Zapiski nauqnyh seminarov POMI Tom 314, 2004 g.

E. P. Golubeva RASPREDELENIE ZNAQENI`

L-FUNKCI` GEKKE V TOQKE 1

§0. Vvedenie i oboznaqeniØ Pust~ S_2(Γ_0(q)) – prostranstvo golomorfnyh Γ_0(q)-paraboliqeskih form vesa 2 i urovnØ q, q – prostoe qislo.

Pust~ f(z) ∈ S_2(Γ_0(q)), f(z) = ∞∑ n=1 a_f (n)e(nz), z = x + iy, y > 0; a_f (n)n^{−1/2} = λ_f (n);

L_f (s) = ∞∑ n=1 λ_f (n)n^{−s}, s = σ + it, σ > 1. Oboznaqim qerez S_2(q) mnoßestvo novyh form iz S_2(Γ_0(q)), S_2(6 Q) = U_q6_QS_2(q).

Pust~ N – razmernost~ S_2(Γ_0(q)). Kak izvestno, N = 1 12 q + O(1). FunkciØ L_f (s) prodolßaetsØ kak celaØ funkciØ na vs¸ kompleksnu¸ ploskost~.

Znaqenie L_f (1) udovletvorØet ocenkam (sm. [1, 2]) 1 log q

≪ L_f (1) ≪ log^2 q.

Takim obrazom, log L_f (1) = O(log log q).

Esli f ∈ S_2(q), to L_f (s) raskladyvaetsØ v ffælerovskoe proizvedenie:

L_f (s) = ∏ p ( 1 − λ_f (p)p^{−s} + χ^{(q)}_0 (p)p^{−2s} )_{−1} (Re s > 1),

15

16 E. P. GOLUBEVA

gde χ^q_0( · ) – glavnyæ harakter po modul¸ q.

Iz izvestnogo rezul~tata DelinØ vytekaet, qto λ_f (p) = 2 cos φ_f (p), gde φ_f (p) ∈ [0, π]. Sootvetstvenno,

L_f (s) = ∏ p≠q ( 1 − e^{iφf (p)} p^s )_{−1}( 1 − e^{−iφf (p)} p^s )_{−1} · ( 1 − λ_f (q) q^s )_{−1} . (1)

V rabote [3] bylo dokazano, qto {L_f (1), f ∈ S_2(q)} imeet predel~nu¸ funkci¸ raspredeleniØ pri q → ∞. DlØ fftogo vyqislØlis~ momenty celogo poloßitel~nogo porØdka fftogo predel~nogo raspredeleniØ. Krome togo, ffti momenty byli dolßnym obrazom oceneny. �to pozvolilo dokazat~ suwestvovanie harakteristiqeskoæ funkcii i, kak sledstvie, predel~nogo raspredeleniØ.

Dokazatel~stvo v [3] provoditsØ po sheme, predloßennoæ Barbanom [4] dlØ analogiqnoæ zadaqi o raspredelenii znaqeniæ {L_D(1), D 6 x}, gde L_D(s) – L-funkciØ Dirihle s kvadratiqnym harakterom po modul¸ D. TakaØ shema ne pozvolila dokazat~, qto predel~noe raspredelenie ØvlØetsØ nepreryvnym.

V rabote [5] rezul~taty iz [4] byli utoqneny: bylo dokazano, qto predel~noe raspredelenie ØvlØetsØ nepreryvnym i ocenena skorost~ shodimosti k fftomu raspredeleni¸.

V nastoØweæ rabote my, ispol~zuØ podhod raboty [5], utoqnØem privedennye vyxe rezul~taty iz [3]. Vmesto momentov celogo porØdka naædena asimptotika pri q → ∞ dlØ momentov kompleksnogo porØdka dlØ {L_f (1), f ∈ S_2 (q)} (sm. teoremu 2 niße). PoluqennaØ pri fftom predel~naØ harakteristiqeskaØ funkciØ dlØ {log L_f (1), f ∈ S_2(q)} imeet ffælerovskoe proizvedenie. Niße ffta funkciØ oboznaqena qerez ^G(w), ^G(w) = ∏ p ^G_p(w).

Kaßdyæ iz p-mnoßiteli ^G_p(w), v svo¸ oqered~, ØvlØetsØ harakteristiqeskoæ funkcieæ dlØ veliqiny (sr. s (1)) log ( 1 − 2 cos φ_p p + 1 p^2 )_{−1} , gde nezavisimye veliqiny μ_p-ravnomerno raspredeleny na in-

RASPREDELENIE ZNAQENI` L–FUNKCI` GEKKE 17

tervale [0, π] po mere

μ_p = 2 π ( 1 + 1 p ) sin2 φ_p 1 − 2 cos 2φ_p p + 1 p^2 dφ_p (2)

(sm. lemmu 6 niße).

