Zapiski nauqnyh seminarov POMI Tom 318, 2004 g.

A. Eden, V. K. Kalantarov

ON GLOBAL BEHAVIOR OF SOLUTIONS TO AN INVERSE PROBLEM FOR SEMI-LINEAR HYPERBOLIC EQUATIONS

Abstract. This paper is concerned with global in time behavior of solutions for a semi-linear hyperbolic inverse source problem. We prove two types of results, the first is a global nonexistence result for smooth solutions when the data is chosen appropriately. The second type of result is on asymptotic stability of solutions when the integral constraint vanishes as t goes to infinity.

Dedicated to the memory of Olga Aleksandrovna Ladyzhenskaya

1. Introduction

In this paper we study the global in time behavior of solutions for a semi-linear hyperbolic inverse source problem. We prove two types of results, the first is a global nonexistence result for smooth solutions when the data is chosen appropriately. The second type of result is on asymptotic stability of solutions when the integral constraint vanishes as t goes to infinity. In contrast with the extensive literature on the stability and global nonexistence results for direct problems, we do not know any result on the global nonexistence for solutions of hyperbolic inverse problems.

The inverse problem we consider consist of finding a pair of functions {u(x, t), F (t)} satisfying u_{tt} − Δu − |u|^pu + b(x, t, u, ∇u) = F (t)w(x), x ∈ Ω, t > 0, (1) u(x, t) = 0, x ∈ ∂Ω, t > 0, (2) u(x, 0) = u_0(x), u_t(x, 0) = u_1(x), x ∈ Ω, (3) ∫ Ω u(x, t)w(x)dx = 1, t > 0, (4)

120

ON GLOBAL BEHAVIOR OF SOLUTIONS 121

where Ω ⊆ R^n is a bounded (or unbounded) domain of R^n with smooth boundary ∂Ω, p > 0, w(x), and b(x, t, u, p) are given functions satisfying

w ∈ H^2(Ω) ∩ H^1_0 (Ω) ∩ L^{p+2}(Ω), ∫ Ω w^2(x)dx = 1, (A1)

and for some M_1 and M_2 > 0 |b(x, t, u, p)| ≤ M_1|p|+M_2|u|, ∀x ∈ Ω, t ∈ R^+, u ∈ R, p ∈ R^n. (A2) The initial functions satisfy the conditions

u_0 ∈ H^1_0 ∩ L^{p+2}(Ω), u_1 ∈ L^2(Ω), and ∫ Ω u_0(x)w(x)dx = 1. (A3)

In [18], Prilepko et al. the local existence of solutions for similar inverse problems is established. The key observation is that the given problem (1)–(4) is equivalent to (1)–(3) where the unknown function F (t) in (1) is replaced by F (t) = −⟨u, Δw⟩ − ∫ Ω |u|^puwdx + ⟨b(x, t, u, ∇u), w⟩. (5)

Once the unknown function F (t) is eliminated, the standard theory of nonlinear hyperbolic equations also becomes applicable to deduce local in time existence of solutions.

Stability results for hyperbolic inverse problems are few (see [2, 7]), among them the closest to our setting are linear problems considered by Guvenilir and Kalantarov [7].

In Belov and Shipina [2], the asymptotic behavior of solution {u^{(1)}(x, t), u^{(2)}(x, t), g(t)} to the following inverse source problem is studied:

u^{(1)}_t (x, t) + 2∑ k=1 a_{1k}(t)u^{(k)}_x = ν(t)u^{(1)}_{xx} + g(t)f(x, t), x ∈ R, t ∈ (0, T ),

u^{(2)}_t (x, t) + 2∑ k=1 a_{2k}(t)u^{(k)}_x + 2∑ k=1 b_{2k}(t)u^{(k)} = 0, x ∈ R, t ∈ (0, T ),

u^{(k)}(x, 0) = u^{(k)}_0 (x), x ∈ R, k = 1, 2; u^{(1)}(0, t) = β(t), t ∈ (0, T ).

122 A. EDEN, V. K. KALANTAROV

In Guvenilir and Kalantarov [7], global asymptotic stability of the zero solution to inverse source problem for linear parabolic and hyperbolic type equations is established in H^1-norm.

