Zapiski nauqnyh seminarov POMI Tom 309, 2004 g.

M. N. ˚kovlev RAZREXIMOST^ SINGUL˚RNYH KRAEVYH ZADAQ DL˚ OBYKNOVENNYH DIFFERENCIAL^NYH URAVNENI` POR˚DKA 2m

V prostranstve H^m_0 (a, b) rexaetsØ zadaqa o minimume kvadratiqnogo funkcionala s neintegriruemymi na [a, b] kofffficientami (teoremy 1 i 2). V sluqae nelineænogo uravneniØ s neintegriruemymi funkciØmi ustanavlivaetsØ suwestvovanie obobwennogo rexeniØ i shodimost~ k nemu metoda Galerkina. V sluqae uravneniæ vtorogo porØdka privodØtsØ usloviØ suwestvovaniØ klassiqeskogo rexeniØ singulØrnoæ kraevoæ zadaqi.

Pust~ −∞ < a < b < +∞. Kak obyqno, H^m(a, b) – vewestvennoe gil~bertovo prostranstvo vewestvennyh funkciæ vewestvennoæ peremennoæ u(t), takih qto (m −1)-aØ proizvodnaØ u^{(m−1)}(t) ØvlØetsØ absol¸tno nepreryvnoæ na [a, b], a proizvodnaØ u^{(m)}(t), kotoraØ suwestvuet poqti vs¸du na (a, b), summiruema s kvadratom na (a, b). Pri fftom

‖u‖^2_Hm_{(a,b)} = m∑ k=0 b∫ a [u^{(k)}(s)]^2 ds. (1)

Lemma 1. Pust~ 1. u(t) ∈ H^m(a, b); 2. u(a) = u^′(a) = · · · = u^{(m−1)}(a) = 0.

Togda verno neravenstvo (k = 0, 1, . . . , m − 1)

[u^{(k)}(t)]^2 6 (t − a)^{2(m−k)−1} [2(m − k) − 1][(m − k − 1)!]^2 t∫ a [u^{(m)}(s)]^2 ds, a 6 t 6 b. (2) 174

RAZREXIMOST^ SINGUL˚RNYH KRAEVYH 175

Dokazatel~stvo. Imeem

[u^{(k)}(t)]^2 = (^t∫ a (t − s)^{m−k−1} (m − k − 1)! u^{(m)} (s) ds )_2

6^{(t − a)2(m−k)−1} [2(m − k) − 1][(m − k − 1)!]^2 t∫ a [u^{(m)}(s)]^2 ds.

Analogiqno poluqaem sledu¸wu¸ lemmu.

Lemma 2. Pust~ 1. u(t) ∈ H^m(a, b); 2. u(b) = u^′(b) = · · · = u^{(m−1)}(b) = 0.

Togda verno neravenstvo (k = 0, 1, . . . , m − 1)

[u^{(k)}(t)]^2 6 (b − t)^{2(m−k)−1} [2(m − k) − 1][(m − k − 1)!]^2 b∫ t [u^{(m)}(s)]^2ds, a 6 t 6 b. (3)

Dalee, kak obyqno, H^m_0 (a, b) – podprostranstvo prostranstva H^m(a, b) funkciæ, udovletvorØ¸wih usloviØm

u(a) = u^′(a) = · · · = u^{(m−1)}(a) = 0, (4)

u(b) = u^′(b) = · · · = u^{(m−1)}(b) = 0. (5) Pri fftom, kak izvestno,

‖u‖^2_Hm_{0 (a,b)} = b∫ a [u^{(m)}(s)]^2ds, (6)

i skalØrnoe proizvedenie u(t) ∈ H^m_0 (a, b) i v(t) ∈ H^m_0 (a, b) opredelØetsØ formuloæ

(u, v)_Hm_{0 (a,b)} = b∫ a u^{(m)}(s)v^{(m)} (s)ds. (7)

