{(2)}_1 ∂_2, φ_s(∂_2) = ∂_2.

Zametim, qto [φ_s(∂_1), φ_s(∂_2)] = 0, (φ_s(∂_2))^{pm2} = (∂_2)^{pm2} = 0. Pokaßem, qto (φ_s(∂_1))^{pm1} = 0.

Po lemme 6, (x^{(pt−1)}_1 ω)^3 = 0. Netrudno ubedit~sØ, qto (x^{(2)}_1 ∂_2)^3 = 0. Teper~, pol~zuØs~ formuloæ Dßekobsona [11], poluqaem:

(φ_s(∂_1))^3 = (∂_1 − sx_1ω + s^2 x^{(2)}_1 ∂_2)^3 =

= (∂_1 + s^2x^{(2)}_1 ∂_2)^3 + [[∂_1 + s^2x^{(2)}_1 ∂_2, sx_1ω], sx_1ω]+

+[[∂_1 + s^2x^{(2)}_1 ∂_2, sx_1ω], ∂_1 + s^2x^{(2)}_1 ∂_2] = ∂^3_1 + s^2∂_2 − s^2∂_2 = ∂^3_1 .

Itak, (φ_s(∂_1))^p = ∂^p_1 , (φ_s(∂_1))^{p2} = ∂^{p2}_1 , . . . , (φ_s(∂_1))^{pm1} = ∂^{pm1}_1 = 0. Po teoreme 3, suwestvuet avtomorfizm Φ ∈ Aut ~R, kotoryæ sovpadaet s exp s ad (x^{(2)}_1 ω) na podprostranstve ⟨∂_1, ∂_2⟩. Ots¸da sleduet, qto Φ ∈ Aut_{(1)} ~R imeet vid 1 + s ad (x^{(2)}_1 ω) + . . . , s ∈ K. Sledovatel~no, x^{(2)}_1 ω ∈ Lie G.

Analogiqno, x^{(2)}_2 ω ∈ Lie G. �

AVTOMORFIZMY I DIFFERENCIROVANI˚ 181

Lemma 8. x^{(pt)}_i ω ∈ Lie G dlØ 0 < t < mi, i = 1, 2.

Dokazatel~stvo. Po lemme 6, x^{(pt)}_1 ω – nil~potent. Rassmotrim

φ = exp(ad (x^{(pt)}_1 ω)). Imeem

φ(∂_2) = ∂_2, φ(∂_1) = ∂_1 − x^{(pt−1)}_1 ω + [x^{(pt)}_1 ω, x^{(pt−1)}_1 ω];

[x^{(pt)}_1 ω, x^{(pt−1)}_1 ω] = (( 2p^t − 2 p^t − 1 ) − ( 2p^t − 2 p^t )) x^{(2pt−2)} 1 ∂_2.

Tak kak p = 3, to 2p^t − 2 = p^t + 2p^{t−1} + · · · + 2p + 1, p^t − 1 =

2p^{t−1} + 2p^{t−2} + · · · + 2p + 2. Znaqit, ( 2p^t − 2 p^t − 1 ) = ( 1 0 ) ( 2 2 ) ( 2 2 ) · · · ( 2 2 ) ( 1 2 ) = 0.

Analogiqno poluqaem, qto ( 2p^t − 2 p^t ) = 1. Znaqit, φ(∂_1) = ∂_1 − x^{(pt−1)} 1 ω − x^{(2pt−2)} 1 ∂_2.