The global nonexistence result we obtained relies on generalized concavity argument developed in [11]. The classical concavity argument leading to the nonexistence of solutions in finite time starts with a positive functional Ψ(t) of a solution that exists locally in time and proceeds by establishing the differential inequality Φ^{00} (t) ≤ 0, where Φ(t) = Ψ(t)^{−α}. This inequality allows one to conclude that Ψ(t) → ∞ as t → t^−_1 hence the global nonexistence. The concavity method was introduced by Levine in [14, 15] to establish the global nonexistence both for parabolic and hyperbolic equations. The essence of the method lies in the following lemma.

Lemma 1 (Levine [14, 15]). Let Ψ(t) be a positive, twice differentiable function,which satisfies, for t > 0, the inequality

Ψ^{00} (t)Ψ(t) − (1 + α) [ Ψ^0 (t)

]_2 ≥ 0 with some α > 0. If Ψ(0) > 0 and Ψ^0 (0) > 0, then there exists a time t_1 ≤^{Ψ(0)}_{αΨ}0_{(0)} such that Ψ(t) → +∞ as t → t^−_1 .

Here we will only cite some of the works on hyperbolic equations. In [14], Levine using the concavity method obtained a global nonexistence result for the Cauchy problem for the second order nonlinear differentialoperator equation of the form P u_{tt} + Au = F (u), where A is assumed to be symmetric and nonnegative. The concavity method was applied by Levine in [15] to an equation of the form P u_{tt} + Cu_t + Au = F (u), where C is a positive symmetric operator. In [20], Straughan obtained global nonexistence result for the abstract wave equation of the form u_{tt} + k(t)u_t + A(t)u = F (u). In [17], Levine and Payne applied the concavity method to the study of the initial-boundary value problems for the equation u_{tt} = n∑ i=1 ( |u_{xi} |^{p−2}u_{xi} ) x_i + u q+1, where p > 2, q > 0, and q + 2 > p.

ON GLOBAL BEHAVIOR OF SOLUTIONS 123

Recently Yang in [22] by using the concavity method obtained global nonexistence result for a class of the nonlinear wave equations with a nonlinear damping term. By the different method first global nonexistence result for the nonlinear wave equation with the nonlinear damping term is obtained in[6].

Hu and Yin [8], on the other hand, by using the concavity method studied the problem of global nonexistence for parabolic equation with Neumann boundary condition instead of (2) and when w(x) ≡ 1.

A critical observation made in [11] results in the following modification of the Lemma 1.

Lemma 2 (Kalantarov and Ladyzhenskaya [11]). Let α > 0, C_1, C_2 ≥ 0, and C_1 + C_2 > 0. Suppose that Ψ(t) is a twice differentiable positive function satisfying

Ψ^{00} Ψ − (1 + α)[Ψ^0 ]^2 ≥ −2C_1ΨΨ^0 − C_2[Ψ]^2 (6)

for all t ≥ 0. If

Ψ(0) > 0 and Ψ^0 (0) + γ_2α^{−1}Ψ(0) > 0, (7)

then as

t → t_1 ≤ t_2 = 1 2 √ C^2_1 + αC_2 ln γ_1Ψ(0) + αΨ^0 (0) γ_2Ψ(0) + αΨ^0 (0)

, Ψ(t) → +∞. (8)

Here

γ_1 = −C_1 + √ C^2_1 + αC_2, γ_2 = −C_1 − √ C^2_1 + αC_2.

However, here the function Φ(t) = Ψ(t)^{−α} satisfies a second order constant coefficient differential inequality of the form

Φ^{00} (t) + 2C_1Φ^0 (t) − C_2αΦ(t) ≤ 0.

The modified concavity method developed in [11] already in [11] was applied to many problems of the form P u_{tt} + Au + B(u) + aP u_t = F (t, u). Global nonexistence theorem for solutions of the problem u_{tt} − Δu + a(x, t, u, ∇u) = 0, x ∈ Ω, t > 0, ∂u ∂n = f(t, u), x ∈ ∂Ω, t > 0

124 A. EDEN, V. K. KALANTAROV

is studied in [9].

In [10], global nonexistence result is obtained for the Cauchy problem for differential-operator equation of the form P u_{tt} + Qu_t + Au = B(u, u_t) + F (t, u). This set up is applicable to some classes of coupled hyperbolic equations and pseudo-hyperbolic equations.

