Zapiski nauqnyh seminarov POMI Tom 314, 2004 g.

O. M. Fomenko TOȷDESTVA, VKLıQAıWIE KO�FFICIENTY AVTOMORFNYH L–FUNKCI`

1. Vvedenie Rassmotrim prostranstvo S_k(Γ) golomorfnyh paraboliqeskih form f(z) = ∞∑ m=1 a_f (n)e^{2πinz}, z ∈ H = {z = x + iy : y > 0}, qetnogo vesa k ¿ 12 dlØ Γ = SL(2, Z); S_k(Γ)^+ – mnoßestvo sobstvennyh form Gekke iz fftogo prostranstva s a_f (1) = 1. Poloßim λ_f (n) = a_f (n)/n^k

�1_2 ; dlØ prostogo p imeem (Gekke, Delin~) a_f (p) = α_f (p) + α_f (p), α_f (p)α_f (p) = 1. DlØ f ∈ S_k(Γ)^+ rassmotrim L-funkci¸ Gekke (Re s > 1) L(s, f) = ∞∑ m=1 λ_f (n)n^{−s} = ∏ p (1 − α_f (p)p^{−s})^{−1}(1 − α_f (p)p^{−s})^{−1},

L(s, f) ØvlØetsØ celoæ funkcieæ i udovletvorØet funkcional~- nomu uravneni¸ rimanova tipa. DlØ f ∈ S_k(Γ)^+ rassmotrim simmetriqeskiæ kvadrat L(s, sym^2 f) L-funkcii Gekke L(s, f): dlØ Re s > 1

L(s, sym^2 f) := ∏ p (1 − α^2_f (p)p^{−s})^{−1}(1 − p^{−s})^{−1}(1 − α^2_f (p)p^{−s})^{−1}.

Imeem

L(s, sym^2 f) = ζ(2s) ∞∑ n=1 λ_f (n^2)n^{−s} =: ∞∑ n=1 c_nn^{−s}. Izvestno, qto L(s, sym^2 f) ØvlØetsØ celoæ funkcieæ i udovletvorØet sledu¸wemu funkcional~nomu uravneni¸: esli

Λ(s, sym^2 f) := π^{−3s/2}Γ ( s 2 + 1 2 ) Γ ( s 2 + k − 1 2 ) Γ ( s 2 + k 2 ) L(s, sym^2 f), 247

248 O. M. FOMENKO to Λ(1 − s, sym^2 f) = Λ(s, sym^2 f).

V rabote [1] issledovalas~ funkciØ L_{ff} (s) = ∑ n¿1^{λf (n} 2)^2n^{−s}.

Iz svoæstv fftoæ funkcii sleduet, qto ∑ n6x^{λf (n} 2)^2 ∼ Cx, (1)

gde C > 0 – konstanta.

Nikakoæ netrivial~noæ ocenki trigonometriqeskoæ summy B(x, α) := ∑ n6x^{λf (n} 2)e(nα) dlØ obwego α ne izvestno. Po ravenstvu ParsevalØ i v silu (1), 1∫ 0 |B(x, α)|^2dα ∼ Cx. Moßno predpoloßit~, qto B(x, α) ≪ x^{1/2} ravnomerno po α.

Pol~zuØs~ teoremoæ Landau, svoæstvami L(s, sym^2 f) i rezul~- tatom DelinØ, vyvodim neravenstvo ∑ n6x^{cn ≪ x} 1/2 log^2 x. (2)

Iz (2) sleduet, qto B(x, 0) ≪ x^{1/2} log^3 x.

Vvedem teper~ L-funkci¸ Rankina–Sel~berga: esli f ∈ S_k(Γ)^+, to L(s, f ⊗ f) := ζ(2s) ∞∑ n=1 λ_f (n)^2n^{−s} =: ∞∑ n=1 d_nn^{−s}.