Zametim, qto [φ(∂_1), φ(∂_2)] = 0, (φ(∂_2))^{pm2} = (∂_2)^{pm2} = 0. Pokaßem, qto (φ(∂_1))^{pm1} = 0. Po lemme 6, (x^{(pt−1)}_1 ω)^3 = 0. Netrudno ubedit~sØ, qto (x^{(2pt−2)}_1 ∂_2)^3 = 0. Teper~, snova primenØØ formulu Dßekobsona, poluqaem:

φ(∂_1)^p = (∂_1 − x^{(2pt−2)}_1 ∂_2 − x^{(pt−1)}_1 ω)^p =

= (∂_1 − x^{(2pt−2)}

1 ∂_2)^p + [[∂_1 − x^{(2pt−2)}_1 ∂_2, x^{(pt−1)}_1 ω], x^{(pt−1)}_1 ω]+

+[[∂_1 − x^{(2pt−2)}

1 , x^{(pt−1)}_1 ω], ∂_1 − x^{(2pt−2)}_1 ∂_2] = ∂^p_1 + x^{(2pt−4)}_1 ∂_2− − (( 2p^t − p − 1 p^t − 2 ) − ( 2p^t − p − 1 p^t − 1 )) x^{(2pt−p−1)} 1 ∂_2 − x^{(pt−p)}_1 ω.

Ispol~zuØ p-adiqeskoe razloßenie, poluqaem:

φ(∂_1)^p = ∂^p_1 + x^{(2pt−p−1)}

1 ∂_2 − x^{(pt−p)}_1 ω, esli t ≠ 1.

Esli t = 1, to

φ(∂_1)^p = ∂^p_1 + x^{(2)}_1 ∂_2 − x^{(2)}_1 ∂_2 ( 2 1 ) − ( 2 2 ) − ω = ∂^p_1 − ω.

182 O. A. MUL˚R Sledovatel~no, φ(∂_1)^{p2} = ∂^{p2}_1 . Ots¸da poluqaem, qto pri t = 1

φ(∂_1)^{pm1} = ∂^{pm1}_1 = 0.

Predpoloßim teper~, qto pri k > t vypolnØetsØ φ(∂_1)^{pk} = ∂^{pk}_1 + x^{(2pt−pk−1)} 1 ∂_2 − x^{(pt−pk )}_1 ω. Pokaßem, qto φ(∂_1)^{pk+1} = ∂^{pk+1}_1 + x^{(2pt−pk+1 −1)} 1 ∂_2 − x^{(pt−pk+1 )} 1 ω pri k + 1 > t i φ(∂_1)^{pk+1} = ∂^{pk+1}_1 − ω pri k + 1 = t.

Po lemme 6, (x^{(pt−pk)}_1 ω)^3 = 0. Legko pokazat~, qto (x^{(2pt−pk−1)} 1 ∂_2)^3 = 0.

Imeem

φ(∂_1)^{pk+1} = (∂^{pk}_1 + x^{(2pt−pk−1)}

1 ∂_2 − x^{(pt−pk )}_1 ω)^p = = (∂^{pk}_1 + x^{(2pt−pk−1)} 1 ∂_2)^p + [[∂^{pk}_1 + x^{(2pt−pk−1)} 1 ∂_2, x^{(pt−pk )}_1 ω], x^{(pt−pk)}_1 ω]+ +[[∂^{pk}_1 + x^{(2pt−pk −1)} 1 ∂_2, x^{(pt−pk)}_1 ω], ∂^{pk}_1 + x^{(2pt−pk−1)}_1 ∂_2] = = ∂^{pk+1}_1 + x^{(2pt−pk−1−2pk)} 1 ∂_2 + (( 2p^t − p^{k+1} − 1 p^t − p^k ) −

− ( 2p^t − p^{k+1} − 1

p^t − p^k − 1 )) x^{(2pt−pk+1 −1)} 1 ∂_2 − x^{(pt−pk+1 )} 1 ω. Ispol~zuØ p-adiqeskoe razloßenie, poluqaem:

φ(∂_1)^{pk+1} = ∂^{pk+1}_1 +x^{(2pt−pk+1 −1)}

1 ∂_2 −x^{(pt−pk)}_1 ω, esli k +1 ≠ t. Esli k + 1 = t, to φ(∂_1)^{pt} = ∂^{pt}_1 − ω. Takim obrazom, vozvodØ φ(∂_1) v p^t

stepen~, poluqaem:

(φ(∂_1))^{pt} = ∂^{pt}_1 − ω, t ≤ m_1 − 1, (φ(∂_1))^{pt+1} = ∂^{pt+1}_1 . Znaqit, (φ(∂_1))^{pm1} = ∂^{pm1}_1 = 0.