In [5], Erdem and Kalantarov has applied the the modified concavity method to the following equation u_{tt} − n∑ i=1 ∂ ∂x_i (( d_0 + |∇u|^{m−2} ) ∂u ∂x_i ) + h(u, ∇u) = f(u), where

f(u)u ≥ 2(α + 1) u∫ 0 f(s)ds, ∀u ∈ R^1, α > (m − 2)/2, m ≥ 2 and |h(u, p)| ≤ C(|u|^{m/2} + |p|^{m/2}). In [1] and [3], the concavity method and modified concavity method was used to show global nonexistence of solutions to nonlinear wave equations with the damping on the boundary.

By using the Lemma 2, Qin and Rivera [19] studied the blow up of solutions to the Cauchy problem for the following one-dimensional thermoelasticity system with a nonautonomous forcing and a thermal memory: u_{tt} = au_{xx} + bθ_x + +du_x − mu_t + f(t, u), cθ_t = kθ_{xx} + g ∗ θ_{xx} + bu_{xt} + pu_x + qθ_x. A nonexistence result to a Cauchy problem for the thermoelasticity system without memory that is the system above with g = 0 is obtained in [12].

Finally, in [4], Eden and Kalantarov has applied the modified concavity method to the parabolic analog of the inverse source problem. Our paper is organized as follows: in the second section, we prove the main theorem on global nonexistence of solutions. In the last section, we state and prove a stability result for the solutions when the integral constraint vanishes at infinity. Our main result is the following theorem:

ON GLOBAL BEHAVIOR OF SOLUTIONS 125

Theorem 1. Let the conditions (A1)–(A3) be satisfied and assume that

‖u_0‖ > 0, E(0) ≥ D_1 +

2B_1 p + 4 , (A4) where

E(0) = [ − 1 2 ‖u_1‖^2 − 1 2 ‖∇u_0‖^2 − λ^2 2 ‖u_0‖^2 + 1 p + 2

‖u_0‖^{p+2}_{p+2} ] ,

D_1 = ‖Δw‖^2 M_2(M_1 +M_2 +2λ) +C(p) ‖w‖^{p+2}_{p+2} M_1 +M_2 +2λp + M_1λ^2 +M_2 2M_1 +2M_2 +8λ ‖w‖^2, B_1 = 2λ p ‖Δw‖^2 + 1 (p + 2) [_p 2p+2 ]_{p+1} ‖w‖^p + ( 2 p M^2_1 +

2M^2_2 λp ) ‖w‖^2,

and λ = max { p + 2 p (M_1 + M_2 + 1); ( M_2 2 ) 1_3 } , γ_{1,2} = −C_1 ± √ C^2_1 + αC_2, C_1 = M_1 + 2 p M^2_2 ,

C_2 = (p + 4) [ 3 2 M^2_2 4ϵ_1

+ 1 + ( 3 M^2_1 4ϵ_1

+ 1/2 ) ( M^2_1 + M^2_2 )] . Then there exists a finite t_1 such that ‖u(t)‖ → +∞ as t → t^−_1 . Here and for the rest of the paper we will adhere to the following notational conventions: ⟨f, g⟩ = ∫ Ω f(x)g(x)dx, ‖f‖ = ( ∫ Ω f^2(x)dx ) 1_2

for f, g ∈ L^2(Ω),

⟨F, G⟩ = ∫ Ω F (x) · G(x)dx, ‖F ‖ = ( ∫ Ω F (x) · F (x)dx )1_2

for F, G ∈ L^2(Ω)^n.

Also for convenience, we will suppress the dependence of the functions on x and t as we have already done in [5].

126 A. EDEN, V. K. KALANTAROV

2. A global nonexistence result In order to study the global nonexistence we consider the following problem that is obtained from (1)–(4) by substituting v(x, t) = u(x, t)e^{−λt}: v_{tt} − Δv + λ^2v + 2λv_t − e^{λpt}|v|^pv + b(x, t, e^{λt}v, e^{λt}∇v)e^{−λt} = = F we^{−λt}, x ∈ Ω, t > 0, (9) v(x, t) = 0, x ∈ ∂Ω, t > 0, (10) v(x, 0) = u_0(x), v_t(x, 0) = u_1(x) − λu_0(x), x ∈ Ω, (11) ⟨v, w⟩ = e^{−λt}, t > 0. (12) The value of the parameter λ will be prescribed later. As mentioned in the introduction, multiplying (9) by w and using (12) one can obtain that F (t) = −e^{λt}⟨v, Δw⟩ − e^{λ(p+1)t}⟨|v|^pv, w⟩ + ⟨b(x, t, e^{λt}v, e^{λt}∇v), w⟩. (13) Substituting (13) into (9) one obtains a problem that is shown to be equivalent to (9)–(12). (See for example [18].)

