Zapiski nauqnyh seminarov POMI Tom 317, 2004 g.

V. V. Borzov, E. V. Damaskinskiæ

OBOBWENNYE KOGERENTNYE SOSTO˚NI˚ DL˚ OSCILL˚TOROV, SV˚ZANNYH S POLINOMAMI ME`KSNERA I ME`KSNERA––POLAQEKA

Avtory posvØwa¸t fftu rabotu naxemu drugu i kollege P. P. Kulixu v svØzi s ego 60-letiem

1. Vvedenie

V poslednee vremØ usililsØ interes k postroeni¸ i issledovani¸ kogerentnyh sostoØniæ dlØ oscillØtoro-podobnyh sistem svØzannyh s semeæstvami ortogonal~nyh mnogoqlenov (sm., naprimer, [1–22]; obxirnaØ bibliografiØ imeetsØ v obzorah [23– 24]).

V rabotah avtorov [25–35] byl predloßen novyæ metod postroeniØ oscillØtoro-podobnyh sistem (korotko, prosto oscillØtorov), svØzannyh s semeæstvami ortogonal~nyh mnogoqlenov podobno tomu, kak obyqnyæ bozonnyæ oscillØtor svØzan s polinomami �rmita. �tot podhod vkl¸qaet takße shemu postroeniØ obobwennyh kogerentnyh sostoØniæ dlØ takih sistem. V predyduwih rabotah byli postroeny obobwennye kogerentnye sostoØniØ dlØ oscillØtoro-podobnyh sistem, svØzannyh s klassiqeskimi ortogonal~nymi polinomami (Laggera [29], Leßandra [27], Qebyxeva [28], Gegenbauera [30], a takße s q-polinomami �rmita [32–34].

Opixem vkratce uzlovye momenty naxego podhoda. Vo-pervyh, perenormirovkoæ mnogoqlenov zadannogo ortogonal~nogo semeæstva rekurrentnye sootnoxeniØ dlØ fftih mnogoqlenov privodØtsØ k simmetriqnomu vidu [35] (s simmetriqnoæ matriceæ ˚kobi). Vo-vtoryh, standartnym obrazom [35] vvodØtsØ operatory (obobwennoæ) koordinaty i (obobwennogo) impul~sa, so-

�to issledovanie vypolneno pri podderßke RFFI grantov No. 03-01- 00837, 03-01-00593. 66

OBOBWENNYE KOGERENTNYE SOSTO˚NI˚ 67

otvetstvu¸wie im lestniqnye operatory roßdeniØ i uniqtoßeniØ i kvadratiqnyæ gamil~tonian, spektr kotorogo opredelØetsØ po kofffficientam simmetrizovannogo rekurentnogo sootnoxeniØ dlØ rassmatrivaemyh polinomov. Tem samym opredelØetsØ oscillØtoro-podobnaØ sistema (“oscillØtor”) svØzannyæ s dannymi mnogoqlenami. RealizuØ operatory roßdeniØ i uniqtoßeniØ dlØ postroennogo oscillØtora v vide differencial~- nyh ili raznostnyh operatorov (sm. [26]), my poluqaem differencial~noe ili raznostnoe uravnenie na sobstvennye vektory dlØ sootvetstvu¸wego kvadratiqnogo gamil~toniana, kotorye dlØ izvestnyh sistem ortogonal~nyh polinomov, kak pravilo, ffkvivalentno standartnomu differencial~nomu ili raznostnomu uravneni¸ vtorogo porØdka dlØ fftih mnogoqlenov. �to uravnenie estestvenno rassmatrivat~ kak analog uravneniØ Xrœdingera dlØ issleduemoæ oscillØtoro-podobnoæ sistemy.

Dalee vvodØtsØ obobwennye kogerentnye sostoØniØ (tipa Baruta–ȷirardello [36]), kak sobstvennye sostoØniØ operatora uniqtoßeniØ postroennogo oscillØtora. DlØ dokazatel~stva ih (sverh)polnoty rexaetsØ sootvetstvu¸waØ klassiqeskaØ problema momentov. PoluqennaØ v rezul~tate rexeniØ problemy momentov mera uqastvuet v razloßenii edinicy dlØ postroennogo semeæstva kogerentnyh sostoØniæ. Pri rassmotrenii klassiqeskih mnogoqlenov (kak nepreryvnoæ, tak i diskretnoæ peremennoæ) voznika¸waØ klassiqeskaØ problema momentov opredelena i ee rexenie ne predstavlØet ser~eznyh zatrudneniæ. Odnako pri izuqenii sistem deformirovannyh polinomov voznikaet znaqitel~no bolee sloßnaØ situaciØ neopredelennoæ problemy momentov (sm. [55–56]). DlØ izuqeniØ takih zadaq avtory ispol~zovali rezul~taty isledovaniØ fftoæ problemy, poluqennye imi sovmestno s P. P. Kulixem v [25]. Otmetim, qto poluqennye Øvnye vyraßeniØ dlØ kogerentnyh sostoØniæ obobwennyh oscillØtorov, associirovannyh s ortogonal~nymi polinomami pozvolØet dlØ takih sistem vyqislØt~ po fftim kogerentnym sostoØniØm znaqeniØ fiziqeski interesnyh veliqin, takih kak, naprimer, parametr MandelØ.

Pri naliqii u postroennoæ oscillØtoro-podobnoæ sistemy gruppy (algebry) dinamiqeskoæ simmetrii moßno standartnym obrazom [37] opredelØt~ takße i kogerentnye sostoØniØ tipa Perelomova (kak deæstviØ unitarnogo operatora sdviga na fiksi-

68 V. V. BORZOV, E. V. DAMASKINSKI`

rovannyæ vektor prostranstva sostoØniæ). Sleduet napomnit~, qto hotØ dlØ standartnogo bozonnogo oscillØtora, svØzannogo s gruppoæ Geæzenberga, kogerentnye sostoØniØ tipa Baruta– ȷirardello sovpada¸t s kogerentnymi sostoØniØmi tipa Perelomova i ØvlØ¸tsØ sostoØniØmi minimiziru¸wimi sootnoxenie neopredelennosteæ Geæzenberga, ffto uße ne tak v bolee sloßnyh sluqaØh.

Suwestvennym dlØ priloßeniæ ØvlØetsØ to obstoØtel~stvo, qto predloßennaØ konstrukciØ postroeniØ oscillØtoro-podob-nyh sistem i sootvetstvu¸wih im kogerentnyh sostoØniæ pozvolØet po zadannomu ffnergetiqeskomu spektru podobrat~ podhodØwee semeæstvo ortogonal~nyh mnogoqlenov (koefficienty rekurrentnogo sootnoxeniØ kotoryh opredelØ¸t spektr gamil~toniana) diagonaliziru¸wee gamil~tonian sootvetstvu¸weæ sistemy i, tem samym, oboæti trudnu¸ zadaqu faktorizacii gamil~toniana.

Otmetim dalee, qto narØdu s klassiqeskimi ortogonal~nymi mnogoqlenami i ih deformirovannymi analogami v fiziqeskih issledovaniØh poslednih let vozrasta¸wee vnimanie udelØetsØ diskretnym mnogoqlenam, takim kak, naprimer, mnogoqleny Hana [38–39], udovletvorØ¸wie ne differencial~nomu, a raznostnomu uravneni¸. Posle togo kak v rabotah [40–41] byli vvedeny ih kontinual~nye analogi (argument rasxiren do nepreryvnogo, sootnoxenie ortogonal~nosti zapisano v vide integrala, a indeks prodolßen v kompleksnu¸ oblast~) byla obnarußena svØz~ [42–43] fftih mnogoqlenov (a takße mnogoqlenov Meæksnera i Meæksnera–Polaqeka [44–45]) s gruppoæ Geæzenberga. V svØzi s fftim estestvenno issledovat~ oscillØtoro-podobnye sistemy, baziru¸wiesØ na fftih mnogoqlenah. Popytka takogo postroeniØ byla predprinØta v rabote [10] (mnogoqleny Meæksnera i Meæksnera–Polaqeka) i v [46] (mnogoqleny Hana). Mnogoqleny Pollaqeka privlekalis~ takße v bolee rannem issledovanii [47] dlØ opisaniØ volnovyh funkcii relØtivistskoæ modeli lineænogo garmoniqeskogo oscillØtora v kvazipotencial~nom podhode (raznye aspekty opisaniØ fftoæ modeli i ee variantov sm., naprimer, v [48–51]).