176 M. N. ˚KOVLEV

Lemma 3. Pust~ u(t) ∈ H^m_0 (a, b). Togda verno neravenstvo (k = 0, 1, . . . , m − 1) [u^{(k)}(t)]^2 6^{4m−k−1[(b − t)(t − a)]2(m−k)−1} [2(m − k) − 1][(m − k − 1)!]^2(b − a)^{2(m−k)−1} b∫ a [u^{(m)}(s)]^2ds,

a 6 t 6 b. (8) Dokazatel~stvo. UmnoßaØ neravenstvo (2) na (b − t)^{2(m−k)−1}, a

neravenstvo (3) na (t − a)^{2(m−k)−1} i skladyvaØ poluqennye neravenstva, imeem [(b − t)^{2(m−k)−1} + (t − a)^{2(m−k)−1}][u^{(k)}(t)]^2 6^{[(b − t)(t − a)]2(m−k)−1} [2(m − k) − 1][(m − k − 1)!]^2 b∫ a [u^{(m)}(s)]^2ds. (9)

Poskol~ku min a6t6b^{[(b − t)2(m−k)−1 + (t − a)2(m−k)−1] = 2} (b − a 2 )_{2(m−k)−1} , iz neravenstva (9) poluqaem neravenstvo (8).

Lemma 4. Pust~ funkciØ u(t) ∈ H^m_0 (−1, 1). Togda 1∫ −1 [u^{(k)}(t)]^2dt (1 − t^2)^{2(m−k)} 6 1∫ −1 [u^{(m)}(t)]^2dt (k = 0, . . . , m − 1). (10)

Dokazatel~stvo. Pust~ −1 < v < 0 < w < 1. Togda imeem w∫ v ( u^{(m)} (s) + u^{(m−1)}(s) 1 − s^2

)_2 ds ¿ 0. PrimenØØ integrirovanie po qastØm, poluqim w∫ v [u^{(m)}(s)]^2 ds + w[u^{(m−1)}(w)]^2 1 − w^2 + |v| [u^{(m−1)}(v)]^2 1 − v^2 ¿ w∫ v [u^{(m−1)}(s)]^2ds (1 − s^2)^2 .

RAZREXIMOST^ SINGUL˚RNYH KRAEVYH 177 Ots¸da, ispol~zuØ lemmy 1 i 2, imeem 1∫ −1 [u^{(m)}(s)]^2 ds + w 1 + w 1∫ w [u^{(m)}(s)]^2 ds + |v| 1 + |v| v∫ −1 [u^{(m)}(s)]^2 ds ¿^{w∫}_v^{[u(m−1)(s)]2ds} (1 − s^2)^2

. (11)

Ots¸da sleduet suwestvovanie nesobstvennogo integrala 1∫ −1 [u^{(m−1)}(s)]^2ds (1 − s^2)^2 . PerehodØ k predelu pri v → −1 i w → 1 v neravenstve (11), poluqaem neravenstvo 1∫ −1 [u^{(m)}(s)]^2 ds ¿ 1∫ −1 [u^{(m−1)}(s)]^2ds (1 − s^2)^2

. (12)

Dalee, dopustim, qto uße dokazano neravenstvo 1∫ −1 [u^{(k+1)}(s)]^2ds (1 − s^2)^{2(m−k−1)} ¿ 1∫ −1 [u^{(k)}(s)]^2ds (1 − s^2 )^{2(m−k)}

(13)

i dokaßem neravenstvo 1∫ −1 [u^{(k)}(s)]^2ds (1 − s^2)^{2(m−k)} ¿ 1∫ −1 [u^{(k−1)}(s)]^2ds (1 − s^2 )^{2(m−k+1)}

. (14)

Imeem_w ∫ v ( u^{(k)}(s) (1 − s^2)^{m−k} + su^{(k−1)}(s) (1 − s^2)^{m−k+1}

)_2 ds ¿ 0 ili, integriruØ po qastØm, w∫ v [u^{(k)}(s)]^2ds (1 − s^2)^{2(m−k)} + w[u^{(k−1)}(w)]^2 (1 − w^2)^{2(m−k)+1)} + |v| [u^{(k−1)}(v)]^2 (1 − v^2)^{2(m−k)+1)}

