Zapiski nauqnyh seminarov POMI Tom 308, 2004 g.

S. P. Hffkalo

KALIBROVOQNO �KVIVALENTNYE DEFORMACII OBYKNOVENNYH LINE`NYH DIFFERENCIAL^NYH OPERATOROV S POSTO˚NNYMI KO�FFICIENTAMI

Rabota posvØwaetsØ P. V. Krauklisu v svØzi s ego semidesØtiletiem 1. Vvedenie. Kalibrovoqno ffkvivalentnye deformacii lineæ-

nyh differencial~nyh operatorov osnovany na spletaemosti ishodnogo i deformirovannogo differencial~nyh operatorov pri pomowi differencial~nyh operatorov, zavisØwih ot spektral~nyh parametrov [1–3]. Oni naxli primenenie k probleme Adamara, svØzannoæ s otyskaniem nefflementarnyh differencial~nyh operatorov, udovletvorØ¸wih principu G¸ægensa [4, 5]. (DlØ operatorov vysokih porØdkov stroitsØ “anzatc”s “kofffficientami”, ØvlØ¸wimisØ stepenØmi operatora kosogo prisoedinennogo deæstviØ [1–6]. BlagodarØ svoæstvu kalibrovoqnoæ ffkvivalentnosti ishodnogo i deformirovannogo operatorov, proishodit obryv rØda-“anzatca”.)

V rabotah [3, 6] naædeny nekotorye klassy differencial~- nyh operatorov, dlØ kotoryh imeet mesto kalibrovoqnaØ ffkvivalentnost~. Predstaviteli fftih klassov est~ deformacii differencial~nyh operatorov s postoØnnymi kofffficientami qlenam i men~xego porØdka s peremennymi kofffficientami.

V rabote [7] opisano semeæstvo obyknovennyh bispektral~nyh kommutativnyh differencial~nyh operatorov, ime¸wih sobstvennye “psi-funkcii”. Faktiqeski v fftoæ rabote rexen vopros o kalibrovoqnoæ ffkvivalentnosti takih operatorov.

V nastoØweæ rabote stroitsØ i izuqaetsØ sistema nelineænyh obyknovennyh differencial~nyh uravneniæ, rexeniØ kotoroæ

Rabota vypolnena pri podderßke Fonda sodeæstviØ oteqestvennoæ nauke i granta Rossiæskogo fonda fundamental~nyh issledovaniæ (RFFI, proekt No. 02-01-00721). 235

236 S. P. H�KALO pozvolØ¸t naæti kofffficieny kalibrovoqno ffkvivalentnyh deformaciæ obyknovennogo lineænogo differencial~nogo operatora s postoØnnymi kofffficientami. Takoæ podhod, povidimomu, pozvolit rexat~ zadaqi o deformaciØh lineænyh differencial~nyh operatorov v qasnyh proizvodnyh vysokih porØdkov. Tak, naprimer, primenenie analoga metoda Fur~e razdeleniØ peremennyh pozvolØet obobwit~ rezul~taty raboty na sluqaæ mnogih peremennyh. (Qastnye primery sm., naprimer, v [8].)

2. KalibrovoqnaØ ffkvivalentnost~ differencial~nyh operatorov. Pust~ A, B i C – proizvol~nye operatory. Operato-

rom kosogo prisoedinennogo deæstviØ [1, 5] nazyvaetsØ operator ad_{A,B} C, opredelØemyæ sledu¸wim rekurrentnym sootnoxeniem ad^0_{A,B} C = id ∘ C = C, ad^k_{A,B} C = ad^{k−1}_{A,B} (A ∘ C − C ∘ B), k ∈ N. Zdes~ id – toßdestvennyæ operator, a ∘ – znak kompozicii operatorov.

Opredelenie ([3]). Lineænye differencial~nye operatory L2

i L_1 nazyva¸tsØ M -kalibrovoqno ffkvivalentnymi pri pomowi funkcii f, esli naædutsØ natural~noe qislo M i nenulevaØ beskoneqno differenciruemaØ funkciØ f, takie, qto

ad^{M+1}_{L2,L1} f = 0. (1)

Primer. Pust~ d/dx – operator differencirovaniØ na R, togda

imeet mesto sledu¸waØ 1-kalibrovoqnaØ ffkvivalentnost~

ad^{1+1}_d2_{/dx}2_{−2/x}2_{, d}2_{/dx}2 x = 0.

Otmetim neskol~ko oqevidnyh svoæstv.