Takim obrazom, nax rezul~tat soglasuetsØ s rezul~tatom Serra [6] (sm. takße [7–9]), v silu kotorogo sobstvennye znaqeniØ operatorov Gekke λ_f (p) = 2 cos φ_p(f) nezavisimy pri razliqnyh p, a {φ_p(f), f ∈ S_2(q)} pri q → ∞ raspredeleno asimptotiqeski po mere μ_p.

Tak ße kak v [5], my ocenivaem skorost~ shodimosti k predel~nomu raspredeleni¸.

My ograniqilis~ rassmotreniem novyh form vesa 2. V deæstvitel~nosti, toqno takie ße rezul~taty spravedlivy i dlØ l¸bogo qetnogo vesa k. Pri fftom predel~nye raspredeleniØ dlØ vseh S_k(q) sovpada¸t.

DeæstvuØ analogiqno, moßno poluqit~ takie ße rezul~taty i dlØ L(1, sym^2f) – simmetriqeskih kvadratov (sm. zameqanie 2 k teoreme 1 niße).

Krome uße vvedennyh, my budem ispol~zovat~ sledu¸wie oboznaqeniØ ∑ f · · · = ∑ f∈S2 (q) · · · ; dlØ kompleksnogo z d_z(n) – kofffficient rØda

ζ^z(s) = ∞∑ n=1 d_z(n)n^{−s}, Re s > 1; d(n) = d_2(n);

c_1, c_2, . . . – poloßitel~nye postoØnnye.

§1. Formulirovka osnovnyh rezul~tatov Teorema 1. DlØ dostatoqno bol~xih q imeem | | | | #{log L_f (1) < x, f ∈ S_2(q)} dim S_2(q) − G(x) | | | | ≪ log^2 log q

log q

, (3)

18 E. P. GOLUBEVA gde G(x) – funkciØ raspredeleniØ sluqaænoæ veliqiny log ∏ p ( 1 − 2 cos φ_p p + 1 p^2 )_{−1} . (4)

Zdes~ sluqaænye veliqiny φ_p nezavisimy i raspredeleny na promeßutke [0, π] μ_p-ravnomerno po mere

μ_p = 2 π ( 1 + 1 p ) sin2 φ_p 1 − 2 cos 2φ_p p + 1 p^2 dφ_p. Zameqanie 1. SluqaænaØ veliqina (4) ØvlØetsØ summoæ nezavi-

simyh slagaemyh ∑ p log ( 1 − 2 cos φ_p p + 1 p^2 )_{−1} . (5)

Oboznaqim qerez G_p(x) funkci¸ raspredeleniØ p-slagaemogo, togda G(x) = G_2(x) ∗ · · · ∗ G_p(x) ∗ · · · , gde ∗ oznaqaet integral~nu¸ svertku. Netrudno naæti kaßdu¸ iz funkciæ G_p(x). Odnako horoxego vyraßeniØ dlØ G(x) poluqit~ ne udalos~.

Zameqanie 2. Analogiqnyæ rezul~tat spravedliv i dlØ

{log L(1, sym^2f), f ∈ S_2(q)}. V fftom sluqae ocenka (3) sohranØetsØ, a G(x) ØvlØetsØ funkcieæ raspredeleniØ veliqiny log ∏ p ( 1 − 1 p )_{−1}( 1 − 2 cos 2φ_p p + 1 p^2 )_{−1} . Teorema 2. Pri |w| < log N/ log^2 log N imeem

^G_1(w) = 1 N ∑ f L^{iw}_f (1) = ^G(w) + O ( exp ( − c_1 log N/ log^2 log N )) , gde ^G(w) = ∏ p ^G_p(w)

RASPREDELENIE ZNAQENI` L–FUNKCI` GEKKE 19 i ^G_p(w) = ∑ k¿0_m¿_{k+2}

m≡k(mod 2)

d_{iw}(p^m)d_{iw}(p^k) p^{m+k} ( 1 p^{(m−k)/2} − 1 p^{(m−k)/2−1} ) + ∞∑ k=0 d^2_{iw}(p^k) p^{2k} .

Zameqanie 3. Niße (lemma 6) my pokaßem, qto^^Gp(w) ØvlØetsØ

harakteristiqeskoæ funkcieæ dlØ p-slagaemogo iz (5).

