Zapiski nauqnyh seminarov POMI Tom 314, 2004 g.

A. S. ȷuk, V. V. ȷuk

NEKOTORYE ORTOGONAL^NOSTI V TEORII PRIBLIȷENI˚

Svetloæ pamØti Nffli Samsonovny ȷuk posvØwaem

RØd vaßnyh dlØ teorii approksimacii veliqin svØzan meßdu soboæ posredstvom ortogonal~nyh preobrazovaniæ. VyØvlenie fftih ortogonal~nosteæ daœt vozmoßnost~ poluqat~ poleznye nestandartnye sootnoxeniØ i, v qastnosti, pozvolØet vospol~zovat~sØ izvestnymi teoremami o kofffficientah Fur~e (sm., naprimer, [1, gl. XII]). Takoæ podhod byl realizovan v knige [2] (v svØzi s rassmotreniem voprosov sil~noæ approksimacii periodiqeskih funkciæ). V nastoØweæ rabote my prodolßaem issledovaniØ v fftom napravlenii.

§1 raboty posvØwen izuqeni¸ funkciæ vida σ∫ −σ φ(u) e^{izu}du. (1) Vaßnost~ fftogo klassa funkciæ opredelØetsØ, v qastnosti, tem, qto, kak pokazali N. Viner i R. Pffli [3], sovokupnost~ celyh funkciæ f(z) ffksponencial~nogo tipa 6 σ, dlØ kotoryh +∞∫ −∞ |f(x)|^2dx < ∞, sovpadaet s mnoßestvom funkciæ f(z), dopus-

ka¸wih predstavlenie f(z) = σ∫ −σ φ(u) e^{izu}du, gde φ ∈ L_2([−σ, σ]).

Rabota vypolnena pri finansovoæ podderßke RFFI (grant No. 02-01-

01112) i programmy “Universitety Rossii” (grant No. 04.01.036). 83

84 A. S. ȷUK, V. V. ȷUK

V celØh prostoty formulirovok my rassmatrivaem sluqaæ

funkciæ vida^π ∫ −π φ(u) e^{izu}du. ˚sno, qto bolee obwiæ sluqaæ inte-

gralov vida (1) legko svoditsØ k rassmatrivaemomu.

V §2 ustanavlivaetsØ rØd nestandartnyh sootnoxeniæ dlØ nailuqxih priblißeniæ periodiqeskih funkciæ v prostranstve L_2.

V §3 ustanavliva¸tsØ interpolØcionnye formuly dlØ trigonometriqeskih polinomov (v odnomernom i mnogomernom sluqa- Øh) s kofffficientami iz proizvol~nogo vektornogo prostranstva. Priveden primer priloßeniæ poluqennyh rezul~tatov, ime¸wiæ nestandartnyæ harakter. Ranee analogiqnye rezul~- taty dlØ trigonometriqeskih polinomov s kompleksnymi kofffficientami byli poluqeny v [2].

§1. InterpolØcionnye formuly

dlØ funkciæ vida^π ∫ −π α(t) e^{ixt}dt 1. V dal~neæxem C , R, Z, Z+, N sut~ sootvetstvenno mnoßestva kompleksnyh, vewestvennyh, celyh, neotricatel~nyh celyh, natural~nyh qisel, Q = [−π, π]. Funkcii, ime¸wie v nekotoroæ toqke ustranimyæ razryv, doopredelØ¸tsØ v fftoæ toqke po nepreryvnosti; v drugih sluqaØh simvol^0 ponimaetsØ kak 0. Zapis~ k = a, b, gde a, b ∈ R∪{−∞, +∞}, a 6 b, oznaqaet, qto k probegaet vse celye qisla meßdu a i b, vkl¸qaØ a i b, esli oni celye. Po opredeleni¸ ∑_{+∞} k=−∞ dk = ∑ k∈Zdk = d0+^{∑+∞}k=1(dk +d−k). Pust~ E – promeßutok v R. Pri 1 6 p < ∞ qerez L_p(E) oboznaqaem prostranstvo izmerimyh funkciæ f : E → C , u kotoryh ‖f‖_{p,E} = ( ∫ E |f|^p)^{1/p} < ∞; qerez L_∞(E) oboznaqaem prostranstvo izmeri-

myh funkciæ f : E → C , u kotoryh ‖f‖_{∞,E} = vrai sup_{x∈E} |f(x)| < ∞.

Esli E = Q, to vmesto L_p(Q) i ‖f‖_{p,Q} pixem prosto L_p i ‖f‖_p sootvetstvenno. Pust~ f ∈ L_1. Togda

c_k(f) = 1 2π ∫ Q f(t) e^{−ikt}dt, s_n(f, x) = n∑ k=−n c_k(f) e^{ikx},

σ_n(f, x) = 1 n + 1 n∑ k=0 s_k(f, x) = n∑ k=−n ( 1 − |k| n + 1 ) c_k(f) e^{ikx},

NEKOTORYE ORTOGONAL^NOSTI 85 τ_n(f, x) = 1 n 2n−1∑

k=n s_k(f, x) sut~ sootvetstvenno kofffficienty Fur~e, summy Fur~e, Feæera, Valle Pussena funkcii f.

Qerez H_n pri n ∈ Z_+ oboznaqaem mnoßestvo trigonometriqeskih polinomov porØdka ne vyxe n s kompleksnymi kofffficientami: H_n = { ∑_n k=−n ck e ikt}, gde c_k ∈ C . Esli f ∈ L_p, n ∈ Z_+,

to E_n(f)_p = inf_{T ∈Hn} ‖f − T ‖_p – nailuqxee priblißenie porØdka n funkcii f v prostranstve L_p. Polagaem

K(p) = sup n∈Z+,f∈Lp^{‖f − sn(f)‖p}En(f)p^{. (1)} Izvestno (sm., naprimer, [4, s. 593–595]), qto K(p) < ∞ pri

1 < p < ∞, v qastnosti, K(2) = 1. Qerez V (Q) oboznaqaem mno-

ßestvo funkciæ f : Q → C , ime¸wih na Q ograniqennu¸ variaci¸:^π ⋁ −π (f) < ∞. 2. Nam ponadobØtsØ sledu¸wie izvestnye fakty. Teorema A (F. Riss,sm., naprimer, [4, s. 211]). Pust~ 1 < p 6 2,

q = p/(p − 1), funkcii φ_k (k = 1, ∞) obrazu¸t ortonormirovannu¸ na otrezke [a, b] sistemu, |φ_k(t)| 6 M pri vseh t ∈ [a, b], k = 1, ∞. Togda: 1) esli f ∈ L_p([a, b]), to kofffficienty Fur~e

c_k = b∫ a f(t)φ_k(t)dt (2) udovletvorØ¸t neravenstvu (_∞∑ k=1 |c_k|^q )_{1/q} 6 M^{2p −1‖}f^‖_{p,[a,b]}; (3) 2) esli dlØ posledovatel~nosti qisel c_k rØd ∑_∞ k=1 |c_k|^p shoditsØ, to suwestvuet funkciØ f ∈ L_q([a, b]), udovletvorØ¸waØ ravenstvam (2) dlØ vseh k i takaØ, qto ‖ ‖f ‖ ‖_{q,[a,b]} 6 M^2p^{−1} (_∞∑ k=1 |c_k|^p )_{1/p} . (4)

86 A. S. ȷUK, V. V. ȷUK

Teorema B (ravenstvo ParsevalØ, sm., naprimer, [4, s. 75]).

Pust~ funkcii φ_k (k = 1, ∞) obrazu¸t ortonormirovannu¸ polnu¸

v L_2([a, b]) sistemu, c_k =^b ∫ a f(t)φ_k(t)dt. Togda dlØ l¸boæ f ∈ L_2([a, b])

spravedlivo ravenstvo ‖ ‖f ‖ ‖_{2,[a,b]} = (_∞∑ k=1 |c_k|^2 )_{1/2} . Teorema C (neravenstvo Gel~dera). Pust~ 1 < p < ∞, q = p/(p −

1), f ∈ L_p(E), g ∈ L_q (E). Togda fg ∈ L_1(E) i | | | | ∫ E fg | | | | 6^{( ∫}_E |f|^{p)1/p( ∫}_E |g|^{q)1/q}. Teorema D (sm., naprimer, [2, s. 53, 117]). Pust~ 1 6 p 6 ∞,

n ∈ Z+, f ∈ Lp. Togda ‖σ_k(f)‖_p 6 ‖f‖_p, (5)

‖f − τ_n(f)‖_p 6 5 2 E_n(f)_p . (6)

Teorema E (sm., naprimer, [5, s. 62, 121]). Sistemy funkciæ

(1/π)^{1/2}, (2/π)^{1/2} cos t, . . . , (2/π)^{1/2} cos lt, . . . , { (2/π)^{1/2} sin lt }_∞ l=1 , { (2/π)^{1/2} cos(l + 1/2)t }_∞ l=0 , { (2/π)^{1/2} sin(l + 1/2)t }_∞ l=0 ortonormirovany i polny v L_2([0, π]).

Teorema F. Esli f ∈ V (Q), k ∈ Z\ {0}, to |c_k(f)| 6 1 2π|k| ( |f(π) − f(−π)| + π⋁ −π (f) ) .

NEKOTORYE ORTOGONAL^NOSTI 87

Dokazatel~stvo. IntegriruØ po qastØm, imeem ∫ Q f(t) e^{−ikt}dt = ∫ Q f(t)d e^{−ikt} −ik =

= − 1 ik { f(π)(−1)^k − f(−π)(−1)^k − ∫ Q e^{−ikt}df(t) } . Ots¸da sleduet, qto | | | | ∫ Q f(t) e^{−ikt}dt | | | | 6^1_{|k|}^(|f(π) − f(−π)| +^{π⋁}_{−π}(f)^). Teorema G (Hausdorf–ıng, sm., naprimer, [1, s. 153]). Pust~

p ∈ (1, 2], q = p/(p − 1), f ∈ L_q. Togda ‖f‖_q 6 (2π)^{1/q} ( ∑ k∈Z^{|ck(f)|p} )_{1/p} . 3. Ustanovim rØd prostyh vspomogatel~nyh predloßeniæ. Lemma 1. Pust~ n ∈ Z+,

A_n = | | | | ∫ Q f(t)g(t)dt − 2π n∑ k=−n c_k(f)c_{−k}(g) | | | |. Togda: 1) esli 1 < p < ∞, q = p/(p − 1), f ∈ L_p, g ∈ L_q , to

A_n 6 E_n(f)_p‖g − s_n(g)‖_q , (7)

A_n 6 min{K(p), K(q)}E_n(f)_p E_n(g)_q . (8)

V qastnosti pri p = 2

A_n 6 E_n(f)_2 E_n(g)_2;

2) esli f ∈ L_1, g ∈ L_∞, to

A_n 6 E_n(f)_1‖g − s_n(g)‖_∞. (9)

88 A. S. ȷUK, V. V. ȷUK

Dokazatel~stvo. Snaqala dokaßem (7). Pust~ polinom T ∈ Hn udovletvorØet ravenstvu ‖f − T ‖_p = E_n(f)_p. PrimenØØ neravenstvo Gel~dera, imeem

A_n = | | | | ∫ Q f(t){g(t)−s_n (g, t)}dt | | | |= | | | | ∫ Q {f(t)−T (t)}{g(t)−s_n (g, t)}dt | | | | 6 6 ‖f − T ‖p ‖g − sn(g)‖q = En(f)p ‖g − sn(g)‖q . Analogiqno ustanavlivaetsØ, qto A_n 6 E_n(g)_q ‖f − s_n(f)‖_p. Sootnoxenie (8) poluqaetsØ iz privedennyh vyxe, esli vospol~zovat~sØ (1). Neravenstvo (9) dokazyvaetsØ analogiqno sootnoxeni¸ (7).