KonstrukciØ, predloßennaØ v [10], takße v suwestvennom osnovana na fftoæ modeli i v fftoæ rabote postroen raznostnyæ gamil~tonian s lineæno zavisØwim ot n ffnergetiqeskim

OBOBWENNYE KOGERENTNYE SOSTO˚NI˚ 69

spektrom. Pri fftom ispol~zu¸tsØ mnogoqleny Meæksnera i Meæksnera–Polaqeka, postroeny kogerentnye sostoØniØ tipa Baruta–ȷirardello i pokazano, qto algebroæ dinamiqeskoæ simmetrii modeli ØvlØetsØ sp(2, R), odnim iz generatorov kotoroæ ØvlØetsØ gamil~tonian. �to pozvolØet opredelit~ dlØ rassmatrivaemoæ modeli kogerentnye sostoØniØ tipa Perelomova Poskol~ku mnogoqleny Meæksnera i Meæksnera–Polaqeka podqinØ¸tsØ trehqlennomu rekkurentnomu sootnoxeni¸, to k nim primenima opisannaØ vyxe shema postroeniØ oscillØtoropodobnoæ sistemy. V nastoØweæ rabote my postroim ffti sistemy i opredelim dlØ fftih sistem obobwennye kogerentnye sosto- ØniØ (kak tipa Baruta–ȷirardello, tak i tipa Perelomova).

My pokaßem, v qastnosti, qto gamil~tonian modeli, poluqennyæ v [10], ØvlØetsØ nekotoroæ linearizacieæ kvadratiqnogo gamil~toniana, estestvenno voznika¸wego v ramkah naxego podhoda. Otmetim, qto v rabote [10] ukazana svØz~ modeli oscillØtora Meæksnera (pri specifiqeskom znaqenii parametra φ =^π_2 ) s relØtivistskoæ model~¸ lineænogo oscillØtora [52]; odnako, tak kak v [10] sootvetstvu¸wie vyqisleniØ ne privodØtsØ, ffta svØz~ ne ØvlØetsØ oqevidnoæ i ne ponØtna priqina vozniknoveniØ specifiqeskogo znaqeniØ parametra φ =^π_2 . V dannoæ rabote my proanaliziruem fftu svØz~ i pokaßem, qto tol~ko pri znaqeni- Øh parametra φ =^π_2 + kπ gamil~tonian oscillØtora Meæksnera sovpadaet s gamil~tonianom kvazipotencial~noæ modeli relØtivistskogo oscillØtora iz [40].

2. OscillØtor Meæksnera

2.1. Polinomy Meæksnera. Napomnim, qto obobwennyæ gipergeometriqeskiæ rØd_rF_s po opredeleni¸ raven rF_s (_{a1,... ,ar} b1,... ,b_s | |z ) = ∞∑ k=0 (a_1)_k(a_2)_k · · · (a_r )_k (b_1)_k(b_2)_k · · · (b_s)_k z^k k! , (1)

gde ispol~zu¸tsØ sdvinutye faktorialy (simvoly Pohgammera), opredelØemye po

(a)_0 = 1, (a)_k = a(a + 1)(a + 2) . . . (a + k − 1) =

Γ(a + k) Γ(a)

, (2)

70 V. V. BORZOV, E. V. DAMASKINSKI`

Polinomy Meæksnera [44] opredelØ¸tsØ sootnoxeniem

M_n(ξ; β, γ) =_2F_1 (_{−n,−ξ} β | |1 −^1_γ ) = M_ξ (n; β, γ). (3)

Pri β > 0 i 0 < γ < 1, oni obrazu¸t dvuparametriqeskoe semeæstvo mnogoqlenov stepeni n = 0, 1, 2, . . . , podqinØ¸wihsØ sootnoxeni¸ ortogonal~nosti ∞∑ m=0 ρ^M (m) M_n(m; β, γ) M_k (m; β, γ) = d_n δ_{nk}, (4)

otnositel~no vesovoæ funkcii

ρ^M (m)(ξ) =

(β)_ξ γ^ξ ξ! , (5)

i rekurrentnym sootnoxeniØm [44, 39] [n + (n + β)γ − (1 − γ)ξ] M_n(ξ; β, γ) = (n + β)γM_{n+1} (ξ; β, γ) + nM_{n−1}(ξ; β, γ) , (6)

gde kvadrat normy d_n raven

d_n = n! γ^n(β)_n(1 − γ)^β

. (7)

Raznostnoe uravnenie dlØ polinomov Meæksnera imeet vid [44, 39] [γ(ξ + β)e^{∂ξ} + ξe^{−∂ξ} − (1 + γ)(ξ + 1 2 β) + (1 − γ)(n + 1 2 β)] M_n(ξ; β, γ) = 0 . (8) ProizvodØwimi funkciØmi dlØ polinomov Meæksnera ØvlØ¸tsØ funkcii ∞∑ n=0 (β)_n n! M_n(ξ; β, γ) t^n = ( 1 − t γ )_ξ (1 − t)^{−ξ−β} , (9) ∞∑ n=0 1 n! M_n(ξ; β, γ) t^n = e^t_1F_1 (_{−ξ} β | | (_{1−γ} γ ) t ) . (10)

OBOBWENNYE KOGERENTNYE SOSTO˚NI˚ 71

DlØ pridaniØ rekurrentnym sootnoxeniØm (7) simmetriqnoæ formy, sleduØ rabote [35], opredelim perenormirovannye polinomy Meæksnera ~M_n(ξ; β, γ) = M^n(ξ; β, γ) c_n , (11) gde c_0 = 1, c_n = γ^{−n/2} √ n! (β)_n , n ≥ 1. (12)

i uqteno, qto M_0(ξ; β, γ) = 1. Togda polinomy ~M_n(ξ; β, γ) udovletvorØ¸t kanoniqeskim trehqlennym rekurrentnym sootnoxeni- Øm s simmetriqnoæ matriceæ ˚kobi ξ ~M_n(ξ; β, γ) = b_n ~M_{n+1}(ξ; β, γ) − a_n ~M_n(ξ; β, γ) + b_{n−1} ~M_{n−1}(ξ; β, γ) (13) ~M_0(ξ; β, γ) = 1 , (14)

kofffficienty kotoryh opredeleny po formulam

b_{−1} = 0, b_n = √ γ γ − 1 √ (β + n)(n + 1), a_n = n + (n + β)γ γ − 1 , n ≥ 0. (15) Zametim, qto matrica ˚kobi, poroßdaemaØ (13), imeet nenulevu¸ diagonal~, i sootvetstvu¸waØ problema momentov opredelena [25].

DlØ normirovannyh polinomov Meæksnera ~M_n(ξ; β, γ) sootnoxenie ortogonal~nosti (4) prinimaet vid ∞∑ ξ=0 ~ρ^M (ξ) ~M_n(ξ; β, γ) ~M_m(ξ; β, γ) = δ_{nm} (16) s vesom ~ρ^M (ξ) =

(β)_ξ γ^ξ ξ! (1 − γ)^β . (17)

LevaØ qast~ sootnoxeniØ (16) moßet byt~ zapisana v vide integrala po diskretnoæ mere s nositelØmi v toqkah ξ = 0, 1, 2, . . . i nagruzkami (17).

Opredelim dalee funkcii Meæksnera

ψ^M_n (ξ; β, γ) = (−1)^n √ ~ρ^M (ξ) ~M_n(ξ; β, γ), (18)

72 V. V. BORZOV, E. V. DAMASKINSKI`

kotorye v prostranstve H^M_0 := ℓ^2 udovletvorØ¸t diskretnym sootnoxeniØm ortogonal~nosti ∞∑ ξ=0 ψ^M_n (ξ; β, γ) ψ^M_m (ξ; β, γ) = δ_{nm}, (19)

ili, s uqetom simmetrii polinomov Meæksnera (3), sootnoxeniØm ortogonal~nosti ∞∑ n=0 ψ^M_n (ξ; β, γ) ψ^M_m (ξ^′; β, γ) = δ_{ξξ}0 . (20)

2.2. OscillØtor Meæksnera. Vvedem gil~bertovo prostranstvo H^M := ℓ^2(~ρ^M ) s vesom ~ρ^M (17) i bazisom { ~M_n(ξ; β, γ) }_∞ n=0 . Oboznaqim ^H^M prostranstvo H^M s bazisom { ^M_n(ξ; β, γ) }_∞ n=0 , gde ^M_n(ξ; β, γ) = (−1)^n ~M_n(ξ; β, γ). Polinomy ^M_n podqinØ¸tsØ rekurrentnomu sootnoxeni¸ (−ξ) ^M_n(ξ; β, γ) = b_n ^M_{n+1}(ξ; β, γ) + a_n ^M_n(ξ; β, γ) + b_{n−1} ^M_{n−1}(ξ; β, γ). (21) Opredelim sledu¸wie unitarnye preobrazovaniØ:

U_1 : H^M_0 → ^H^M ⇒ U_1φ = φ √ ~ρ^M = ^φ ∈ ^H^M ; (22)

U_2 : ^H^M → H^M ⇒ U_2 ^M_n = ~M_n, n = 0, 1, 2, . . . ; (23)

U : H^M_0 → H^M ⇒ U = U_2 ∘ U_1. (24)

SleduØ rabote [35], opredelim operatory “koordinaty” X i “impul~sa” P, zadav ih deæstvie na fflementy bazisa { ~M_n(ξ; β, γ) }_∞ n=0