178 M. N. ˚KOVLEV ¿ w∫ v (1 + 4(m − k)s^2)[u^{(k−1)}(s)]^2ds (1 − s^2 )^{2(m−k+1)} ¿ w∫ v [u^{(k−1)}(s)]^2ds (1 − s^2)^{2(m−k+1)} . Ots¸da, ispol~zuØ lemmy 1 i 2, poluqim 1∫ −1 [u^{(k)}(s)]^2 ds (1 − s^2)^{2(m−k)}

+ w [2(m − k) + 1][(m − k)!]^2(1 + w)^{2(m−k)+1} 1∫ w [u^{(m)}(s)]^2 ds

+ |v| [2(m − k) + 1][(m − k)!]^2(1 + |v|)^{2(m−k)+1} v∫ −1 [u^{(m)}(s)]^2ds ¿ w∫ v [u^{(k−1)}(s)]^2ds (1 − s^2)^{2(m−k+1)}

. (15)

Ots¸da zakl¸qaem o suwestvovanii nesobstvennogo integrala 1∫ −1 [u^{(k−1)}(s)]^2ds (1 − s^2)^{2(m−k+1)}

i, perehodØ k predelu pri w → 1, v → −1 v neravenstve (15), poluqaem neravenstvo (14), vernoe pri vseh k = m, m − 1, . . . , 1. Lemma 4 dokazana.

Poloßim pri k = 0, . . . , m − 1, a 6 t 6 b, ω^m_k (t) ≡ [2(b − t)(t − a)]^{2(m−k)−1} 2[2(m − k) − 1][(m − k − 1)!]^2(b − a)^{2(m−k)−1}

. (16)

Lemma 5. Pust~ vewestvennye funkcii pk(t) takovy, qto

1. p_k(t)[(b − t)(t − a)]^{2(m−k)−1} ∈ L(a, b), (17)

2. k_1 ≡ 1 − m−1∑ k=0 b∫ a p^−_k (s)ω^m_k (s)ds > 0, (18)

k_2 ≡ 1 + m−1∑ k=0 b∫ a |p_k(s)|ω^m_k (s)ds < +∞. (19)

RAZREXIMOST^ SINGUL˚RNYH KRAEVYH 179 Zdes~ p^−_k (s) ≡ 1 2 [ |p_k(s)| − p_k(s)], p^+_k (s) ≡ 1 2 [ |p_k(s)| + p_k(s)]. Togda na prostranstve H^m_0 (a, b) norma |u|, opredelØemaØ sootnoxeniem |u|^2 = [u, u] = b∫ a [u^{(m)}(s)]^2ds + m−1∑ k=0 b∫ a p_k(s)[u^{(k)}(s)]^2 ds, (20)

ravnosil~na (ffkvivalentna) norme ‖u‖_Hm_{0 (a,b)}. Imenno, k_1‖u‖^2_Hm_{0 (a,b)} 6 |u|^2 6 k_2‖u‖^2_Hm_{0 (a,b)}. (21)

Dokazatel~stvo. Ispol~zuØ lemmu 3, my vyvodim |u|^2 = ‖u‖^2_Hm_{0 (a,b)} + m−1∑ k=0 b∫ a p_k(s)[u^{(k)}(s)]^2 ds

¿^[1 −^{m−1∑}_{k=0} b∫ a p^−(s)ω^m_k (s)ds ]_2

‖u‖^2_Hm_{0 (a,b)} = k_1‖u‖^2_Hm_{0 (a,b)}.

Analogiqno poluqaem pravoe neravenstvo v (21).