Svoæstvo 2.1. Pust~ a – proizvol~naØ postoØnnaØ, togda ad^k_{A,B} (a ∘ C) = a ∘ ad^k_{A,B} C. Svoæstvo 2.2. Esli operatory L2 i L1 kalibrovoqno ffkvivalent-

ny, to ih glavnye simvoly sovpada¸t.

KALIBROVOQNO �KVIVALENTNYE DEFORMACII 237

Svoæstvo 2.3. Esli L1 – zadannyæ lineænyæ differencial~nyæ

operator, a L_2 – ego kalibrovoqno ffkvivalentnaØ deformaciØ, to ravenstvo (1) ravnosil~no sisteme, soderßaweæ natural~nyæ parametr M , nelineænyh differencial~nyh uravneniæ na kofffficienty operatora L_2 i funkci¸ f.

Pervoe svoæstvo sleduet iz opredeleniØ kosogo prisoedinennogo deæstviØ. Vtoroe, – iz opredeleniØ kalibrovoqnoæ ffkvivalentnosti, na osnove ravenstva L_2 ∘ ad^M_{L2,L1} f = ad^M_{L2,L1} f ∘ L_2.

Tret~e svoæstvo poluqaetsØ po lineænosti operatora ad^{M+1}_{L2,L1} f .

Pust~ vs¸du x ∈ R i d = d dx – operator differencirovaniØ

na R. Rassmotrim lineænye differencial~nye operatory na R

s gladkimi (poqti vs¸du) kofffficientami, zavisØwimi ot neotricatel~nogo celogo parametra

R_n = N∑ k=0 φ^n_k ∘ d^k, n ∈ Z_+.

Zdes~ N ¿ 2 – porØdok operatora R_n; φ^n_k ≡ φ_k(n; x) – beskoneqno differenciruemaØ poqti vs¸du po argumentu x funkciØ, zavisØwaØ ot dvuh parametrov k, n ∈ Z_+.

Budem sqitat~, qto operatory R_n ØvlØ¸tsØ nefflementarnymi kalibrovoqno ffkvivalentnymi deformaciØmi operatora

R_0 = N∑ k=0 a_kd^k, a_k = φ^0_k,

s postoØnnymi kofffficientami a_k: ad^{M+1}_Rn_{,R0} f = 0, M = M (n). (2) Pri fftom nefflementarnost~ deformaciæ oznaqaet, qto ad^1_Rn_{,R0} f = R_n ∘ f − f ∘ R_0 ≠ 0.

�ti usloviØ vlekut ravenstva φ^n_N ≡ φ^{n−1}_N = a_N , n = 1; 2; , , , , (3)

238 S. P. H�KALO φ^n_{N−1} ≡ φ^{n−1}_{N−1} = a_{N−1}, n = 1; 2; , , , . (4)

Ravenstvo (3) est~ prØmoe sledstvie (2) (svoæstvo 2.2), a ravenstvo (4) poluqaetsØ iz togo, qto fflementarnymi preobrazovani- Ømi v differencial~nom operatore moßno izbavit~sØ ot slagaemogo, soderßawego d^{N−1} [sm., naprimer, 9].

Sledu¸waØ teorema daet dostatoqnye usloviØ vypolneniØ ravenstva (2). �ti usloviØ znaqitel~no prowe usloviØ M -kalibrovoqnoæ ffkvivalentnosti, qto v dal~neæxem pozvolØet napisat~ v Øvnom vide nekotoru¸ sistemu differencial~nyh uravneniæ, ravnosil~nu¸ usloviØm teoremy.

Teorema 1 ([10]). Pust~ dlØ l¸byh k = 1, 2, . . . , n operatory Rk i

R_{k−1} 1-kalibrovoqno ffkvivalentny pri pomowi funkcii f:

ad^{1+1}_Rk_{,R}k�_1 f = 0. (5)

Togda operatory R_n i R_0 n-kalibrovoqno ffkvivalentny pri pomowi funkcii f^n: ad^{n+1}_Rn_{,R0} f^n = 0.

Dokazatel~stvo. Ravenstva (5) vlekut sledu¸wee spleta¸wee

sootnoxenie ( ∂ ∂t − R_n ) ∘ T^n_t (f) = T^n_t (f) ∘ ( ∂ ∂t − R_0 ) na R× R so spektral~nym parametrom t ∈ R. Zdes~ spleta¸wiæ

operator T^n_t (f) zadaetsØ ravenstvom

T^n_t (f) = n∏ k=1 ( f + t ∘ ad_Rn�k_{+1 ,R}n�k f ) , s nezavisØwim ot t operatorom T^n_0 (f) = f^n.