OBOBWENNYE KOGERENTNYE SOSTO˚NI˚ 73

v gil~bertovom prostranstve H^M formulami

X ~M_0(ξ; β, γ) = b_0 ~M_1(ξ; β, γ) − a_0 ~M_0(ξ; β, γ) X ~M_n(ξ; β, γ) = b_n ~M_{n+1}(ξ; β, γ) − a_n ~M_n(ξ; β, γ) +b_{n−1} ~M_{n−1}(ξ; β, γ), n ≥ 1; (25) P ~M_0(ξ; β, γ) = −ib_0 ~M_1(ξ; β, γ) − a_0 ~M_0(ξ; β, γ) P ~M_n(ξ; β, γ) = i ( b_{n−1} ~M_{n−1}(ξ; β, γ) − b_n ~M_{n+1}(ξ; β, γ) ) −a_n ~M_n(ξ; β, γ), n ≥ 1. (26) Opredelim oscillØtoro-podobnu¸ sistemu, kotoru¸ budem nazyvat~ oscillØtorom Meæksnera, vvedØ obobwennu¸ koordinatu ~X i obobwennyæ impul~s ~P ~X := Re(X − P ), ~P := −i Im(X − P ), (27)

i operatory roßdeniØ i uniqtoßeniØ

~a^+ := 1 √ 2 ( ~X + i ~P ) , ~a^− := 1 √ 2 ( ~X − i ~P ) . (28)

Gamil~tonian dlØ oscillØtora Meæksnera vyberem v vide ~H^M = ~X^2 + ~P^2 . (29)

Iz rezul~tatov raboty [35] sleduet, qto spektr fftogo gamil~toniana imeet vid

λ_0 = 2b^2_0 = 2β ( √ γ γ − 1 )_2 ; λ_n = 2 ( b^2_{n−1} + b^2_n ) = ( 2 √ γ γ − 1 )_2

(n^2 + nβ + 1 2 β), n ≥ 1. (30) Zametim, qto analogiqnym obrazom moßno opredelit~ oscillØtor Meæksnera, svØzannyæ s polinomami ^M_n v prostranstve ^H^M . Odnako, iz (25)–(29) sleduet, qto ffti oscillØtory sovpada¸t.

Takße kak i v [35] moßno pokazat~, qto uravnenie na sobstvennye znaqeniØ ~H^M y = λ_ny ffkvivalentno raznostnomu uravneni¸ n(γ − 1)y(ξ) = γ(ξ + β)y(ξ + 1) − [ξ + (ξ + β)γ]y(ξ) + ξy(ξ − 1), y(ξ) = ~M_n(ξ; β, γ), (31)

74 V. V. BORZOV, E. V. DAMASKINSKI`

kotoroe estestvenno nazvat~ uravneniem Xredingera dlØ postroennogo oscillØtora Meæksnera. (Otmetim, qto uravnenie (31) ØvlØetsØ drugoæ formoæ zapisi uravneniØ (8)).

Ukaßem na suwestvennoe otliqie naxego varianta oscillØtora Meæksnera ot oscillØtora predloßennogo v rabote [10]. OscillØtor Meæksnera iz [10] v prostranstve H^M_0 imeet gamil~- tonian ∘ H^M (ξ) =

1 + γ 1 − γ ( ξ + 1 2 β ) − √ γ 1 − γ [ μ(ξ)e^{∂ξ} + μ(ξ − 1)e^{−∂ξ} ] , μ(ξ) = √ (ξ + 1)(ξ + β), (32)

s lineæno zavisØwimi ot n sobstvennymi znaqeniØmi

μ_n = n + 1 2 β, n = 0, 1, 2, . . . , (33) togda kak v naxem sluqae spektr gamil~toniana ~H^M imeet kvadratiqnu¸ zavisimost~ ot n (sm. (30)). Uravnenie na sobstven-

nye znaqeniØ dlØ gamil~toniana^∘H^M (ξ) (32) moßet byt~ zapisano v vide raznostnogo uravneniØ (sovpada¸wego s (8) i (31)) [ γ(ξ + β )e^{∂ξ} + ξ e^{−∂ξ} − (1 + γ)(ξ + 1 2 β) + (1 − γ)(n + 1 2 β) ]

M_n(ξ; β, γ) = 0. (34)

3. Algebra dinamiqeskoæ simmetrii i svØz~ gamil~tonianov ~H i H

V gil~bertovom prostranstve H^M opredelim operatory

K^M_+ := 1 − γ √ 2γ ~a^+ , K^M_− := 1 − γ √ 2γ ~a^−, K^M_0 := 1 2 [K^M_− , K^M_+ ]. (35)

Opredelim novyæ gamil~tonian H^M = U^∘H^M U^{−1} = K^M_0 . Moßno pokazat~, qto operatory K^M_+ , K^M_− , K^M_0 da¸t realizaci¸ kommutacionnyh sootnoxeniæ

[K^M_0 , K^M_± ] = ±K^M_± , [K^M_− , K^M_+ ] = 2K^M_0 ; (36)

algebry sp(2, R).

OBOBWENNYE KOGERENTNYE SOSTO˚NI˚ 75

V rabote [10] byla poluqena realizaciØ generatorov^∘K^M_+ =

U^{−1}K^M_+ U i^∘K^M_− = U^{−1}K^M_− U raznostnymi operatorami (v pro-

stranstve^∘H^M ) ∘ K^M_+ = γ 1 − γ μ(ξ)e^{∂ξ} + 1 1 − γ e^{−∂ξ} μ(ξ) − 2 √ γ 1 − γ ( ξ + 1 2 β ) , (37) ∘ K^M_− = γ 1 − γ μ(ξ)e^{∂ξ} + γ 1 − γ e^{−∂ξ} μ(ξ) − 2 √ γ 1 − γ ( ξ + 1 2 β ) , (38)

Oboznaqim ^K^M_± = U^{−1}_2 K^M_± U_2, ^H^M = U^{−1}_2 H^M U_2, sootvetstvu¸wie generatory algebry sp(2, R) v prostranstve ^H^M , kotorye svØzany s generatorami iz [10] unitarnym preobrazovaniem

^K^M_+ = U_1^∘K^M_+ U^{−1}_1 , ^K^M_− = U_1^∘K^M_− U^{−1}_1 , ^H^M = U_1H^M_0 U^{−1}_1 . (39)

Togda iz (32), (37) i (38) poluqaem

^K^M_+ = γ^{3/2} 1 − γ (ξ + β) e^{∂ξ} + 1 √ γ(1 − γ) ξe^{−∂ξ} − 2 √ γ 1 − γ ( ξ + 1 2 β ) , (40) ^K^M_− = √ γ 1 − γ (ξ + β) e^{∂ξ} + √ γ 1 − γ ξe^{−∂ξ} − 2 √ γ 1 − γ ( ξ + 1 2 β ) , (41)

^H^M = 1 + γ 1 − γ ( ξ + 1 2 β ) − γ 1 − γ (ξ + β) e^{∂ξ} − 1 1 − γ ξe^{−∂ξ} (42) Na fflementah ^M_n bazisa prostranstva ^H^M ffti operatory deæstvu¸t po formulam ^K^M_+ ^M_n = μ(n) ^M_{n+1} , ^K^M_− ^M_n = μ(n − 1) ^M_{n−1}, ^H^M ^M_n = ( n + 1 2 β ) ^M_n. (43)

a na fflementah ~M_n bazisa prostranstva ~H po formulam K^M_+ ~M_n = −μ(n) ~M_{n+1} , K^M_− ~M_n = −μ(n − 1) ~M_{n−1}, H^M ~M_n = ( n + 1 2 β ) ~M_n. (44)

76 V. V. BORZOV, E. V. DAMASKINSKI`

Dekartovy generatory ^K^M_1 , ^K^M_2 algebry sp(2, R) i operator Kazimira ^C_2 ime¸t vid

^K^M_1 = − i 2 ( ^K^M_+ − ^K^M_− ) = i 2 ( μ(ξ)e^{∂ξ} − μ(ξ)e^{−∂ξ} μ(ξ) ) , (45)

^K^M_2 = − 1 2 ( ^K^M_+ + ^K^M_− ) = −

1 + γ 2(1 − γ) (μ(ξ)e^{∂ξ} +μ(ξ)e^{−∂ξ} μ(ξ)) + 2 √ γ 1 − γ (ξ + 1 2 β), (46)

^C_2 = ( ^K^M )^2 = ( ^K^M_0 )^2 − ( ^K^M_1 )^2 − ( ^K^M_2 )^2 = ( ^K^M_0 )^2 − ^K^M_0 − ^K^M_+ ^K^M_− = 1 2 β( 1 2 β − I). (47) SamosoprØßennye gamil~toniany ^~H^M = U^{−1}_2 ~H^M U_2 i H^M v gil~bertovom prostranstve ^H^M ime¸t obwiæ nabor sobstvennyh funkciæ { ^M_n(ξ; β, γ) }_∞ n=0 i svØzany drug s drugom sootnoxeniem ^~H^M = 4γ (γ − 1)^2 ( ( ^H^M )^2 − ( ^K^M )^2 ) , (48)

sledovatel~no i samosoprØßennye gamil~toniany ~H^M i H^M v gil~bertovom prostranstve H^M svØzany drug s drugom sootnoxeniem ~H^M = 4γ (γ − 1)^2 ( (H^M )^2 − (K^M )^2 ) . (49)

�ta formula daet interesnu¸ svØz~ naxego gamil~toniana s gamil~tonianom modeli obobwennogo garmoniqeskogo oscillØtora v podhode, ispol~zovannom v [10].