Lemma 6. Pust~ vypolneny sootnoxeniØ (17) i pust~ vewe-

stvennaØ funkciØ f(t) takova, qto f(t)[(b − t)(t − a)]^{m− 12} ∈ L(a, b). (22) Togda na prostranstve H^m_0 (a, b) opredelen bilineænyæ funkcional J(u, v) ≡ b∫ a u^{(m)}(s)v^{(m)} (s)ds

+ m−1∑ k=0 b∫ a p_k(s)u^{(k)}(s)v^{(k)} (s)ds − 2 b∫ a f(s)v(s)ds. (23) Dokazatel~stvo. UqityvaØ neravenstva (8), poluqim |J(u, v)| 6 ‖u‖_Hm_{0 (a,b)}‖v‖_Hm_{0 (a,b)}

180 M. N. ˚KOVLEV + m−1∑ k=0 b∫ a |p_k(t)|ω^m_k (t)dt‖u‖_Hm_{0 (a,b)}‖v‖_Hm_{0 (a,b)}

+2 b∫ a |f(t)| √ ω^m_0 (t)dt‖v‖_Hm_{0 (a,b)} < +∞. Teorema 1. Pust~ vypolneny sootnoxeniØ (17)–(19) i (22). Togda

(1) v prostranstve funkciæ H^m_0 (a, b) suwestvuet odna i tol~ko odna funkciØ u_0(t) ∈ H^m_0 (a, b), na kotoroæ kvadratiqnyæ funkcio- nal

J(u, u) = b∫ a [u^{(m)}(s)]^2ds + m−1∑ k=0 b∫ a p_k(s)[u^{(k)}(s)]^2ds − 2 b∫ a f(s)u(s)ds (24) dostigaet minimuma;

(2) sootnoxenie b∫ a u^{(m)}(s)v^{(m)} (s)ds + m−1∑ k=0 b∫ a p_k(s)u^{(k)}(s)v^{(k)} (s)ds

− b∫ a f(s)v(s)ds = 0 (25)

pri l¸byh v(t) ∈ H^m_0 (a, b) (ØvlØ¸weesØ uravneniem otnositel~no funkcii u(t)) imeet odno i tol~ko odno rexenie v prostranstve H^m_0 (a, b), i fftim rexeniem ØvlØetsØ funkciØ u_0(t), na kotoroæ kvadratiqnyæ funkcional (23) dostigaet minimuma.

Dokazatel~stvo. Po teoreme Rissa ob obwem vide ograniqenno-

go lineænogo funkcionala v gil~bertovom prostranstve so skalØrnym proizvedeniem [u, v] ≡ b∫ a u^{(m)}(s)v^{(m)} (s) ds + m−1∑ k=0 b∫ a p_k(s)u^{(k)}(s)v^{(k)} (s)ds, (26)

RAZREXIMOST^ SINGUL˚RNYH KRAEVYH 181 v silu (22) s uqetom lemmy 5 dlØ nekotorogo u_0 ∈ H^m_0 (a, b) imeem b∫ a f(s)u(s)ds = [u_0, u] dlØ l¸bogo u ∈ H^m_0 (a, b).

Pofftomu dlØ vseh u ∈ H^m_0 (a, b) J(u, u) = [u, u] − 2[u_0, u] = |u − u_0|^2 − |u_0|^2. Sledovatel~no, u_0(t) ∈ H^m_0 (a, b) ØvlØetsØ edinstvennoæ toqkoæ minimuma kvadratiqnogo funkcionala J(u, u) v H^m_0 (a, b). Dalee, poskol~ku dlØ l¸bogo v ∈ H^m_0 (a, b)

[u_0, v] = b∫ a u^{(m)}_0 (s)v^{(m)} (s)ds + m−1∑ k=0 b∫ a p_k(s)u^{(k)}(s)v^{(k)} (s)ds

i_b ∫ a f(s)v(s)ds = [u_0, v], poluqaem (25). Pust~ teper~ suwestvuet drugaØ funkciØ u_1(t) ∈ H^m_0 (a, b), udovletvorØ¸waØ sootnoxeni¸ (25). Togda

0 = b∫ a [u^{(m)}_0 (s) − u^{(m)}_1 (s)]v^{(m)} (s)ds

+ m−1∑ k=0 b∫ a p_k(s)[u^{(k)}_0 (s) − u^{(k)}_1 (s)]v^{(k)}(s)ds.

PolagaØ v(t) = u_0(t) − u_1(t), poluqim

0 ¿^[1 −^{m−1∑}_{k=0} b∫ a p^−(s)ω^m_k (s)ds ]_2 ‖u_0 − u_1‖^2_Hm_{0 (a,b)}.