Lemma 2. Pust~ p ∈ (1, 2], q = p/(p − 1), g ∈ Lq. Togda

‖f − s_n(g)‖_q 6 min { K(q)‖g‖_q , (2π)^{1/q} {(_∞∑ k=n+1 |c_k(g)|^p )_{1/p} +

+ (_∞∑ k=n+1 |c_{−k}(g)|^p )_{1/p}}} . Dokazatel~stvo. Imeem ‖g − s_n(g)‖_q 6 K(q)E_n(g)_q 6 K(q)‖g‖_q . S drugoæ storony, v silu teoremy G ‖g − s_n(g)‖_q 6 (2π)^{1/q} {(_∞∑ k=n+1 |c_k(g)|^p )_{1/p} + (_{−n−1}∑ k=−∞ |c_k(g)|^p )_{1/p}} . Ostalos~ sopostavit~ privedennye neravenstva.

Lemma 3. Pust~ g ∈ L∞. Togda ‖g − s_n(g)‖_∞ 6 2‖g‖_∞ + 1 n + 1 n∑ k=−n |k| |c_k(g)|, (10)

‖g − s_n(g)‖_∞ 6 (5/2)E_n(f)_∞ + 2n−1∑

k=n+1 (|c_k(g)| + |c_{−k}(g)|). (11)

NEKOTORYE ORTOGONAL^NOSTI 89

Dokazatel~stvo. OpiraØs~ na neravenstvo (5), imeem ‖g − s_n(g)‖_∞ 6 ‖g − σ_n(g)‖_∞ + ‖σ_n(g) − s_n(g)‖_∞ 6 6 2‖g‖∞ +^‖^1_{n + 1}^{n∑}_{k=−n} |k|ck(g) e^{ikt‖}_∞ 6 6 2‖g‖∞ +^1_{n + 1}^{n∑}_{k=−n} |k| |ck(g)|. Teper~ dokaßem (11). UqityvaØ (6), nahodim ‖g − s_n(g)‖_∞ 6 ‖g − τ_n(g)‖_∞ + ‖τ_n(g) − s_n(g)‖_∞ 6 6 (5/2)En(g)∞ + ‖τn(g) − sn(g)‖∞ 6 6 (5/2)En(g)∞ +^{2n−1∑}_{k=n+1}(|ck(g)| + |c−k(g)|). 4. Teorema 1. Pust~ x, β ∈ R, q = p/(p−1), esli 1 < p < ∞, q = ∞,

esli p = 1, α ∈ L_p, μ ∈ L_q , f(x) = ∫ Q α(t) e^{ixt}dt, g(x) = ∫ Q μ(t) e^{ixt}dt,

F (x) = ∫ Q α(t)μ(t) e^{ixt}dt. (12)

Togda: 1) esli 1 < p < ∞, to | | | |F (x) − 1 2π n∑ k=−n f(−k − β)g(x + β + k) | | | | 6 6 En(α(t) e^{−iβt})p^‖μ(t) e^{i(x+β)t} − sn^(μ(u) e^{i(x+β)u}, t^{)‖}_q; (13) 2) esli p = 1, to | | | |F (x) − 1 2π n∑ k=−n f(−k − β)g(x + β + k) | | | | 6 6 En(α(t) e^{−iβt})1^{2‖μ‖∞ +^1_{n + 1}^{n∑}_{k=−n} |k|^|ck^(μ(t) e^{i(x+β)t)|}^}. (14)

90 A. S. ȷUK, V. V. ȷUK

Dokazatel~stvo. ˚sno, qto c_k ( α(t) e^{−iβt} ) = 1 2π ∫ Q α(t) e^{−i(k+β)t}dt = 1 2π f(−k − β),

c_k ( μ(t) e^{i(x+β)t} ) = 1 2π ∫ Q μ(t) e^{i(x+β−k)t}dt = 1 2π g(x + β − k). Zapixem funkci¸ F v vide

F (x) = ∫ Q α(t) e^{−iβt}μ(t) e^{i(x+β)t}dt. Teper~ dlØ dokazatel~stva (13) dostatoqno vospol~zovat~sØ neravenstvom (7), a dlØ dokazatel~stva (14) nado primenit~ neravenstva (9) i (10).

Sledstvie 1. V usloviØh punkta 1) teoremy 1

F (x) = 1 2π ∑ k∈Z^{f(−k − β)g(x + β + k), (15)} priqem rØd v pravoæ qasti (15) shoditsØ ravnomerno otnositel~- no x ∈ R.

Dokazatel~stvo. OpiraØs~ na neravenstvo (13) i lemmu 2, nahodim, qto | | | |F (x) − 1 2π n∑ k=−n f(−k − β)g(x + β + k) | | | | 6 6 En^(α(t) e^{−iβt)}_pK(q)^‖μ(t) e^{i(x+β)t‖}_q 6 K(q)‖μ‖q En(α(t) e^{−iβt)}_p. Ostalos~ prinØt~ vo vnimanie, qto pri fiksirovannom β funkciØ α(t) e^{−iβt} ∈ L_p i, sledovatel~no, lim_{n→∞} E_n ( α(t) e^{−iβt} ) p = 0.

Sledstvie 2. Pust~ x, β ∈ R, α ∈ L1, μ ∈ V (Q), funkcii f, g, F opredeleny formulami (12). Togda spravedliva formula (15),

NEKOTORYE ORTOGONAL^NOSTI 91 priqem rØd v pravoæ qasti (15) shoditsØ ravnomerno otnositel~no x na l¸bom koneqnom otrezke.

Dokazatel~stvo. UqityvaØ, qto dlØ proizvedeniØ dvuh funkciæ u i v π⋁ −π (uv) 6 ( sup_{t∈Q} |u(t)| )^π⋁ −π (v) + ( sup_{t∈Q} |v(t)| )^π⋁ −π (u), nahodim, qto π⋁ −π ( μ(t) e^{i(x+β)t} ) 6^{π⋁}_{−π}(μ) + |x + β|2π sup_{t∈Q} |μ(t)|. Sledovatel~no, po teoreme F pri k ∈ Z\ {0} | | |ck ( μ(t) e^{i(x+β)t} )| | 6^1_{2π|k|}^{{(}2 + |x + β|2π^) sup_{t∈Q} |μ(t)| +^{π⋁}_{−π}(μ)^}. V silu poslednego neravenstva vyraßenie v figurnyh skobkah v pravoæ qasti (14) ne prevoshodit 2‖μ‖_∞ + 1 π {( 2 + |x + β|2π ) ‖μ‖_∞ + π⋁ −π (μ) } , t.e. ograniqeno pri fiksirovannom β na l¸bom koneqnom otrezke izmeneniØ x. Pri fiksirovannom β vvidu togo, qto α(t) e^{−iβt} ∈

L_1, imeem lim_{n→∞} E_n ( α(t) e^{−iβt} ) 1 = 0.

Ostalos~ sopostavit~ ustanovlennye vyxe fakty s neravenstvom (14).

Privedem nekotorye priloßeniØ sledstviæ 1 i 2 k konkretnym funkciØm.

Sledstvie 3. Pust~ x, β ∈ R, 1 6 p < ∞, α ∈ Lp,

F (x) = ∫ Q α(t) e^{ixt} dt. Togda

F (x) = 1 π ∑ k∈Z^{F (−k − β)sin(x + β + k)πx + β + k . (16)}

92 A. S. ȷUK, V. V. ȷUK Pri p > 1 rØd v pravoæ qasti ravenstva (16) shoditsØ ravnomerno otnositel~no x ∈ R, pri p = 1 upomØnutyæ rØd shoditsØ ravnomerno otnositel~no x na l¸bom koneqnom otrezke R.

DlØ dokazatel~stva sledstviØ 3 dostatoqno v sledstviØh 1 i 2 poloßit~ μ(t) ≡ 1 i prinØt~ vo vnimanie, qto ∫ Q e^{ixt}dt = 2 sin xπ x . Formula (16) ffto tak nazyvaemaØ teorema otsqetov. Ee svØzyva¸t s imenami mnogih matematikov i specialistov v drugih oblastØh nauki (sm., naprimer, [6, s. 139–140]). Sledstvie 4. Pust~ x, β ∈ R, 1 6 p < ∞, α ∈ Lp,

F (x) = ∫ Q α(t) ( 1 − |t| π ) e^{ixt}dt, f(x) = ∫ Q α(t) e^{ixt}dt. Togda

F (x) = 2 π^2 ∑ k∈Z^{f(−k − β)sin2 (x+β+k)π2(x + β + k)2 . (17)}

Pri p > 1 rØd v pravoæ qasti ravenstva (17) shoditsØ ravnomerno otnositel~no x ∈ R, pri p = 1 upomØnutyæ rØd shoditsØ ravnomerno otnositel~no x na l¸bom koneqnom otrezke R.

DlØ dokazatel~stva sledstviØ 4 dostatoqno v sledstviØh 1 i 2 poloßit~ μ(t) = 1 −^{|t|}_π i prinØt~ vo vnimanie, qto ∫ Q ( 1 − |t| π ) e^{ixt}dt = 2 π∫ 0 ( 1 − t π ) cos xtdt = 4 π sin^2(xπ/2) x^2 . Zameqanie 1. L¸boe sootnoxenie vida g(t) = ∞∫ 0 f(x) cos xtdx, gde g(t) = 0 pri |t| > a > 0, daet vozmoßnost~ postroit~ formulu tipa (17). Pofftomu qislo formul vida (17) legko moßet byt~ uveliqeno, esli vospol~zovat~sØ tablicami kosinuspreobrazovaniæ Fur~e (sm. [7, 8]).

NEKOTORYE ORTOGONAL^NOSTI 93

Sledstvie 5. Pust~ x, β ∈ R, 1 6 p < ∞, α ∈ Lp,

F (x) = ∫ Q α(t) e^{ixt} dt, ~F (x) = −i ∫ Q (sign t)α(t) e^{ixt} dt.