§2. Dokazatel~stvo teoremy 2. Vspomogatel~nye rezul~taty Vvedem sledu¸wee oboznaqenie: pri σ ¿ 1/2 N (σ, H, f) = # { ρ = β + iγ | | L_f (ρ) = 0, β ¿ σ, |γ| 6 H}. Lemma 1 (sm. [3]). DlØ σ ¿ 3/4 i Q ¿ c2 imeem ∑ f∈S2 (6Q) N (σ, log^3 Q, f) = O_ε ( Q^{c3(1−σ)+ε} ) . Lemma 2. Pust~ 0 < η < 1/2. Esli Lf (s) (f ∈ S2(6 Q), Q ¿ c2) ne

imeet nuleæ v prØmougol~nike

1 − η 6 σ < 1, |t| 6 log^3 Q, (6)

to v prØmougol~nike 1 − η/2 6 σ < 1, |t| < log^2 Q, spravedliva ocenka

log L_f (s) = O ( log^{c4(1−σ)} Q log log Q ) . Dokazatel~stvo analogiqno dokazatel~stvu sootvetstvu¸weæ lemmy iz raboty [4].

Pust~ kofffficienty ν(n, w, f) opredelØ¸tsØ sledu¸wim razloßeniem: L^{iw}_f (s) = ∞∑ n=1 ν(n, w, f) n^s (Re s > 1). (7)

20 E. P. GOLUBEVA

Lemma 3. Pust~ Lf (s) ne imeet nuleæ v prØmougol~nike (6). Togda

pri |w| ≪ log N/ log^2 log N imeem

L^{iw}_f (1) = ∞∑ n=1 ν(n, w, f) n exp(−n/N^{1/4}) + O(exp(−c_5 log N/ log^2 log N )).

Dokazatel~stvo. Imeem ∞∑ n=1 ν(n, w, f) n exp(−n/N^{1/4}) = 1 2πi ∫ (1) L^{iw}_f (s + 1)Γ(s)N^{s/4}ds. Po teoreme o vyqetah, 1 2πi ∫ (1) L^{iw}_f (s + 1)Γ(s)N^{s/4}ds = L^{iw}_f (1) + 1 2πi ∫ γ L^{iw}_f (s + 1)Γ(s)N^{s/4}ds, gde γ – lomanaØ s verxinami v toqkah (log log N )^{−1} − i∞, (log log N )^{−1}−i log^2 N , −(log log N )^{−1}−i log^2 N , −(log log N )^{−1}+i log^2 N , (log log N )^{−1} +i log^2 N , (log log N )^{−1} + i∞.

DlØ ocenki poslednego integrala ispol~zuem lemmu 2 i izvestnye ocenki dlØ Γ(s).

Lemma 4. Pri |w| < log N/ log^2 log N imeem

L^{iw}_f (1) = ∞∑ n=1 ν(n, w, f) n exp(−n/N^{1/4}) + O(exp(c_6 log N/ log^2 log N )).

Dokazatel~stvo. Razob~em posledn¸¸ summu na dve: ∑ 1 = ∑ n6N^{1/4} log^3 N ν(n, w, f) n exp(−n/N^{1/4}), ∑ 2 = ∑ n>N1^/4 log3 N ν(n, w, f) n exp(−n/N^{1/4}). Tak kak |d_{iw}(n)| 6 d_{|w|}(n), iz (1) imeem ∑ 1 6^∑

n<N1^/4 log3 N ν(n, |w|, f) n 6 6^∏

p<N1^/4 log3 N ( 1 − 1 p )_{2|w|} = O ( exp ( c_7|w| loglog N )) .

RASPREDELENIE ZNAQENI` L–FUNKCI` GEKKE 21

Analogiqno, ∑ 2 = O (_∞∑ n=1 ν(n, |w|, f) n, |w|, f n^2 ) =

= O ( ∏ p ( 1 − 1 p^2 )_{−2|w|}) = O ( exp(c_8|w|) ) . Poskol~ku L^{iw}_f (1) = O(1), lemma dokazana.

Lemma 5. Pust~ δ(n, N ) = d(n)(N^{1/2} + n^{3/2} log^2 n). Togda ∑ f λ_f (n) =

= { N/n^{1/2} + O ( δ(n, N ) ) , esli n ØvlØetsØ polnym kvadratom, O ( δ(n, N ) ) v protivnom sluqae.

�ti sootnoxeniØ sledu¸t iz formuly sleda Aæhlera–Sel~- berga (sm. [6]).