Spleta¸wee sootnoxenie vleqet vypolnenie ravenstva

ad^{n+1}_Rn_{,R0} T^n_0 (f) = 0,

qto i utverßdalos~. �

KALIBROVOQNO �KVIVALENTNYE DEFORMACII 239

3. AD^n-matrica operatora Rn. Nas budet interesovat~ vopros

ob algebraiqeskih usloviØh na funkcii φ^n_k , k = 0; 1; . . . ; N , i f, dlØ kotoryh imeet mesto ravenstvo (5).

SvØßem s operatorom R_n klass kvadratnyh (N + 1)-matric sledu¸wego vida

AD^n(f) = r^n_{00}(f) . . . r^n_{0N} (f) . . ... . . r^n_{N0}(f) . . . r^n_{NN} (f) , f ∈ C^∞(R),

r^n_{ik}(f) ≡ r^n_{ik} = N∑ s=k ( s k ) ( φ^n_s (g^n_i (f))^{(s−k)} − g^n_s (f) (φ^{n−1}_i )^{(s−k)} ) , (6)

g^n_k (f) ≡ g^n_k = N∑ s=k ( s k ) φ^n_s f^{(s−k)} − φ^{n−1}_k f. (7) Zdes~ f^{(s)} – s-aØ proizvodniØ funkcii f.

Opixem nekotorye svoæstva AD^n-matricy.

Svoæstvo 3.1. DlØ l¸byh k = 0; 1; . . . ; N imeet mesto ravenstvo

r^n_{kN} + r^n_{Nk} = 0.

Dokazatel~stvo. r^n_{Nk} = N∑ s=k ( s k ) ( φ^n_s (g^n_N )^{(s−k)} − g^n_s (φ^{n−1}_N )^{(s−k)} ) . Iz ravenstv g^n_N = 0 i (3) imeem r^n_{Nk} = −g^n_k φ^{n−1}_N = −a_N g^n_k . Dalee r^n_{kN} = φ^n_N (g^n_k )^{(0)} = a_N g^n_k

i, takim obrazom, r^n_{kN} + r^n_{Nk} = 0. �

Svoæstvo 3.2. �lement r^n_{N−1,N−1} opredelØetsØ funkcieæ f i

starxim kofffficientom operatora R_n:

r^n_{N−1,N−1} = N^2 a^2_N f^{′′}.

240 S. P. H�KALO Zdes~ xtrihi oznaqa¸t vzØtie proizvodnyh.

Dokazatel~stvo. Iz ravenstv (3) i (4) imeem r^n_{N−1,N−1} = φ^n_{N−1} g^n_{N−1} − g^n_{N−1} φ^{n−1}_{N−1} + N φ^n_N (g^n_{N−1})^′ − N g^n_N (φ^{n−1}_{N−1})^′ = g^n_{N−1} (a_{N−1} − a_{N−1}) + N φ^n_N (g^n_{N−1})^′ − N g^n_N (a_{N−1})^′ = N a_N (g^n_{N−1})^′.

Dalee, poskol~ku g^n_{N−1} = φ^n_{N−1} f + N φ^n_N f^′ − φ^{n−1}_{N−1} f = N a_N f^′, to r^n_{N−1,N−1} = N a_N (N a_N f^′)^′ = N^2 a^2_N f^{′′}. � Teorema 2. Operator ad^2_{Rn, Rn�1} f vpolne opredelØetsØ fflemen-

tami matricy AD^n(f), to est~ imeet mesto sledu¸wee ravenstvo:

ad^2_Rn_{, R}n�_1 f = 2N∑ k=0 R^n_k ∘ d^k, gde

R^n_k = k∑ i=0 r^n_{i,k−i}, k = 0; 1; . . . ; N, N∑ i=k−N r^n_{i,k−i}, k = N + 1; . . . ; 2N. (8)

Sledstvie. DlØ togo qtoby operator ad^2_{Rn, Rn�1} f byl nulevoæ,

neobhodimo i dostatoqno vypolnenie sistemy ravenstv R^n_k = 0, k = 0; 1; . . . ; 2N.

Pered dokazatel~stvom teoremy rassmotrim dva primera.

Primer 1. Pust~ N = 2. V kaqestve operatora Rn rassmotrim

operator, poluqennyæ iz kvadratiqnogo deformacieæ pri pomowi potenciala Xtell~mahera [10, 8, 2]:

R^{(1)}_n = a_2 d^2 + a_1 d + ( a_0 − n(n + 1) x^2 a_2 ) .