Togda ~F (x) = 1 π ∑ k∈Z^{F (−k − β)1 − cos(x + β + k)π} x + β + k . (18)

Pri p > 1 rØd v pravoæ qasti ravenstva (18) shoditsØ ravnomerno otnositel~no x ∈ R, pri p = 1 upomØnutyæ rØd shoditsØ ravnomerno otnositel~no x na l¸bom koneqnom otrezke R.

DlØ dokazatel~stva sledstviØ 5 dostatoqno v sledstviØh 1 i 2 poloßim μ(t) = −i sign t i prinØt~ vo vnimanie ravenstvo −i ∫ Q (sign t) e^{ixt}dt = 2 π∫ 0 sin xtdt = 2 1 − cos xπ x . Zameqanie 2. L¸boe sootnoxenie vida g(t) = ∞∫ 0 f(x) sin xtdx, gde g(t) = 0 pri |t| > a > 0, daet vozmoßnost~ postroit~ formulu tipa (18). Pofftomu qislo formul vida (18) legko moßet byt~ uveliqeno, esli vospol~zovat~sØ tablicami sinuspreobrazovaniæ Fur~e (sm. [7, 8]). 5. Osnovnye rezul~taty.

Teorema 2. Pust~ a ∈ [0, π], x, β ∈ R, α ∈ Lp, n ∈ Z+,

F (x) = ∫ Q α(t) e^{ixt} dt, F_a(x) = a∫ −a α(t) e^{ixt} dt, (19)

~F_a(x) = −i a∫ −a (sign t)α(t) e^{ixt} dt. (20)

94 A. S. ȷUK, V. V. ȷUK

Togda: 1) esli 1 < p 6 2, q = p/(p − 1), to | | |F^a(x) − 1 π n∑ k=−n sin(k + β)a k + β F (x + β + k) | | | 6 En^(α(t) e^{i(x+β)t)}_p× × min { K(q)(2a)^{1/q}, (2π)^{1/q} ((_∞∑ k=n+1 | | | | 1 π sin(β + k)a β + k | | | | p)_{1/p} +

+ (_∞∑ k=n+1 | | | 1 π sin(β − k)a β − k | | | p)_{1/p})} , (21) | | | | ~F_a(x) − 1 π n∑ k=−n cos(β + k)a − 1 β + k F (x + β + k) | | | | 6 En^(α(t) e^{i(x+β)t)}_p× × min { K(q)(2a)^{1/q}, (2π)^{1/q} ((_∞∑ k=n+1 | | | | cos(β + k)a − 1 π(β + k) | | | | p)_{1/p} +

+ (_∞∑ k=n+1 | | | cos(β − k)a − 1 π(β − k) | | |^p )_{1/p})} ; (22)

2) esli p = 1, to | | | |F^a(x) − 1 π n∑ k=−n sin(k + β)a k + β F (x + β + k) | | | | 6 En^(α(t) e^{i(x+β)t)}_1× × ( 2 + 1 π(n + 1) n∑ k=−n |k| | | | | sin(k + β)a k + β | | | | ) , (23) | | | | ~F_a(x) − 1 π n∑ k=−n cos(k + β)a − 1 k + β F (x + β + k) | | | | 6 En^(α(t) e^{i(x+β)t)}_1× × ( 2 + 1 π(n + 1) n∑ k=−n |k| | | |cos(k + β)a − 1 k + β | | | ) . (24)

Dokazatel~stvo. Snaqala dokaßem sootnoxenie (21). Poloßim

μ(t) = μ_a(t) = { 1 pri t ∈ [−a, a], 0 pri t ∈ Q \ [−a, a],

NEKOTORYE ORTOGONAL^NOSTI 95 g(x) = ∫ Q μ(t) e^{ixt} dt = a∫ −a e^{ixt} dt = 2 sin xa x . PrimenØØ neravenstvo (13) (v kotorom vmesto β berem −x − β),

poluqaem | | |F^a(x) − 1 2π n∑ k=−n F (x + β + k)2 sin(k + β)a k + β | | | 6 En^(α(t) e^{i(x+β)t)}_p× × ‖ ‖ ‖μ(t) e^{−iβt} − sn(μ(u) e^{−iβu}, t) ‖ ‖ ‖_q. (25)

Legko videt~, qto c_k ( μ_a(t)e^{−iβt} ) = 1 2π a∫ −a e^{−i(β+k)t}dt = sin(β + k)a π(β + k) . Znaqit, v silu lemmy 2, ‖ ‖μ(t)e^{−iβt} − s_n(μ(u)e^{−iβu}, t) ‖ ‖_q 6 min{K(q)(2a)^{1/q} ,

(2π)^{1/q} ((_∞∑ k=n+1 | | | 1 π sin(β + k)a β + k | | |^p )_{1/p} +

+ (_∞∑ k=n+1 | | | | 1 π sin(β − k)a β − k | | | | p)_{1/p})} . (26)

SopostavlØØ (25) i (26), prihodim k neravenstvu (21). Dokaßem

(22). Poloßim

μ(t) = μ_a(t) = { −i sign t pri t ∈ [−a, a], 0 pri t ∈ Q \ [−a, a], g(x) = ∫ Q μ(t) e^{ixt} dt = 2 a∫ 0 sin xt dt = 2

1 − cos xa x . PrimenØØ neravenstvo (13) (v kotorom vmesto β berem −x − β),

poluqaem | | | | ~F_a(x) − 1 2π n∑ k=−n F (−k + x + β)g(−β + k) | | | | =

96 A. S. ȷUK, V. V. ȷUK = | | | | ~F_a(x) − 1 2π n∑ k=−n F (k + x + β)g(−β − k) | | | | 6 6 En^(α(t) e^{i(x+β)t)}_p^‖μ(t) e^{−iβt} − sn(μ(u) e^{−iβu}, t)^‖_q . Legko videt~, qto c_k ( μ_a(t)e^{−iβt} ) = 1 2π a∫ −a (−i sign t) e^{−i(β+k)t}dt = cos(β + k)a − 1 π(β + k) . Znaqit, v silu lemmy 2, ‖ ‖μ(t)e^{−iβt} − s_n(μ(u)e^{−iβu}, t) ‖ ‖_q 6 min{K(q)(2a)^{1/q} ,

(2π)^{1/q} ((_∞∑ k=n+1 | | | | 1 π cos(β + k)a − 1 β + k | | | | p)_{1/p} +

+ (_∞∑ k=n+1 | | | | 1 π cos(β − k)a − 1 β − k | | | | p)_{1/p})} . SopostavlØØ privedennye sootnoxeniØ, prihodim k (22).

Teper~ dokaßem (23). OpiraØs~ na neravenstvo (14) i rassu-

ßdaØ kak i pri dokazatel~stve sootnoxeniØ (21), imeem | | | |F^a(x) − 1 π n∑ k=−n sin(k + β)a k + β F (x + β + k) | | | | 6 En^(α(t) e^{i(x+β)t)}_1× × ( 2 + 1 n + 1 n∑ k=−n | |c_k(μ_a(t)e^{−iβt}) | ||k| ) . Ostalos~ zametit~, qto n∑ k=−n | |c_k(μ_a(t)e^{−iβt}) | ||k| = 1 π n∑ k=−n |k| | | | | sin(k + β)a k + β | | | |. Dokazatel~stvo neravenstva (24) provoditsØ takße kak (22),

no zdes~ vmesto sootnoxeniØ (13) ispol~zuetsØ (14).

NEKOTORYE ORTOGONAL^NOSTI 97

Sledstvie 6. Pust~ x, β ∈ R, a ∈ [0, π], α ∈ Lp, funkcii F , Fa,^~Fa

opredeleny sootnoxeniØmi (19) i (20).

Togda: 1) esli p > 1, to sup x∈R,a∈Q^{|Fa(x) − 1}π^{n∑}_{k=−n}^{sin(k + β)a}k + β^{F (x + β + k)| →}n→∞^{0, (27)} sup x∈R,a∈Q^{| ~Fa(x) − 1}π^{n∑}_{k=−n}^{cos(k + β)a − 1}k + β^{F (x + β + k)| →}n→∞^{0; (28)} 2) esli p = 1, to sup_{a∈Q} | | | |F^a(x) − 1 π n∑ k=−n sin(k + β)a k + β F (x + β + k) | | | | →_{n→∞} 0, (29)

sup_{a∈Q} | | | | ~F_a(x) − 1 π n∑ k=−n cos(k + β)a − 1 k + β F (x + β + k) | | | | →_{n→∞} 0. (30) Dokazatel~stvo. Ustanovim (27). Moßno sqitat~, qto p 6 2. V

silu (21), sup x∈R,a∈Q^{|Fa(x) − 1}π^{n∑}_{k=−n}^{sin(k + β)a}k + β^{F (x + β + k)| 6} 6 ‖α‖p(2π)^{1/q} sup_{a∈Q}^{(( ∞∑}_{k=n+1}^|^1_π^{sin(β + k)a}_{β + k}^|^{p)1/p}+ + (_∞∑ k=n+1 | | | 1 π sin(β − k)a β − k | | | p)_{1/p}) →_{n→∞} 0. Sootnoxenie (28) dokazyvaetsØ analogiqno, no zdes~ vmesto

(21) ispol~zuetsØ (22).

Teper~ dokaßem (29). V silu (23), sup_{a∈Q} | | | |F^a(x) − 1 π n∑ k=−n sin(k + β)a k + β F (x + β + k) | | | | 6 6 A(β)En^(α(t) e^{i(x+β)t)}_1 , (31)

98 A. S. ȷUK, V. V. ȷUK gde A(β) postoØnnaØ, zavisØwaØ tol~ko ot β. Pri fiksirovannyh x i β funkciØ α(t) e^{i(x+β)t} ∈ L_1 i potomu lim_{n→∞} E_n ( α(t) e^{i(x+β)t} ) 1 = 0.

SopostavlØØ fftot fakt s sootnoxeniem (31), prihodim k (29). Sootnoxenie (30) dokazyvaetsØ analogiqno, no zdes~ vmesto (23) ispol~zuetsØ neravenstvo (24).

Sledstvie 7. Pust~ x ∈ R, a ∈ [0, π], α ∈ Lp, n ∈ Z+, funkcii F ,

F_a, ~F_a opredeleny sootnoxeniØmi (19) i (20).

Togda: 1) esli 1 < p 6 2, to | | | |F^a(x) − a π F (x) − 1 π n∑ k=1 sin ka k (F (x + k) + F (x − k)) | | | | 6 6 4En^(α(t) e^{ixt)}_p^{( 1}_{2π}^{∞∑}_{k=n+1}^|^{sin ka}_k^|^{p)1/p}, (32) | | | ~F_a(x) − 1 π n∑ k=1 cos ka − 1 k (F (x + k) − F (x − k)) | | | 6 6 8En^(α(t) e^{ixt)}_p^{( 1}_{2π}^{∞∑}_{k=n+1}^|^{sin2 ka2}_k^|^{p)1/p}; (33) 2) esli p = 1, to | | | |F^a(x) − a π F (x) − 1 π n∑ k=1 sin ka k ( F (x + k) + F (x − k) ) | | | | 6 6^(2 +^2_π^)En^(α(t) e^{ixt)}_1, (34) | | | ~F_a(x) − 1 π n∑ k=1 cos ka − 1 k ( F (x + k) − F (x − k) ) | | | 6 6^(2 +^4_π^)En^(α(t) e^{ixt)}_1. (35)

DlØ dokazatel~stva (32)–(35) dostatoqno poloßit~ v sootnoxeniØh (21)–(24) β = 0 i vypolnit~ fflementarnye preobrazovaniØ.