4. Kogerentnye sostoØniØ tipa Baruta–ȷirardello dlØ oscillØtora Meæksnera 4.1. Opredelenie kogerentnyh sostoØniæ. Kogerentnye sosto- ØniØ tipa Baruta–ȷirardello [36] dlØ oscillØtora Meæksnera, po opredeleni¸, ØvlØ¸tsØ sobstvennymi sostoØniØmi operatora uniqtoßeniØ ~a^−. Oboznaqiv |n⟩ = ~M_n(ξ; β, γ) fflementy bazisa Foka (oscillØtornogo bazisa) v gil~bertovom prostranstve Foka (prostranstve qisel zapolneniØ) H^M , imeem ~a^−|z⟩ = z|z⟩, |z⟩ = N^{−1}(|z|^2) ∞∑ n=0 z^n (√ 2b_{n−1} ) ! |n⟩ ,

OBOBWENNYE KOGERENTNYE SOSTO˚NI˚ 77

gde koefficienty b_n opredeleny formuloæ (15) i vvedeno oboznaqenie (√ 2b_{−1} ) ! = 1, (√ 2b_n ) ! = 2^{12 n}b_0b_1 · . . . · b_{n−1}, n ≥ 1 . (51)

DlØ normiru¸wego mnoßitelØ N (|z|^2) poluqaem N^2(|z|^2) = ⟨z|z⟩ = ∞∑ n=0 |z|^{2n} ( 2b^2_{n−1} ) ! = ∞∑ n=0 ( (1 − γ)^2 2γ )_n |z|^{2n} (β)_nn!

. (52)

Tak kak radius shodimosti rØda v (52) R = ∞, to fftot rØd shoditsØ na vseæ kompleksnoæ ploskosti.

Iz formuly (15) sleduet, qto ( 2b^2_{n−1} ) ! = ( 2γ (1 − γ)^2 )_n (β)_nn! = ( 2γ (1 − γ)^2 )_n n!Γ(β + n) Γ(β) (53)

Togda, uqityvaØ Øvnyæ vid modificirovannoæ funkcii BesselØ 1-roda

I_α(2 √ z) := z^{12 α} ∞∑ m=0 z^m m!Γ(m + α + 1) (54)

poluqaem

N^2(|z|^2) = ( (1 − γ)^2 2γ ) 1_{2 (β−1)} Γ(β) |z|^{β−1} I_{β−1}(2

(1 − γ) √ 2γ |z|). (55) �to pozvolØet perepisat~ vyraßenie (50) dlØ kogerentnogo sostoØniØ v vide

|z⟩ = (√_{(1−γ)2} 2γ |z| ) 1_{2 (β−1)} [ I_{β−1}(2^{(1−γ)√}_{2γ} |z|)Γ(β)

] 1_2 ∞∑ n=0 M_n(ξ; β, γ) n! ( 1 − γ √ 2γ z )_n . (56)

Ispol~zuØ proizvodØwu¸ funkci¸ (10) dlØ polinomov Meæksnera rØd v formule (56) moßno prosummirovat~. V rezul~tate dlØ kogerentnogo sostoØniØ tipa Baruta–ȷirardello oscillØtora Meæksnera poluqaem Øvnoe vyraßenie |z⟩ = (√ 1 − γ √ 2γ )β−1 |z|^{12 (β−1)} [ Γ(β) I_{β−1} (2 1 − γ √ 2γ |z|) ]_− 1_2

exp [ 1 − γ √ 2γ z ] 1F_1 (_{−ξ} β | | (_{(1−γ)2} γ √ 2γ ) z ) (57)

78 V. V. BORZOV, E. V. DAMASKINSKI`

DlØ perekrytiØ dvuh kogerentnyh sostoØniæ poluqaem

⟨z_1|z_2⟩ = I_{β−1}(2 1 − γ √ 2γ √ z_1z_2) [ I_{β−1}(2 1 − γ √ 2γ |z_1|) I_{β−1}(2 1 − γ √ 2γ |z_2|) ]_− 1_2

(58) Otmetim, qto ffto vyraßenie pri α = β −1 i γ = 2− √ 3 sovpadaet s analogiqnym vyraßeniem dlØ kogerentnyh sostoØniæ oscillØtora Lagerra (sm. formulu (24) iz [31]. Otmetim takße, qto s uqetom formuly (17) dlØ funkcii Meæksnera, imeem ψ^M_n (ξ; β, γ) = (−1)^nψ_0(ξ; β, γ) ~M_n(ξ; β, γ), ψ^M_0 (ξ; β, γ) = √ (β)_ξ γ^ξ ξ! (1 − γ)^β (59)

tak qto naxe vyraßenie dlØ kogerentnogo sostoØniØ soglasuetsØ s formuloæ (69) raboty Atakixieva i dr. [10], esli uqest~, qto v rabote [10] rassmatriva¸tsØ nenormirovannye kogerentnye sostoØniØ.

4.2. Dokazatel~stvo (sverh)polnoty postroennogo semeæstva kogerentnyh sostoØniæ. Vaßneæxim svoæstvom semeæstva kogerentnyh sostoØniæ ØvlØetsØ svoæstvo (sverh) polnoty, kotoroe matematiqeski vyraßaetsØ trebovaniem spravedlivosti formuly razloßeniØ edinicy, ∫∫ C |z⟩⟨z| ^W (|z|^2) d^2 z = 11 . (60)

DlØ proverki fftoæ formuly nado postroit~ meru

d μ(|z|^2) = ^W (|z|^2) d^2 z (61)

Izvestno [12–15], qto s fftoæ cel~¸ trebuetsØ rexit~ klassiqesku¸ problemu momentov Stil~t~esa [55, 56] π ∞∫ 0 x^nW (x)dx = ( 2γ (1 − γ)^2 )_n n!Γ(β + n) Γ(β)

, n ≥ 0, (62) gde W (x) = ^W (x) N^2(x)

, (x = |z|^2) (63)

OBOBWENNYE KOGERENTNYE SOSTO˚NI˚ 79

UqityvaØ formulu (6.561.16) iz [54] nahodim

W (x) = 2 π (1 − γ)^2 2γΓ(β) ( (1 − γ)^2 2γ x ) 1_{2 (β−1)}

K_{β−1}(2 1 − γ √ 2γ √ x) . (64)

Togda

^W (|z|^2) = (1 − γ)^2 πγ K_{β−1}(2 1 − γ √ 2γ |z|) I_{β−1}(2 1 − γ √ 2γ |z|) , (65) i dlØ mery (61) poluqaem vyraßenie

d μ(|z|^2) =

(1 − γ)^2 πγ K_{β−1}(2 1 − γ √ 2γ |z|) I_{β−1}(2 1 − γ √ 2γ |z|) d^2 z. (66)

Pri α = β − 1 i γ = 2 − √ 3 fftot rezul~tat sovpadaet s analogiqnym vyraßeniem dlØ sluqaØ polinomov Lagerra [31].

5. Kogerentnye sostoØniØ tipa Perelomova dlØ oscillØtora Meæksnera

Kogerentnye sostoØniØ tipa Perelomova, svØzannye s dinamiqeskoæ algebroæ su(1|1) v sluqae oscillØtora Meæksnera opredelØ¸tsØ po |ζ⟩ = ( 1 − |ζ|^2 ) 1_{2 β} exp(ζK^M_+ ) ~M_0(ξ, β, γ) = ( 1 − |ζ|^2 ) 1_{2 β}^∞∑ n=0 √ (β)_n n! ~M_n(ξ, β, γ)ζ^n, (67) gde ζ ∈ C i |ζ| < 1. Ispol~zuØ proizvodØwu¸ funkci¸ (10) dlØ polinomov Meæksnera i uqityvaØ sootnoxeniØ (11)–(12) naho- dim |ζ⟩ = ( 1 − |ζ|^2 ) 1_{2 β}^∞∑ n=0 (β)_n n! M_n(ξ, β, γ)( √ γζ)^n

= ( 1 − |ζ|^2 ) 1_{2 β} ( 1 − √ γζ γ )_ξ (1 − √ γζ)^{ξ−β} . (68) �tot rezul~tat soglasuetsØ s formuloæ (75) iz [10]. DlØ perekrytiØ kogerentnyh sostoØniæ (68) poluqaem

⟨ζ_1|ζ_2⟩ = [ (1 − |ζ_1|^2)(1 − |ζ_2|^2)

] 1_{2 β} (

1 − ζ_1ζ_2 )_{−β} , (69)

80 V. V. BORZOV, E. V. DAMASKINSKI`

qto takße soglasuetsØ s analogiqnym rezul~tatom iz [10].