TOȷDESTVA, ... 249 L(s, f ⊗ f) vs¸du golomorfna, krome toqki s = 1, v kotoroæ imeetsØ prostoæ pol¸s s vyqetom R, i udovletvorØet funkcional~- nomu uravneni¸: esli Λ(s, f ⊗ f) := (2π)^{−2s}Γ(s + k − 1)Γ(s)L(s, f ⊗ f), to Λ(1 − s, f ⊗ f) = Λ(s, f ⊗ f). Izvestno, qto ∑ n6x^{dn = Rx + D(x),} gde D(x) ≪ x^{3/5}. (3)

�to klassiqeskiæ rezul~tat Rankina–Sel~berga.

Privedennye niße analogi formuly Voronogo pozvolØ¸t rassmotret~ trigonometriqeskie summy, svØzannye s kofffficientami rØdov Dirihle avtomorfnyh L-funkciæ. V nastoØwee vremØ netrivial~no ocenit~ ffti summy ne predstavlØetsØ vozmoßnym. Interesno primenit~ k nim ffvristiqeskie argumenty, predloßennye v rabote [2]. Nami ffti argumenty prilaga¸tsØ k trigonometriqeskim summam, svØzannym s analogami formuly Voronogo dlØ ∑ n6x^{cn} (sootvetstvu¸wiæ analog formuly Voronogo vyveden v nastoØweæ rabote) i dlØ ∑ n6x^{dn} (sootvetstvu¸wiæ analog formuly Voronogo vyveden v [3]). V sluqae summy ∑ n6x^{cn} ffvristiqeskiæ podhod ne daet nikakogo uluqxeniØ ocenki (2), odnako v sluqae summy ∑ n6x^{dn} fftot podhod daet uluqxenie ocenki (3):

D(x) ≪ x^{12 +ε}.

�to, veroØtno, oznaqaet, qto pervaØ zadaqa trudnee vtoroæ.

V konce raboty my pokazyvaem, qto ∑ n6x^{cn = Ω±(x} 1/3).

250 O. M. FOMENKO

2. Analogi formuly Voronogo V stat~e Hafnera [4] izuqa¸tsØ analogi formuly Voronogo dlØ ves~ma obwego klassa rØdov Dirihle. Na primere

L(s, sym^2 f) = ∞∑ n=1 c_nn^{−s} vvedem nekotorye neobhodimye opredeleniØ. Opredelim srednee Rissa sootnoxeniem

D_ρ(x; sym^2 f) = 1 Γ(ρ + 1) ∑ n6x ′ (x − n)^ρc_n, gde ρ ¿ 0 – fiksirovannoe qislo. V sootvetstvii s [4], razloßim srednee Rissa na “vyqetnu¸ funkci¸” i “ostatoqnyæ qlen”:

D_ρ(s; sym^2 f) =

L(0, sym^2 f) Γ(ρ + 1) x^ρ + Δ_ρ(x; sym^2 f).

Pri ρ = 0 ∑ n6x ′ c_n = L(0, sym^2 f) + Δ_0(x; sym^2 f),

pofftomu issledovanie Δ_0(x; sym^2 f) ravnosil~no issledovani¸ C(x) = ∑ n6x^{cn} . K funkcii L(s, sym^2 f) moßno primenit~ teoremu A, teoremu V i lemmu 2.1 raboty [4] s (v oboznaqeniØh Hafnera)

a(n) = b(n) = c_n, λ_n = μ_n = π^{3/2}n, ϕ(s) = ψ(s) = π^{− 32 s}L(s, sym^2 f),

Δ(s) = Γ ( s 2 + 1 2 ) Γ ( s 2 + k − 1 2 ) Γ ( s 2 + k 2 ) , σ_a = σ^∗_a = 1, N = 3, α_1 = α_2 = α_3 = 1 2 , α = 3/2, β_1 = 1 2 , β_2 = k − 1 2 β_3 = k 2 , r = 1, S = ?, D = C, a = −^1_3 , t0 = k,

μ = k − 1, h = 6, θ_ρ = 2 3 ρ + 1 3 , β_ρ = −k − 1 2 ρ

TOȷDESTVA, ... 251

(otmetim, qto u Hafnera β_ρ i β_v ime¸t raznyæ smysl). ˚vnye znaqeniØ μ i h moßno naæti v [3]. Korrektnym znaqeniem e_0(ρ) v lemme 2.1 [4] ØvlØetsØ

e_0(ρ) = (2α/h)^ρ(2/hπ)^{1/2} (sm. [3]).