NEKOTORYE ORTOGONAL^NOSTI 99

Teorema 3. Pust~ x ∈ R, a ∈ [0, π], α ∈ Lp, funkcii F , Fa,^~Fa

opredeleny sootnoxeniØmi (19) i (20). Togda F_a(x) − a π F (x) = 1 π ∞∑ k=1 sin ka k (F (x + k) + F (x − k)), (36)

~F_a(x) − 1 π π∫ 0 ~F_a(x)da = 1 π ∞∑ k=1 cos ka k ( F (x + k) − F (x − k) ) , (37)

F_a(x) = 1 π ∞∑ k=0 sin(k + 1/2)a

k + 1/2

(F (x + k + 1/2) + F (x − k − 1/2)), (38)

~F_a(x) − ~F_π(x) = = 1 π ∞∑ k=0 cos(k + 1/2)a

k + 1/2 ( F (x + k + 1/2) − F (x − k − 1/2) ) . (39)

RØdy v pravyh qastØh ravenstv (36)–(39) shodØtsØ ravnomerno otnositel~no x ∈ R, a ∈ [0, π], esli p > 1, i ravnomerno otnositel~no a ∈ [0, π], esli p = 1.

Teorema 3 legko ustanavlivaetsØ s pomow~¸ sootnoxeniæ (27)–(30).

Sledstvie 8. Pust~ x ∈ R, α ∈ L1, funkcii F , Fa,^~Fa opredeleny

ravenstvami (19) i (20), 1 < p 6 2, q = p/(p − 1). Togda (^π∫ 0 | | |Fa(x) − a π F (x) | | |^q da )_{1/q} 6^1_2^{( 2}_π^{∞∑}_{k=1}^|^{F (x + k) + F (x − k)} k | | |^p )_{1/p} ,

(^π∫ 0 | | ~Fa(x) − 1 π π∫ 0 ~F_t(x)dt | |^q da )_{1/q} 6^1_2^{( 2}_π^{∞∑}_{k=1}^|^{F (x+k)−F (x−k)}_k^|^{p)1/p}, (^π∫ 0 | |F_a(x) | |^q da )_{1/q} 6^1_2^{( 2}_π^{∞∑}_{k=0}^|^{F (x + k + 1/2) + F (x − k − 1/2)} k | | |^p )_{1/p} ,

100 A. S. ȷUK, V. V. ȷUK (^π∫ 0 | | ~F_a(x) − ~F_π(x) | |^qda )_{1/q} 6 6^1_2^{( 2}_π^{∞∑}_{k=0}^|^{F (x + k + 1/2) − F (x − k − 1/2)} k | |^p )_{1/p} . Dokazatel~stvo sledstviØ 8 poluqaetsØ sopostavleniem teo-

remy 3 s neravenstvom (4). Pri fftom prinimaetsØ vo vnimanie

teorema E.

Sledstvie 9. V usloviØh sledstviØ 8 (_∞∑ k=1 | | | F (x + k) + F (x − k) k | | |^q )_{1/q} 6 π^{( 2}_π π∫ 0 | | |Fa(x) − a π F (x) | | |^pda )_{1/p} , (_∞∑ k=1 | | | F (x + k) − F (x − k) k | | |^q )_{1/q} 6 π^{( 2}_π π∫ 0 | | | ~Fa(x) − 1 π π∫ 0 ~F_t(x)dt | | |^pda )_{1/p} , (_∞∑ k=0 | | | F (x+k+1/2)+F (x−k−1/2) k + 1/2 | | |^q )_{1/q} 6 π^{( 2}_π π∫ 0 | | |Fa(x) | | |^pda )_{1/p} , (_∞∑ k=0 | | | F (x+k+1/2)−F (x−k−1/2) k+1/2 | | |^q )_{1/q} 6 π^{( 2}_π π∫ 0 | | | ~Fa(x)−~Fπ(x) | | |^pda )_{1/p} . Dokazatel~stvo sledstviØ 9 poluqaetsØ sopostavleniem teo-

remy 3 s neravenstvom (3). Pri fftom prinimaetsØ vo vnimanie

teorema E.

Zameqanie 3. SledstviØ 8 i 9 poluqeny putem sopostavleniØ

razloßeniæ v rØdy Fur~e s teoremoæ Rissa o kofffficientah

Fur~e. K nastoØwemu vremeni poluqeno mnogo i drugih inte-

resnyh rezul~tatov, otnosØwihsØ k kofffficientam Fur~e (sm.,

naprimer, [1, gl. XII; 9, s. 209–232]). Ih sopostavlenie s sootno-

xeniØmi (36)–(39), a takße s razloßeniØmi, kotorye mogut byt~

poluqeny na ih osnove (naprimer, integrirovaniem i differen-

cirovaniem i t.p.), privodit k novym rezul~tatam. Odnako, my

ne ostanavlivaemsØ na fftom voprose, poskol~ku on nußdaetsØ

ewe v dopolnitel~nom issledovanii.

NEKOTORYE ORTOGONAL^NOSTI 101

Sledstvie 10. Pust~ x ∈ R, α ∈ L1, funkcii F , Fa,^~Fa opredeleny

sootnoxeniØmi (19) i (20). Togda π∫ 0 | |Fa(x) − a π F (x) | |^2da = 1 2π ∞∑ k=1 |F (x + k) + F (x − k)|^2 k^2 , π∫ 0 | | ~F_a(x) − 1 π π∫ 0 ~F_t(x)dt | |^2da = 1 2π ∞∑ k=1 |F (x + k) − F (x − k)|^2 k^2 , π∫ 0 | |Fa(x) | |^2da = 1 2π ∞∑ k=0 |F (x + k + 1/2) + F (x − k − 1/2)|^2 (k + 1/2)^2 , π∫ 0 | | | ~Fa(x) − ~Fπ(x) | | |^2da = 1 2π ∞∑ k=0 |F (x + k + 1/2) + F (x − k − 1/2)|^2 (k + 1/2)^2 . V kaqestve primera privedem odno primenenie poslednih dvuh sootnoxeniæ k klassiqeskim voprosam teorii approksimacii. Sledstvie 11. V usloviØh sledstviØ 10 π∫ 0 |F_a(x)|^2da + π∫ 0 | ~F_a(x) − ~F_π(x)|^2da 6 π sup_{k∈}Z|F (x + k + 1/2)|^2. (40)

Dokazatel~stvo. SopostavlØØ dva poslednih ravenstva sledstviØ 10, imeem π∫ 0 |F_a(x)|^2da + π∫ 0 | ~F_a(x) − ~F_π (x)|^2da =

= 1 π ∞∑ k=0 |F (x + k + 1/2)|^2 + |F (x − k − 1/2)|^2 (k + 1/2)^2 6

6^8_π^{∞∑}_{k=0}^1_{(2k + 1)2} sup_{k∈}Z|F (x + k + 1/2)|^2 = π sup_{k∈}Z|F (x + k + 1/2)|^2.

Neravenstvo (40) moßno traktovat~ kak razvitie neravenstva tipa S. N. Bernxteæna

|F^′(x)| 6 π sup_{k∈}Z|F (x + k + 1/2)| (41)

102 A. S. ȷUK, V. V. ȷUK v nestandartnom napravlenii (v svØzi s neravenstvami tipa (41) sm., naprimer, [10, s. 182–193; 11, s. 221–231]), tak kak |F^′(x)| = | | | π∫ 0 { ~F_a(x) − ~F_π(x)}da | | | 6 π∫ 0 | ~F_a(x) − ~F_π(x)|da 6 6^√π^( π∫ 0 | ~F_a(x) − ~F_π(x)|^2da )_{1/2} 6 π sup_{k∈}Z|F (x + k + 1/2)|.

§2. O nailuqxem priblißenii v prostranstve periodiqeskih funkciæ ~L_2

1. V fftom paragrafe^~L2 – prostranstvo izmerimyh 2π-perio-diqeskih funkciæ f : R → C , u kotoryh ‖f‖_2 = ( ∫_π −π |f|^2)^{1/2} < ∞; E_n(f)_2 = ‖f − s_n(f)‖_2 – nailuqxee priblißenie porØdka n funkcii f v prostranstve L_2; δ^1_t (f, x) = f(x + t/2) − f(x − t/2) – central~naØ raznost~ pervogo porØdka dlØ funkcii f.

Lemma 1. Pust~ f ∈^~L2, n ∈ Z+. Togda 1 2π π∫ 0 ‖ ‖δ^1_t (f) ‖ ‖^2 sin(n + 1/2)t sin(t/2) dt = E^2_n(f)_2. (1)

Dokazatel~stvo. V silu ravenstva ParsevalØ (teorema B §1)

dlØ ortonormirovannoæ na otrezke Q sistemy { eikx √ 2π } k∈Z^{imeem}

E^2_n(f)_2 = 2π ∞∑ k=n+1 ( |c_k(f)|^2 + |c_{−k}(f)|^2 ) ,

‖ ‖δ^1_t (f) ‖ ‖^2 = 4π^{+∞} ∑ k=−∞ |c_k(f)|^2(1 − cos kt).

Teper~, uqityvaØ toßdestvo D(t) = 1 2π sin(n + 1/2)t sin(t/2) = 1 π { 1 2 + n∑ k=1 cos kt }

NEKOTORYE ORTOGONAL^NOSTI 103 i integriruØ poqlenno, nahodim π∫ 0 ‖ ‖δ^1_t (f) ‖ ‖^2D(t)dt = 4π +∞∑ l=−∞ |c_k(f)|^2 π∫ 0 (1 − cos kt)D(t)dt =

= 2π ∞∑ k=n+1 ( |c_k(f)|^2 + |c_{−k}(f)|^2 ) = E^2_n(f)_2.

Lemma 2. Pust~ n ∈ N, l ∈ Z,

g_n(t) = 1 √ 2π ‖ δ^1_t (f) ‖_2 2 sin(nt/2) sin(t/2) . Togda: 1) esli n/2 ∈ N, to π∫ 0 g_n(t) √ 2 π cos ( l + n + 1 2 ) t dt =

= { E^2_{n+l}(f)_2 − E^2_l (f)_2 pri l ∈ Z_+,

E^2_{|l|−1}(f)_2 + E^2_{l+n}(f)_2 pri − n 2 6 l 6 −1;

2) esli n + 1 2 ∈ N, to π∫ 0 g_n(t) √ 2 π cos ( l + n + 1 2 ) t dt =

= E^2_{n+l}(f)_2 − E^2_l (f)_2 pri l ∈ Z,

E^2_{|l|−1}(f)_2 + E^2_{l+n}(f)_2 pri −n + 1 2 6 l 6 −1, 1 √ π π∫ 0 g_n(t)dt = √ 2E^2n�1_2 (f)_2.

