Zapiski nauqnyh seminarov POMI Tom 318, 2004 g.

N. Filonov and A. V. Sobolev

ABSENCE OF THE SINGULAR CONTINUOUS COMPONENT IN THE SPECTRUM OF ANALYTIC DIRECT INTEGRALS

Abstract. We give a simple proof of the absence of the singular continuous component in the spectrum of self-adjoint operators representable as analytic direct integrals.

Dedicated to the memory of O. A. Ladyzhenskaya

1^∘. In the last decade, there have been a large number of publications aimed to establish the absolute continuity for various classes of periodic differential operators which form an important class of operators representable as direct integrals, see e.g. survey [1] for references. The proofs of this property always use the specific features of the operators involved. On the other hand, if one is interested in the absence of the singular continuous spectrum only, the specific details of the problem become irrelevant. It has always been regarded as received wisdom (see [6, 5]) that any operator representable as a direct integral of an analytic family A(k) with compact resolvent should have the empty singular continuous spectrum. However, a complete proof of this general fact was given only in paper [4]. In this paper the absence of the singular continuous spectrum is a by-product of the Mourre Theory for analytic direct integrals. The aim of the present note is to give a simple direct proof of this result.

We denote the spectral measure, the spectrum, the pure point and singular continuous components of the spectrum of the selfadjoint operator A by E_A, σ(A), σ_{pp}(A) and σ_{sc}(A) respectively. The notation meas_n(Ω) is used for the n-dimensional Lebesgue measure of the (measurable) set

Ω ⊂ R^n.

Theorem 1 (Main Theorem). Let Ω ⊂ R^d be a connected open set, let 298

ABSENCE OF THE SINGULAR CONTINUOUS COMPONENT 299

H be a separable Hilbert space, and let H = ⊕∫ Ω Hdk. (1)

Suppose that A = ⊕∫ Ω A(k)dk, (2)

where A(k) is a measurable family of operators self-adjoint for each k ∈ Ω, such that the resolvent R(k) = (A(k) + i)^{−1} is a real-analytic function of k ∈ Ω, and that R(k), k ∈ Ω is compact. Then

(i) the set σ_{pp}(A) is at most discrete, that is it may consist only of isolated points without finite accumulation points, and each eigenvalue λ ∈ σ_{pp}(A) is of infinite multiplicity;

(ii) σ_{sc}(A) = ?.

Remark 2. The domain Ω can be replaced by a real-analytic manifold.

2^∘. We precede the proof of the Main Theorem with an auxiliary result.

Let f = f(k, λ) be a real-analytic function on the set U × I, where

U ⊂ R^d is a connected open set and I ⊂ R is an open interval. Let us

pick a subset Λ ⊂ I, and denote

M = M_Λ(f) = {k ∈ U, λ ∈ Λ : f(k, λ) = 0}.

Clearly,

P M_Λ(f) = {k ∈ U : f(k, λ) = 0 for some λ ∈ Λ},

where P : R^{d+1} → R^d is the orthogonal projection onto the subspace R^d of the variable k.

Lemma 3. Let f be as defined above. Suppose that for any λ ∈ Λ there exists a point k ∈ U such that f(k, λ) ≠ 0. Then meas_d P M_Λ(f) = 0 if meas_1 Λ = 0.

This Lemma appears for example in [5] and [3]. For the sake of completeness we provide the full proof. Let us first make the following elementary observation:

300 N. FILONOV AND A. V. SOBOLEV

Lemma 4. Let f be as defined above and let ^M = ^M_{Λ,j}(f) = {(k, λ) ∈ M_Λ(f) : ∂_{kj} f(k, λ) ≠ 0}, for some j = 1, 2, . . ., d. Then meas_d P M̂ = 0 if meas_1 Λ = 0.