KALIBROVOQNO �KVIVALENTNYE DEFORMACII 241 Ego AD^n-matrica AD^n_1 (x) imeet sledu¸wiæ vid:

0 a^2_1 − 2a_2a_0 −

2a_2a_1n x + 2a^2n(n + 1) x^2 a_2a_1 −

2a^2n x ∗ 0 2a^2 ∗ ∗ 0 , gde r^n_{ij} = −r^n_{ji}.

V rezul~tate qego, dlØ n = 1, 2, . . .

ad_R(1)n_{, R}(1)

n�1 x = 2a^2 d + ( a_1 −

2a_2n x ) , ad^2_R(1)n_{, R}(1) n�1 x = 0. Primer 2. Pust~ N = 3. V kaqestve Rn rassmotrim sledu¸wiæ

operator iz [12]:

R^{(2)}_n = a_3 d^3 + a_2 d^2 + ( a_1 −

3n(n + 1)

x^2 a_3 ) ∘ d+ + ( a_0 +

2n(n + 1)(n + 2) x^3 a_3 − n(n + 1)

x^2 a_2 ) . Ego AD^n-matrica AD^n_2 (x) imeet sledu¸wie fflementy:

r^n_{00} = r^n_{11} = r^n_{22} = r^n_{33} = 0,

r^n_{01} = −r^n_{10} =

3n(n + 1)(n + 2)(n + 3) x^4 a^2_3 −

4n(n + 1)(n + 2) x^3 a_3a_2 + 2n(n + 1)

x^2 a^2 − 2n x a_2a_1 + 6n x a_3a_0 + a^2_1 − 2a_2a_0,

r^n_{20} = −r^n_{02} =

6n(n + 1)(n + 2)

x^3 a^2_3 −

6n(n + 1)

x^2 a_3a_2+ + 2n x a^2 − a_2a_1 + 3a_3a_0,

r^n_{03} = −r^n_{30} =

3n(n + 1)

x^2 a^2_3 − 2n x a_3a_2 − a_3a_1,

r^n_{12} = −r^n_{21} =

9n(n + 1)

x^2 a^2_3 − 6n x a_3a_2 + 2a^2 − 3a_3a_1,

r^n_{31} = −r^n_{13} = 6n x a^2_3 − 2a_3a_2,

r^n_{23} = −r^n_{32} = 3a^2_3.

242 S. P. H�KALO

Iz kososimmetriqnosti matricy AD^n_2 (x), po teoreme 2 sleduet, qto ad^2_R(2)n_{, R}(2) n�1 x = 0, n = 1, 2, . . . . Lemma 3.1. Imeet mesto ravenstvo

ad_Rn_{, R}n�_1 f = N∑ k=0 g^n_k ∘ d^k, gde g^n_k opredelØetsØ formuloæ (7).

Dokazatel~stvo. Po opredeleni¸ imeem

ad_Rn_{, R}n�_1 f = N∑ k=0 φ^n_k ∘ d^k ∘ f − f ∘ N∑ k=0 φ^{n−1}_k ∘ d^k. Primeniv pravilo Leæbnica d^k ∘ f = k∑ s=0 ( k s ) f^{(k−s)} ∘ d^s, poluqim

ad_Rn_{, R}n�_1 f = N∑ k=0 (_k ∑ s=0 ( k s ) φ^n_k ∘ f^{(k−s)} ∘ d^s ) − N∑ k=0 f ∘ φ^{n−1}_k ∘ d^k

= N∑ k=0 (_N ∑ s=k ( s k ) φ^n_s ∘ f^{(s−k)} − f ∘ φ^{n−1}_k ) ∘ d^k

= N∑ k=0 g^n_k ∘ d^k. � Zameqanie. V sluqae, kogda f ≠ const, operator ad R_n, R_{n�1} f ime-

et porØdok N − 1, tak kak v silu ravenstv (3) i (4) ime¸t mesto ravenstva g^n_N = 0, g^n_{N−1} = N a_N f^′ ≠ 0.