The choice for the functional is standard (see [14, 11]) we define Ψ(t) = ‖v(t)‖^2. (14) It is clear that Ψ^0 (t) = d dt ‖v(t)‖^2 = 2⟨v_t(t), v(t)⟩, (15) Ψ^{00} (t) = 2 d dt ⟨v_t(t), v(t)⟩ = 2⟨v_{tt}(t), v(t)⟩ + 2‖v_t(t)‖^2. (16) In order to obtain a differential inequality of the form (6) we need to bound from below (16) for solutions of (9)–(12).

The following notations are introduced to simplify the estimates; let ^b(t, v) ≡ b(x, t, e^{λt}v, e^{λt}∇v), G(t, v) ≡ e^{λpt} ∫ Ω |v|^{p+2}dx, (17) L(v(t)) ≡ ‖v_t‖^2 + ‖∇v(t)‖^2 + λ^2‖v(t)‖^2, (18) E(t) ≡ − 1 2 L(v) + 1 p + 2 G(t, v). (19)

ON GLOBAL BEHAVIOR OF SOLUTIONS 127

First we estimate ⟨v_{tt}, v⟩ from below. Using in addition to (12) the fact that ⟨w, v_t⟩ = d dt ⟨w, v⟩ = (e^{−λt})^0 = −λe^{−λt}, ⟨w, v_{tt}⟩ = λ^2e^{−λt} (20) it is easy to get ⟨v_{tt}, v⟩ = −‖∇v‖^2−λ^2‖v‖^2 −2λ⟨v_t, v⟩+e^{λpt} ∫ Ω |v|^{p+2}dx+e^{−λt}⟨^b(t, v), v⟩−

e^{−λt}⟨v, Δw⟩ − e^{λ(p−1)t}⟨|v|^pv, w⟩ + e^{−2λt}⟨^b(t, v), w⟩ = ( p 2 + 2 ) E(t) + p 4 ‖∇v‖^2 + λ^2p 4 ‖v‖^2 + ( p 4 + 1 ) ‖v_t‖^2 − 2λ⟨v_t, v⟩+ + p 2p + 4 G(t, v) + e^{−λt}⟨^b(t, v), v⟩ − e^{−λt}⟨v, Δw⟩− −e^{λ(p−1)t}⟨|v|^pv, w⟩ + e^{−2λt}⟨^b(t, v), w⟩. (21) Multiplying (9) by v_t and integrating over Ω, we get − d dt E(t)+ λp p + 2 G(t, v)+2λ‖v_t‖^2+⟨^b(t, v), v_t⟩e^{−λt} = −λF (t)e^{−2λt}. (22) Again substituting (13) into, − d dt E(t) + λp p + 2 G(t, v) + 2λ‖v_t‖^2 + ⟨^b(t, v), v_t⟩e^{−λt} = λ[e^{−λt}⟨v, Δw⟩ + e^{λ(p−1)t}⟨|v|^pv, w⟩ − ⟨^b(t, v), w⟩e^{−2λt}]. (23) Now we are going to estimate various terms on the right hand side of (21) and (23) by the appropriate combinations of G(t, v) and j(t). Let us recall that Young’s inequality implies that for a, b ≥ 0 ab ≤ βa^q + C(β, q)b^{q0} for^1_q +^1_q0 = 1 and where C(β, q) =^1_{q0 (βq)q}0_{/q} .