Dokazatel~stvo lemmy 2 osnovano na lemme 1 i provoditsØ neposredstvennymi vyqisleniØmi.

2. Smysl lemmy 2 sostoit v tom, qto kofffficienty Fur~e funkcii g_n po ortonormirovannoæ sisteme {( 2 π )_{1/2} cos(l + 1/2)t }_∞ l=0

104 A. S. ȷUK, V. V. ȷUK

pri qetnom n i po ortonormirovannoæ sisteme { 1 √ π , ( 2 π )_{1/2} cos t, . . ., ( 2 π )_{1/2} cos lt, . . . } pri neqetnom n vyraßa¸tsØ qerez nailuqxie priblißeniØ.

�to pozvolØet podkl¸qit~ k izuqeni¸ nailuqxih priblißeniæ izvestnye teoremy o kofffficientah Fur~e. Privedem odin primer.

Teorema 1. Pust~ n ∈ N, f ∈^~L2. Togda ∞∑ l=0 ( E^2_{n+l}(f)_2 − E^2_l (f)_2

)_2 + 1 2 n−1∑ l=0 ( E^2_l (f)_2 + E^2_{n−l−1}(f)_2

)_2 =

= 1 2π π∫ 0 ‖ ‖δ^1_t (f) ‖ ‖^4_2 ( sin(nt/2) sin(t/2)

)_2 dt. (2) Dokazatel~stvo. Budem pisat~ E^2_k vmesto E^2_k(f)2. Pust~ snaqala n – qetnoe qislo. OpiraØs~ na pervyæ punkt lemmy 2, uqityvaØ teoremu E §1 i primenØØ teoremu B §1, imeem ∞∑ l=0 ( E^2_{n+l} − E^2_l

)_2 + −1∑ l=−n/2 ( E^2_{|l|−1} + E^2_{l+n}

)_2 = π∫ 0 g^2_n(t) dt. Dalee, −1∑ l=−n/2 ( E^2_{|l|−1} + E^2_{l+n}

)_2 = −1∑ l=−n/2 ( E^2_{−l−1} + E^2_{l+n}

)_2 =

= n/2−1∑

l=0 ( E^2_l + E^2_{n−l−1}

)_2 = n−1∑ l=n/2 ( E^2_l + E^2_{n−l−1}

)_2 =

= (1/2) n−1∑ l=0 ( E^2_l + E^2_{n−l−1}

)_2 . SopostavlØØ privedennye ravenstva, prihodim k sootnoxeni¸ (2) v predpoloßenii, qto n – qetnoe qislo. Pokaßem, qto formula (2) verna i v sluqae, kogda n + 12 ∈ N. OpiraØs~ na vtoroæ

NEKOTORYE ORTOGONAL^NOSTI 105 punkt lemmy 2, uqityvaØ teoremu E §1 i primenØØ teoremu B §1, imeem ∞∑ l=0 ( E^2_{n+l} − E^2_l

)_2 + −1∑ l= �n+1_2 ( E^2_{|l|−1} + E^2_{l+n}

)_2

+ 2E^4n�1_2 = π∫ 0 g^2_n(t) dt. Dalee, −1∑ l= �n+1_2 ( E^2_{|l|−1} + E^2_{l+n}

)_2 = (n−3)/2 ∑ l=0 ( E^2_l + E^2_{n−l−1}

)_2 =

= n−1∑ l=^n+12 ( E^2_l + E^2_{n−l−1}

)_2 . Sledovatel~no, −1∑ l= �n+1_2 ( E^2_{|l|−1} + E^2_{l+n}

)_2 + 2E^4n�1_2 = (1/2) n−1∑ l=0 ( E^2_l + E^2_{n−l−1}

)_2 . Ostalos~ sopostavit~ poluqennye sootnoxeniØ.

3. Privedem dva neravenstva, sledu¸wih iz sopostavleniØ lemmy 1 s teoremoæ Rissa (teorema A §1).

Teorema 2. Pust~ 1 < p 6 2, q = p/(p − 1), f ∈^~L2. Togda (_∞∑ k=0 E^{2q}_k (f)_2 )_{1/q} 6^1_4^{( 2}_π π∫ 0 ‖ ‖δ^1_t (f) ‖ ‖^{2p}_2 sin^{−p} t 2 dt )_{1/p} , (^π∫ 0 ‖ ‖δ^1_t (f) ‖ ‖^{2q}_2 sin^{−q} t 2 dt )_{1/q} 6 2π^{( 2}_π^{∞∑}_{k=0} E^{2p}_k (f)^{)1/p}.

DlØ dokazatel~stva teoremy 2 dostatoqno zapisat~ ravenstvo (1) v forme π∫ 0 ‖δ^1_t (f)‖^2 sin(t/2) √ 2 π sin(n + 1/2)t dt = 2 √ 2π E^2_n(f)_2

i, prinØv vo vnimanie teoremu E §1, vospol~zovat~sØ teoremoæ Rissa.

106 A. S. ȷUK, V. V. ȷUK

Sledstvie 1. Pust~ f ∈^~L2. Togda ∞∑ k=0 E^4_k(f)_2 = 1 8π π∫ 0 ‖δ^1_t (f)‖^4_2

sin^2(t/2) dt.

§3. Predstavlenie agregatov priblißeniØ na klassah trigonometriqeskih polinomov

V fftom paragrafe my ustanavlivaem analogi rØda rezul~tatov, privedennyh v knige [2] dlØ trigonometriqeskih polinomov s kompleksnymi kofffficientami, primenitel~no k trigonometriqeskim polinomam, kogda kofffficienty ØvlØ¸tsØ fflementami proizvol~nogo vektornogo prostranstva. Predxestvu¸waØ istoriØ rassmatrivaemyh voprosov otraßena v [2].

1. V fftom paragrafe my priderßivaemsØ sledu¸wih oboznaqeniæ i soglaxeniæ. �lementami prostranstva C^m ØvlØ¸tsØ uporØdoqennye sovokupnosti m kompleksnyh qisel. Esli x =

(x_1, . . . , x_m), y = (y_1, . . . , y_m) prinadleßat C^m , α ∈ C , to x + y = (x_1 + y_1, . . . , x_m + y_m), αx = (αx_1, . . . , αx_m), skalØrnoe proizvede-

nie fflementov x, y est~ qislo (x, y) =^m ∑ k=1 x_ky_k; O^m = (0, . . . , 0) –

nulevoæ fflement C^m , 1I^m = (1, . . . , 1). Qerez R^m oboznaqaem podmnoßestvo C^m , fflementami kotorogo ØvlØ¸tsØ uporØdoqennye sovokupnosti m vewestvennyh qisel. V dal~neæxem priderßivaemsØ soglaxeniØ: esli rassmatrivaetsØ nekotoraØ veliqina

x ∈ C^m , to xk (k = 1, m) oboznaqaet ee k-u¸ koordinatu, t.e.

x = (x_1, . . . , x_m). Operacii umnoßeniØ i deleniØ rasprostranØ-

¸tsØ na fflementy C^m . �ti operacii vypolnØ¸tsØ pokoordinatno. V sootvetstvii s fftim, esli a, b ∈ C^m , to ab = (a_1b_1, . . . , a_mb_m),

a/b = (a_1/b_1, . . . , a_m/b_m). V poslednem sluqae ni odna koordinata b_k ne dolßna byt~ ravna nul¸. Esli a, b ∈ R^m, to zapis~ a 6 b

oznaqaet, qto a_k 6 b_k pri kaßdom k = 1, m. Esli a, b ∈ R^m, priqem

a 6 b, to [a, b] oboznaqaet sovokupnost~ toqek x ∈ R^m, udovletvo-

rØ¸wih neravenstvam a 6 x 6 b. Polagaem v[a, b] =^m ∏ k=1 (b_k − a_k).

Esli A ⊂ R^m, to zapis~ ∑ k∈A oznaqaet ∑ k∈A∩Z^m . Pust~ X – nor-

mirovannoe prostranstvo, A ⊂ R^m, x_k ∈ X pri k ∈ A ∩ Z^m. RØd

NEKOTORYE ORTOGONAL^NOSTI 107 ∑ k∈A x_k nazyvaetsØ shodØwimsØ (v X), esli v X shoditsØ posle-

dovatel~nost~ s_n = ∑ k∈[−n,n]^m∩A x_k, gde n ∈ Z_+. Summoæ rØda na-

zyvaetsØ predel s fftoæ posledovatel~nosti: s = lim_{n→∞} s_n.

Pust~ X – vektornoe prostranstvo, θ – ego nulevoæ fflement. Pri n ∈ Z^m_+ polagaem

H_n = { ∑ k∈[−n,n] c_k e^{i(t,k)} } , H(m) = ⋃ n∈Zm+^{Hn.} Zdes~ c_k ∈ X, t ∈ C^m . DlØ fflementa f ∈ H_n my budem dopuskat~ zapis~ f(t) = ∑ k∈Zm^{ck ei(t,k),} sqitaØ, qto vse c_k = θ pri k∈[−n, n], a kofffficienty c_k oboznaqat~ qerez c_k(f). Summa s_l (f, t) = ∑ k∈[−l,l] c_k(f) e^{i(t,k)} (l ∈ Z^m)

nazyvaetsØ l-oæ qastiqnoæ summoæ rØda (1).

FunkciØ α_n : Z→ {1/2, 1} pri n ∈ Z_+ opredelena sootnoxeni- Ømi:

α_n(t) = { 1 pri |t| ≠ n, 1/2 pri |t| = n. Esli n ∈ Z^m_+ , l ∈ Z^m, to α_n(l) =^m ∏ k=1 α_{nk} (l_k). Pust~ f ∈ H(m),

λ = (λ_k)_{k∈}Zm, gde λ_k ∈ C , t ∈ C^m . Togda po opredeleni¸ λ∇f(t) = ∑ k∈Zm^{λkck(f) ei(t,k).} Polagaem y_{n,k}(1) =^{πk}_n pri k ∈ Z^m, n ∈ N^m; y_{n,k}(2) = 2πk

2n + 1I^m pri k ∈ Z^m, n ∈ Z^m_+ .

2. V fftom punkte ustanovim rØd interpolØcionnyh formul dlØ trigonometriqeskih polinomov.

Qerez X budem oboznaqat~ kompleksnoe vektornoe prostranstvo.