§3. Dokazatel~stvo teoremy 2 Vyqislim kofffficienty ν(n, w, f) iz (7). Oboznaqim e^{iφf (p)} = α_f (p). Pri Re s > 1 imeem

L^{iw}_f (s) = ( 1 − λ_f (q) q^s )_{−iw} ∏ p≠q ∑ m¿0_k¿_0

d_{iw}(p^m)d_{iw}(p^k)α^m_f (p)α^k_f (p) p^{(m+k)s} .

Poslednee proizvedenie moßno zapisat~ v vide ∏ p≠q ( ∑ m>k¿0 d_{iw}(p^m)d_{iw}(p^k) ( α^{m−k}_f (p) + α^{m−k}_f (p) ) p^{(m+k)s} + ∞∑ k=0 d^2_{iw}(p^k) p^{2ks} ) . Pri m − k ¿ 2 imeem α^{m−k}_f (p) + α^{m−k}_f (p) = λ_f (p^{m−k}) − λ_f (p^{m−k−2}), krome togo, α_f (p) + α_f (p) = λ_f (p).

22 E. P. GOLUBEVA

Takim obrazom,

L^{iw}_f (s) = = ( 1− λ_f (q) q^s )_{−iw}∏ p≠q ( ∑ k¿0_m¿_{k+2} d_{iw}(p^m)d_{iw}(p^k) p^{(m+k)s} ( λ_f (p^{m−k})−λ_f (p^{m−k−2}) ) +

+ ∑ k¿0 d_{iw}(p^{k+1})d_{iw}(p^k) p^{(2k+1)s} λ_f (p) + ∞∑ k=0 d^2_{iw}(p^k) p^{2ks} ) . Sledovatel~no, ν(n, w, f) = ∏ p^r||n ν(p^r, w, f) i pri (n, q) = 1 my imeem

ν(p^r, w, f) = 1, esli r = 0;

ν(p^r, w, f) = d_{iw}(p)λ_f (p), esli r = 1; ν(p^r, w, f) = ∑ k¿0_m¿_{k+2} m+k=r d_{iw}(p^m)d_{iw}(p^k) ( λ_f (p^{m−k}) − λ_f (p^{m−k−2}) ) +

+ d^2_{iw}(p^{r/2}), esli r – qetnoe, r ¿ 2; ν(p^r, w, f) = ∑ k¿0_m¿_{k+2} m+k=r d_{iw}(p^m)d_{iw}(p^k) ( λ_f (p^{m−k}) − λ_f (p^{m−k−2}) ) +

+ d_{iw}(p^{(r+1)/2})d_{iw}(p^{(r−1)/2})λ_f (p), esli r – neqetnoe, r ¿ 3. Po lemme 1 koliqestvo L_f (s), ime¸wih nul~ v prØmougol~nike (6), ocenivaetsØ kak O(N^{1−c7} ), esli η – dostatoqno malo.

Takim obrazom, po lemmam 3 i 4 imeem ∑ f L^{iw}_f (1) = ∑ f ∞∑ n=1 ν(n, w, f) n exp(−n/N^{1/4})+

+O(N exp(−c_5 log N/ log^2 log N )) + O(N^{1−c7} exp(c_6 log N/ log log N )) = = ∑ f ∞∑ n=1 ν(n, w, f) n exp(−n/N^{1/4}) + O(N exp(−c_5 log N/ log^2 log N )).

RASPREDELENIE ZNAQENI` L–FUNKCI` GEKKE 23

PodstavlØØ s¸da znaqeniØ kofffficientov ν(n, w, f) i pol~zu- Øs~ lemmoæ 5, poluqaem ∑ f ∞∑ n=1 ν(n, w, f) n exp(−n/N^{1/4}) = N ∞∑ n=1 A(n^2, w) n^2 exp(−n^2/N^{1/4})+

+O (_∞∑ n=1 δ(n, N )d(n) n exp(−n/N^{1/4}) ∏ p^r ||n ∑ k¿0_m¿_k m+k=r d_{|w|}(p^m)d_{|w|}(p^k) ) , (8)

gde A(n^2, w) = = ∏ p^r ||n ( ∑ k¿0_m¿_{k+2} m+k=2r d_{iw}(p^m)d_{iw}(p^k) ( 1 p^{(m−k)/2} − 1 p^{(m−k)/2−1} ) + d^2_{iw}(p^r ),