DlØ dokazatel~stva sverhpolnoty sleduet opredelit~ meru iz razloßeniØ edinicy dlØ fftih sostoØniæ, qto privodit k probleme momentov π ∞∫ 0 x^nW (x) d x = n! (β)_n , n = 0, 1, . . . . (70) Ispol~zuØ formulu (3.251.1) iz [54] poluqaem

W (x) = β − 1 π (1 − x)^{β−2}. (71)

Sledovatel~no mera imeet vid

d μ(|ζ|^2) = β − 1 π d^2 ζ (1 − |ζ|^2)^2

. (72)

�tot rezul~tat takße sootvetstvuet tomu, qto poluqaetsØ v sluqae polinomov Lagerra pri β = α + 1.

Podqerknem suwestvennoe otliqie kogerentnyh sostoØniæ tipa Perelomova, dlØ kotoryh parametr ζ prinadleßit vnutrennosti ediniqnoæ okrußnosti kompleksnoæ ploskosti |ζ| < 1, togda kak v sluqae kogerentnyh sostoØniæ tipa Baruta– ȷirardello z ∈ C .

6. OscillØtor Meæksnera–Pollaqeka i ego kogerentnye sostoØniØ 6.1. Polinomy Meæksnera–Pollaqeka. Polinomy Meæksnera- Pollaqeka [39] opredelØ¸tsØ qerez gipergeometriqesku¸ funkci¸ sootnoxeniem

P^ν_n (ξ; φ) =

(2ν)_n n! e^{inφ}_2F_1 (_{−n,ν+iξ} 2ν | |1 − e−2iφ ) , (73)

i svØzany s polinomami Meæksnera (3) sootnoxeniem

P^ν_n (ξ; φ) = e^{−inφ} n! (2ν)_nM_n(iξ − ν; 2ν, e^{−2iφ}). (74)

OBOBWENNYE KOGERENTNYE SOSTO˚NI˚ 81

Sootnoxenie ortogonal~nosti dlØ polinomov Meæksnera–Pollaqeka imeet vid (ν > 0, 0 < φ < π) 1 2π ∞∫ −∞ e^{(2φ−π)ξ}|Γ(ν + iξ)|^2P^ν_m(ξ; φ)P^ν_n (ξ; φ) d φ =

Γ(n + 2ν) (2 sin φ)^{2ν}n! δ_{m,n}. (75) �ti polinomy udovletvorØ¸t rekurrentnym sootnoxeniØm

ξP^ν_n (ξ; φ) = ~b_nP^ν_{n+1}(ξ; φ) − ~a_nP^ν_n (ξ; φ) + ~c_nP^ν_{n−1}(ξ; φ); P^ν_0 (ξ; φ) = 1,

(76) gde ~a_n = (n + ν) ctg φ, ~b_n = n + 1 2 sin φ , ~c_n = n + 2ν − 1 2 sin φ

, (77)

i oblada¸t svoæstvom simmetrii

P^ν_n (−ξ; −φ) = P^ν_n (ξ; φ), (78)

Perenormirovannye soglasno [35] mnogoqleny

^P^ν_n (ξ; φ) = P^ν_n (ξ; φ) √ n! (2ν)_n

, n ≥ 0; (79)

udovletvorØ¸t simmetriqnym rekurrentnym sootnoxeniØm

ξ ^P^ν_n (ξ; φ) = α_n ^P^ν_{n+1}(ξ; φ) − ~a_n ^P^ν_n (ξ; φ) + α_{n−1} ^P^ν_{n−1}(ξ; φ); ^P^ν_0 (ξ; φ) = 1, (80) gde α_n = √ (n + 1)(2ν + n) 2 sin φ

. (81)

DlØ perenormirovannyh polinomy Meæksnera–Pollaqeka sootnoxenie ortogonal~nosti prinimaet vid ∞∫ −∞ ^P^ν_m(ξ; φ) ^P^ν_n (ξ; φ)μ(d ξ) = δ_{m,n}, (82) gde μ(d ξ) = |Γ(ν + iξ)|^2 2πΓ(2ν) e^{(2φ−π)ξ}(2 sin φ)^{2ν} d ξ (83)

82 V. V. BORZOV, E. V. DAMASKINSKI`

Oboznaqim H^P gil~bertovo prostranstvo

H^P = L^2(R, μ(dξ)). (84)

V dal~neæxem my budem rassmatrivat~ unitarnoe preobrazovanie ^V : ^H^M → H^P . Zametim, qto tak kak parametr γ, vhodØwiæ v rekurrentnye sootnoxeniØ (13) i (21) dlØ ~M_n i ^M_n, sootvetstvenno, raven e^{−2iφ}, to dlØ √γ = √ e^{−2iφ} moßno vybrat~ dva

znaqeniØ ± √ γ = ∓e^{−iφ}. (85) Iz (21) vybiraØ znak minus, imeem rekurrentnye sootnoxeniØ ξ ^M^−_n (ξ; β, γ) = −iα_n ^M^−_{n+1}(ξ; β, γ) − (i~a_n + ν) ^M^−_n (ξ; β, γ) −iα_{n−1} ^M^−_{n−1}(ξ; β, γ); (86) a iz (13) vybiraØ znak pl¸s, imeem rekurrentnye sootnoxeniØ

ξ ^M^+_n (ξ; β, γ) = iα_n ^M^+_{n+1}(ξ; β, γ) −(i~a_n + ν) ^M^+_n (ξ; β, γ) + iα_{n−1} ^M^+_{n−1}(ξ; β, γ). (87) razliqa¸wihsØ vyborom znaqeniØ √ e^{−2iφ}, (0 < φ < π) : Tak kak iz (74) (s uqetom (11)) sleduet, qto ^P^ν_n (ξ, φ) = ~M^−_n (iξ − ν, 2ν, e^{−2iφ}), to my moßem opredelit~ unitarnoe preobrazovanie ^V sootnoxeniem ^P^ν_n (ξ, φ) = ~M^−_n (iξ − ν, 2ν, e^{−2iφ}) = (−1)^n ^M^−_n (iξ − ν, 2ν, e^{−2iφ}) = ^V ^M^−_n (ξ, 2ν, e^{−2iφ}) (88) Otmetim, qto my vybrali v (85) znak minus, sootvetstvu¸- wiæ polinomam ^M^−_n , udovletvorØ¸wim rekurrentnym sootnoxeniØm (86), tak kak vybor znaka pl¸s (t.e. mnogoqlenov ^M^+_n , udovletvorØ¸wih rekurrentnym sootnoxeniØm (87)) privodit k protivoreqi¸. Deæstvitel~no v fftom sluqae iz (87) sleduet ^M +_n (ξ, 2ν, e−2iφ) = ~M −_n (ξ, 2ν, e−2iφ) i togda ^V ^M^+_n (ξ, 2ν, e^{−2iφ}) = (−1)^n ~M^−_n ((iξ − ν), 2ν, e^{−2iφ}) ≠ ~M^−_n ((iξ − ν), 2ν, e^{−2iφ}).

OBOBWENNYE KOGERENTNYE SOSTO˚NI˚ 83

Umestno otmetit~, qto perehod ot diskretnogo sootnoxeniØ ortogonal~nosti (16) dlØ mnogoqlenov Meæksnera k nepreryvnym sootnoxeniØm ortogonal~nosti (82) dlØ mnogoqlenov Meæksnera–Pollaqeka, ØvlØetsØ analogom preobrazovaniØ Zomerfel~da–Vatsona v teorii rasseØniØ. DlØ togo, qtoby ubedit~sØ v unitarnosti preobrazovaniØ ^V podstavim (88) v sootnoxenie ortogonal~nosti (82) I = ∞∫ −∞ ^M_n(±iξ − ν; 2ν; e^{−2iφ}) ^M_m(±iξ − ν; 2ν; e^{−2iφ})μ(d ξ) = δ_{m,n}. (89) Zametim, qto |Γ(ν +iξ)|^2 = Γ(ν +iξ)Γ(ν −iξ), i qto podynteral~- naØ funkciØ v levoæ qasti formuly (89) analitiqna na vseæ kompleksnoæ ploskosti za iskl¸qeniem toqek ζ_k = −i(k+ν), (k ≥ 0) na mnimoæ osi v kotoryh ona imeet pol¸sa pervogo porØdka. UqityvaØ asimptotiqeskoe povedenie gamma-funkcii na besko-

neqnosti zamenim kontur integrirovaniØ C_2 na kontur L =^∞ ⋃ k=0 l_k, gde l_k – okrußnost~ s centrom v toqke ζ_k radiusa r ≤^1_2 .