Proof. Assume without loss of generality that j = d, and denote k = (k̂, k_d). Let us pick a point (k_0, λ_0) ∈ ^M . Since ∂_{kd} f(k_0, λ_0) ≠ 0, by the Implicit Function Theorem there exists a parallelepiped V ∋ (k_0, λ_0), V ⊂ U × I of the form ×^d_{j=1}(a_j, b_j) × (A, B) and a real-analytic function θ : ^V → R, ^V = ×^{d−1}_{j=1} (a_j , b_j) × (A, B), such that V ∩ ^M = V ∩ M = { (^ k, θ(k̂, λ), λ ) , (k̂, λ) ∈ ^V_Λ}, ^V_Λ = ×^{d−1}_{j=1} (a_j, b_j) × ((A, B) ∩ Λ). Consequently, P (V ∩ ^M) = { (^ k, θ(k̂, λ) ) , (k̂, λ) ∈ ^V_Λ}. Since meas_1 Λ = 0, we also have meas_d ^V_Λ = 0, and hence the measure

meas_d P (V ∩ ^M ) = ∫ V̂Λ |∂_λθ(k̂, λ)|dλdk̂

also equals zero.

The set ^M can be covered by a countable collection of neighbourhoods V_i of the same type. Noting that P ^M ⊂ ∪_iP (V_i ∩ ^M), we obtain the required result. �

Proof of Lemma 3. The function f( · , λ) is not identically zero for λ ∈ Λ, and hence for each (k, λ) ∈ M_Λ(f) there exist two multi-indices β = (β_1, β_2, . . . , β_d) and μ = (μ_1, μ_2, . . . , μ_d) such that |β| = |μ| + 1 and ∂^βk f(k, λ) ≠ 0, ∂^μk f(k, λ) = 0, so that (k, λ) ∈ d⋃ j=1 ^M_{Λ,j} (∂^μk f) ⊂ d⋃ j=1 ⋃ |α|¿0 ^M_{Λ,j} (∂^αk f).

ABSENCE OF THE SINGULAR CONTINUOUS COMPONENT 301

Therefore

P M_Λ(f) ⊂ d⋃ j=1 ⋃ |α|¿0 P ^M_{Λ,j}(∂^αk f). The measure of every set in the r.h.s. is zero by Lemma 4. �

3^∘. Proof of Theorem 1. It suffices to prove that for any open interval (α, β) the set σ_{pp}(A) ∩ (α, β) is discrete and σ_{sc}(A) ∩ (α, β) = ?. From now on we assume without further comments that λ ∈ Δ, where Δ is a fixed complex neighbourhood of real interval (α, β). Clearly,

ker(A(k) − λ) = ker ( I − T (k, λ) ) , T (k, λ) = (λ + i)R(k).

In view of the self-adjointness, the above kernel is trivial if Im λ ≠ 0. Since the operator R(k) is compact, in a neighbourhood of each k_0 ∈ Ω the question of invertibility of I − T (k, λ) reduces to the finite-dimensional case.

Indeed, let k_0 ∈ Ω. Splitting R(k_0) in the sum of two operators, let T (k_0, λ) = (λ + i)R(k_0) = K_0(λ) + S_0(λ) where K_0(λ) is finitedimensional and ‖S_0(λ)‖ < 1/2 for all λ ∈ Δ. Assume that the neighbourhood U ∋ k_0 is such that ‖T (k, λ) − T (k_0, λ)‖ < 1/2 for all k ∈ U, λ ∈ Δ. Define S(k, λ) = S_0(λ) + T (k, λ) − T (k_0, λ),

so that ‖S(k, λ)‖ < 1, k ∈ U, λ ∈ Δ, and hence

I − T (k, λ) = I − S(k, λ) − K_0(λ) = ( I − K(k, λ) )( I − S(k, λ) ) , K(k, λ) = K_0(λ) ( I − S(k, λ) )_{−1} , k ∈ U, λ ∈ Δ, the operator-function K(k, λ) being real-analytic on the domain V = U × (α, β). Consequently, the set {k ∈ U : ker(A(k) − λ) ≠ {0}} coincides with the set where ker(I − K(k, λ)) ≠ {0}, or, which is the same, where f(k, λ) := det ( I − K(k, λ) ) = 0.

By definition of the finite-dimensional operator K(k, λ) the function f is real-analytic on V . For any k ∈ U the function f(k, · ) is analytic in Δ, and f(k, λ) ≠ 0, Im λ ≠ 0,

302 N. FILONOV AND A. V. SOBOLEV

so that f is not identically zero.