Pust~ C_{a,b} – orientirovannaØ lomanaØ s verxinami a − i∞, a − iT , b − iT , b + iT , a + iT i a + i∞ (v takom porØdke), gde a = −^1_3 , b i T – vewestvennye qisla, b > k, T > k i b neceloe.

Opredelim integral

f_ρ(y) = 1 2πi ∫ C_{a,b} Γ(1 − s)Δ(s) Γ(2 + ρ − s)Δ(1 − s) y^{1+ρ−s}ds dlØ y > 0.

Iz obwih rezul~tatov Hafnera [4] moßno vyvesti sledu¸wiæ analog formuly Voronogo

Δ_ρ(x; sym^2 f) = (π^{3/2})^{−(2ρ+1)} · ∞∑ n=1 c_nn^{−ρ−1}f_ρ(π^3nx), x > 0, gde beskoneqnyæ rØd sprava shoditsØ dlØ ρ > 0 ravnomerno na l¸bom koneqnom zamknutom x-intervale.

Krome togo, my imeem d dx f_{ρ+1}(x) = f_ρ(x) i f_ρ(y) = 2^ρ(3π)^{− 12} y^{23 ρ+ 13} cos(6y^{1/3} − π 2 ρ) + O(y^{23 ρ}) + O(x^{1+ρ−b)})

dlØ ρ ¿ 0, gde b > k i neceloe.

Nam neobhodimo dokazat~ analog dlØ Δ_ρ(x; sym^2 f) useqennoæ formuly Voronogo.

Teorema 1. Pust~ x > 1, 1 ≪ N ≪ x, 0 6 ρ 6 1. Togda imeem

Δ_ρ(x; sym^2 f) = 2^ρπ^{−ρ−1}3^{− 12} x^{23 ρ+ 13} × ∑ n6N^{cnn} − 13 ρ− 23 cos (6π(nx)1/3 − π 2 ρ )

+O ( x^{23 ρ+ 23 +ε}N^{− 13 ρ− 13} ) . (4)

252 O. M. FOMENKO

Formula (4) dokazyvaetsØ uße izvestnym putem (sm. [3] ili glavu 12 knigi [5]) s privleqeniem privedennyh vyxe rezul~tatov.

Sformuliruem teper~ neobhodimye fakty iz raboty [3], kasa- ¸wiesØ analoga dlØ L(s, f ⊗ f) = ∑_∞ n=1 d_nn^{−s} useqennoæ formuly Voronogo.

Razloßim srednee Rissa (ρ ¿ 0) D_ρ(x; f ⊗ f) = 1 Γ(ρ + 1) ∑ n6x ′ (x − n)^ρd_n na “vyqetnu¸ funkci¸” i “ostatoqnyæ qlen”: D_ρ(x; f ⊗ f) = R Γ(ρ + 2) x^{ρ+1} + L(0, f ⊗ f) Γ(ρ + 1) x^ρ + Δ_ρ(x; f ⊗ f).

Oqevidno, issledovanie Δ_0(x; f ⊗ f) ravnosil~no issledovani¸ D(x). Kak dokazano v [3], imeet mesto sledu¸waØ formula: pust~ 1 ≪ N ≪ x, x > 1, ρ = 0; togda

Δ_0(x; f ⊗ f) = (2π)^{−1}x^{3/8} ∑ n6N^{dnn} −5/8

× sin ( 8π(nx)^{1/4} + 3 4 π ) + O(x^{3/4+ε}N^{−1/4}). (5)

3. �vristiqeskie argumenty

Naqnem s veliqiny Δ_0(x; f ⊗ f). DlØ utoqneniØ ocenki Rankina–Sel~berga (sm. (3)) neobhodimo netrivial~no ocenit~ trigonometriqeskie summy vida

∑_{(2)} ±,x(M ) := ∑ M<m6M062M^{dm exp(±8πi(xm)} 1/4), 1 ≪ M ≪ x. Rassmotrim model~nyæ variant

S^{(2)}_q (X) = ∑ n d_ne ( − 4^4 √ nq ) · ϕ ( n X ) , (6)

gde ϕ(x) – fiksirovannaØ gladkaØ funkciØ s kompaktnym nositelem na R^+, q, X – poloßitel~nye parametry. Primenim k summe (6) ffvristiqeskiæ podhod, ispol~zovannyæ v [2].