Taking a = ‖v‖, b = ‖Δw‖e^{−λt}, q = q^0 = 2, and β =^{pλ2}_8 , we get |⟨v, Δw⟩e^{−λt}| ≤ λ^2p 8 ‖v‖^2 + 2 pλ^2 ‖Δw‖^2e^{−2λt} (24)

128 A. EDEN, V. K. KALANTAROV

and taking q = p + 2 p + 1

, q^0 = p + 2, a = e^{( p2+pp+2 )t}‖v‖^{p+1}_{p+2}, b = λ‖w‖_{p+2}e^{− 2λtp+2} ,

and β =^p_{2(p+2)} , we get e^{λ(p−1)t} ∫ Ω |v|^pvwdx ≤

≤ p 2(p + 2) G(t, v) + e^{−2λpt} (p + 2)[^p_{2p+2} ]^{p+1} ∫ Ω |w|^{p+2}dx. (25)

By using the condition (A2) similarly, we obtain e^{−2λt}|⟨^b(t, v), w⟩| ≤ ≤ p 8 ‖∇v‖^2 + 2 p M^2_1 ‖w‖^2e^{−2λt} + λp 8 ‖v‖^2 +

2M^2_2 λ^2p

‖w‖^2e^{−2λt} (26) and e^{−λt}|⟨^b(t, v), v⟩| ≤ M_1‖∇v‖‖v‖ + M_2‖v‖^2 ≤ ≤ ( M_2 +

2M^2_1 p ) ‖v‖^2 + p 8 ‖∇v‖^2. (27) Rewriting (21) and using (24), (25), (26), and (27) ⟨v_{tt}, v⟩ ≥ ( p 2 + 2 ) E(t) − ( M_1 + 2 p M^2_2 ) ‖v‖^2+ + ( 1 + p 4 ) ‖v_t‖^2 − 2λ⟨v_t, v⟩ − B_1, (28) where

B_1 = 2λ p ‖Δw‖^2 + 1 (p + 2) [_p 2p+2 ]_{p+1} ‖w‖^p + ( 2 p M^2_1 +

2M^2_2 λp ) ‖w‖^2.

Since this inequality gives us a lower bound of Ψ^{00} (t) in terms of E(t), −Ψ(t) and −Ψ^0 (t), we next set out to estimate E(t) from below using (23).

We proceed to estimate the terms on the right hand side of (23) similar to (24) and (25) with q = q^′ = 2, β =^{M2λ2}_4 , and b = ‖w‖e^{−λt} in the first

ON GLOBAL BEHAVIOR OF SOLUTIONS 129

case and with β = 1, q =^{p+2}_{p+1} , and b = ‖w‖_{p+2}e^{− 2λtp+2} in the second case to get |λe^{−λt}⟨v, Δw⟩| ≤ M_2λ^2 4 ‖v‖^2 + 1 M_2 ‖Δw‖^2e^{−2λt}, (29) |λe^{−λ(p−1)t}⟨|v|^pv, w⟩| ≤ G(t, v) + C(p)e^{−2λpt} ∫ Ω |w|^{p+2}dx. (30) By using the Young’s inequality we get also the estimates e^{−λt}|⟨^b(t, v), v_t⟩| ≤ M_1‖∇v‖‖v_t‖ + M_2‖v‖‖v_t‖ ≤ M_1 [ 1 2 |‖v_t‖^2 + 1 2 |‖∇v‖^2 ] + M_2 [ λ^2 4 |‖v‖^2 + 1 λ^2 ‖v_t‖^2 ] , (31) λe^{−2λt}|⟨^b(t, v), w⟩| ≤ M_1 2 ‖∇v‖^2 + M_1λ^2 2 e^{−2λt}‖w‖^2 + M_2λ^2 2 ‖v‖^2 + e^{−2λt} M_2 2 ‖w‖^2. (32)

Rewriting (23) and using (29)–(32) d dt E(t) ≥ (M_1 + M_2)E(t)+ + ( λp p + 2

− M_1 − M_2 − 1 ) G(t, v) + ( 2λ − M_2 λ^2 ) ‖v_t‖^2 − D_1(t), (33)

where

D_1(t) = 1 M_2 ‖Δw‖^2e^{−2λt} + C(p)e^{−2λpt} ∫ Ω |w|^{p+2}dx+

+ ( M_1λ^2 2 + M_2 2 ) ‖w‖^2e^{−4λt}. Next we choose

λ = max { p + 2 p (M_1 + M_2 + 1); ( M_2 2 ) 1_3 } . Then (33) implies d dt E(t) ≥ (M_1 + M_2)E(t) − D_1(t).