KALIBROVOQNO �KVIVALENTNYE DEFORMACII 243

Dokazatel~stvo teoremy 2. Po lemme 3.1 imeem

ad^2_Rn_{, R}n�_1 f = ad_Rn_{, R}n�_1 (_N ∑ k=0 g^n_k ∘ d^k ) = N∑ k=0 ad_Rn_{, R}n�_1 ( g^n_k ∘ d^k )

= N∑ k=0 N∑ i=0 ( φ^n_i ∘ d^i ∘ g^n_k ∘ d^k − g^n_k ∘ d^k ∘ φ^{n−1}_i ∘ d^i )

= N∑ k=0 N∑ i=0 ( φ^n_k ∘ d^k ∘ g^n_i ∘ d^i − g^n_k ∘ d^k ∘ φ^{n−1}_i ∘ d^i )

= N∑ k=0 N∑ i=0 k∑ s=0 ( k s ) ( φ^n_k ∘ (g^n_i )^{(k−s)} − g^n_k ∘ (φ^{n−1}_i )^{(k−s)} ) ∘ d^{i+s}

= N∑ k=0 N∑ i=0 N∑ s=k ( s k ) ( φ^n_s ∘ (g^n_i )^{(s−k)} − g^n_s ∘ (φ^{n−1}_i )^{(s−k)} ) ∘ d^{i+k}

= N∑ k=0 N∑ i=0 r^n_{ik} ∘ d^{i+k} = 2N∑ k=0 ∑ 06i,j6N | i+j=k^r n ij ∘ d^k = 2N∑ k=0 R^n_k ∘ d^k Dokazatel~stvo zaverxeno. � Opixem teper~ neobhodimye usloviØ na funkci¸ f, pri kotoryh imeet mesto ravenstvo (5).

Lemma 3.2. DlØ togo qtoby imelo mesto ravenstvo

ad^2_Rn_{, R}n�_1 f = 0,

neobhodimo, qtoby funkciØ f byla lineænoæ.

Dokazatel~stvo. Sledstvie teoremy 2 daet ravenstvo

R^n_{2N−2} = 0.

Takim obrazom, po svoæstvam 3.1 i 3.2 AD^n-matricy, imeem R^n_{2N−2} = r^n_{N−2,N} + r^n_{N−1,N−1} + r^n_{N,N−2} = r^n_{N−1,N−1} = N^2 a^2_N f^{′′}.

Poskol~ku porØdok operatora R_n raven N (a_N ≠ 0), to imeem f^{′′} = 0. Lemma dokazana. �

244 S. P. H�KALO

Zameqanie. V silu svoæstva 2.1 i usloviØ nefflementarnosti

deformaciæ budem sqitat~, qto

f(x) = x. (9)

4. Algebraiqeskie toßdestva. �tot punkt nosit vspomogatel~-

nyæ harakter. V nem budut privedeny neskol~ko algebraiqeskih toßdestv, ispol~zuemyh pri rexenii sistemy R^n_k = 0, opredelennoæ ravenstvami (8).

Poloßim dlØ p, q, s ∈ Z_+, p ¿ s,

α_s(p; q) = s∑ m=0 ( p − m s − m ) ( q + m m ) . Utverßdenie 4.1.

α_s(p; q) = ( p + q + 1 s ) . �to svoæstvo, naprimer, sformulirovano v kaqestve upraßneniØ v [12, str. 258, formula 7]. Dal~neæxie svoæstva netrudno vyvodØtsØ iz nego na osnove svoæstv binomial~nyh kofffficientov. Pofftomu dokazatel~stva budut opuweny.

Dalee, dlØ q ∈ Z_+ i p ∈ Zoboznaqim qerez (p, q) = p(p + 1) · . . . · (p + q − 1), q ¿ 1, (p, 0) = 1 simvol Pohgammera i poloßim

A_s(p; q) = s∑ m=0 ( s m ) (m − 1) (p − 1, s − m) (q, m); (10)

B_s(p; q) = s∑ m=0 ( s m ) m (p, s − m) (q, m − 1). (11) Utverßdenie 4.2.

A_s(p; q) = s − 1 s + 1

B_{s+1}(p − 1; q) − (p − 1) B_s(p; q).

KALIBROVOQNO �KVIVALENTNYE DEFORMACII 245

Utverßdenie 4.3.

A_s(p; q) = (sq − p − q + 1) (p + q, s − 1); B_s(p; q) = s (p + q, s − 1). Oboznaqim qerez δ^s_{pq} = s∑ m=0 ( s m ) [p (m − 1) (p − 1, s − m) (q, p − 1) (q, m) − (p − 1) m (p, s − m) (q − 1, p) (q, m − 1)] . (12)

Utverßdenie 4.4. δ^s_{pq} = (s − p) (q, p + s − 1); δ^s_{pq} + δ^p_{sq} = 0; δ^p_q = 0.