Analogiqno dokazyvaetsØ, qto te ße sootnoxeniØ vypolnØ¸tsØ i dlØ φ_s = exp(s ad (x^{(pt)}_1 ω)), s ∈ K.

UsloviØ teoremy 3 vypolneny. Znaqit, suwestvuet avtomorfizm Φ ∈ Aut ~R, kotoryæ sovpadaet s φ_s = exp(s ad (x^{(pt)}_1 ω)) na podprostranstve ⟨∂_1, ∂_2⟩. Znaqit, Φ ∈ Aut_{(1)} ~R imeet vid

1 + sad (x^{(pt)}_1 ω) + · · · , s ∈ K. Sledovatel~no, x^{(pt)}_1 ω ∈ Lie G.

Analogiqno, x^{(pt)}_2 ω ∈ Lie G, t > 0. �

AVTOMORFIZMY I DIFFERENCIROVANI˚ 183

Lemma 9. x^{(pm1 −1)}_1 x^{(pm2 −1)}_2 ω ∈ Lie G.

Dokazatel~stvo. Oboznaqim x^{(δ)} = x^{(pm1 −1)}_1 x^{(pm2 −1)}_2 . Proverim,

qto (x^{(δ)}ω)^p = 0.

Po lemme 5 dostatoqno pokazat~, qto (x^{(δ)}ω)^p|_R�_1 = 0. Deæstvitel~no, [x^{(δ)}ω, ω] = −x^{(pm1 −1)}_1 x^{(pm2 −2)}_2 ∂_1 + x^{(pm1 −2)}_1 x^{(pm2 −1)}_2 ∂_2,

[x^{(δ)}ω, [x^{(δ)}ω, ω]] = 0. Analogiqno proverØetsØ, qto (ad x^{(δ)}ω)^p(∂_1) = 0 i (ad x^{(δ)}ω)^p(∂_2) = 0.

Pust~ φ_s = exp(s ad (x^{(δ)}ω)). Togda φ_s(∂_1) = ∂_1−sx^{(pm1−2)}_1 x^{(pm2 −1)}_2 ω,

φ_s(∂_2) = ∂_2 − sx^{(pm1 −1)}_1 x^{(pm2 −2)}_2 ω. Ots¸da sleduet, qto [φ_s(∂_1), φ_s(∂_2)] = −sx^{(pm1 −2)}_1 x^{(pm2 −1)}_2 ω + sx^{(pm1 −2)}_1 x^{(pm2 −1)}_2 ω = 0.

Pokaßem, qto φ_s(∂_1)^{pm1} = 0. Snaqala proverim, qto

(x^{(α)}_1 x^{(pm2 −1)}

2 ω)^p = 0, 0 ≤ α < p^{m1} .

DlØ fftogo dostatoqno pokazat~, qto

(x^{(α)}_1 x^{(pm2 −1)}

2 ω)^p|_R�_1 = 0.

V samom dele,

[x^{(α)}_1 x^{(pm2 −1)}

2 ω, ∂_1] = −x^{(α−1)}_1 x^{(pm2 −1)}_2 ω, [x^{(α)}_1 x^{(pm2 −1)}

2 ω, [x^{(α)}_1 x^{(pm2 −1)}

2 ω, ∂_1]] = −(x^{(α)}_1 x^{(pm2 −1)}_2 · x^{(α−1)}_1 x^{(pm2 −2)}_2 − −x^{(α−1)} 1 x^{(pm2 −1)}

2 · x^{(α)}_1 x^{(pm2 −2)}

2 )∂_1 + (x^{(α)}_1 x^{(pm2 −1)}_2 · x^{(α−2)}_1 x^{(pm2 −1)}_2 − −x^{(α−1)} 1 x^{(pm2 −1)}

2 · x^{(α−1)}_1 x^{(pm2 −1)}_2 )∂_2 = 0.