V rezul~tate, primenØØ teoremu o vyqetah poluqaem I = ∞∑ k=0 ∮ l_k F (ζ; ν; φ) d φ = 2πi ∞∑ k=0 Res F | ζ=ζ_k (90)

84 V. V. BORZOV, E. V. DAMASKINSKI`

Tak kak

Res (Γ(ν − iζ)) | ζ=ζ_k =

(−1)^k k! i, k = 0, 1, . . . , (91) a ostal~nye mnoßiteli v F ØvlØ¸tsØ analitiqeskimi funkciØmi, to iz (90) poluqim (16). Tem samym unitarnost~ preobrazovaniØ V^{−1} : H_P → H_M dokazana (sravni [40]).

6.2. OscillØtor Meæksnera–Pollaqeka. Analogiqno tomu kak ffto bylo sdelano vyxe, opredelim v gil~bertovom prostranstve H^P := L^2(R, μ(dξ)), rassmatrivaemom kak prostranstvo Foka, operatory koordinaty i impul~sa, lestniqnye operatory ~a^− i ~a^+, a takße gamil~tonian ~H^P . Spektr gamil~toniana ~H^P imeet vid

λ_0 = ν 2 sin^2 φ

, λ_n = n(n + 2ν) sin^2 φ

. (92)

Otmetim, qto uravnenie ~H^P y = λy na sobstvennye znaqeniØ operatora ~H^P ffkvivalentno raznostnomu uravneni¸ dlØ polinomov Meæksnera–Pollaqeka e^{iφ}(ν −iξ)y(ξ +i)+2i(ξ cos φ−(n+ν) sin φ)y(ξ)−e^{−iφ}(ν +iξ)y(ξ −i) = 0. (93) Takße kak i vyxe, vvedem drugoæ gamil~tonian, svØzannyæ s relØtivistskim oscillØtorom [40]. S fftoæ cel~¸ v gil~bertovom prostranstve H^P opredelim operatory

K^P_+ = √ 2 sin φ~a^+_P , K^P_− = √ 2 sin φ~a^−_P , K^P_0 = 1 2 [K^P_− , K^P_+ ] = H^P ,

(94) udovletvorØ¸wie perestanovoqnym sootnoxeniØm algebry Li sp(2, R) [K^P_− , K^P_+ ] = 2K^P_0 , [K^P_0 , K^P_± ] = ±K^P_± . (95)

Operator Kazimira imeet vid

K^2 = (K^P_0 )^2 − (K^P_1 )^2 − (K^P_2 )^2, (96) gde K^P_1 = − i 2 (K^P_+ − K^P_− ), K^P_2 = − i 2 (K^P_+ + K^P_− ). (97)

Ispol~zuØ rezul~taty raboty [35], iz sootnoxeniæ (94), (35), (44) i (74) poluqaem

K^P_+ = ^V ^K^M_+ ^V^{−1}, K^P_− = ^V ^K^M_− ^V^{−1}, H^P = ^V ^H^M ^V^{−1}. (98)

OBOBWENNYE KOGERENTNYE SOSTO˚NI˚ 85

Napomnim, qto iz (81), i (15) pri γ = e^{−2iφ} i β = 2ν, imeem

b^±_n = ∓iα_n, a^±_n = i~a_n + ν. (99)

Togda iz rekurrentnyh sootnoxeniæ (13) i (86) imeem ( ^V ξ ^V^{−1} ) ^P^ν_n (ξ; φ) = ^V ξ ^M^−_n (ξ, 2ν, e^{−2iφ}) = = ^V (−iα_n ^M^−_{n+1}(ξ, 2ν, e^{−2iφ}) − (i~a_n + ν) ^M^−_n (ξ, 2ν, e^{−2iφ}) −iα_{n−1} ~M^−_{n−1}(ξ, 2ν, e^{−2iφ})) = = −i ( α_n ^P^ν_{n+1}(ξ; φ) − ~a_n ^P^ν_n (ξ; φ) + α_{n−1} ^P^ν_{n−1}(ξ; φ) ) − ν ^P^ν_n (ξ; φ) (100) Iz (100) i (76) sleduet, qto pri proizvol~nyh znaqeniØh φ operator, unitarno ffkvivalentnyæ operatoru “koordinaty” v prostranstve H^P , deæstvuet neestestvennym obrazom (ne ØvlØetsØ operatorom umnoßeniØ na nezavisimu¸ peremennu¸) i tol~ko dlØ ξ =^π_2 + kπ imeem ^V ξ ^V^{−1} = (−iξ − ν). (101) Pofftomu v dal~neæxem my budem rassmatrivat~ operator ^V tol~ko pri ξ =^π_2 . Dalee imeem ^V e^∂ξ ^V^{−1} ^P^ν_n (ξ, φ) = ^V e^∂ξ ^M^−_n (ξ, 2ν, e^{−2iφ}) = ^V ~M^−_n (ξ + 1, 2ν, e^{−2iφ}) = (−1)^n ~M^−_n (i(ξ + 1) − ν, 2ν, e^{−2iφ}) = (−1)^ne^{i∂ξ} ~M^−_n (iξ − ν, 2ν, e^{−2iφ}) = e^{i∂ξ} ^P^ν_n (ξ, φ). Analogiqno poluqaem ^V e^{−∂}ξ ^V^{−1} = e^{−i∂}ξ . Okonqatel~no imeem ^V ξ ^V^{−1} = −iξ − ν, ^V e^{±∂}ξ ^V^{−1} = e^{±i∂}ξ . (102) Iz fftih sootnoxeniæ s uqetom (40)–(44) poluqaem Øvnu¸ realizaci¸ operatorov K^P_+ , K^P_− , H^P raznostnymi operatorami v

86 V. V. BORZOV, E. V. DAMASKINSKI` H^P k^P_+ = K^P_+ | φ=^π2 = i 2 (ν − iξ)e^{i∂ξ} − i 2 (ν + iξ)e^{−i∂ξ} + ξ, (103) k^P_− = K^P_− | φ=^π2 = − i 2 (ν − iξ)e^{i∂ξ} + i 2 (ν + iξ)e^{−i∂ξ} + ξ, (104) h^P = H^P | φ=^π2 = ν − iξ 2 e^{i∂ξ} + ν + iξ 2 e^{−i∂ξ} (105) �ti operatory deæstvu¸t na normirovannye polinomy Meæksnera–Pollaqeka po formulam

K^P_+ ^P^ν_n = −μ(n) ^P^ν_{n+1}, K^P_− ^P^ν_n = −μ(n − 1) ^P^ν_{n−1}, H^P ^P^ν_n = (n + ν) ^P^ν_n .

(106) DlØ sravneniØ naxih rezul~tatov s rezul~tatami raboty N. M. Atakixieva i S. K. Suslova [40], nam potrebuetsØ vvesti tri vspomogatel~nyh prostranstva. Pervoe iz nih – gil~bertovo prostranstvo^∘H^P = L^2(d ξ), s bazisom { Φ^ν_n(ξ, φ) = g(ν; ξ) ^P^ν_n (ξ, φ) }_∞ n=0 , (107) gde g(ν; ξ) = |Γ(ν − iξ)|2^ν √ 2πΓ(n) . (108)

Ispol~zuØ unitarnyæ operator

W : H^P →^∘H^P , W P^ν_n = g ^P^ν_n = Φ^ν_n, (109)

i obratnyæ k nemu

W^{−1} :^∘H^P → H^P , W^{−1}Φ^ν_n = g^{−1}Φ^ν_n = P^ν_n (110)

opredelim operatory ∘ K^P_+ = W K^P_+ W^{−1},^∘K^P_− = W K^P_− W^{−1},^∘H^P = W H^P W^{−1}.

(111) Tak kak W e^{i∂ξ} W^{−1} = |ν − 1 + iξ|e^{i∂ξ} , W e^{−i∂ξ} W^{−1} = 1 |ν + iξ| e^{−i∂ξ} , (112)

OBOBWENNYE KOGERENTNYE SOSTO˚NI˚ 87

to uqityvaØ sootnoxeniØ (103)–(105) poluqaem Øvnyæ vid operatorov (111) pri φ =^π_2

k^P_+ =^∘K^P_+ | φ=^π2 = i 2 (ν − iξ)|ν − 1 + iξ|e^{i∂ξ} − i 2 ν + iξ |ν + iξ| e^{−i∂ξ} + ξ, (113)

k^P_− =^∘K^P_− | φ=^π2 = − i 2 (ν − iξ)|ν − 1 + iξ|e^{i∂ξ} + i 2 ν + iξ |ν + iξ| e^{−i∂ξ} + ξ, (114)

h^P =^∘H^P | φ=^π2 = 1 2 (ν − iξ)|ν − 1 + iξ|e^{i∂ξ} + 1 2 ν + iξ |ν + iξ| e^{−i∂ξ} .(115) Oboznaqim dalee^∘H^P_A prostranstvo^∘H^P pri sledu¸wem vybore parametrov φ = π 2 , ξ = x λ , ν(ν − 1) = λ^{−4} (116)

Vyberem v^∘H^P_A novyæ bazis ∘ Ψ_n = SΦ^ν_n = Φ^ν_n e^{i arg Γ(ν+iξ)}, n = 0, 1, 2, . . . . (117)