δ(n, N ) to ße, qto i v lemme 5. Pervu¸ iz summ oboznaqim ∑ 3, vtoru¸ – ∑ 4. Preobrazuem ∑ 3: 1 N ∑ 3 = ∑ n26N^{1/4} log^2 N A(n^2, w) n^2 + O ( N^{−1/4} ∑ n26N^{1/4} log^2 N |A(n^2, w)| ) +

+ ∑ n2>N1^/4 log2 N A(n^2, w) n^2 exp(−n^2/N^{1/4}) =

= ∞∑ n=1 A(n^2, w) n^2 + O ( ∑ n2>N1^/4 log2 N |A(n^2, w)| n^2 ) +

+O ( N^{−1/4} ∑ n26N^{1/4} log^2 N |A(n^2, w)| ) +O ( 1 N ∑ n2>N1^/4 log2 N |A(n^2, w)| n^2 ) =

= ∞∑ n=1 A(n^2, w) n^2 + O (∑ 5 ) + O (∑ 6 ) .

24 E. P. GOLUBEVA

Glavnyæ qlen poslednego vyraßeniØ preobrazuetsØ k vidu ∞∑ n=1 A(n^2, w) n^2

= (9)

= ∏ p ∑ k¿0_m¿_{k+2}

m≡k(mod 2)

( d_{iw}(p^m)d_{iw}(p^k) p^{m+k} ( p^{−(m−k)/2} − p^{−(m−k)/2−1} ) + ∞∑ k=0 d^2_{iw}(p^k) p^{2k} ) .

Ostatok ∑ 5 moßno ocenit~ sledu¸wim obrazom: ∑ 5 6^1_{x2η}^∑_{n¿x}^{|A(n2, w)|}_{n2} , (10)

gde x = N^{1/8} log N , η = log^{−1} log N .

Poskol~ku v ffælerovskom proizvedenii (9) otsutstvu¸t qleny pri p^{−1}, imeem ∞∑ n=1 |A(n^2, w)| n^{2−2η} 6 ∏ p (( 1 − 1 p )_{−2|w|} − 2|w| p^{1−η} ) 6 6^∏ p<|w| log log N exp ( c_8|w|/p^{(1−η)} ) ∏ p¿|w| log log N ( 1 + O(|w|^2/p^{2(1−η)} ) =

= O ( exp ( c_8|w| ∑ p<|w| log log N 1 p^{1−η} )) exp ( c_9|w|^2 ∑ p>|w| log log N 1 p^{2−2η} ) =

= O ( exp ( c_8|w| log log log N ) exp ( c_9|w|^{1+2η}/ log log N )) = = O ( exp ( c_{10} log N/ log^2 log N )) . VozvrawaØs~ k (10), imeem ∑ 5 = O ( exp ( − c_{11} log N/ log log N )) . (11)

Ocenim teper~ ∑ 6. Imeem |A(n^2, w)| 6 A(n^2, |w|) 6 ∏ p^r ||n ∑ k¿0_m¿_{k+2} m+k=2r d_{|w|}(p^m)d_{|w|}(p^k) + d^2_{|w|}(p^r) 6

RASPREDELENIE ZNAQENI` L–FUNKCI` GEKKE 25 ∏ p^r ||n d^2_{|w|}(p^{2r})(2r + 1) = d^2_{|w|}(n^2)d^2(n^2) 6 d^4_{|w|}(n)d^4(n).

Takim obrazom, ∑ 6 = O ( N^{−1/4} ∑ n<N1^/8 log N

d^4_{|w|}(n)d^4(n) ) = = O ( N^{−1/8} ( log N

)_{log N/ log}2_{log N} ) = = O ( N^{−1/8} exp(log N/ log log N ) ) . V silu (8), (9) i (11), ∑ 3 = N ∏ p ^G_p(w) + O ( N exp(−c_{12} log N/ log^2 log N ) ) . (12)

Nam ostalos~ ocenit~ ∑ 4 iz (8).

Vvedem oboznaqenie B(n, w) = ∏ p^r||n ∑ k¿0_m¿_k m+k=r d_{|w|}(p^m)d_{|w|}(p^k),

togda ∑ 4 = O_ε ( N^{1/2+ε} ∞∑ n=1 B(n, w) n exp(−n/N^{1/4}) ) +

+O_ε ( N^ε ∞∑ n=1 n^{1/2}B(n, w) exp ( − n/N^{1/4} )) , gde ε > 0 – proizvol~naØ postoØnnaØ.