Teper~ rassmotrim (ad x^{(α)}_1 x^{(pm2 −1)}_2 ω)^p(∂_2). Imeem

[x^{(α)}_1 x^{(pm2 −1)}

2 ω, ∂_2] = −x^{(α)}_1 x^{(pm2 −2)}_2 ω, [x^{(α)}_1 x^{(pm2 −1)}

2 ω, [x^{(α)}_1 x^{(pm2 −1)}

2 ω, ∂_2]] = −(x^{(α)}_1 x^{(pm2 −1)}_2 · x^{(α)}_1 x^{(pm2 −3)}_2 − −x^{(α)}_1 x^{(pm2 −2)}

2 · x^{(α)}_1 x^{(pm2 −2)}

2 )∂_1 + (x^{(α)}_1 x^{(pm2 −1)}_2 · x^{(α−1)}_1 x^{(pm2 −2)}_2 − −x^{(α)}_1 x^{(pm2 −2)}

2 · x^{(α−1)}_1 x^{(pm2 −1)}_2 )∂_2 = 0,

184 O. A. MUL˚R esli m_2 ≠ 1. Esli m_2 = 1, to

[x^{(α)}_1 x^{(2)}_2 ω, [x^{(α)}_1 x^{(2)}_2 ω, [x^{(α)}_1 x^{(2)}_2 ω, ∂_2]]] =

= [x^{(α)}_1 x^{(2)}_2 ω, (( 2α α ) 2x^{(2α)}_1 x^{(2)}_2 − ( 2α α ) x^{(2α)}_1 x^{(2)}_2 ) ∂_1] =

= [x^{(α)}_1 x^{(2)}_2 ω, ( 2α α ) x^{(2α)}_1 x^{(2)}_2 ∂_1] = 0.

Analogiqno proverØem, qto (ad x^{(α)}_1 x^{(pm2 −1)}_2 ω)^p(ω) = 0. Deæstvitel~no,

[x^{(α)}_1 x^{(pm2 −1)}

2 ω, ω] = −x^{(α)}_1 x^{(pm2 −2)}_2 ∂_1 + x^{(α−1)}_1 x^{(pm2 −1)}_2 ∂_2,

[x^{(α)}_1 x^{(pm2 −1)}

2 ω, [x^{(α)}_1 x^{(pm2 −1)}

2 ω, ω]] = 0.

Takim obrazom, (x^{(α)}_1 x^{(pm2 −1)}_2 ω)^p = 0, 0 ≤ α < p^{m1} . Ots¸da poluqaem, qto

φ_s(∂_1)^p = ∂^p_1 − sx^{pm1 −4}_1 x^{pm2 −1}_2 ω,

φ_s(∂_1)^{p2} = (∂^p_1 − sx^{pm1 −4}_1 x^{pm2 −1}_2 ω)^p = ∂^{p2}_1 − sx^{pm1 −p2 −1}_1 x^{pm2 −1}_2 ω.

Predpoloßim, qto φ_s(∂_1)^{pt} = ∂^{pt}_1 −sx^{pm1 −pt−1}_1 x^{pm2 −1}_2 ω. Pokaßem, qto φ_s(∂_1)^{pt+1} = ∂^{pt+1}_1 − sx^{pm1 −pt+1−1}

1 x^{pm2 −1}_2 ω.

Deæstvitel~no,

φ_s(∂_1)^{pt+1} = (∂^{pt}_1 − sx^{(pm1 −pt−1)}

1 x^{(pm2 −1)}

2 ω)^p = = ∂^{pt+1}_1 + s[x^{(pm1 −pt−1−pt)} 1 x^{(pm2 −1)}

2 ω, ∂^{pt}_1 ] = = ∂^{pt+1}_1 − sx^{(pm1 −pt+1−1)} 1 x^{(pm2 −1)} 2 ω. Sledovatel~no, φ_s(∂_1)^{pm1} = ∂^{pm1}_1 = 0. Analogiqno, φ_s(∂_2)^{pm2} = 0. Po teoreme 3 suwestvuet avtomorfizm Φ ∈ Aut ~R, kotoryæ na podprostranstve ⟨∂_1, ∂_2⟩ sovpadaet s exp(s ad (x^{(pm1 −1)}_1 x^{(pm2 −1)}_2 ω)). Ots¸da sleduet, qto Φ ∈ Aut_{(1)} ~R imeet vid