130 A. EDEN, V. K. KALANTAROV

Integrating the last inequality we obtain E(t) ≥ E(0) − D_1, (34) where

D_1 = ‖Δw‖^2 M_2(M_1 + M_2 + 2λ) + C(p) ‖w‖^{p+2}_{p+2} M_1 + M_2 + 2λp + + M_1λ^2 + M_2 2M_1 + 2M_2 + 8λ

‖w‖^2. (35)

Due to the condition (A4) E(0) ≥ D_1 +^{2B1}_{p+4} . Hence E(t) ≥ 2B_1 p + 4 . By using the last inequality, we obtain from (28) ⟨v_{tt}, v⟩ ≥ −(M_1 + 2 p M^2_2 )‖v‖^2 + (1 + p 4 )‖v_t‖^2 − 2λ⟨v_t, v⟩. Therefore we have

Ψ^{00} (t) = 2 d dt ⟨v_t(t), v(t)⟩ = 2⟨v_{tt}(t), v(t)⟩ + 2‖v_t(t)‖^2 ≥ −2(M_1 + 2 p M^2_2 )Ψ(t) − 2λΨ^0 (t) + 4(1 + p 8 )‖v_t‖^2. By using the last inequality finally we get

Ψ^{00} (t)Ψ(t) − ( 1 + p 8 ) [ Ψ^0 (t)

]_2 ≥ −2 ( M_1 + 2 p M^2_2 ) Ψ^2(t) − 2λΨ^0 (t)Ψ(t).

Remark 1. Condition (4) can be relaxed to ∫ u(x, t)w(x)dx = ϕ(t), where ϕ(t) is twice differentiable function with 0 < a < ϕ(t) < b, 0 < c < ϕ^0 (t) < d for some real constants a, b, c, d.

Remark 2. Similarly we can prove a global nonexistence theorem for the equation u_{tt} − Δu − |u|^pu + au_t + b(x, t, u, ∇u) = F (t)w(x), x ∈ Ω, t > 0, where a ∈ R is any real number.

ON GLOBAL BEHAVIOR OF SOLUTIONS 131

3. Stability problem and the exponential attractor In this section, we consider the following inverse source problem u_{tt} − Δu + au_t + |u|^pu − bu = F (t)w(x), x ∈ Ω, t > 0, (36) u(x, t) = 0, x ∈ ∂Ω, t > 0, (37) u(x, 0) = u_0(x), u_t(x, 0) = u_1(x), x ∈ Ω, (38) ∫ Ω u(x, t)w(x)dx = ϕ(t), t > 0, (39) where Ω is a bounded domain of R^n with sufficiently smooth boundary ∂Ω, w, u_0, and ϕ(t) are given functions and p is a given positive number. We assume that w, u_0 and u_1 satisfy conditions

w, u_0 ∈ H^1_0 (Ω) ∩ L^{p+2}(Ω), u_1 ∈ L^2(Ω), and ∫ Ω u_0(x)w(x)dx = ϕ(0). (A5) Theorem 2. Assume that conditions (A1) and (A5) are satisfied, the damping coefficient b ∈ (0, λ_1) and suppose that ϕ, ϕ^0 , and ϕ^{00} are continuous functions defined on [0, ∞) such that ϕ^{00} is a bounded function and ϕ, ϕ^0 tend to 0 as t → ∞. Then lim_{t→∞} [ ‖u_t‖^2 + ‖∇u(t)‖^2 + ‖u(t)‖^{p+2}_{p+2} ] = 0.

Multiplying (36) by w, integrating over Ω and using (39), we obtain F (t) = ϕ^{00} (t) + ⟨∇u, ∇w⟩ + aϕ^0 (t) + ⟨|u|^pu, w⟩ − bϕ(t). (40) Substituting (40) in (36) we get u_{tt} − Δu + au_t + |u|^pu − bu = [ ϕ^{00} (t) + ⟨∇u, ∇w⟩ + aϕ^0 (t) + ⟨|u|^pu, w⟩ − bϕ(t) ] w(x), x ∈ Ω, t > 0, (41) Multiplying (41) by u_t + ηu and integrating over Ω: d dt [ 1 2 ‖u_t‖^2 + 1 2 ‖∇u‖^2 + 1 p + 2 ‖u‖^{p+2}_{p+2} − b 2 ‖u‖^2 + η a 2 ‖u‖^2 + η⟨u_t, u⟩ ] + +(a − η)‖u_t‖^2 + η‖∇u‖^2 + η‖u‖^{p+2}_{p+2} − ηb‖u‖^2 ≤