Legko videt~, qto ∞∑ n=1 B(n, w) n exp(−n/N^{1/4}) 6 ∑ n6N^{1/4} log^2 N B(n, w) n + 1 N ∞∑ n=1 B(n, w) n^2 =

= O ( ∏ p<N1^/4 log2 N ( 1− 1 p )_{2|w|} + 1 N c^{|w|}_{12} ) = O ( exp(c_{13} log N/ log log N ) )

i ∞∑ n=1 n^{1/2}B(n, w) exp ( − n/N^{1/4} ) = O ( N^{3/8} exp ( c_{13} log N/ log log N )) .

26 E. P. GOLUBEVA

Vmeste s sootnoxeniem (12) ffto dokazyvaet teoremu.

Zameqanie 4. V processe dokazatel~stva my nigde ne ispol~-

zovali to, qto iw – mnimoe qislo. Toqno tak ße moßno zapisat~ momenty celogo porØdka dlØ {L_f (1), f ∈ S_2(q)} pri m < log N/ log^2 log N : ∑ f L^m_f (1) = B_mN + O ( N exp ( − c_{14} log N/ log^2 log N )) , gde B_m = ∏ p ^G_p(m),

^G_p(w) = = ∑ k¿0_n¿_{k+2}

n≡k(mod 2)

d_m(p^n)d_m(p^k) p^{n+k} ( 1 p^{(m−k)/2} − 1 p^{(m−k)/2−1} ) + ∞∑ k=0 d^2_m(p^k) p^{2k} . (13)

§4. Dokazatel~stvo teoremy 1 DlØ dokazatel~stva nam ponadobitsØ ewe rØd lemm. V pervoæ iz nih my pokazyvaem, qto mnoßitel~ ^G_p(w) iz teoremy 2 ØvlØetsØ harakteristiqeskoæ funkcieæ dlØ log ( 1 − 2 cos φ_p p + 1 p^2 )_{−1} , 0 6 φp 6 π, φp raspredeleno po mere μp (sm. (2)).

Lemma 6. Imeem ^G_p(w) = π∫ 0 ( 1 − 2 cos φ p + 1 p^2 )_{−iw} μ_p(φ).

Dokazatel~stvo. Oboznaqim integral qerez Ip(w) i perepixem

ego v vide

1 + p^{−1} π π∫ 0 (1 − cos 2φ)dφ ( 1 − 2 cos 2φ p + 1 p^2 )( 1 − 2 cos φ p + 1 p^2 )_{iw} .

RASPREDELENIE ZNAQENI` L–FUNKCI` GEKKE 27

Razloßim na mnoßiteli znamenatel~, togda

I_p(w) =

1 + p^{−1} π π∫ 0 (1 − cos 2φ) ∞∑ j=0 exp(2ijφ) p^j ∞∑ n=0 exp(−2ijφ) p^n ×

× ∞∑ k=0 d_{iw}(p^k) exp(−ikφ) p^k ∞∑ m=0 d_{iw}(p^m) exp(imφ) p^m dφ. (14)

Vyqislim kofffficient pri d_{iw}(p^m)d_{iw}(p^k) (m > k). On raven

2(1 + p^{−1}) πp^{m+k} π∫ 0 (1 − cos 2φ) cos((m − k)φ)×

× ( 2 ∞∑ r=0 1 p^r ∑ j>n¿0 j+n=r cos(2(j − n)φ) + ∞∑ r=0 1 p^{2r} ) dφ.

UqityvaØ, qto pri celom t π∫ 0 cos tφdφ = { π, esli t = 0, 0, esli t ≠ 0,

imeem 2(1 + p^{−1}) πp^{m+k} π∫ 0 cos((m − k)φ)×

× ( 2 ∞∑ r=0 1 p^r ∑ j>n¿0 j+n=r cos(2(j − n)φ) + ∞∑ r=0 1 p^{2r} ) dφ = 0,

esli (m − k) – neqetnoe qislo. Esli (m − k) – qetno, to levaØ qast~ poslednego vyraßeniØ ravna

2(1 + p^{−1}) p^{m+k} ∞∑ r=0 p^{−r} ∑ j>n¿0 n+j=r j−n=(m−k)/2 1 = 2(1 + p^{−1}) p^{m+k} 1 p^{(m−k)/2} 1 1 − p^{−2} =

= 2 (p^{m+k+(m−k)/2})(1 − p^{−1})

. (15)

28 E. P. GOLUBEVA

Analogiqno, − 2(1 + p^{−1}) πp^{m+k} π∫ 0 cos 2φ cos((m − k)φ)×

× ( 2 ∞∑ r=0 1 p^r ∑ j>n¿0 j+n=r cos(2(j − n)φ) + ∞∑ r=0 1 p^{2r} ) dφ =

= − 1 + p^{−1} πp^{m+k} π∫ 0 ( cos((m − k + 2)φ) + cos((m − k − 2)φ) ) ×

× ( 2 ∞∑ r=0 1 p^r ∑ j>n¿0 j+n=r cos(2(j − n)φ) + ∞∑ r=0 1 p^{2r} ) dφ.