108 A. S. ȷUK, V. V. ȷUK

Nam ponadobØtsØ sledu¸wie horoxo izvestnye sootnoxeniØ: n∑ k=−n e^{ikt} = sin(n + 1/2)t sin t/2

(t ∈ C , n ∈ Z_+), (2) n∑ k=−n α_n(k) e^{ikt} = sin nt tg t/2 (t ∈ C , n ∈ N). (3)

Teorema 1. Pust~ n ∈ N, f ∈ Hn, α, x ∈ C , k, l ∈ Z, yk = yn,k(1),

λ = (λ_l)_{l∈}Z, gde λ_l ∈ C , ψ(t) =^n ∑ l=−n α_n(l)λ_l e^{ilt},

A(f, x) = 1 2n n∑ k=−n α_n(k)f(y_k + α)ψ(x − y_k − α),

B(f, x) = 1 2n n∑ k=−n α_n(k)f(x + y_k + α)ψ(−y_k − α). Togda: 1) esli λ_lc_{−l}(f) e^{−2iαl} = λ_lc_l(f) (|l| = n), to λ∇f(x) = n∑ l=−n λ_lc_l(f) e^{ilx} = A(f, x); (4) 2) esli λ_{−l}c_l(f) e^{2iαl} = λ_lc_l(f) (|l| = n), to λ∇f(x) = B(f, x). (5) Dokazatel~stvo. Ustanovim snaqala pervoe utverßdenie. Pust~ f(x) =^n ∑ m=−n c_m e^{imx}. Imeem

A(f, x) = 1 2n n∑ k=−n α_n(k)f(y_k + α) n∑ l=−n α_n(l)λ_l exp(il(x − y_k − α)) =

= 1 2n n∑ l=−n α_n(l)λ_l e^{il(x−α)} n∑ k=−n α_n(k)f(y_k + α) e^{−ilyk} ,

NEKOTORYE ORTOGONAL^NOSTI 109 n∑ k=−n α_n(k)f(y_k + α) e^{−ilyk} = n∑ k=−n α_n(k) (_n∑ m=−n c_m e^{im(yk +α)} ) e^{−ilyk} =

= n∑ m=−n c_m e^{imα} n∑ k=−n α_n(k) e^{i(m−l)yk} . SopostavlØØ privedennye sootnoxeniØ i primenØØ toßdestvo (3), nahodim A(f, x) = 1 2n n∑ l=−n n∑ m=−n α_n(l)λ_l c_m e^{ilx} e^{i(m−l)α}S(m − l), gde S(m − l) = sin n(m − l)π/n tg^{(m−l)π}_{2n} = sin π(m − l) tg^{(m−l)π}_{2n} = = { 0, esli m − l ≠ 2kn, 2n, esli m − l = 2kn, gde k ∈ Z. Takim obrazom, A(f, x) = n−1∑ l=−n+1 λ_lc_l e^{ilx} + 1 2 { λ_nc_n e^{inx} + λ_nc_{−n} e^{inx} e^{−2inα} } +

+ 1 2 { λ_{−n}c_{−n} e^{−inx} + λ_{−n}c_n e^{−inx} e^{2inα} } = n∑ l=−n λ_lc_l e^{ilx}. Teper~ dokaßem vtoroe utverßdenie. Imeem B(f, x) = 1 2n n∑ k=−n α_n(k)f(x + y_k + α) n∑ l=−n α_n(l)λ_l e^{il(−yk−α)} =

= 1 2n n∑ l=−n α_n(l)λ_l e^{−ilα} n∑ k=−n α_n(k)f(x + y_k + α) e^{−ilyk} , n∑ k=−n α_n(k)f(x + y_k + α) e^{−ilyk} =

= n∑ k=−n α_n(k) (_n∑ m=−n c_m exp(im(x + y_k + α) ) e^{−ilyk} =

= n∑ m=−n c_m e^{im(x+α)} n∑ k=−n α_n(k) e^{i(m−l)yk} .

110 A. S. ȷUK, V. V. ȷUK Sledovatel~no, B(f, x) = 1 2n n∑ l=−n n∑ m=−n α_n(l)λ_lc_m e^{imx} e^{i(m−l)α}S(m − l) =

= n−1∑ m=−n+1 λ_mc_m e^{imx} + 1 2 { λ_nc_n e^{inx} + λ_{−n}c_n e^{inx} e^{2inα} } +

+ 1 2 { λ_{−n}c_{−n} e^{−inx} + λ_nc_{−n} e^{−inx} e^{−2inα} } = n∑ m=−n λ_mc_m e^{imx}.

Sledstvie 1. Pust~ n ∈ N, α ∈ C , yk =^{πk}_n , λl ∈ C (l = −n, n), ψ(t) = ∑_n l=−n αn(l)λl e ilt. Togda n∑ k=−n α_n(k)ψ(−y_k − α) = 2nλ_0. DlØ dokazatel~stva (6) dostatoqno (sqitaØ X = C ) v formule (5) poloßit~ f(x) ≡ 1.

Sledstvie 2. Pust~ n ∈ N, yk =^{πk}_n , λl ∈ C (l = −n, n), λ−n = λn, ψ(t) = ∑_n l=−n αn(l)λl e ilt. Togda n∑ k=−n α_n(k)(−1)^kψ(y_k) = 2nλ_n. (7)

DlØ dokazatel~stva (7) dostatoqno (sqitaØ X = C ) v formule (5) poloßit~ f(x) = cos nx, α = x = 0 i prinØt~ vo vnimanie, qto v fftom sluqae n∑ k=−n α_n(k)(−1)^kψ(y_k) = 2nλ_n.

Teorema 2. Pust~ n ∈ N^2, f ∈ Hn, α, x ∈ C^2 , k, l ∈ Z^2, yk = yn,k(1),

λ = (λ_l)_{l∈}Z2, gde λ_l ∈ C , v_n = (4n_1n_2)^{−1}, K_n = {u ∈ Z^2: |u_1| =

NEKOTORYE ORTOGONAL^NOSTI 111 n_1, |u_2| = n_2}, ψ(t) = ∑ l∈[−n,n] α_n(l)λ_l e^{i(t,l)},

A(f, x) = v_n ∑ k∈[−n,n] α_n(k)f(y_k + α)ψ(x − y_k − α), B(f, x) = v_n ∑ k∈[−n,n] α_n(k)f(x + y_k + α)ψ(−y_k − α). Togda: 1) esli λ_l e^{−i(α,l)} ∑ k∈K_n c_k(f) e^{i(α,k)} = 4λ_lc_l(f) (l ∈ K_n),

λ_lc_{−l1,l2} (f) e^{−2iα1l1} = λ_lc_l(f) (|l_1| = n_1, l_2 = −n_2 + 1, n_2 − 1 ),

λ_lc_{l1,−l2} (f) e^{−2iα2l2} = λ_lc_l(f) (|l_2| = n_2, l_1 = −n_1 + 1, n_1 − 1 ), to λ∇f(x) = ∑ l∈[−n,n] λ_lc_l(f) e^{i(x,l)} = A(f, x); (8) 2) esli c_l(f) e^{i(α,l)} ∑ k∈K_n λ_k e^{−i(α,k)} = 4λ_lc_l(f) (l ∈ K_n),

λ_{−l1,l2} c_l(f) e^{2iα1l1} = λ_lc_l(f) (|l_1| = n_1, l_2 = −n_2 + 1, n_2 − 1 ), λ_{l1,−l2} c_l(f) e^{2iα2l2} = λ_lc_l(f) (|l_2| = n_2, l_1 = −n_1 + 1, n_1 − 1 ), to λ∇f(x) = B(f, x). (9) Dokazatel~stvo. Ustanovim snaqala formulu (8). Oboznaqim

[−n, n] qerez D. Imeem A(f, x) = v_n ∑ k∈D α_n(k)f(y_k + α) ∑ l∈D α_n(l)λ_l exp(i(x − y_k − α, l)) =

= v_n ∑ l∈D α_n(l)λ_l e^{i(x−α,l)} ∑ k∈D α_n(k)f(y_k + α) e^{−i(yk,l)},

112 A. S. ȷUK, V. V. ȷUK ∑ k∈D α_n(k)f(y_k + α) e^{−i(yk,l)} = = ∑ k∈D α_n(k) ( ∑ m∈D c_m e^{i(yk+α,m)} ) e^{−i(yk,l)} = = ∑ m∈D c_m e^{i(α,m)} ∑ k∈D α_n(k) e^{i(yk,m−l)}. Sledovatel~no, A(f, x) = = v_n ∑ l∈D ∑ m∈D α_n(l)λ_l e^{i(x,l)} e^{i(α,m−l)}c_m ∑ k∈D α_n(k) e^{i(yk,m−l)}. (10) UqityvaØ, qto ∑ k∈D α_n(k)e^{i(yk,m−l)} = 2∏ k=1 sin π(m_k − l_k) tg^π_{2nk} (m_k − l_k) , posle prostyh vyqisleniæ poluqaem, qto v summe (10) vyraßenie e^{i(x,l)} stoit s kofffficientom λ_lc_l, esli l ∈ [−n + 1I^2, n − 1I^2], 1 2 ( λ_lc_l+λ_l c_{−n1,l2} e^{−2iα1n1} ) = λ_lc_l, esli l =(n_1, l_2), l_2 =−n_2 + 1, n_2 − 1, 1 2 ( λ_lc_l +λ_lc_{n1,l2} e^{2iα1n1} ) = λ_lc_l, esli l =(−n_1, l_2), l_2 =−n_2 + 1, n_2 − 1, 1 2 ( λ_lc_l+λ_l c_{l1,−n2} e^{−2iα2n2} ) = λ_lc_l, esli l =(l_1, n_2), l_1 =−n_1 + 1, n_1 − 1, 1 2 ( λ_lc_l +λ_lc_{l1,n2} e^{2iα2n2} ) = λ_lc_l, esli l =(l_1, −n_2), l_1 =−n_1 + 1, n_1 − 1, λ_l 4 e^{−i(α,l)} ∑ m∈K_n c_m e^{i(α,m)} = λ_lc_l, esli l ∈ K_n. Takim obrazom, A(f, x) = ∑ l∈D λ_lc_l e^{i(x,l)}. Teper~ dokaßem formulu (9). Imeem B(f, x) = v_n ∑ k∈D α_n(k)f(x + y_k + α) ∑ l∈D α_n(l)λ_l e^{−i(yk+α,l)} =

NEKOTORYE ORTOGONAL^NOSTI 113 = v_n ∑ l∈D α_n(l)λ_l e^{−i(α,l)} ∑ k∈D α_n(k)f(x + y_k + α) e^{−i(yk,l)}, ∑ k∈D α_n(k)f(x + y_k + α) e^{−i(yk,l)} = = ∑ k∈D α_n(k) ( ∑ m∈D c_m exp(i(x + y_k + α, m)) ) e^{−i(yk,l)} = = ∑ m∈D c_m e^{i(x+α,m)} ∑ k∈D α_n(k) e^{i(yk,m−l)}. Sledovatel~no, B(f, x) = = v_n ∑ l∈D ∑ m∈D α_n(l)λ_l c_m e^{i(x,m)} e^{i(α,m−l)} ∑ k∈D α_n(k) e^{i(yk,m−l)}. (11) V summu (11) vyraßenie e^{i(x,m)} vhodit s kofffficientom λ_mc_m, esli m ∈ [−n + 1I^2, n − 1I^2], 1 2 ( λ_mc_m + λ_{−n1,m2} c_m e^{2in1α1} ) = λ_mc_m, esli m = (n_1, m_2), m_2 = −n_2 + 1, n_2 − 1, 1 2 ( λ_mc_m + λ_{n1,m2} c_m e^{−2in1α1} ) = λ_mc_m, esli m = (−n_1, m_2), m_2 = −n_2 + 1, n_2 − 1, 1 2 ( λ_mc_m + λ_{m1,−n2} c_m e^{2in2α2} ) = λ_mc_m, esli m = (m_1, n_2), m_1 = −n_1 + 1, n_1 − 1, 1 2 ( λ_mc_m + λ_{m1,n2} c_m e^{−2in2α2} ) = λ_mc_m, esli m = (m_1, −n_2), m_1 = −n_1 + 1, n_1 − 1, 1 4 c_m e^{i(α,m)} ∑ l∈K_n λ_l e^{−i(α,l)} = λ_mc_m, esli m ∈ K_n. Takim obrazom, B(f, x) = ∑ m∈[−n,n] λ_mc_m e^{i(x,m)}.

