Zapiski nauqnyh seminarov POMI Tom 315, 2004 g.

I. V. Videnskiæ

TAUBEROVA TEOREMA DL˚ R˚DOV ORTOGONAL^NYH RACIONAL^NYH FUNKCI`

Pust~ {z_k}_k¿_1 posledovatel~nost~ toqek ediniqnogo kruga D, D = {z ∈ C : |z| < 1}, zanumerovannyh tak, qto |z_k| 6 |z_{k+1}|. Oboznaqim b(z, ζ) = ζ − z 1 − ζ̄z · ζ̄ |ζ| ; B_n(z) = n∏ k=1 b(z, z_k) proizvedenie BlØxke s nulØmi v toqkah {z_k}^n_{k=1}. Process ortogonalizacii racional~nyh drobeæ {^1_{1−z̄kz} }_k¿_1 (esli toqka z_k vstreqaetsØ v posledovatel~nosti neskol~ko raz, to rassmatriva¸tsØ stepeni sootvetstvu¸weæ drobi) na ediniqnoæ okrußnosti po otnoxeni¸ k normirovannoæ mere Lebega privodit k sisteme funkciæ Takenaka–Mal~mkvista [1]

φ_n(z) = √ 1 − |z_n|^2 1 − z̄_nz B_{n−1}(z). Esli racional~nye drobi {^1_{1−z̄kz} } polny v prostranstve Hardi H^2, to est~ rashoditsØ rØd ∑_∞ k=1(1 − |z_k|) = ∞, to funkcii {φ_k}_k¿_1 obrazu¸t ortonormirovannyæ bazis v prostranstve H^2. Esli ße vypolneno uslovie BlØxke ∑_∞ k=1(1 − |z_k|) < ∞, to v ediniqnom kruge shoditsØ beskoneqnoe proizvedenie BlØxke B(z) = ∏_∞ k=1 b(z, z_k) i posledovatel~nost~ {φ_k}_k¿_1 obrazuet ortonormirovannyæ bazis v prostranstve H^2 ⊖BH^2. RØdy po sisteme funkciæ {φ_k} ØvlØ¸tsØ estestvennym obobweniem stepennyh rØdov i issledovalis~ v razliqnyh napravleniØh [2, 3, 4, 5].

Tauberova teorema dlØ stepennyh rØdov ([6, gl. 3]) utverßdaet, qto usloviØ a_n = o(1/n) i suwestvovanie radial~nogo graniqnogo znaqeniØ v edinice funkcii ∑_∞ n=0 a_nx^n dostatoqno dlØ

Rabota qastiqno podderßana grantami RFFI N02-01-00267 i “Veduwie nauqnye xkoly” N 2266.2003.1. 43

44 I. V. VIDENSKI` shodimosti rØda ∑_∞ n=0 a_n. Analog teoremy Taubera dlØ mnogoqlenov, ortogonal~nyh na okrußnosti otnositel~no nekotoroæ mery, dokazan v [7]. V nastoØweæ zametke my poluqim obobwenie teoremy Taubera dlØ rØdov po sisteme {φ_n}.

Oboznaqim

τ_n = n∑ k=1 1 1 − |z_k| . Teorema. Pust~ ak = o^{( 1}√_{1−|zk|τk}^), 0 6 θ0 < 2π. Togda funkciØ

F (z) = ∞∑ k=1 a_kφ_k(z), z ∈ D , prinadleßit prostranstvu H^2 i suwestvovanie radial~nogo graniqnogo znaqeniØ funkcii F (z) v toqke e^{iθ0} lim r→1� F (re^{iθ0}) = F (e^{iθ0} )

ffkvivalentno shodimosti rØda ∞∑ k=1 a_kφ_k(e^{iθ0} ) = F (e^{iθ0})

k fftomu znaqeni¸.

Dokazatel~stvo. Pust~

S_n(e^{iθ0} ) = n∑ k=1 a_kφ_k(e^{iθ0} ). Ocenim raznost~ |F (re^{iθ0}) − S_n(e^{iθ0} )| 6 | | | | n∑ k=1 a_k ( φ_k(re^{iθ0} ) − φ_k(e^{iθ0} ) ) | | | | + | | | | ∞∑ k=n+1 a_kφ_k(re^{iθ0} ) | | | | 6^{n∑}_{k=1} |ak||φk(re^{iθ0} ) − φk(e^{iθ0} )| + (_∞∑ k=n+1 |a_k|^2 )_{1/2}(_∞∑ k=n+1 | |φ_k(re^{iθ}0 ) | |^2 )_{1/2} . (1)

TAUBEROVA TEOREMA DL˚ R˚DOV 45 Poloßim B_{k,j} = ∏_k l=1,l≠j b(z, zl), 1 6 j 6 k, togda |φ^′_k(z)| = √ 1 − |z_k|^2 | | | | z̄_k (1 − z̄_kz)^2 B_{k−1}(z) + 1 1 − z̄_kz k−1∑ j=1 B_{k−1,j}(z) 1 − |z_j|^2 (1 − z̄_jz)^2 | | | | 6^{√2}√_{1 − |zk|}^{( 1}_{1 − |zk|} +^{k−1∑}_{j=1}^{√2}_{1 − |zj|}^) <^{2τk}√_{1 − |zk|}. Sledovatel~no, |φ_k(re^{iθ0} ) − φ_k(e^{iθ0} )| < 2τ_k √ 1 − |z_k| (1 − r). (2)

DlØ ocenki vtoroæ summy v (1) zametim, qto vosproizvodØwee Ødro v prostranstve H^2 ⊖ B_mH^2 vyqislØetsØ po formulam K(z, ζ) = m∑ k=1 φ_k(ζ)φ_k(z), z, ζ ∈ D ,