Poslednee vyraßenie ravno 0, esli (m − k) – neqetnoe qislo. Esli (m − k) ØvlØetsØ qetnym, to ono ravno − ( 1 p^{m+k+(m−k)/2+1} + 1 p^{m+k+(m−k)/2−1} ) 1 1 − p^{−1} . (16)

SkladyvaØ (15) i (16), poluqaem 1 p^{m+k} ( 1 p^{(m−k)/2} − 1 p^{(m−k)/2−1} ) . �to znaqenie sovpadaet s kofffficientom pri d_{iw}(p^m)d_{iw}(p^k) (m > k) v (9).

Nam ostalos~ vyqislit~ kofffficient pri d^2_{iw}(p^k) v (14). On raven

1 + p^{−1} πp^{2k} π∫ 0 (1 − cos 2φ) ( 2 ∞∑ r=0 1 p^r ( ∑ j>n¿0 j+n=r cos(2(j − n)φ) + ∞∑ r=0 1 p^{2r} )) dφ =

= 1 + p^{−1} p^{2k} (_∞∑ r=0 1 p^{2r} − ∞∑ r=0 1 p^{2r+1} ) = 1 p^{2k} .

RASPREDELENIE ZNAQENI` L–FUNKCI` GEKKE 29

Zameqanie 5. Iz fftoæ lemmy i predyduwego zameqaniØ vyteka-

et, qto kofffficient B_m iz (13) moßno zapisat~ v vide

B_m = ∏ p π∫ 0 1 ( 1 − 2 cos φ_p p + 1 p^2 )_m μp(φp). Takim obrazom, predel~naØ harakteristiqeskaØ funkciØ dlØ {L_f (1), f ∈ S_2(q)} iz raboty [3] imeet vid ∞∑ m=0 B_m(iw)^m m! = π∫ 0 exp ( iwL_φ(1) ) μ(φ), gde φ = (φ_2, . . . , φ_p, . . . ),

L_φ(s) = ∏ p ( 1 − 2 cos φ_p p^s + 1 p^{2s} )_{−1} ,

μ(φ) = ∏ p μ_p. Lemma 7. Pri |w| > 1 spravedliva ocenka

^G_p(w) = exp(−w^2/2p^2) + O ( |w|^3 p^3 + 1 p^2 ) . Dokazatel~stvo. Vospol~zuemsØ integral~nym predstavleniem

dlØ ^G_p(w) iz lemmy 6:

^G_p(w) = 1 + p^{−1} π π∫ 0 (1 − cos 2φ) ( 1 + 2 cos 2φ p + O ( 1 p^2 )) ×

× ( 1 + 2iw cos φ p − 2w^2 cos^2 φ p^2 + O ( |w|^3 p^3 )) dφ =

= 1 + p^{−1} π π∫ 0 (1 − cos 2φ) ( 1 + 2 cos 2φ p )( 1 − w^2 p^2 − w^2 cos 2φ p^2 ) dφ+

+O ( 1 p^2 + |w|^3 p^3 ) = 1 + p^{−1} π π∫ 0 ( 1 − 1 p − ( 1 − 2 p ) cos 2φ ) ×

30 E. P. GOLUBEVA × ( 1 − w^2 p^2 − w^2 cos 2φ p^2 ) dφ + O ( 1 p^2 + |w|^3 p^3 ) = = (1 − p^{−2}) ( 1 − w^2 p^2 ) + w^2 2p^2 + O ( |w|^3 p^3 + 1 p^2 ) = = exp ( − w^2 2p^2 + O ( |w|^3 p^3 + 1 p^2 ) . Sledstvie. Pri |w| > c15 imeem ^G(w) = O ( exp ( − c_{16}|w|/ log^2 |w| )) . Dokazatel~stvo. Imeem | ^G(w)| = | | | ∏ p ^G_p(w) | | | = | | | ∏ p6|w| log |w| ^G_p(w) | | | | | | ∏ p>|w| log |w| ^G_p(w) | | | 6 6^|^∏_{p>|w| log |w|}^^Gp(w)^|. Po lemme 7, ∏ p>|w| log |w| ^G_p(w) = O ( exp ( − w^2/2 ∑ p>|w| log |w| 1 p^2 )) ×

× exp ( |w|^3 ∑ p>|w| log |w| 1 p^3 ) = O ( exp ( − c_{16}|w|/ log^2 |w| )) . Lemma 8. Pri malyh |w| imeem

^G_1(w) = 1 N ∑ f L^{iw}_f (1) = 1 + O ( |w| log log N ) , ^G(w) = 1 + O(|w|^2). Dokazatel~stvo. Pervoe ravenstvo sleduet iz izvestnoæ ocenki

log L_f (1) = O(log log N ).