The above construction can be implemented for a neighbourhood of each point k ∈ Ω, and hence, there exists a countable collection of open sets U_m, m = 1, 2, . . ., such that Ω ⊂ ∪_mU_m and for each m there exists a function f_m, realanalytic on V_m = U_m × (α, β), for which

If (k, λ) ∈ V_m, then λ ∈ σ(A(k)) ⇐⇒ f_m(k, λ) = 0.

Proof of (i). Suppose now that μ ∈ (α, β) is an eigenvalue of A. Then

meas_d{k ∈ Ω : μ ∈ σ ( A(k) ) } > 0, and hence for some m = 1, 2, . . . one has

meas_d{k ∈ U_m, f_m(k, μ) = 0} > 0.

Using the Fubini Theorem one can prove by induction in dimension, that any analytic function which vanishes on a set of positive measure, is identically zero. Since f_m( · , μ) is analytic as a function of k, this implies that f_m(k, μ) = 0, ∀k ∈ U_m. If the neighbourhoods U_m and U_l intersect, then f_m(k, μ) = 0 for all k ∈ U_m ∩ U_l, and therefore f_l(k, μ) = 0 for all k ∈ U_l as well. Since {U_m} is a covering of Ω and Ω is connected, we conclude that f_m(k, μ) = 0 for all m = 1, 2, . . .. This implies that the point spectrum σ_{pp}(A) consists of isolated points, since none of the functions f_m is identically zero.

Let us now prove that μ is an eigenvalue of A of infinite multiplicity. Pick a point k_0 ∈ Ω and a closed ball B(k_0, r) ⊂ Ω of radius r > 0 centered at k_0. Denote by λ_j (k), j = 1, 2, . . . the eigenvalues of the family A(k) arranged in ascending order. These are continuous functions. Let us select from this collection the eigenvalues such that (α, β) ⋂ {λ_j (k), k ∈ B(k_0, r)} ≠ ?.

Since the operators R(k) are compact, the number of such eigenvalues is finite. It is straightforward to show that for suitable k_0 ∈ Ω and r > 0 the number μ is an isolated eigenvalue of A(k) of constant multiplicity for all k ∈ B(k_0, r). Let γ be a circular contour in the complex plane,

ABSENCE OF THE SINGULAR CONTINUOUS COMPONENT 303

oriented counterclockwise, enclosing only μ, and separated from the other eigenvalues. Now, using the standard formula

P (k) = − 1 2πi ∫ γ (A(k) − ζ)^{−1}dζ, for the projection P (k) onto the subspace corresponding to μ, one sees that it is norm-continuous in k ∈ B(k_0, r). Let ψ ∈ H be a normalized eigenvector of A(k_0). Then ψ(k) = P (k)ψ is an eigenvector of A(k). Taking, if necessary, a smaller value of r, one can claim that ‖ψ(k)‖_H > 1/2 for all k ∈ B(k_0, r). Let O_j ⊂ B(k_0, r), j = 1, 2, . . . be an infinite set of non-intersecting balls, and let χ_j = χ_j (k) be their characteristic functions. Define the sequence of non-zero vectors Ψ_j ∈ H with fibres ψ(k)χ_j (k). Clearly, each of these vectors is an eigenvector of A, and they are linearly independent.

Proof of (ii). To prove that σ_{sc}(A) = ?, suppose that Λ ⊂ (α, β) is a non-empty set of measure zero, such that

Λ ∩ σ_{pp}(A) = ?. (3)

Define

K_m = {k ∈ U_m : f_m(k, λ) = 0 for some λ ∈ Λ}.

For each k ∈ U_m \ K_m we have f_m(k, λ) ≠ 0 for all λ ∈ Λ. This implies that

Λ ∩ σ(A(k)) = ?, E_{A(}k_)(Λ) = 0, k ∈ U_m \ K_m.