5. Rexenie sistemy R^n_k = 0. V fftom punkte budet naædeno re-

xenie pereopredelennoæ sistemy m∑ i=0 r^n_{i,m−i} = 0, m = 0; 1; . . . ; N, N∑ i=m−N r^n_{i,m−i} = 0, m = N + 1; . . . ; 2N (13)

2N +1 nelineænyh differencial~nyh uravneniæ s N peremennymi ({φ^n_k }^{N−2}_{k=0} i f) i odnim parametrom (n ∈ N). �des~ fflementy r^n_{ij} opredelØ¸tsØ ravenstvami (6) i (7).

Napomnim, qto:

1). Dva iz fftih uravneniæ ØvlØ¸tsØ toßdestvami, a imenno r^n_{NN} = 0, r^n_{N−1,N} + r^n_{N,N−1} = 0. 2). Suwestvennym ØvlØetsØ uravnenie r^n_{N−2,N} + r^n_{N−1,N−1} + r^n_{N,N−2} = 0 s rexeniem f = x (s toqnost~¸ do preobrazovaniæ x → ax + b, a, b ∈ R, a ≠ 0).

246 S. P. H�KALO

Teorema 3. Pust~ R0 – lineænyæ differencial~nyæ operator po-

rØdka N s postoØnnymi kofffficientami

R_0 = N∑ k=0 a_k d^k. Togda differencial~nyæ operator

R_n = R_0 + N−2∑ k=0 (_{N−k} ∑ p=2 (−1)^{p−1} (p − 1) ( p + k k ) (n, p) x^p a_{p+k} ) ∘ d^k porØdka N s peremennymi kofffficientami imeet AD^n-matricu AD^n(x) so sledu¸wimi fflementami r^n_{ik} = N−i∑ p=0 N−k∑ s=0 (−1)^{p+s} (s − p) ( p + i i ) ( s + k k ) (n, p + s − 1) x^{p+s−1} a_{p+i} a_{s+k}. Zdes~, kak i ranee, (n, p) = n (n + 1) · . . . · (n + p − 1), (n, 0) = 1 – simvol Pohgammera.

Dokazatel~stvo. Poloßim dlØ k = 0; 1; . . . ; N

φ^n_k = N−k∑ p=0 c^n_{pk} x^p , c^n_{pk} = (−1)^{p−1} (p − 1) ( p + k k ) (n, p) a_{p+k}. Oqevidno, qto φ^n_k ØvlØ¸tsØ kofffficientami operatora R_n. Podsqitaem g^n_k .

g^n_k = N−k∑ p=0 c^n_{pk} − c^{n−1}_{pk} x^{p−1} + (k + 1) N−k−1 ∑ p=0 c^n_{p,k+1} x^p = (c^n_{0k} − c^{n−1}_{0k} ) x + N−k−1 ∑ p=0 c^n_{p+1,k} − c^{n−1}_{p+1,k} + (k + 1) c^n_{p,k+1} x^p = N−k−1 ∑ p=0 c^n_{p+1,k} − c^{n−1}_{p+1,k} + (k + 1) c^n_{p,k+1} x^p . Takim obrazom,

g^n_k = N−k∑ p=0 b^n_{pk} x^{p−1} , b^n_{pk} = (−1)^{p−1} p ( p + k k ) (n, p − 1) a_{p+k}.

KALIBROVOQNO �KVIVALENTNYE DEFORMACII 247 Dalee,

φ^n_{s+k}(g^n_i )^{(s)} = (−1)^s N−i∑ p=0

N−k−s ∑ m=0 (p − 1, s) b^n_{pi} c^n_{m,k+s} x^{p+m+s−1} ,

g^n_{s+k}(φ^{n−1}_i )^{(s)} = (−1)^s N−i∑ p=0

N−k−s ∑ m=0 (p, s) c^{n−1}_{pi} b^n_{m,k+s} x^{p+m+s−1} . Oboznaqim qerez γ^n_{pm}(s) = p (m − 1) (p − 1, s) (n, p − 1) (n, m)− − (p − 1) m (p, s) (n − 1, p) (n, m − 1), togda φ^n_{s+k}(g^n_i )^{(s)} − g^n_{s+k}(φ^{n−1}_i )^{(s)}

= (−1)^s N−i∑ p=0

N−k−s ∑ m=0 (−1)^{p+m} ( p + i i ) ( m + k + s k + s ) γ^n_{pm} (s) a_{p+i} a_{m+k+s} x^{p+m+s−1} .

r^n_{ik} = N−k∑ s=0 ( k + s k ) [ φ^n_{s+k}(g^n_i )^{(s)} − g^n_{s+k}(φ^{n−1}_i )^{(s)} ]