DlØ ^G(w) imeem ^G(w) = ∏ p π∫ 0 ( 1 + 2iw cos φ p + O ( |w|^2 p^2 )) μ_p =

RASPREDELENIE ZNAQENI` L–FUNKCI` GEKKE 31 = ∏ p ( 1 + O (|w|2 p^2 )) = 1 + O(|w|^2).

Lemma 9. Pust~ G(x) i G1(x) – funkcii raspredeleniØ dvuh slu-

qaænyh veliqin i ^G(w) i ^G_1(w) – harakteristiqeskie funkcii fftih veliqin. Togda

sup_x |G_1(x) − G(x)| = O ( sup_ξ ¿T 1 ξ ξ∫ 0 | ^G(w)|dw + T∫ 0 | ^G_1(w) − ^G(w)| w dw ) . Dokazatel~stvo fftoæ tauberovoæ teoremy sm v rabote [5].

Dokazatel~stvo teoremy 1. Iz lemmy 9 sleduet, qto

G_1(x) = G(x) + O ( sup_ξ ¿T 1 ξ ξ∫ 0 | ^G(w)|dw ) + O (^T∫ 0 | ^G(w) − ^G_1(w)| w dw ) , gde my oboznaqili G_1(x) = 1 N # { log L_f (1) < x, f ∈ S_2(q) } . Poloßim T = c_{17} log N/ log^2 log N . Iz lemmy 7 vytekaet, qto

sup_ξ ¿T 1 ξ ξ∫ 0 | ^G(w)|dw = O ( 1 T ) . Dalee, T∫ 0 | ^G(w) − ^G_1(w)| w dw =

= (log N )�1 ∫ 0 | ^G(w) − ^G_1(w)| w dw + T∫ (log N )�1 | ^G(w) − ^G_1(w)| w dw. DlØ pervogo iz integralov iz lemmy 8 sleduet ocenka O(log log N/ log N ). DlØ vtorogo integrala iz teoremy 2 imeem T∫ (log N )�1 | ^G(w) − ^G_1(w)| w dw = O ( exp ( − c_{18} log N/ log^2 log N ))

i teorema dokazana.

32 E. P. GOLUBEVA

Literatura

1. J. Hoffstein and D. Ramakrishnan, Siegel zeros ans cusp forms, Internat. Math.

Research Notices No. 6 (1995), 279–308.

2. H. Iwaniec, Topics in classical automorphic forms, 1997.

3. O. M. Fomenko, O raspredelenii znaqeniæ L(1, f ), Zap. nauqn. semin. PO- MI 302 (2003), 135–148.

4. M. B. Barban, Metod “bol~xogo rexeta” i ego primeneniØ v teorii qisel, Uspehi mat. nauk 21, No. 1 (1966), 51–102.

5. A. S. Faænleæb, O raspredelenii qisla klassov poloßitel~nyh kvadratiqnyh form, Trudy TaxGU, “Voprosy matematiki” 418 (1972), 272–279.

6. J.-P. Serre, Répartition asymptotique des valeurs propres de l’opérateur de Hecke Tp, J. Amer. Math. Soc. 10, No. 1 (1997), 75–102.

7. J. B. Conrey, W. Duke, and D. W. Farmer, The distribution of the eigenvalues of Hecke operators, Acta Arithm. 78, No. 4 (1997), 405–409.

8. P. Sarnak, Statistical properties of eigenvalues of the Hecke operators, in: Analytic Number Theory and Diophantine Problems (Stillwater, OK, 1984), Progr. Math.

70, Birkhäuser, Boston, 1987, 321–331.

9. E. P. Golubeva, Raspredelenie sobstvennyh qisel operatorov Gekke, Zap.

nauqn. semin. POMI 314 (2004), 33–40.

Postupilo 10 sentØbrØ 2004 g. Gosudarstvennyæ universitet telekommunikaciæ im. M. A. Bonq-Brueviqa

E-mail:elena�golubeva@mail.ru