TOȷDESTVA, ... 253

V silu rezul~tata DelinØ, d_n ≪ n^ε, ε > 0. PodrazumevaetsØ, qto X i qX – bol~xie qisla, v protivnom sluqae ffksponencial~nyæ mnoßitel~ e(−4^4√nq) ne igraet suwestvennoæ roli.

L-funkciØ A(s) = L(s, f ⊗ f) = ∞∑ n=1 d_nn^{−s} imeet golomorfnoe prodolßenie na vs¸ ploskost~, iskl¸qaØ pol¸s pervogo porØdka v toqke s = 1. Predpoloßim, qto A(s) ≪ |s|^ε, esli Re s = σ dlØ l¸bogo^1_2 < σ < 1 i l¸bogo ε > 0, priqem ≪-konstanta zavisit ot σ i ε.

Imeem

S^{(2)}_q (X) = 1 2πi ∫ (σ) A(s)B(s)ds + Res_{s=1}A(s)B(s), gde B(s) zadaetsØ integralom Mellina B(s) = ∞∫ 0 ϕ ( x X ) e ( − 4^4 √ xq ) x^{s−1}dx. Posledniæ integral asimptotiqeski vyqislØetsØ metodom stacionarnoæ fazy. Esli s = σ+it, to suwestvennym ØvlØetsØ vklad v integral ∫ (σ) A(s)B(s)ds lix~ t s usloviem t ≍^4 √ qX, priqem v fftom sluqae |B(s)| ≍ 1 √ t ϕ ( t^4 16π^4qX )( t^4 16π^4q )_σ . Teper~ imeem ∫ (σ) |B(s)ds| ≪ (qX)^{18} X^σ , otkuda, berØ σ blizkim k^1_2 , poluqaem

S^{(2)}_q (X) ≪ q^{18} X^{58 +ε}.

(Pol¸s v toqke s = 1 daet nesuwestvennyæ vklad v S^{(2)}q .)

254 O. M. FOMENKO

Esli primenit~ ocenku ∑_{(2)} ±,x(N ) ≪ x^{1/8}N^{58 +ε} k formule (5), to poluqim

Δ_0(x; f ⊗ f) ≪ x^{12 +ε}.

�to toqnee rezul~tata Rankina–Sel~berga (3).

ObratimsØ k voprosu ob uluqxenii neravenstva (2). Neobhodimo netrivial~no ocenit~ trigonometriqeskie summy vida ∑_{(1)} ±,x(M ) := ∑ M<m6M062M^{cm exp(±6πi(xm)} 1/3), 1 ≪ M ≪ x. Rassmotrim model~nyæ variant

S^{(1)}_q (X) = ∑ n c_ne ( − 3^3 √ nq ) · ϕ ( n X ) . �vristiqeskiæ podhod daet neravenstvo

S^{(1)}_q (X) ≪ q^{1/6}X^{23 +ε}.

Ocenka ∑_{(1)} ±,x(N ) ≪ x^{1/6}N^{23 +ε}, primenennaØ k vyraßeni¸ Δ_0(x; sym^2 f) iz teoremy 1, privodit lix~ k neravenstvu

Δ_0(x; sym^2 f) ≪ x^{12 +ε},

i rezul~tat (2) ne utoqnØetsØ.

Sdelaem naposledok odno zameqanie. Privedennye ffvristiqeskie argumenty, ne davaØ nikakih novyh ocenok v strogom smysle, pozvolØ¸t, na nax vzglØd, sravnit~ rassmatrivaemye zdes~ zadaqi po trudnosti.

4. Omega rezul~taty V rabotah [6] i [7] byli poluqeny omega rezul~taty dlØ summy kofffficientov rØdov Dirihle ves~ma obwego vida. V rabote

TOȷDESTVA, ... 255

[7] ffti rezul~taty primenØlis~ k L-funkcii L(s, f ⊗ f). V nasto- Øweæ rabote my ispol~zuem rezul~taty raboty [7] dlØ izuqeniØ summy kofffficientov rØda

L(s, sym^2 f) = ∞∑ n=1 c_nn^{−s}. Vse trebovaniØ raboty [7] v primenenii k L(s, sym^2 f) vypolnØ- ¸tsØ, krome usloviØ (i), kotoroe ewe nußno proverit~.