1 + s ad (x^{(pm1 −1)}

1 x^{(pm2 −1)} 2 ω) + . . . , s ∈ K. Znaqit, x^{(pm1 −1)}

1 x^{(pm2 −1)}

2 ω ∈ Lie G. �

AVTOMORFIZMY I DIFFERENCIROVANI˚ 185

Dokazatel~stvo teoremy 6. Pokaßem, qto (ad ω)^3 = 0. Pust~

l = x^{(α1)}_1 x^{(α2)}_2 ω, 0 ≤ α_1 < p^{m1} , 0 ≤ α_2 < p^{m2} . Togda [ω, l] = x^{(α1)}_1 x^{(α2−1)}_2 ∂_1 − x^{(α1−1)}_1 x^{(α2)}_2 ∂_2, [ω, [ω, l] = [ω, x^{(α1)}_1 x^{(α2−1)}_2 ∂_1 − x^{(α1−1)} 1 x^{(α2)}_2 ∂_2] = −(x^{(α1−1)}_1 x^{(α2−1)}_2 − x^{(α1−1)}_1 x^{(α2−1)}_2 )ω = 0. Pust~

teper~ l = x^{(α1)}_1 x^{(α2)}_2 ∂_1, 0 ≤ α_1 < p^{m1} , 0 ≤ α_2 < p^{m2} . Togda

[ω, l] = −x^{(α1−1)}_1 x^{(α2)}_2 ω, [ω, [ω, l] = −x^{(α1−1)}_1 x^{(α2−1)}_2 ∂_1 + x^{(α1−2)}_1 x^{(α2)}_2 ∂_2, [ω, [ω, [ω, l] = (x^{(α1−2)}_1 x^{(α2−1)}_2 − x^{(α1−2)}_1 x^{(α2−1)}_2 )ω = 0. Analogiqno, [ω, [ω, [ω, x^{(α1)}_1 x^{(α2)}_2 ∂_2]]] = 0.

Rassmotrim minimal~noe vloßenie ([8]) R → W (3 : m_1, m_2, 1). DlØ D ∈ R_0 pri vloßenii R_0(= W (2 : m)) vypolnØetsØ:

D → ~D = f_1∂_1 + f_2∂_2 + f_3∂_3,

f_1, f_2 ∈ ⟨x^{(α1)}_1 x^{(α2)}_2 ⟩ + ⟨x^{(α1)}_1 x^{(α2)}_2 x^{(α3)}_3 , gde α_3 ≠ 0⟩, (4)

priqem proekciØ na pervoe slagaemoe nenulevaØ.

Tak kak podalgebra R_{(0)} invariantna otnositel~no gruppy avtomorfizmov, to l¸boæ avtomorfizm algebry R induciruetsØ avtomorfizmom algebry W (3 : m_1, m_2, 1) (sm. [8]). Avtomorfizmy W (3 : m_1, m_2, 1) izvestny (sm. [7]):

Avtomorfizm ψ algebry W (n : m_1, m_2, . . . , m_n) ψ(D) = φDφ^{−1} , gde φ ∈ Aut O(n : m_1, m_2, . . . , m_n), φ = 1 + D + . . . , D ∈ W_r suwestvuet togda i tol~ko togda, kogda v razloßenii po bazisu x^{(α)}∂_k D ne soderßit slagaemyh vida x^{ps}_j ∂_i, s > m_j − m_i (5) Pust~ ψ ∈ Aut W (3 : m_1, m_2, 1), ψ = 1+ad D+. . . i ψ(R) = R. Togda iz (4) poluqaem, qto suwestvuet avtomorfizm χ ∈ Aut W (2 :

m), takoæ, qto χ = 1 + ad D + . . . . Avtomorfizm χ prodolßaetsØ

do geometriqeskogo avtomorfizma algebry R. Esli D soderßit slagaemye vida (5), to takogo avtomorfizma algebry R net, tak kak net avtomorfizma algebry W (3 : m_1, m_2, 1). Takim obrazom, dlØ D ∈ R_{0,(0)} vypolnØetsØ:

D ∈ Lie G ⇐⇒ D ∈ Lie Aut W (2 : m).