= N�i_∑ p=0 N�k_∑ s=0 N�k�s_∑ m=0 (�1)^{p+m+s (p + i}_i^{) (k + s}_k^{) (m + k + s}_{k + s}^) γ^n_{pm}(s)^{ap+i am+k+s}_{xp+m+s}�_1 = N�i_∑ p=0 N�k_∑ s=0 s∑ m=0 (�1)^{p+s (p + i}_i^{) (k + m}_k^{) ( k + s}_{k + m}^) γ^n_{p,s}�_m(m)^{ap+i ak+s}_{xp+s}�_1 . = N�i_∑ p=0 N�k_∑ s=0 (�1)^{p+s (p + i}_i^{) (k + s}_k^) (_s ∑ m=0 ( s m ) γnp,s�m(m) ) ap+i ak+s xp+s�1 . Dalee s∑ m=0 ( s m ) γ^n_{p,s−m}(m)

= s∑ m=0 ( s m ) [p (s − m − 1) (p − 1, m) (n, p − 1) (n, s − m) −(p − 1) (s − m) (p, m) (n − 1, p) (n, s − m − 1)]

248 S. P. H�KALO = s∑ m=0 ( s m ) [p (m − 1) (p − 1, s − m) (n, p − 1) (n, m) −(p − 1) m (p, s − m) (n − 1, p) (n, m − 1)] . Togda soglasno oboznaqeniØm (10) i (11) imeem s∑ m=0 ( s m ) γ^n_{p,s−m}(m) = p (n, p − 1) A_s(p; n) − (p − 1) (n − 1, p) B_s(p; n). Primeniv (12), po utverßdeni¸ 4.4, poluqaem s∑ m=0 ( s m ) γ^n_{p,s−m}(m) = δ^s_{pn} = (s − p) (n, p + s − 1). Takim obrazom, r^n_{ik} = N−i∑ p=0 N−k∑ s=0 (−1)^{p+s} (s − p) ( p + i i ) ( s + k k ) (n, p + s − 1) x^{p+s−1} a_{p+i} a_{s+k}. Dokazatel~stvo zaverxeno. �

Sledstvie 5.1. AD^n-matrica AD^n(x) operatora Rn ØvlØetsØ ko-

sosimmetriqeskoæ:

r^n_{ii} = 0, i = 0; 1; . . . ; N,

r^n_{ik} + r^n_{ki} = 0, i, k = 0; 1; . . . ; N.

Sledstvie 5.2. Sistema (13) imeet rexeniem mnoßestvo {( f(x), { φ^n_k (x)}^N_{k=0} ) | n ∈ N } , gde funkcii f i φ^n_k zada¸tsØ ravenstvami f(x) = x, φ^n_k (x) = N−k∑ p=0 (−1)^{p−1} (p − 1) ( p + k k ) (n, p) x^p a_{p+k}, k = 0; 1; . . . ; N. Zameqanie 5.1. Teorema 3 est~ obobwenie primerov 1 i 2.

KALIBROVOQNO �KVIVALENTNYE DEFORMACII 249

Zameqanie 5.2. Nabory {( f(ax + b), { φ^n_k ( x + b a )}_N k=0 ) | a, b ∈ R, a ≠ 0 n ∈ N } , (gde funkcii f i φ^n_k opredeleny sledstviem 5.2), povidimomu, isqerpyva¸t vse mnoßestvo rexeniæ sistemy (13).

Zameqanie 5.3. Iz teoremy 2 vytekaet, qto esli matrica

AD^n(f) ØvlØetsØ kososimmetriqeskoæ, to operator ad^2_Rn_{, R}n�_1 f toßdestvenno nulevoæ. Primery 1 i 2, lemma 3.2, i teorema 3 pozvolØ¸t nadeØt~sØ, qto iz ravenstva ad^2_{Rn, Rn}�_1 f = 0 vytekaet kososimmetriqnost~ matricy AD^n(f). Takim obrazom, my predpolagaem, qto dlØ togo qtoby operator ad^2_{Rn, Rn}�_1 f byl toßdestvenno nulevym neobhodimo i dostatoqno, qtoby matrica AD^n(f) byla kososimmetriqeskoæ.

V zakl¸qenii privedem teoremu o kalibrovoqnoæ ffkvivalentnosti special~nogo lineænogo differencial~nogo operatora s peremennymi kofffficientami.