Uslovie (i): c_n ≪_ε n^{K+ε} dlØ nekotorogo K ¿ 0 i c_n ≫ n^K dlØ beskoneqnogo mnoßestva n.

Ocenka sverhu v uslovii (i) garantiruetsØ (pri K = 0) rezul~tatom DelinØ. Proverim spravedlivost~ ocenki snizu. Oqevidno,

L(s, sym^2 f) = ∏ p {(1 − p^{−2s})^{−1} ∑ v¿0^{λf (p} 2v)p^{−vs}} = ∏ p L_p, gde L_p = 1 + λ_f (p^2)p^{−s} + ( 1 + λ_f (p^4) ) p^{−2s} + ( λ_f (p^2) + λ_f (p^6) ) p^{−3s} + . . . Sledovatel~no, c_p = λ_f (p^2) = λ_f (p)^2 − 1.

V rabote [8] byla izuqena funkciØ

F (s) = ∞∑ n=1 λ_f (n)^4n^{−s},

iz svoæstv kotoroæ s ispol~zovaniem teoremy Vinera–Ikehary moßno vyvesti, qto ∑ p6x^{λf (p)} 4 log p ∼ 2x.

Ots¸da sleduet, qto c_p ¿^1_5 dlØ beskoneqnogo mnoßestva prostyh p. V rezul~tate, my dokazyvaem sledu¸wu¸ teoremu.

Teorema 2. DlØ summy C(x) =^∑_{n6x} cn naædutsØ poloßitel~nye

konstanty A i B takie, qto dlØ l¸bogo T > T_0 kaßdyæ interval

256 O. M. FOMENKO [T, T +AT^{2/3}] soderßit dve toqki t_1, t_2, dlØ kotoryh C(t_1) > Bt^{1/3}_1 , C(t_2) < −Bt^{1/3}_2 .

Zameqanie 1. 1) Moßno predpoloßit~, qto

C(x) = O(x^{13 +ε}).

2) V rabote [7] Iviq dokazal, qto

D(x) = Ω_±(x^{3/8}).

Neskol~ko ran~xe A. B. Voroneckiæ [9] dokazal sootnoxenie

D(x) = Ω_+(x^{3/8}).

Literatura

1. O. M. Fomenko, Avtomorfnye L-funkcii v aspekte po vesu, Zap. nauqn.

semin. POMI 314 (2004), 221–246.

2. H. Iwaniec, W. Luo and P. Sarnak, Low lying zeros of families of L-functions, Publ. I.H.E.S. 91 (2000), 55–131.

3. A. Ivić, K. Matsumoto and Y. Tanigawa, On Riesz means of the coefficients of the Rankin–Selberg series, Math. Proc. Camb. Phil. Soc. 127 (1999), 117–131.

4. J. L. Hafner, On the representation of the summatory functions of a class of arithmetical functions, Lect. Notes Math. 899 (1981), 148–165.

5. E. Titchmarsh, The theory of the Riemann zeta function. Second edition, Oxford, 1986.

6. J. L. Hafner, On the average order of a class of arithmetical functions, J. Number Theory 15, No. 1 (1982), 36–76.

7. A. Ivić, Large values of certain number-theoretic error terms, Acta Arithm. 56, No. 2 (1990), 135–159.

8. C. J. Moreno and F. Shahidi, The fourth moment of Ramanujan ø-function, Math.

Ann. 266, No. 2 (1983), 233–239.

9. A. B. Voroneckiæ, Analog teoremy Hardi dlØ kofffficientov Fur~e paraboliqeskih form, V sb.: Avtomorfnye funkcii i teoriØ qisel, Ißevsk, 1987, 56–64.

Postupilo 6 sentØbrØ 2004 g.

S.-Peterburgskoe otdelenie Matematiqeskogo instituta im. V. A. Steklova RAN E-mail: fomenko@pdmi.ras.ru