Due to (3), for all λ ∈ Λ the function f_m( · , λ) is not identically zero, and hence meas_d K_m = 0 by virtue of Lemma 3. Now we can write for any u ∈ H that

‖E_A(Λ)u‖^2H = ∫ Ω ‖E_{A(}k_)(Λ)u(k)‖^2_Hdk

6^∑_m^∫

U_m\K_m ‖E_{A(}k_)(Λ)u(k)‖^2_Hdk = 0.

This shows that outside the discrete set σ_{pp}(A) the spectrum of A is absolutely continuous, that is σ_{sc}(A) = ?. �

4^∘. Two examples. Here we illustrate the use of Theorem 1 by considering examples of two widely used periodic operators involving magnetic fields. We omit technical details.

304 N. FILONOV AND A. V. SOBOLEV

Example 5. The first example is the Schrödinger operator with a periodic magnetic potential and a metric. In the space L^2(R^d), d > 2, consider the quadratic form h[u] = ∫ Rd^{⟨G(−i∇ − a)u, (−i∇ − a)u⟩dx +} ∫ Rd^{|u|2dν(x). (4)} Suppose that the positive matrix-valued function G, vector-function a and the real-valued charge ν are periodic with respect to some full rank lattice Γ ⊂ R^d, and satisfy the conditions

c 6 G 6 C, a. a. x ∈ R^d,

a ∈ L^d_{loc}(R^d) for d > 3, a ∈ L^q_{loc}(R^d), q > 2, for d = 2, and ∫ O |u|^2|dν| 6 ε ∫ O |∇u|^2dx + C(ε) ∫ O |u|^2dx, u ∈ H^1(O), ∀ε > 0. (5)

Here O is the cell of the lattice Γ, and H^1 is the standard Sobolev space. The form (4) is closed and semi-bounded from below on the domain

H1(R^d), and hence it defines a self-adjoint operator, which we denote

by H. The integral with the charge ν can model a real-valued potential and/or jump conditions on some Γ-periodic surfaces in R^d.

Denote by Ω the interior of the fundamental domain of the dual lattice. The Gelfand transform

(U f)(x, k) = e^{−i}k^x ∑ γ∈Γ e^{−i}k^γ f(x + γ), is easily shown to be a unitary operator from L^2(R^d) onto the direct integral (1) with H = L^2(O). The operator A = U HU^∗ is the direct integral (2) with self-adjoint operators A(k) acting in H defined by the quadratic form ∫ O ⟨G(−i∇ − a + k)u, (−i∇ − a + k)u⟩dx + ∫ O |u|^2dν(x) (6)

on H^1(T^d), T^d = R^d/Γ. Using standard methods one can show that the operator A(k) has a compact resolvent, which is a real-analytic function of k ∈ Ω. Consequently, by Theorem 1 the spectrum of H does not have any singular continuous component.

ABSENCE OF THE SINGULAR CONTINUOUS COMPONENT 305

It is interesting to note that for d > 3, a = 0, V = 0 and a suitable non-smooth matrix G, the point spectrum of H may be non-empty, see example constructed in [2].

The absence of the singular continuous spectrum for the operator in the above example was proved in [5] with G = I, dν = 0. One can say even more: under certain conditions on G, a and ν the spectrum of H is absolutely continuous, see [1, 7] for references. We stress again that the absolute continuity requires more sophisticated techniques, whereas the absence of the singular continuous spectrum is rather elementary.

In the next example, the absolute continuity of the operator is yet to be investigated, but the absence of the singular continuous spectrum follows again from Theorem 1.

Example 6. Consider in L^2(R^2) the Schrödinger operator with a constant magnetic field B = curl a with a = (−Bx_2, 0), B = |B|, defined by the quadratic form (4) with G = I and a Γ-periodic charge ν satisfying again the condition (5). In view of the diamagnetic inequality the following inequality also holds: ∫ R2^{|u|2|dν| 6 ε} ∫ R2^{|(−i∇ − a)u|2dx + C(ε)} ∫ R2^{|u|2dx, u ∈ C∞0 (R2),} for any ε > 0. Consequently the form h[ · ] is semi-bounded from below and closable on C^∞_0 (R^2). As in the previous example we denote by H the operator defined by the form (4). For simplicity we assume that the lattice is orthogonal, and hence O = [0, T_1) × [0, T_2) with some positive T_1, T_2. Denote Ω = (0, 2πT^{−1}_1 ) × (0, 2πT^{−1}_2 ) the interior of the fundamental domain of the dual lattice Γ^†.