132 A. EDEN, V. K. KALANTAROV ≤ |ϕ^{00} (t)ϕ^0 (t)| + (b + ηa)|ϕ^0 (t)ϕ(t)| + ‖∇u‖‖∇w‖(|ϕ^0(t)|+ +η|ϕ(t)|) + |⟨|u|^pu, w⟩|(|ϕ^0 (t)| + η|ϕ(t)|). By using the Cauchy inequality with ϵ and the Young inequality with ϵ in the right-hand side of the last inequality we obtain d dt E_η(t) + (a − η)‖u_t‖^2 + (η − ϵ)‖∇u‖^2+ +(η − ϵ)‖u‖^{p+2}_{p+2} − ηb‖u‖^2 ≤ H(t), (42) Here E_η(t) ≡ 1 2 ‖u_t‖^2 + 1 2 ‖∇u‖^2 + 1 p + 2 ‖u‖^{p+2}_{p+2} − b 2 ‖u‖^2 + η a 2 ‖u‖^2 + η⟨u_t, u⟩, H(t) ≡ |ϕ^{00} (t)ϕ^0 (t)| + (b + ηa)|ϕ^0 (t)ϕ(t)| + 1 4ϵ ‖∇w‖^2(|ϕ^0 (t)|+ η|ϕ(t)|)^2 + C(ϵ, p)‖w‖^{p+2}_{p+2}(|ϕ^0 (t)| + η|ϕ(t)|)^{p+2}. We assume that η < a and ϵ < η are positive numbers. We can rewrite (42) as follows: d dt E_η + δE_η + (a − η)‖u_t‖^2 + (η − ϵ)‖∇u‖^2+ + a 4 ‖u‖^{p+2}_{p+2} − b 2 ‖u‖^2 − δE_η ≤ H(t), or d dt E_η(t) + δE_η(t) ≤ − ( a − η − δ 2 ) ‖u_t‖^2 − ( η − ϵ − δ 2 ) ‖∇u‖^2 − ( η − ϵ − δ p + 2 ) ‖u‖^{p+2}_{p+2} + ηb‖u‖^2 + δη a 2 ‖u‖^2 + δη⟨u_t, u⟩ + H(t). (43) Since 0 < b < λ_1, we have ‖∇u‖^2 − b‖u‖^2 ≤ d_0‖∇u‖^2, (44) where d_0 = 1 −^b_{λ1} > 0. Due to the Poincaré–Friedrichs inequality and the Cauchy inequality, we have δη a 2 ‖u‖^2 ≤ δη a 2λ_1 ‖∇u‖^2, δη|⟨u_t, u⟩| ≤ δη 1 2λ_1 ‖∇u‖^2 + +δη 1 2 ‖u_t‖^2, (45)

ON GLOBAL BEHAVIOR OF SOLUTIONS 133

By using (44) and (45), we obtain from (43): d dt E_η(t) + δE_η(t) ≤ − ( a − η − δ 2 − δη 2 ) ‖u_t‖^2+ ( ηd_0 − ϵ − δ 2 − δη 2λ_1

(1 + a) ) ‖∇u‖^2 − (η − ϵ − δ p + 2 )‖u‖^{p+2}_{p+2} + H(t). Taking η < a, ϵ < d_0η, and δ > 0 sufficiently small, we obtain from the last inequality: d dt E_η(t) + δE_η(t) ≤ H(t). Since H(t) → 0 as t → ∞ by the conditions imposed on ϕ(t) the result of the theorem follows from the estimate

‖u_t(t)‖^2 + ‖∇u(t)‖^2 + ‖u(t)‖^{p+2}_{p+2} ≤ C_0E_η(t),

which we derived using 0 < b < λ_1 for η <^a_2 .

Remark 1. When a can be taken large enough, so that^{a2}_2 > b, then no condition like 0 < b < λ_1 is required.

Remark 2. Similar stability theorem can be obtained for the semi-linear wave equation with strong damping, −aΔu_t instead of au_t.

References

1. V. Bayrak, M. Can, F. A. Aliyev, Nonexistence of global solutions of a quasilinear hyperbolic equation. — Math. Inequal. Appl. 1 (1998), no. 3, 367–374.

2. Ya. Yu. Belov, T. N. Shipina, The problem of determining the source function for a system of composite typer. — J. Inv. Ill-Posed Problems 6, No.4 (1988), 287–308.