114 A. S. ȷUK, V. V. ȷUK

Teorema 3. Pust~ n ∈ Z^m_+ , f ∈ Hn, α, x ∈ C^m , k, l ∈ Z^m,

y_k = y_{n,k}(2), λ = (λ_l)_{l∈}Zm, gde λ_l ∈ C , v_n = (^m ∏ k=1 (2n_k + 1))^{−1}, ψ(t) = ∑ l∈[−n,n] λ_l e^{i(t,l)}, C(f, x) = v_n ∑ k∈[−n,n] f(y_k + α)ψ(x − y_k − α). Togda λ∇f(x) = ∑ k∈[−n,n] λ_kc_k(f) e^{i(x,k)} = C(f, x). (12) Dokazatel~stvo. Oboznaqim [−n, n] qerez D. Pust~ f(x) = ∑ p∈D c_p e^{i(x,p)}. Imeem C(f, x) = v_n ∑ k∈D f(y_k + α) ∑ l∈D λ_l exp(i(x − y_k − α, l)) = = v_n ∑ l∈D λ_l e^{i(x−α,l)} ∑ k∈D f(y_k + α) e^{−i(yk,l)}, ∑ k∈D f(y_k + α) e^{−i(yk,l)} = ∑ k∈D ( ∑ p∈D c_p e^{i(yk+α,p)} ) e^{−i(yk,l)} = = ∑ p∈D c_p e^{i(α,p)} ∑ k∈D e^{i(yk,p−l)}. Sledovatel~no, C(f, x) = v_n ∑ l∈D ∑ p∈D λ_l e^{i(x,l)} e^{i(α,p−l)}c_p ∑ k∈D e^{i(yk,p−l)}. Ots¸da, primenØØ ravenstvo (2), nahodim C(f, x) = ∑ l∈D λ_lc_l e^{i(x,l)}. Sledstvie 3. V usloviØh teoremy 3 λ∇f(x) = v_n ∑ k∈[−n,n] f(x + y_k + α)ψ(−y_k − α). (13)

DlØ dokazatel~stva sledstviØ 3 dostatoqno v formule (12) v kaqestve α vzØt~ x + α.

NEKOTORYE ORTOGONAL^NOSTI 115

Sledstvie 4. Pust~ n ∈ Z^m_+, α ∈ C^m , k ∈ Z^m, yk = yn,k(2), λl ∈ C , (l ∈ [−n, n] ∩ Z^m), ψ(t) = ∑ l∈[−n,n] λ_l e^{i(t,l)}. Togda ∑ k∈[−n,n] ψ(y_k + α) = λOmv[−n, n + 1I^m]. (14)

DlØ dokazatel~stva (14) dostatoqno (sqitaØ X = C ) poloßit~

f(x) ≡ 1 v formule (13).

Teorema 4. Pust~ n ∈ N^m, f ∈ Hn, An = [−n + 1I^m, n − 1I^m] ∩ Z^m,

α, x ∈ C^m , k, l ∈ Z^m, y_k = y_{n,k}(1), λ_l ∈ C (l ∈ A_n), v_n = (v[−n, n])^{−1}, ψ(t) = ∑ l∈A_n λ_l e^{i(t,l)}, D(f, x) = v_n ∑ k∈[−n,n] α_n(k)f(y_k + α)ψ(x − y_k − α). Togda ∑ k∈A_n λ_kc_k(f) e^{i(x,k)} = D(f, x). Dokazatel~stvo. Oboznaqim [−n, n] qerez D. Pust~ f(x) = ∑ p∈D c_p e^{i(x,p)}. Imeem D(f, x) = v_n ∑ k∈D α_n(k)f(y_k + α) ∑ l∈A_n λ_l exp(i(x − y_k − α, l)) = = v_n ∑ l∈A_n λ_l e^{i(x−α,l)} ∑ k∈D α_n(k)f(y_k + α) e^{−i(yk,l)}, ∑ k∈D α_n(k)f(y_k + α) e^{−i(yk,l)} = ∑ k∈D α_n(k) ( ∑ p∈D c_p e^{i(yk+α,p)} ) e^{−i(yk,l)} = = ∑ p∈D c_p e^{i(α,p)} ∑ k∈D α_n(k) e^{i(yk,p−l)}. Sledovatel~no, D(f, x) = v_n ∑ l∈A_n ∑ p∈D λ_lc_p e^{i(x,l)} e^{i(α,p−l)} ∑ k∈D α_n(k) e^{i(yk ,p−l)} = = ∑ l∈A_n λ_lc_l e^{i(x,l)}.

116 A. S. ȷUK, V. V. ȷUK

Sledstvie 5. V usloviØh teoremy 4 ∑ k∈A_n λ_kc_k(f) e^{i(x,k)} = v_n ∑ k∈[−n,n] α_n(k)f(x + y_k + α)ψ(−y_k − α). Sledstvie 6. Pust~ n ∈ N^m, α ∈ C^m , k ∈ Z^m, yk = yn,k(1), An =

[−n + 1I^m, n − 1I^m] ∩ Z^m, λ_l ∈ C (l ∈ A_n), ψ(t) = ∑ l∈A_n λ_l e^{i(t,l)}. Togda ∑ k∈[−n,n] α_n(k)ψ(y_k + α) = λOmv[−n, n]. Zameqanie 1. Pust~ n ∈ Z^m_+, β, x ∈ C^m . Poloßim H_{n,β} = { ∑ k∈[−n,n] c_k e^{i(x,k+β)} } , gde c_k ∈ X.

Ustanovlennye vyxe rezul~taty mogut byt~ rasprostraneny na funkcii klassa H_{n,β}.

V kaqestve primera privedem formulirovku analoga teoremy 2.

Teorema 2^′. Pust~ n ∈ N^2, α, β, x ∈ C^2 , k, l ∈ Z^2, yk = yn,k(1),

v_n = (4n_1n_2)^{−1}, K_n = {u ∈ Z^2 : |u_1| = n_1, |u_2| = n_2}, λ_l ∈ C (l ∈ Z^2), ψ(t) = ∑ l∈[−n,n] α_n(l)λ_l e^{i(t,l+β)}, f(x) = ∑ k∈[−n,n] c_k e^{i(x,k+β)}, gde c_k ∈ X. Togda: 1) esli λ_l e^{−i(α,l)} ∑ k∈K_n c_k e^{i(α,k)} = 4λ_lc_l (l ∈ K_n), λ_lc_{−l1,l2} e^{−2iα1l1} = λ_lc_l (|l_1| = n_1, l_2 = −n_2 + 1, n_2 − 1 ), λ_lc_{l1,−l2} e^{−2iα2l2} = λ_lc_l (|l_2| = n_2, l_2 = −n_1 + 1, n_1 − 1 ), to ∑ l∈[−n,n] λ_lc_l e^{i(x,l+β)} = v_n ∑ k∈[−n,n] α_n(k)f(y_k + α)ψ(x − y_k − α);

NEKOTORYE ORTOGONAL^NOSTI 117 2) esli c_l e^{i(α,l)} ∑ k∈K_n λ_k e^{−i(α,k)} = 4λ_lc_l (l ∈ K_n), λ_{−l1,l2} c_l e^{2iα1l1} = λ_lc_l (|l_1| = n_1, l_2 = −n_2 + 1, n_2 − 1 ), λ_{l1,−l2} c_l e^{2iα2l2} = λ_lc_l (|l_2| = n_2, l_1 = −n_1 + 1, n_1 − 1 ), to ∑ l∈[−n,n] λ_lc_l e^{i(x,l+β)} = v_n ∑ k∈[−n,n] α_n(k)f(x + y_k + α)ψ(−y_k − α). Zameqanie 2. Netrudno ustanovit~ polnyæ analog teorem 1 i 2 dlØ prostranstv l¸bogo qisla izmereniæ. My ograniqilis~ qastnym sluqaem fftogo rezul~tata (teorema 4), poskol~ku v obweæ formulirovke on vyglØdit neskol~ko gromozdko, a ego priloßeniØ nahodØtsØ ewe v stadii izuqeniØ.

Teorema 5. Pust~ X – kompleksnoe normirovannoe prostran-

stvo, n ∈ Z^m_+, α, β ∈ R^m, x ∈ C^m , d_k ∈ C (k ∈ Z^m), funkciØ g : R^m → C opredelena ravenstvom g(t) = ∑ k∈Zm^{dk ei(t,k+α),} λ_k = g(kβ), f ∈ H_n. Togda ∑ k∈[−n,n] λ_kc_k(f) e^{i(x,k)} = ∑ k∈Zm^{dkf(x + (k + α)β).} Dokazatel~stvo. Imeem ∑ l∈[−n,n] λ_lc_l(f) e^{i(x,l)} = ∑ l∈[−n,n] ( ∑ k∈Zm^{dk exp(i(lβ, k + α))} ) c_l(f) e^{i(x,l)} =

= ∑ k∈Zm^{dk ∑}l∈[−n,n]^{cl(f) exp (i(x + (k + α)β, l)) = ∑}k∈Zm^{dkf(x + (k + α)β).} 3. Privedem primer priloßeniæ rezul~tatov, ustanovlennyh v punkte 2.