Ots¸da u_0(t) = u_1(t).

182 M. N. ˚KOVLEV

Lemma 7. Pust~ vewestvennye funkcii pk(t) takovy, qto

|p_k(t)|(1 − t^2)^{2(m−k)} 6 c_k, −1 6 t 6 1, k = 0, . . . , m − 1, (27) p^−_k (t)(1 − t^2)^{2(m−k)} 6 d_k, −1 6 t 6 1, k = 0, . . . , m − 1, (28) i l_1 ≡ 1 − m−1∑ k=0 d_k > 0, (29)

l_2 ≡ 1 + m−1∑ k=0 c_k < +∞. (30)

Togda na prostranstve H^m_0 (−1, 1) normy ‖u‖_Hm_{0 (−1,1)} i

|||u|||^2 ≡ ‖u‖^2_Hm_{0 (−1,1)} + m−1∑ k=0 1∫ −1 p_k(s)[u^{(k)}(s)]^2ds (31)

ravnosil~ny (ffkvivalentny), a imenno l_1‖u‖^2_Hm_{0 (−1,1)} 6 |||u|||^2 6 l_2‖u‖^2_Hm_{0 (−1,1)}. (32)

Dokazatel~stvo. Ispol~zuØ lemmu 4, poluqaem |||u|||^2 ¿ [ 1 − m−1∑ k=0 d_k ] ‖u‖^2_Hm_{0 (−1,1)}.

Analogiqno dokazyvaetsØ i pravaØ qast~ neravenstva (32).

Lemma 8. Pust~ vypolneny neravenstva (27) i (28) i pust~ funk-

ciØ f(t) takova, qto f(t)(1 − t^2)^m ∈ L_2(−1, 1). (33) Togda na prostranstve H^m_0 (−1, 1) opredelen bilineænyæ funkcio- nal Φ(u, v) ≡ 1∫ −1 u^{(m)} (s)v^{(m)} (s)ds

+ m−1∑ k=0 1∫ −1 p_k(s)u^{(k)}(s)v^{(k)} (s)ds − 2 1∫ −1 f(s)v(s)ds. (34)

RAZREXIMOST^ SINGUL˚RNYH KRAEVYH 183

Dokazatel~stvo. UqityvaØ neravenstva (27) i (33), poluqim

|Φ(u, v)| 6 ‖u‖_Hm_{0 (−1,1)}‖v‖_Hm_{0 (−1,1)} + m−1∑ k=0 c_k‖u‖_Hm_{0 (−1,1)}‖v‖_Hm_{0 (−1,1)}

+2 (^1∫ −1 [f(s)]^2(1 − s^2)^{2m}ds

) 1_2 ‖v‖_Hm_{0 (−1,1)} < +∞. Teorema 2. Pust~ vypolneny sootnoxeniØ (27)–(30) i (33). Togda

(1) v prostranstve funkciæ H^m_0 (−1, 1) suwestvuet odna i tol~ko odna funkciØ w_0(t), na kotoroæ kvadratiqnyæ funkcional Φ(u, u) dostigaet minimuma;

(2) sootnoxenie 1∫ −1 u^{(m)}(t)v^{(m)} (t)dt + m−1∑ k=0 1∫ −1 p_k(t)v^{(k)}(t)u^{(k)}(t)dt = 1∫ −1 f(t)v(t)dt (35)

dlØ l¸byh v(t) ∈ H^m_0 (−1, 1) (ØvlØ¸weesØ uravneniem dlØ funkcii u(t)) imeet odno i tol~ko odno rexenie v prostranstve H^m_0 (−1, 1), i fftim rexeniem ØvlØetsØ funkciØ w_0(t).

Dokazatel~stvo fftoæ teoremy vpolne analogiqno dokazatel~- stvu teoremy 1.