3. M. Can, S. R. Park, F. A. Aliyev, Nonexistence of global solutions of some quasilinear hyperbolic equations. — J. Math. Anal. Appl. 213 (1997), no. 2, 540–553.

4. A. Eden, V. K. Kalantarov, On global nonexistence of solutions to an inverse problem for semilinear parabolic equations. — J. Math. Anal. Appl. (submitted).

5. D. Erdem, V. K. Kalantarov, A remark on nonexistence of global solutions to quasi-linear hyperbolic and parabolic equations. — Appl. Math. Lett. 15, no. 5 (2002), 521–653.

6. V. Georgiev, G. Todorova, Existence of solution of the wave equation with nonlinear damping term. — J. Diff. Eqs. 109 (1994), 295–308.

7 A. F. Guvenilir, V. K. Kalantarov, The asymptotic behavior of solutions to an inverse problem for differential operator equations. — Math. Comp. Modelling 37 (2003), 907–914.

8. Hu, Bei, Yin, Hong-Ming, Semilinear parabolic equations with prescribed energy.

— Rend. Circ. Mat. Palermo (2) 44 (1995), no. 3, 479–505.

134 A. EDEN, V. K. KALANTAROV

9. V. K. Kalantarov, Collapse of the solutions of parabolic and hyperbolic equations with nonlinear boundary conditions. — Zap. Nauchn. Semin. LOMI 127 (1983), 75–83.

10. V. K. Kalantarov, Blow-up theorems for second order nonlinear evolutionary equations. — in: Turbulence modeling and vortex dynamics, O. Boratav, A. Eden, and A. Erzan (Eds.), Lect. Notes Phys., Springer Verlag (1997), pp. 169–181.

11. V. K. Kalantarov, O. A. Ladyzhenskaya, , Formation of collapses in quasilinear equations of parabolic and hyperbolic types. — Zap. Nauchn. Semin. LOMI 69 (1977), 77–102.

12. M. Kirane, N. Tatar, A nonexistence result to a Cauchy problem in nonlinear one dimensional thermoelasticity. — J. Math. Anal. Appl. 254 (2001) no. 1, 71–86.

13. R. J. Knops, H. A. Levine, L. E. Payne, Nonexistence, instability, and growth theorems for solutions of a class of abstract nonlinear equations with applications to nonlinear elastodynamics. — Arch. Rational Mech. Anal. 55 (1974), 52–72.

14. H. A. Levine, Instability and nonexistence of global solutions to nonlinear wave equations of the form P utt = �Au+F (u). — Trans. Am. Math. Soc. 192 (1974), 1–21.

15. H. A. Levine, Some additional remarks on the nonexistence of global solutions to nonlinear wave equations. — SIAM J. Math. Anal. 5 (1974), 138–146.

16. H. A. Levine, A note on a nonexistence theorem for some nonlinear wave equations. — SIAM J. Math. Anal. 5 (1974), 644–648.

17. H. A. Levine, L. E. Payne, Nonexistence of global weak solutions for classes of nonlinear wave and parabolic equations. — J. Math. Anal. Appl. 55 (1976), 329– 334.

18. A. I. Prilepko, D. G. Orlovskii, I. A. Vasin, Methods for Solving Inverse Problems in Mathematical Physics. — Marcel Dekker, Inc., New York, Basel (2000).

19. Qin, Yuming, J. M. Rivera, Blow-up of solutions to the Cauchy problem in nonlinear one-dimensional thermoelasticity. — J. Math. Anal. Appl. 292 (2004), no. 1, 160–193.

20. B. Straughan, Further global nonexistence theorems for abstract nonlinear wave equations. — Proc. Amer. Math. Soc. 48 (1975), 381–390.

21. I. A. Vasin, V. L. Kamynin, On the asymptotic behavior of solutions to inverse problems for parabolic equations. — Sib. Math. J. 38, no. 4 (1997), 750–766.

22. Z. Yang, Cauchy problem for quasi-linear wave equations with nonlinear damping and source terms. — J. Math. Anal. Appl. 300 (2004), 218–243.

Postupilo 12 noØbrØ 2004 g.

Department of Mathematics Bogazici University, Istanbul, Turkey Department of Mathematics Koç University, Istanbul, Turkey