186 O. A. MUL˚R

Rassmotrim teper~ a = x_1ω ∈ R_{1,0}. Predpoloßim, qto a ∈

Lie G. Tak kak po lemme 3 podprostranstvo ⟨∂_1, ∂_2⟩ + ~R_{(0)} inva-

riantno otnositel~no G, to ono dolßno byt~ invariantno otnositel~no Lie G. Odnako, [∂_1, x_1ω] = ω /∈ ⟨∂_1, ∂_2⟩ + ~R_{(0)}. Poluqennoe protivoreqie pokazyvaet, qto x_1ω /∈ Lie G. Analogiqno,

x_2ω /∈ Lie G.

Po lemme 7, x^{(2)}_1 ω, x^{(2)}_2 ω ∈ Lie G. Iz umnoßeniØ v R poluqaem, qto R_k ⊂ Lie G, k > 1, gde R_k = ∑_{k−1} i=1 [R_i, R_{k−i}]. Iz lemmy

8 sleduet, qto m^{(2)}B^2_{−1/2} ⊂ Lie G. Iz lemmy 9 poluqaem, qto

m^{(2)}Ω^2_{−1/2} ⊂ Lie G. Takim obrazom, L_1 ∼= m^{(2)}Ω^2_{−1/2}. �

Literatura

1. M. I. Kuznetsov, Melikyan Algebras as Lie Algebras of Type G2. — Communica-

tions in Algebra 19(4) (1991), 1281–1312.

2. A. I. Kostrikin, Parametriqeskoe semeæstvo prostyh algebr Li. — Izv.

AN SSSR. Ser. matem. 34 (1970), 744–756.

3. G. Brown, On the structure of some Lie algebras of Kuznetsov. — Michigan Math.

J. 39(7) (1992), 85–90.

4. ı. B. Ermolaev, Semeæstvo prostyh algebr Li nad polem harakteristiki 3. V kn.: 5 Vseso¸znyæ simpozium po teorii kolec, algebr i moduleæ. Tezisy (1982), 52–53.

5. M. I. Kuznecov, KlassifikaciØ prostyh graduirovannyh algebr Li s nepoluprostoæ komponentoæ L_0. — Matem. sb., 180(2) (1989), 147–158.

6. S. M. SkrØbin, Novye serii prostyh algebr Li. — Matem. sb. 183(8) (1992), 3–22.

7. R. L. Wilson, Classification of generalized Witt algebras over algebraically closed

fields. — Trans. Amer. Math. Soc. 153 (1971), 191–210.

8. M. I. Kuznecov, Useqennye inducirovannye moduli nad tranzitivnymi algebrami Li harakteristiki p. — Izv. AN SSSR. Ser. matem. 53 (1989), 557–589.

9. A. I. Kostrikin, I. R. Xafareviq, Graduirovannye algebry Li koneqnoæ harakteristiki. — Izv. AN SSSR. Ser. matem. 33 (1969), 251–322.

10. A. S. Dßumadil~daev, Deformacii algebr Li Wn(m). — Matem. sb.

180(2) (1989), 168–185.

11. N. Dßekobson, Algebry Li. Mir, M. (1964).

Muliar O. A. Automorphisms and derivations of exceptional simple Lie algebras of family R.

The automorphisms and derivations of simple Lie algebras of family R is described. The Lie algebra of the automorphism group is found.

Postupilo 24 noØbrØ 2003 g.

NNGU im. N. I. Lobaqevskogo