Pust~ funkcii p_k(t) (k = 0, . . . , m − 1) ime¸t k nepreryvnyh proizvodnyh v otkrytom promeßutke (a, b), t.e. p_k(t) ∈ C^{(k)}(a, b). Pust~ f(t) ∈ C(a, b). Rassmotrim kraevu¸ zadaqu dlØ differencial~nogo uravneniØ porØdka 2m

(−1)^mu^{(2m)} + m−1∑ k=0 (−1)^k(p_k(t)u^{(k)})^{(k)} = f(t), a < t < b, (36)

s kraevymi usloviØmi

u(a) = u^′(a) = · · · = u^{(m−1)}(a) = 0, (37)

u(b) = u^′(b) = · · · = u^{(m−1)}(b) = 0. (38)

Ravenstvo (25) ØvlØetsØ, kak izvestno, opredeleniem obobwennogo rexeniØ kraevoæ zadaqi (36)–(38). Teoremy 1 i 2 da¸t

184 M. N. ˚KOVLEV usloviØ suwestvovaniØ obobwennogo rexeniØ singulØrnoæ (s neintegriruemymi na [a, b] funkciØmi p_k(t)) kraevoæ zadaqi (36)– (38). Obobwennoe rexenie budet obyqnym (klassiqeskim) rexeniem zadaqi (36)–(38), esli ffto rexenie budet prinadleßat~ C^{(2m)}(a, b). V sledu¸wih teoremah ffto ustanavlivaetsØ dlØ sluqaØ m = 1 (uravneniØ vtorogo porØdka).

Rassmotrim kraevu¸ zadaqu dlØ differencial~nogo uravneniØ vtorogo porØdka −u^{′′} + p_0(t)u = f(t), a < t < b, (39) s kraevymi usloviØmi

u(a) = u(b) = 0. (40)

Teorema 3. Pust~ p_0(t) ∈ C(a, b), f(t) ∈ C(a, b), (41) p_0(t)(b − t)(t − a) ∈ L(a, b), f(t) √ (b − t)(t − a) ∈ L(a, b), (42)

1 − b∫ a p^−_0 (t)(b − t)(t − a) dt > 0. (43)

Togda kraevaØ zadaqa (39), (46) imeet edinstvennoe rexenie u_0(t) ∈ C^{(2)}(a, b).

Dokazatel~stvo. UsloviØ (42), (43) obespeqiva¸t vypolnenie

usloviæ teoremy 1 pri m = 1. Po teoreme 1 suwestvuet edinstvennaØ funkciØ u_0(t) ∈ H^1_0 (a, b) takaØ, qto b∫ a u^′_0(t)v^′(t)dt + b∫ a p_0(t)u_0(t)v(t)dt = b∫ a f(t)v(t)dt (44) pri l¸byh funkciØh v(t) ∈ H^′_0(a, b). Ravenstvo (44) pokazyvaet, qto funkciØ p_0(t)u_0(t) − f(t), prinadleßawaØ C(a, b) i tem samym lokal~no-summiruemaØ v (a, b), ØvlØetsØ obobwennoæ proizvodnoæ funkcii u^′_0(t). Po teoreme ob ffkvivalentnosti klassiqeskoæ i obobwennoæ proizvodnyh (sm. [1, s. 127]), u^′_0(t) ∈ C^{(1)}(a, b), i ee obobwennaØ proizvodnaØ ØvlØetsØ klassiqeskoæ proizvodnoæ funkcii u^′_0(t). Krome togo, tak kak u^′_0(t) ∈ C^{(1)}(a, b), ona ØvlØetsØ

RAZREXIMOST^ SINGUL˚RNYH KRAEVYH 185 klassiqeskoæ proizvodnoæ funkcii u_0(t), priqem u^′_0(t) nepreryvna v (a, b).

Tem samym u_0(t) ∈ C^{(2)}(a, b) i u^{′′}_0 (t) = p_0(t)u_0(t) − f(t), 0 < t < b, qto i dokazyvaet teoremu, poskol~ku u_0(a) = u_0(b) = 0.

Teorema 4. Pust~

p_0(t) ∈ C(−1, 1), f(t) ∈ C(−1, 1), (45) |p_0(t)|(1 − t^2)^2 6 c_0, p^−_0 (t)(1 − t^2)^2 6 d_0, −1 6 t 6 1, (46) |f(t)|(1 − t^2) 6 e < +∞, (47) 1 − d_0 > 0. (48) Togda kraevaØ zadaqa −u^{′′} + p_0(t)u = f(t), −1 < t < 1, (49) u(−1) = u(1) (50) imeet i pri tom edinstvennoe rexenie u_0(t) ∈ C^{(2)}(−1, 1).