Assume that the flux of the magnetic field through O is integer, i.e.

Φ := B 2π |O| = B 2π T_1T_2 ∈ Z. (7)

Define the magnetic translations { (τ_1u)(x_1, x_2) = u(x_1 + T_1, x_2), (τ_2u)(x_1, x_2) = u(x_1, x_2 + T_2) exp ( iBT_2x_1 ) . The operator H commutes with τ_1, τ_2. It is straightforward to check that

τ_1τ_2 = τ_2τ_1e^{2πiΦ},

306 N. FILONOV AND A. V. SOBOLEV

and hence under the condition (7) the translations τ_1 and τ_2 commute with each other. The Gelfand transform has now a form which is different from the previous example – it involves magnetic translations:

(U f)(x, k) = e^{−i}k^x ∑ l,s∈Z e^{−i}k^{1lT1} e^{−ik2sT2}(τ^l_1τ^s_2 f)(x)

= e^{−i}k^x ∑ l,s∈Z e^{−i}k^{1lT1} e^{−ik2sT2}e^{isBT2x1} f(x_1 + lT_1, x_2 + sT_2).

The operator U is unitary from L^2(R^2) onto the direct integral (1) with H = L^2(O). A direct calculation shows that A = U HU^∗ is the direct integral (2) with self-adjoint operators A(k) acting in H, defined by the quadratic forms (6) with G = I and the k-independent domain

D(a(k)) = { u ∈ H^1(O) : u(x_1, 0) = e^{iBT2x1} u(x_1, T_2), u(0, x_2) = u(T_1, x_2) } . Again, as in the previous example, one easily shows that the operator A(k) has a compact resolvent which is analytic in k ∈ Ω. Now Theorem 1 implies that σ_{sc}(H) = ?.

5^∘. Acknowledgement. The authors thank M. Sh. Birman for encouragement and useful remarks.

References

1. M. Birman and T. Suslina, Periodic magnetic Hamiltonian with a variable metric.

Problem of absolute continuity. — Algebra i Analiz 11, No. 2 (1999), 1–40 (in Russian). Engl. transl. in St. Petersburg Math. J. 11, no. 2 (2000), 203–232.

2. N. Filonov, An elliptic equation of second order in the divergence form, having a solution with a compact support, Probl. Mat. Analiza, Vyp. 22 (2001), St-Petersburg University, 246–257 (In Russian). Engl. transl. in J. Math. Science, 106, no. 3 (2001), 3078–3086.

3. N. Filonov and F. Klopp, Absolute continuity of the spectrum of a Schrödinger operator with a potential which is periodic in some directions and decays in others. — Documenta Mathematica, 9 (2004), 107–121.

4. C. Gérard and F. Nier, The Mourre theory for analytically fibered operators. — J.

Funct. Anal. 152, No. 1 (1998), 202–219.

5. R. Hempel and I. Herbst, Bands and gaps for periodic magnetic Hamiltonians. — in Operator Theory: Advances and Applications, 78 Birkhäuser (1995), 175–184.

6. P. Kuchment, Floquet theory for partial differential equations. Birkhäuser, Basel (1993).

ABSENCE OF THE SINGULAR CONTINUOUS COMPONENT 307

7. T. Suslina and R. Shterenberg, Absolute continuity of the spectrum of the Schrödinger operator with the potential concentrated on a periodic system of hypersurfaces. — Algebra i Analiz 13, No. 5 (2001), 197–240. Engl. transl. in St. Petersburg Math. J. 13, no. 5 (2002), 859–891.

Postupilo 17 avgusta 2004 g.

St. Petersburg State University Department of Physics E-mail: filonov@mph.phys.spbu.ru

Department of Mathematics University of Sussex Falmer, Brighton E-mail: A.V.Sobolev@sussex.ac.uk