K(z, ζ) = 1 − B_m(z)B_m (ζ) 1 − zζ̄ . PolagaØ z = ζ, poluqim dlØ l¸bogo natural~nogo m: m∑ k=1 |φ_k(z)|^2 = 1 − |B_m(z)|^2 1 − |z|^2 < 1 1 − |z|^2 . (3)

Prodolßim neravenstvo (1), vospol~zovavxis~ ocenkami (2) i (3): |F (re^{iθ0}) − S_n(e^{iθ0} )| < 2 (_n∑ k=1 |a_k| τ_k √ 1 − |z_k| ) (1 − r)

+ 1 √ 1 − r (_∞∑ k=n+1 |a_k|^2 )_{1/2} = σ_1(r) + σ_2(r). (4)

Vyberem r_n iz usloviØ (1 − r_n) =^1_{τn} , togda lim_{n→∞} r_n = 1. Rassmotrim treugol~nu¸ matricu summirovaniØ b_{nk} = 1 τ_n(1 − |z_k|) , 1 6 k 6 n, bnk = 0 pri k > n.

46 I. V. VIDENSKI` Togda^n ∑ k=1 b_{nk} = 1, lim_{n→∞} b_{nk} = 0, sledovatel~no, matrica (b_{nk}) regulØrnaØ ([6, gl. 3]). Tak kak |a_k|τ_k √ 1 − |z_k| = o(1), to

σ_1(r_n) = 2 (_n∑ k=1 |a_k|τ_k √ 1 − |z_k| 1 − |z_k| ) · 1 τ_n = 2 n∑ k=1 b_{nk}(|a_k|τ_k √ 1 − |z_k|) = o(1). Ocenim

σ^2(r_n) = τ_n ∞∑ k=n+1 |a_k|^2 = τ_no(1) ∞∑ k=n+1 1 τ^2_k (1 − |z_k|) . Tak kak τ_k = τ_{k−1} +^1_{1−|zk|} , to 1 τ^2_k (1 − |z_k|) < 1 τ_kτ_{k−1}(1 − |z_k|) = 1 τ_{k−1} − 1 τ_k . Znaqit σ^2(r_n) < o(1) τ_n ∞∑ k=n+1 ( 1 τ_{k−1} − 1 τ_k ) = o(1).

Esli r_n < r < r_{n+1}, to |F (re^{iθ0}) − S_n(e^{iθ0} )| < σ_1(r_n) + σ_2(r_{n+1}). Sledovatel~no, uslovie lim_{r→1} |F (re^{iθ0}) − F (e^{eθ0} )| = 0 ffkvivalentno uslovi¸ lim_{n→∞} S_n(e^{iθ0} ) = F (e^{eθ0}).

ZameqaniØ. V usloviØh teoremy u funkcii F (z) suwestvuet

uglovoe graniqnoe znaqenie v toqke e^{iθ0} : lim r→e^{iθ}0 F (z) = F (e^{iθ0} ),

gde z stremitsØ k e^{iθ0} , ostavaØs~ v ugle s verxinoæ v e^{iθ0} , to est~ |z − e^{iθ0} | 6 c(1 − |z|) pri nekotorom c > 1. V dokazatel~stve izmenitsØ lix~ ocenka (2): |φ_k(z) − φ_k(e^{iθ0} )| < 2τ_k √ 1 − |z_k| |1 − z| 6 2cτ_k √ 1 − |z_k| (1 − |z|). V priloßeniØh rØdov po sisteme {φ_k} [5] qasto predpolaga- ¸t, qto posledovatel~nost~ {z_k} leßit v kruge men~xego radiusa |z_k| < R < 1. Pri takom predpoloßenii uslovie teoremy prevrawaetsØ v uslovie klassiqeskoæ teoremy Taubera a_n = o(1/n).

TAUBEROVA TEOREMA DL˚ R˚DOV 47

Literatura

1. Dß. L. Uolx, InterpolØciØ i approksimaciØ racional~nymi funkciØmi v kompleksnoæ oblasti. M., IL (1961).

2. G. C. Tumarkin, Razloßenie analitiqeskih funkciæ v rØd po racional~- nym drobØm s zadannym mnoßestvom pol¸sov. — Izv. AN ArmSSR, ser. fiz.-matem. n., 14, No. 1 (1961), 9–31.

3. M. M. DßrbaxØn, Razloßenie po sistemam racional~nyh funkciæ s fiksirovannymi pol¸sami. — Izv. AN ArmSSR. Ser. matem. 2, N 1 (1965), 3–51.

4. M. M. Djrbashian, A survey on the theory of orthogonal systems and some open

problems. Orthogonal Polynomials. Theory and Practice (P. Nevai, ed.), Kluwer (1990), 135–146.

5. A. Bultheel, P. Gonzalez–Vera, E. Hendriksen, O. Njastad, Orthogonal Rational

Functions. Cambridge Monographs on Applied and Computational Math. 5. Cambridge Univ. Press, Cambridge, UK (1999).

6. A. Zigmund, Trigonometriqeskie rØdy. t. I. M. Mir (1965). 7. ˚. L. Geronimus, Mnogoqleny ortogonal~nye na okrußnosti i na otrezke.

M. Fizmatgiz (1958).

Videnskii I. V. A Tauberian theorem for orthogonal series of rational functions.

The so-called Takenaka–Malmquist system consist of a sequence of functions obtained from the sequence of rational fractions by applying the Gram–Schmidt orthogonalization procedure with respect to the Lesbegue measure on the unite circle. A Tauberian theorem for series with respect to the Takenaka–Malmquist system is proved.

Postupilo 10 noØbrØ 2004 g. S.-Peterburgskiæ gosudarstvennyæ fflektrotehniqeskiæ universitet

E-mail: ilya@viden.pdmi.ras.ru