Dokazatel~stvo. UsloviØ nastoØweæ teoremy obespeqiva¸t vy-

polnenie usloviæ teoremy 2 pri m = 1. Dal~neæxie rassußdeniØ provodØtsØ tak ße, kak pri dokazatel~stve teoremy 3.

Rassmotrim sledu¸wu¸ kraevu¸ zadaqu dlØ nelineænogo obyknovennogo differencial~nogo uravneniØ porØdka 2m

(−1)^mu^{(2m)} + m−1∑ k=0 (−1)^k(p_k(t)u^{(k)})^{(k)} + f(t, u) = 0, a < t < b, (51)

s kraevymi usloviØmi

u(a) = u^′(a) = · · · = u^{(m−1)}(a) = u(b) = u^′(b) = · · · = u^{(m−1)}(b) = 0. (52) Obobwennym rexeniem kraevoæ zadaqi (51), (52) nazyvaetsØ funkciØ u_0(t) ∈ H^m_0 (a, b), udovletvorØ¸waØ ravenstvu

Φ(u_0, v) ≡ b∫ a u^{(m)}_0 (t)v^{(m)} dt + m−1∑ k=0 b∫ a p_k(t)u^{(k)}_0 (t)v^{(k)}(t)dt

+ b∫ a f(t, u_0(t)v(t))dt = 0 (53)

pri l¸byh v(t) ∈ H^m_0 (a, b).

186 M. N. ˚KOVLEV

Teorema 5. Pust~ vypolneny sootnoxeniØ (17)–(19) i pust~

f(t, u(t))[(b − t)(t − a)]^{m− 12} ∈ L(a, b) pri l¸byh u(t) ∈ H^m_0 (a, b); (54) [f(t, u) − f(t, w)](u − w) ¿ 0, a < t < b, −∞ < u, v < +∞; (55) b∫ a |f(t, w_n, (t)) − f(t, w(t))|[(b − t)(t − a)]^{m− 12} dt → 0 pri ‖w_n − w‖_Hm_{0 (a,b)} → 0.

(56)

Togda suwestvuet odno i tol~ko odno obobwennoe rexenie u_0(t) ∈ H^m_0 (a, b) kraevoæ zadaqi (51), (52), i metod Galerkina po polnoæ v H^m_0 (a, b) sisteme {φ_k}^∞_{k=1} shoditsØ k u_o(t) po norme prostranstva H^m_0 (a, b).

Dokazatel~stvo. DlØ dokazatel~stva teoremy 5 primenim teo-

ri¸ monotonnyh operatorov (sm. [2, s. 411–423]).

Po teoreme Rissa ob obwem vide lineænogo ograniqennogo funkcionala v gil~bertovom prostranstve dlØ kaßdogo u(t) ∈ H^m_0 (a, b) i kaßdogo v(t) ∈ H^m_0 (a, b) imeem

Φ(u, v) = (T (u), v)_Hm_{0 (a,b)}. (57) Zdes~ nelineænyæ operator T (u) deæstvuet iz H^m_0 (a, b) v H^m_0 (a, b). Operator T (u) sil~no monotonnyæ. V samom dele, uqityvaØ (18) i (55), dlØ z, w ∈ H^m_0 (a, b) poluqaem ( T (z) − T (w), z − w ) = Φ(z, z − w) − Φ(w, z − w) = b∫ a [ z^{(m)}(t) − w^{(m)} (t)

]_2 dt + b∫ a m−1∑ k=0 p_k(t) [ z^{(k)}(t) − w^{(k)}(t)

]_2 dt

+ b∫ a [ f(t, z(t)) − f(t, w(t)) ] (z(t) − w(t)) dt ¿ k_1‖z − w‖^2_Hm_{0 (a,b)}. (58)

Operator T (u) deminepreryven. V samom dele,

(T (w_n) − T (w), z) 6 [ k_2‖w_n − w‖_Hm_{0 (a,b)}

+ b∫ a |f(t, w_n(t)) − f(t, w(t))| √ ω^m_0 (t) dt ] ‖z‖_Hm_{0 (a,b)} → 0 pri ‖w_n − w‖_Hm_{0 (a,b)} → 0.