Vvedem nekotorye oboznaqeniØ. Esli n ∈ N, l ∈ Z^2, x ∈ C^2 ,

f ∈ H_{1I}2_n, to polagaem α(f, x, l) = α(x, l) = = 1∑ γ1,γ2=0 f ( x_1 + (−1)^{γ1} π(2l_1 + 1) 2n , x_2 + (−1)^{γ2} π(2l_2 + 1) 2n ) ,

118 A. S. ȷUK, V. V. ȷUK β(f, x, l) = β(x, l) = = 1∑ γ1,γ2=0 (−1)^{γ1+γ2} f ( x_1 + (−1)^{γ1} π(2l_1 + 1) 2n , x_2 + (−1)^{γ2} π(2l_2 + 1) 2n ) , Dalee, esli f ∈ H(2), a ∈ Z^2_+, to

f_a(x) = ∑ k∈Z2^{ck(f)(−i sign k1)a1 (− sign k2)a2 ei(x,k).} FunkciØ f_a nazyvaetsØ soprØßennoæ (trigonometriqeski) k funkcii f s porØdkom soprØßeniØ a. ˚sno, qto f(x) = fO2(x). Teorema 6. Pust~ n ∈ N, a = 1I^2, x ∈ C^2 , f ∈ H_{1I}2_n. Togda 1 n n−1∑ k=0 s_{k1I}2 (f, x) = 1 8n^2 n−1∑ l=0 α(f, x, l1I^2) sin^{2 π(2l+1)}_{4n}

, (15)

1 n n−1∑ k=0 { s_{n1I}2 (f_{1I}2 , x) − s_{(n,k)}(f_{1I}2 , x) − s_{(k,n)}(f_{1I}2 , x) + s_{k1I}2 (f_{1I}2 , x) } =

= 1 8n^2 n−1∑ l=0 β(f, x, l1I^2) sin^{2 π(2l+1)}_{4n}

. (16)

Dokazatel~stvo. Snaqala ustanovim (15). Poloßim pri k ∈ Z+, t ∈ R D_k(t) = sin(k + 1/2)t sin t/2 . Dalee, esli l ∈ Z^2, to y_l = π(2l + a) 2n . V silu formuly (9) pri k < n s_{k1I}2 (f, x) = = 1 4n^2 ∑ l∈[−na,na] α_{na}(l)f(x + y_l)D_k ( π(2l_1 + 1) 2n ) D_k ( π(2l_2 + 1) 2n ) . UqityvaØ qetnost~ i 2π-periodiqnost~ funkcii D_k(t), a takße 2π-periodiqnost~ funkcii f, posle prostyh preobrazovaniæ na-

NEKOTORYE ORTOGONAL^NOSTI 119 hodim

s_{k1I}2 (f, x) = = 1 4n^2 ∑ l∈[O2,(n−1)a]^{α(x, l)Dk} ( π(2l_1 + 1) 2n ) D_k ( π(2l_2 + 1) 2n ) . (17)

Tak kak n−1∑ k=0 sin(k + 1/2)u sin(k + 1/2)v =

= 1 2 n−1∑ k=0 { cos(k + 1/2)(u − v) − cos(k + 1/2)(u + v) } = = 1 4 { sin n(u − v) sin^{u−v}_2 − sin n(u + v) sin^{u+v}_2 } , to v silu (17) n−1∑ k=0 s_{ka}(f, x) = 1 8n n−1∑ l=0 α(x, la) sin^{2 π(2l+1)}_{4n} . Teper~ ustanovim (16). OpiraØs~ na formulu (9) i uqityvaØ toßdestvo −i n∑ k=−n (sign k)α_n(k) e^{ikt} =

1 − cos nt tg t/2 = A(t), nahodim, qto s_{na}(f_a, x) = = 1 4n^2 ∑ l∈[−na,na] α_{n1I}2 (l)f(x + y_l)A ( π(2l_1 + 1) 2n ) A ( π(2l_2 + 1) 2n ) . Ots¸da, ispol~zuØ neqetnost~ i 2π-periodiqnost~ funkcii A(t) i 2π-periodiqnost~ funkcii f, posle prostyh preobrazovaniæ poluqaem s_{na}(f_a, x) = = 1 4n^2 ∑ l∈[O2,(n−1)a]^{β(x, l)A} ( π(2l_1 + 1) 2n ) A ( π(2l_2 + 1) 2n ) .

120 A. S. ȷUK, V. V. ȷUK Analogiqno, prinimaØ vo vnimanie ewe formulu −i k∑ l=−k (sign l) e^{ilt} = cos(t/2) − cos(k + 1/2)t sin(t/2) = B_k(t), prihodim k sootnoxeniØm s_{(n,k)}(f_a, x) = = 1 4n^2 ∑ l∈[O2,(n−1)a]^{β(x, l)A} ( π(2l_1 + 1) 2n ) B_k ( π(2l_2 + 1) 2n ) ,

s_{(k,n)}(f_a, x) = = 1 4n^2 ∑ l∈[O2,(n−1)a]^{β(x, l)Bk} ( π(2l_1 + 1) 2n ) A ( π(2l_2 + 1) 2n ) ,

s_{(k,k)}(f_a, x) = = 1 4n^2 ∑ l∈[O2,(n−1)a]^{β(x, l)Bk} ( π(2l_1 + 1) 2n ) B_k ( π(2l_2 + 1) 2n ) , gde k < n. Znaqit, s_{na}(f_a, x) − s_{(n,k)}(f_a, x) − s_{(k,n)}(f_a, x) + s_{ka}(f, x) =

= 1 4n^2 ∑ l∈[O2,(n−1)a]^{β(x, l)} { A ( π(2l_1 + 1) 2n ) − B_k ( π(2l_1 + 1) 2n )} ×

× { A ( π(2l_2 + 1) 2n ) − B_k ( π(2l_2 + 1) 2n )} . (18)

Dalee, { A(u) − B_k(u) }{ A(v) − B_k(v) } = = { − cos nu tg^u_2 + cos(k + 1/2)u sin^u_2 }{ − cos nv tg^v_2 + cos(k + 1/2)v sin^v_2 } ,

NEKOTORYE ORTOGONAL^NOSTI 121 n−1∑ k=0 cos(k + 1/2)u cos(k + 1/2)v =

= 1 2 n−1∑ k=0 ( cos(k + 1/2)(u − v) + cos(k + 1/2)(u + v) ) = = 1 4 { sin n(u − v) sin^{u−v}_2 + sin n(u + v) sin^{u+v}_2 } . OpiraØs~ na (18) i privedennye vyxe sootnoxeniØ, posle fflementarnyh preobrazovaniæ prihodim k (16).

Sledstvie 7. Pust~ n ∈ N, f ∈ H_{1I}2_n, x ∈ C^2 . Togda 1 n n−1∑ k=0 s_{k1I}2 (f, x)+

+ 1 n n−1∑ k=0 { s_{n1I}2 (f_{1I}2 , x) − s_{(n,k)}(f_{1I}2 , x) − s_{(k,n)}(f_{1I}2 , x) + s_{k1I}2 (f_{1I}2 , x) } =

= 1 4n^2 n−1∑ l=0 { f ( x_1 + π(2l + 1) 2n , x_2 + π(2l + 1) 2n ) + +f ( x_1 − π(2l + 1) 2n , x_2 − π(2l + 1) 2n )} 1 sin^{2 π(2l+1)}_{4n}

. (19)

Privedem odin primer priloßeniæ formuly (19) k klassiqeskim voprosam teorii approksimacii.

Pust~ X = C, n ∈ N, f ∈ H_n, x ∈ R, ~f (x) = −i^n ∑ k=−n (sign k)c_k(f) e^{ikx}.

Primenim interpolØcionnu¸ formulu (19) k funkcii g : R^2 → C zadannoæ sootnoxeniem

g(y) = f(y_1)f (y_2).

122 A. S. ȷUK, V. V. ȷUK V rezul~tate poluqaem 1 n n−1∑ k=0 |s_k(f, x)|^2 + 1 n n−1∑ k=0 |~s_n(f, x) − ~s_k(f, x)|^2 = (20)

= 1 4n^2 n−1∑ l=0

| | |f ( x + π(2l + 1) 2n )| |^2 + | | |f ( x − π(2l + 1) 2n )| |^2

sin^2 π(2l + 1) 4n . Tak kak_{n−1} ∑ l=0 sin^{−2} π(2l + 1) 4n = 2n^2,

to iz (20) sleduet, qto pri l¸bom x ∈ R 1 n n−1∑ k=0 |s_k(f, x)|^2 + 1 n n−1∑ k=0 |~s_n(f, x) − ~s_k(f, x)|^2 6 6 max_{l∈}R^|f^(x +^{π(2l + 1)}_{2n}^{)|}^2. (21)

Poslednee sootnoxenie moßno rassmatrivat~, v qastnosti, kak usilenie klassiqeskogo neravenstva S. N. Bernxteæna dlØ proizvodnoæ trigonometriqeskogo polinoma: esli f ∈ H_n, to max_{x∈}R|f^′(x)| 6 n max_{x∈}R|f(x)|. Deæstvitel~no, |f^′(x)| = | | | | n−1∑ k=0 ( ~s_n(f, x) − ~s_k(f, x) ) | | | | 6^{n−1∑}_{k=0} |~sn(f, x) − ~sk(f, x)| 6 6^(n^{n−1∑}_{k=0} |~sn(f, x) − ~sk(f, x)|^{2)1/2} 6 n max_{x∈}R|f(x)|. My priveli tol~ko odin primer priloßeniæ teorem punkta 2 k konkretnym zadaqam teorii approksimacii. Bolee podrobno vopros o priloßeniØh (dlØ prostranstva X = C ) rassmotren v knige [2]. V nastoØwee vremØ naædeny i drugie aspekty i podhody (qast~ iz nih naxla svoe otraßenie v §§1i 2 nastoØweæ raboty), otnosØwiesØ k priloßeniØm, kotorye ne otraßeny v [2]. Avtory predpolaga¸t vernut~sØ k fftoæ teme v posledu¸wih rabotah.

NEKOTORYE ORTOGONAL^NOSTI 123

Literatura

1. A. Zigmund, Trigonometriqeskie rØdy, T. 2, M., 1965. 2. V. V. ȷuk, Sil~naØ approksimaciØ periodiqeskih funkciæ, L., 1989. 3. R. Pffli, N. Viner, PreobrazovaniØ Fur~e v kompleksnoæ oblasti, M., 1964.

4. N. K. Bari, Trigonometriqeskie rØdy, M., 1961. 5. A. Zigmund, Trigonometriqeskie rØdy, T. 1, M., 1965. 6. U. M. Sibert, Cepi, signaly, sistemy, Q. 2, M., 1988. 7. G. Beætmen, A. �rdeæi, Tablicy integral~nyh preobrazovaniæ, T. 1, M., 1969.

8. V. V. Ditkin, A. P. Prudnikov, Integral~nye preobrazovaniØ i operacionnoe isqislenie, M., 1961.

9. J. Marcinkiewicz, Collected papers, Warszawa, 1964.

10. N. I. Ahiezer, Lekcii po teorii approksimacii, M., 1965. 11. A. F. Timan, TeoriØ priblißeniØ funkciæ deæstvitel~nogo peremennogo, M., 1960.

Postupilo 10 sentØbrØ 2004 g. S.-Peterburgskiæ gosudarstvennyæ universitet

E-mail: zhuk@math.spbu.ru