Teorema 4. Differencial~nyæ operator

R_n = R_0 + N−2∑ k=0 (_{N−k} ∑ p=2 (−1)^{p−1} (p − 1) ( p + k k ) (n, p) x^p a_{p+k} ) ∘ d^k porØdka N ØvlØetsØ n-kalibrovoqno ffkvivalentnym operatoru s postoØnnymi kofffficientami

R_0 = N∑ k=0 a_k d^k na R pri pomowi funkcii x^n, to est~

ad^{n+1}_Rn_{, R0} x^n = 0.

Dokazatel~stvo. Na osnovanii teorem 3 i 2 dlØ operatorov

R_m, m = 1; 2; . . ., vypolneny usloviØ teoremy 1 (f = x), qto i trebovalos~. �

Zameqanie 5.4. Rezul~tat teoremy 4, moßet byt~ suwestvenno

obobwen na sluqaæ kofffficientov bolee obwego vida. V sluqae N = 2 ffto sdelano v rabotah [3, 8, 13].

250 S. P. H�KALO

Zameqanie 5.5. Teorema 4 moßet byt~ legko perenesena na slu-

qaæ deformaciæ po vydelennoæ peremennoæ lineænyh differencial~nyh operatorov v qastnyh proizvodnyh. V roli kofffficientov a_k budut vystupat~ proizvol~nye lineænye differencial~nye operatory po drugim peremennym s postoØnnymi kofffficientami.

Literatura

1. Y. Berest, Y.Molchanov, Fundamental solution for partial differential equations

with reflection group invariance, — J. Math. Phis. 36(8) (1995), 4324–4339.

2. ı. ı. Berest, A. P. Veselov, Princip G¸ægensa i integriruemost~, — UMN 49, 6(300) (1994), 8–78.

3. Y. Berest, Hierarchies of Huygens’ Operators and Hadamard’s Conjecture, —

Acta Appl. Math. 53 (1998), 125–185.

4. Y. Berest, Solution of a restricted Hadamard Problem on Minkowski Spaces, —

Comm. Pure. Appl. Math. 50 (1997), 1019–1052.

5. Y. Y. Berest, I. M. Loutsenko, Huygens’ Principle in Minkowski Spaces and

Soliton Solutions of the Korteweg-de Vries Equation, — Commun. Math. Phys. 190 (1997), 1130-132.

6. Y. Berest, The problem of lacunas and analysis on root systems, — Trans.

Amer. Math. Soc. 352, No. 8 (2000), 3743–3776.

7. G. Wilson, Bispectral commutative ordinary differential operators, — J. reine

angew. Math. 442 (1993), 177–204.

8. S. P. Hffkalo, Fundamental~noe rexenie iterirovannogo operatora tipa Kffli–Gordinga — UMN 55, 3 (2000), 191–192.

9. A. I. Komeq, Lineænye uravneniØ v qastnyh proizvodnyh s postoØnnymi kofffficientami, — V kn.: Itogi nauki i tehniki, Sovr. probl. mat., Fundament. napravl. 31 (1988), 127 –261.

10. S. P. Hffkalo, KalibrovoqnaØ ffkvivalentnost~ differencial~nyh operatorov v qastnyh proizvodnyh, V kn.: – MeßdunarodnaØ konferenciØ po differencial~nym uravneniØm i dinamiqeskim sistemam, Tezisy dokladov, Suzdal~ (2002), ss. 138–140.

11. K. L. Stellmacher, Ein Beispeil einer Huygennchen differentialgleichung, —

Nachr. Akad. Wiss., Gottingen Math. Phis. Kl. Pa. 10 (1953), 133–138.

12. S. Khekalo, The gauge relation of differential operators and Huygens’ principle, — Day on Diffraction, Saint-Petersburg (2002), pp. 32–34.

13. G. P. Gavrilov, A. A. Sapoßenko, Sbornik zadaq po diskretnoæ matematike , — Nauka, M. (1977).

14. S. P. Hffkalo, Izog¸ægensovy deformacii odnorodnyh differencial~nyh operatorov, svØzannyh so special~nym konusom ranga tri, — Matem. zametki 70, No. 6 (2001), 927–940.

Khekalo S. The gauge related deformations of the ordinary linear differential operators with constant coefficients.

KALIBROVOQNO �KVIVALENTNYE DEFORMACII 251 The relations between coefficients of gauge related deformations and solutions of some system of ordinary non-linear differential equations are studied. These coefficients are found in the explicit form. Postupilo 14 oktØbrØ 2003 g.

S.-Peterburgskoe otdelenie Matematiqeskogo instituta im. V. A. Steklova RAN