RAZREXIMOST^ SINGUL˚RNYH KRAEVYH 187 OstaetsØ primenit~ teoremu o monotonnom operatore.

Analogiqno dokazyvaetsØ sledu¸waØ teorema. Zdes~ a = −1, b = −1.

Teorema 6. Pust~ vypolneny sootnoxeniØ (27)–(29) i pust~

f(t, u(t))(1 − t^2)^m ∈ L^2(−1, 1) dlØ l¸boæ u(t) ∈ H^m_0 (−1, 1); (59) [f(t, u)−f(t, v)](u−v) ¿ 0 pri −1 < t < 1, −∞ < u, v < +∞; (60) 1∫ −1 |f(t, w_n(t))−f(t, w(t))|^2(1−t^2)^{2m} dt → 0 pri ‖w_n −w‖_Hm_{0 (−1,1)} → 0.

(61) Togda suwestvuet odno i tol~ko odno obobwennoe rexenie u_0(t) ∈ H^m_0 (−1, 1) kraevoæ zadaqi (51), (52), i metod Galerkina po polnoæ v H^m_0 (−1, 1) sisteme {φ_k}^∞_{k=1} shoditsØ k u_0(t) po norme prostranstva H^m_0 (−1, 1).

Teorema 7. Pust~

(1) verny sootnoxeniØ (41)–(43), (55); (2) f(t, u(t)) √ (b − t)(t − a) ∈ L(a, b) dlØ l¸boæ funkcii u(t) ∈ H^1_0 (a, b); (3) b∫ a |f(t, w_n(t)) − f(t, w(t))| √ (b − t)(t − a) dt → 0 pri ‖w_n − w‖_H1_{0 (a,b)} → 0;

(4) f(t, u(t)) ∈ C(a, b) pri l¸boæ u(t) ∈ H^1_0 (a, b), p_0(t) ∈ C(a, b). Togda kraevaØ zadaqa −u^{′′}(t) + p_0(t)u(t) + f(t, u(t)) = 0, a < t < b, u(a) = u(b) = 0

imeet i pri tom edinstvennoe rexenie u_0(t) ∈ C^{(2)}(a, b).

Teorema 8. Pust~

(1) verny sootnoxeniØ (60), (45), (46), (48); (2) f(t, u(t))(1 − t^2) ∈ L^2(−1, 1) pri l¸boæ u(t) ∈ H^1_0 (−1, 1);

188 M. N. ˚KOVLEV (3) 1∫ −1 |f(t, w_n(t)) − f(t, w(t))|^2(1 − t^2)dt → 0 pri ‖w_n − w‖_H1_{0 (−1,1)} → 0.

Togda kraevaØ zadaqa −u^{′′}(t) + p_0(t)u(t) + f(t, u(t)) = 0, −1 < t < 1, u(1) = u(−1) = 0

imeet i pri tom edinstvennoe rexenie u_0(t) ∈ C^{(2)}(−1, 1).

Literatura

1. �. Lib, M. Loss, Analiz. NauqnaØ kniga, Novosibirsk (1998). 2. V. A. Trenogin, Funkcional~nyæ analiz. Nauka, M. (1993).

Yakovlev M. N. Solvability of singular boundary-value problems for ordinary differential equations of order 2m.

Theorems on the existence and uniqueness of generalized and classical solutions of the first boundary-value problem for an ordinary differential equation of order 2m in the case where the functions involved are nonintegrable at the points at which boundary conditions are imposed (singular problems) are established. The results obtained justify the applicability of the Ritz and Galerkin methods to the problems considered.

Postupilo 15 i¸nØ 2004 g.

S.-Peterburgskoe otdelenie Matematiqeskogo instituta im. V. A. Steklova RAN