Pod deæstviem unitarnogo operatora S = e^{i arg Γ(ν+iξ)} raznostnye operatory e^{±i∂ξ} preobrazu¸tsØ po formulam Se^{i∂ξ} S^{−1} = e^{i arg Γ(ν+iξ)}e^{i∂ξ} e^{−i arg Γ(ν+iξ)} = e^{i arg(ν−1+iξ)}e^{i arg Γ(ν+iξ)}e^{−i arg Γ(ν+iξ)}e^{i∂ξ} = e^{i arg(ν−1+iξ)}e^{i∂ξ} ;

(118) Se^{−i∂ξ} S^{−1} = e^{i arg Γ(ν+iξ)}e^{−i∂ξ} e^{−i arg Γ(ν+iξ)} = e^{i arg(ν−iξ)}e^{−i∂ξ} . (119)

Togda gamil~tonian^∘H^P (115) perehodit v ∘ h^P_S = S^∘h^P S^{−1} = 1 2 ( ν(ν − 1) + iξ + ξ^2 ) e^{i∂ξ} + 1 2 e^{−i∂ξ} . (120) Pri perehode v prostranstvo^∘H^P_A gamil~tonian (120) prinimaet vid_∘

h^P_A = 1 2 ( 1 λ^4 + i x λ + x^2 λ^2 ) e^{iλ∂x} + 1 2 e^{−iλ∂x} . (121)

88 V. V. BORZOV, E. V. DAMASKINSKI`

DlØ togo qtoby ubedit~sØ v tom, qto nax gamil~tonian sovpadaet s gamil~tonianom iz raboty [40] ostalos~ pereæti k prostranstvu H^P_A unitarnym preobrazovaniem V_A :^∘H^P_A → H^P_A, takim qto

ϕ^A_n = V_A^∘ϕ_n = η(x)^∘ϕ_n, (122) gde η(x) = λ^{2i xλ − 12} ,^∘ϕ_n = Φ^ν_n( x λ , π 2 )e^{i arg Γ(ν+i xλ )}. (123)

Pri fftom preobrazovanii V_Ae^{iλ∂x} V^{−1}_A = η(x)e^{iλ∂x} η^{−1}(x) = η(x) η(x + iλ) e^{iλ∂x} = λ^2e^{iλ∂x} ; (124) V_Ae^{−iλ∂x} V^{−1}_A = η(x)e^{−iλ∂x} η^{−1}(x) = η(x) η(x − iλ) e^{−iλ∂x} = λ^{−2}e^{−iλ∂x} . (125)

Togda

h^P_A = V_A^∘h^P_AV^{−1}_A = 1 2 ( 1 λ^2 + iλx + x^2 ) e^{iλ∂x} + 1 2λ^2 e^{−iλ∂x} = = 1 λ^2 ch(iλ∂_x) + 1 2 (x + iλ)xe^{iλ∂x} , (126) qto sovpadaet s gamil~tonianom lineænogo relØtivistskogo oscillØtora raboty [40] (sm. formulu (4.1) fftoæ raboty). 6.3. Kogerentnye sostoØniØ dlØ oscillØtora Meæksnera– Pollaqeka.

OgraniqimsØ postroeniem kogerentnyh sostoØniæ tipa Baruta–ȷirardello dlØ oscillØtora Meæksnera–Pollaqeka v prostranstve^∘H^P pri φ =^π_2 . Imeem k^P_−|z⟩ = z|z⟩. (127) Razloßenie kogerentnogo sostoØniØ |z⟩ po bazisu Foka { |z⟩ = ^P^ν_n (ξ, π 2 ) }_∞ n=0

OBOBWENNYE KOGERENTNYE SOSTO˚NI˚ 89

v prostranstve^∘H^P imeet vid |z⟩ = N^{−1}(|z|^2) ∞∑ n=0 z^n (μ(n − 1))! |n⟩ , μ(n) = √ (n + 1)(n + 2ν)

(128)

N^2(|z|^2) = ∞∑ n=0 |z|^{2n} ((μ(n − 1))!)^2

= (2ν)_n ∞∑ n=0 |z|^{2n} n!Γ(n + 2ν)

. (129)

Radius shodimosti rØda v (129) raven R = ∞ i uqityvaØ (54) imeem

N^2(|z|^2) =

Γ(2ν) |z|^{2ν−1} I_{2ν−1}(2|z|). (130)

V rezul~tate imeem |z⟩ = |z|^{ν− 12} √ Γ(2ν)I_{2ν−1}(2|z|) ∞∑ n=0 (−1)^n

^P ν_n (ξ,^π_2 ) √ n!(2ν)_n z^n =

= |z|^{ν− 12} √ Γ(2ν)I_{2ν−1}(2|z|) ∞∑ n=0 (−1)^n ~M −_n (iξ − ν, 2ν; −1) √ n!(2ν)_n z^n. (131)

UqityvaØ sootnoxenie ~M^−_n (iξ − ν, 2ν; −1) = √ (2ν)_n n! M_n(iξ − ν, 2ν; −1) , poluqaem |z⟩ = |z|^{ν−12} √ Γ(2ν)I_{2ν−1}(2|z|) ∞∑ n=0 M_n(iξ − ν, 2ν; −1) √ n! (iz)^n =

= |z|^{ν−12} √ Γ(2ν)I_{2ν−1}(2|z|) e^{−iz}_1F_1 ( iξ−ν 2ν | | − 2iz ) . (132)

Perekrytie dvuh kogerentnyh sostoØniæ opredelØetsØ sootnoxeniem

⟨z_1|z_2⟩ = I_{2ν−1}(2 √ z_1z_2) [I_{2ν−1}(2|z_1|) I_{2ν−1}(2|z_2|)]^{− 12} . (133)

Literatura

1. R. Floreanini, L. Vinet, q-orthogonal polynomials and the oscillator quantum group. — Lett. Math. Phys. 22, No. 1 (1991) 45–54.

90 V. V. BORZOV, E. V. DAMASKINSKI`

2. R. Floreanini, L. Vinet, Representations of quantum algebras and q-special functions. — hep-th/9111023.

3. E. V. Damaskinskiæ, P. P. Kulix, q-polinomy �rmita i q-oscillØtory.

— Zap. nauqn. semin. LOMI 199 (1992), 81–90.

4. Z. Chang, H.-Y. Guo, H. Yan, The q-Hermite polynomial and the representations of Heisenberg and quantum Heisenberg algebra. — J. Phys. A. 25, No. 6 (1992), 1517–1526.

5. R. Floreanini, J. Le Tourneaux, L. Vinet, More on the q-oscillator algebra and q-orthogonal polynomials. — J. Phys. A. 28, No. 10 (1994), L 287–294, [math.CA/9504218].

6. R. Floreanini, J. Le Tourneaux, L. Vinet, An algebraic interpretation of the continuous big q-Hermite polynomials. — J. Math. Phys. 36, No. 9 (1995), 5091–5097.

7. E. V. Damaskinsky, P. P. Kulish, Irreducible representations of deformed oscillator algebra and q-special functions. — Intern. J. Mod. Phys. A. 12, No. 1 (1996), 153– 158, [q-alg/9610002].

8. R. Hinterding, J. Wess, q-deformed Hermite polinomials in q-quantum mechanics.

— Z. Phys. C 71 (1996), 533–537, [math.QA/9803050].

9. H.-C. Fu, R. Sasaki, Exponential and Laguerre squeezed states for su(1, 1) algebra and the Calogero–Sutherland model. — Phys. Rev. A. 53, No. 6 (1996), 3836–3844.

10. N. M. Atakishiyev, E. I. Jafarov, Sh. M. Nagiyev, K. B. Wolf, Meixner oscillators.

— Revista Mexicana de Fisica 44, No. 3 (1998), 235–244; [math-ph/9807035];

11. A. Odzijewicz, Quantum algebras and q–special functions related to coherent states maps of the disk. — Commun. Mat. Phys. 192 (1998), 183–215.

12. J.-P. Gazeau, J. R. Klauder, Coherent states for systems with discrete and continuous spectrum. — J. Phys. A. 32, No. 1 (1999), 123–132.

13. K. A.Penson, A. I. Solomon, New generalized coherent states. — J. Math. Phys.

40, No. 5 (1999), 2354–2363.

14. X.-G. Wang, Coherent states, displaced number states and Laguerre polynomial states for su(1, 1) Lie algebra. — [quant-ph/0001002].

15. J.-P. Antoine, J.-P. Gazeau, P. Monceau, J. R. Klauder, K. A. Penson, Temporally stable coherent states for infinite well and Pöschl-Teller potentials. — J. Math. Phys. 42 (2001), 2349–2386; [math-ph/0012044].

16. J. R. Klauder, K. A. Penson, J.-M. Sixdeniers, Constructing coherent states through solutions of Stieltjes and Hausdorff moment problems. — Phys. Rev. A. 64, No. 1 (2001), 013817.

17. V. V. Borzov, Generalized Hermite polynomials. — [math. QA/0101216]. 18. A. Jellal, Coherent States for Generalized Laguerre Functions. — [hep-th/0109028]. 19. A. Odzijewicz, M. Horowski, A. Tereszkiewicz, Integrable multi-boson systems and orthogonal polynomials. — J. Phys. A34 (2001), 4353–4376.

20. N. Cotfas, Shape invariance, raising and lowering operators in hypergeometric type equations. — J. Phys. A. 35, No. 44 (2002), 9355–9365; [quant-ph/0206129]; CGY-ElKD02.

21. A. H. El Kinani, M. Daoud, Generalized coherent and intelligent states for exact solvable quantum systems. — J. Math. Phys. 43 (2002), 714–33; [mathph/0312040].

22. T. Appl, D. H.Schiller, Generalized Hypergeometric Coherent States. — J. Phys.

A. 37, No. 7 (2004), 2731–2750 ; [quant-ph/0308013];

OBOBWENNYE KOGERENTNYE SOSTO˚NI˚ 91

23. S. T. Ali, J.-P. Antoine, J.-P. Gazeau, U. A. Mueller, Coherent states and their generalizations: A mathematical overview. — Rev. Math. Phys. 7, No. 7 (1995), 1013–1104.

24. V. V. Dodonov, “Nonclassical” states in quantum optics: a “squeezed” review of the first 75 years. — J. Opt. B. 4, No. 1 (2002), R1–R33.

25. V. V. Borzov, E. V. Damaskinsky, P. P. Kulish, Construction of the spectral measure for the deformed oscillator position operator in the case of undetermined Hamburger moment problem. — Reviews in Math. Phys. 12, No.5 (2000), 691– 710; [math.QA/9803089].

26. V. V. Borzov, E. V. Damaskinsky, Realization of the annihilation operator for an oscillator-like system by a differential operator and Hermite-Chihara polynomials. — Integral Transforms and Special Functions 13, No. 6 (2002), 547–554; [math.QA/0101215].

27. V. V. Borzov, E. V. Damaskinskiæ, Kogerentnye sostoØniØ dlØ oscillØtora Leßandra. — Zap. nauqn. semin. POMI 285 (2002), 39–52;

[math.QA/0307187].

28. V. V. Borzov, E. V. Damaskinskiæ, Kogerentnye sostoØniØ i polinomy Qebyxeva, sb. trudov meßdunarodnoæ konferencii Matematiqeskie idei P.L.Qebyxeva i ih priloßeniØ k sovremennym problemam estestvoznaniØ. — Obninsk, 14–18 maØ 2002 g. [quant-ph/0307133].

29. V. V. Borzov, E. V. Damaskinskiæ, Kogerentnye sostoØniØ i ortogonal~- nye mnogoqleny. — Trudy konferencii “Den~ Difrakcii 2002”, SPb. (2002), [math.QA/0209181].

30. V. V.Borzov, E. V. Damaskinskiæ, Kogerentnye sostoØniØ Baruta– ȷirardello dlØ oscillØtora Gegenbauera. — Zap. nauqn. semin. POMI 291 (2002), 43–63.

31. V. V. Borzov, E. V. Damaskinsky, Generalized Coherent states: A Novel Approach.

— Zap. nauqn. semin. POMI 300 (2003), 65–70.

32. V. V. Borzov, E. V. Damaskinsky, Generalized Coherent States for q-oscillator connected with q-Hermite Polynomials. — Day on Diffraction 2003, SPb 2003, [math.QA/0307356].

33. V. V. Borzov, E. V. Damaskinskiæ, Obobwennye kogerentnye sostoØniØ dlØ q-oscillØtora, associirovannogo s diskretnymi q-polinomami �rmita. — Zap. nauqn. POMI, ser.Matemat. voprosy teorii rasprostraneniØ voln 308 (2004), 48–66.

34. V. V. Borzov, E. V. Damaskinskiæ, OscillØtoro-podobnye sistemy, svØzannye s ortogonal~nymi mnogoqlenami, i ih kogerentnye sostoØniØ, str. 9–19 v sb. “GravitaciØ, kosmologiØ i fflementarnye qasticy” Sankt-Peterburg (2004).

35. V. V. Borzov, Orthogonal polynomials and generalized oscillator algebras. — Inte-

gral Transf. and Special Funct. 12, No. 2 (2001), 115–138; [math.CA/0002226].

36. A. O. Barut, L. Girardello, New “Coherent States” Associated with Non-Compact Groups. — Commun. Math. Phys. 21, No. 1 (1972), 41–55.

37. A. M. Perelomov, Obobwennye kogerentnye sostoØniØ i ih primeneniØ.

“Nauka”, FM, M. (1987).

38. W. Hahn, Über Orthogonalpolynome, die q-Differenzengleichungen genügen. —

Math. Nachr. 2 (1949), 4–34.

92 V. V. BORZOV, E. V. DAMASKINSKI`

39. R. Koekoek, R. F. Swarttouw, The Askey sheme of hypergeometric orthogonal polynomials and its q-analogue. — Report No. 94-05, Delft University of Technology (1994); [math.CA/9602214].

40. N. M. Atakishiyev, S. K. Suslov, The Hahn and Meixner polynomials of an imaginary argument and some of their applications. — J. Phys. 18, No. 10 (1985), 1583–1596.

41. R. A. Askey, Continuous Hahn polynomials. — J. Phys. A. 18, No. 16 (1985),

L1017–L1019.

42. C. M. Bender, L. R. Mead, S. S. Pinsky, Continuous Hahn polynomials and the Heisenberg algebra. — J. Math. Phys. 28, No. 3 (1987), 509–513.

43. T. H. Koornwinder, Meixner-Pollaczek polynomials and the Heizenberg algebra. —

J. Math. Phys. 30, No. 4 (1989), 767–769.

44. J. Meixner, Orthogonale Polynomsysteme mit einem besonderen Gestalt der erzeugenden Funktion. — J. London Math. Soc 9 (1934), 6–13.

45. F. Pollaczek, Sur une generalisation des polynomes de Legendre. — C. R. Acad.

Sci. Paris 230 (1950), 1563.

46. Sh. M. Nagiev, E. I. Jafarov, R. M. Imanov, The Relativistic Linear Singular Oscillator. — J. Phys. 36 No. 28 (2003), 7813–7824; [math-ph/0302042].

47. N. M. Atakixiev, Kvazipotencial~nye volnovye funkcii relØtivistskogo garmoniqeskogo oscillØtora i mnogoqleny Pollaqeka. — TMF 58, No. 2 (1984), 254–260.

48. N. M. Atakishiev, K. B. Wolf, Generalised coherent states for a relativistic model of the linear oscillator in a homogeneous external field. — Repts. Math. Phys. 27, No. 3 (1989), 305–311.

49. E. D. Kagramanov, R. M. Mir-Kasimov, Sh. M. Nagiev, The covariant linear oscillator and generalized realization of the dynamical su(1,1) symmetry algebra. — J. Math. Phys. 31, No. 7 (1990), 1733–1738.

50. R. M. Mir-Kasimov, SUq(1, 1) and relativistic oscillator. — J. Phys. A. 24, No. 18

(1991), 4275–4282.

51. N. M. Atakixiev, X. M. Nagiev, K. B. Vol~f, O funkciØh raspredeleniØ Vignera dlØ relØtivistskogo lineænogo oscillØtora. — TMF 114, No. 3 (1998), 410–425.

52. N. M. Atakixiev, R. M. Mir-Kasimov, X. M. Nagiev, TMF 44 (1980), 47–53.

53. G. Beætman, A. �rdeæi, Vysxie transcendentnye funkcii, vyp.2. “Nauka”, FM, M. (1966).

54. I. S. Gradxteæn, I. M. Ryßik, Tablicy integralov, summ, rØdov i proizvedeniæ, Izd.5-e. “Nauka”, M. (1971).

55. N. I. Ahiezer, KlassiqeskaØ problema momentov i nekotorye voprosy analiza, svØzannye s ne¸. FM, M. (1961).

56. B. Simon, The classical moment problem as a self-adjoint finite difference operator.

— Advances in Mathematics 137 (1998), 82–203.

Borzov V. V., Damaskinsky E. V. Generalized coherent states for oscillators connected with Meixner and Meixner–Pollachek polynomials.

OBOBWENNYE KOGERENTNYE SOSTO˚NI˚ 93 We are continuing here the study of generalized coherent states for the oscillator-like systems connected with the given set of orthogonal polynomials. In this work we concider the case of Meixner and Meixner– Pollachek polynomials. We construct the oscillator-like systems associated with these polynomials and define their coherent states. By the solution of the related classical moment problem we prove the overcompleteness of constructed families of coherent states. We compare the obtained results with the results of other works. In particular, we shaw that the Hamiltonian of the relativistic model of linear harmonic oscillator can be concidered as special linearization of the quadratic Hamiltonin naturally appearing in our approach.

Postupilo 20 oktØbrØ 2004 g. S.-Peterburgskiæ universitet telekommunikaciæ, Voennyæ inßenernyæ tehniqeskiæ universitet