Zapiski nauqnyh seminarov POMI Tom 320, 2004 g.

˚. ı. Nikitin^1, �. Orsinger

TOQNA˚ ASIMPTOTIKA MALYH UKLONENI` PROCESSOV SLEP˚NA I VATSONA V GIL^BERTOVO` NORME

Zadaqe ob asimptotike veroØtnosteæ malyh ukloneniæ L_2- normy gaussovskih processov za poslednie gody bylo udeleno mnogo vnimaniØ. Istori¸ voprosa moßno naæti v obzorah [17] i [16]. Kak pravilo, req~ xla o logarifmiqeskoæ asimptotike, i lix~ v poslednee vremØ dlØ nekotoryh klassov processov, naprimer, dlØ mnogokratno prointegrirovannyh brounovskogo dvißeniØ i processa Ornsteæna-Ulenbeka, udalos~ naæti toqnu¸ asimptotiku vplot~ do konstanty [7, 18, 1, 12, 11, 10, 2]. V nastoØweæ rabote my vyqislim toqnu¸ asimptotiku veroØtnosteæ malyh ukloneniæ v gil~bertovoæ norme dlØ dvuh vaßnyh konkretnyh processov. Pervyæ iz nih – ffto process SlepØna X na [0, 1], to est~ stacionarnyæ centrirovannyæ gaussovskiæ process s korrelØcionnoæ funkcieæ C_X (s, t) = { 1 − |s − t|, |s − t| ≤ 1 0, |s − t| > 1. Vpervye fftot process izuqalsØ v [21] i [20]. On poØvlØetsØ vo mnogih teoretiqeskih i prikladnyh veroØtnostnyh modelØh, sm., naprimer, [4, 13, 19, 5, 14]. My ograniqimsØ prosteæxeæ formoæ processa SlepØna, hotØ vozmoßny ego obobweniØ. Zametim, qto po raspredeleni¸ X(t) = W (t + 1) − W (t), gde W – process brounovskogo dvißeniØ.

Vtoroæ process – ffto process Vatsona, to est~ stacionarnyæ centrirovannyæ gaussovskiæ process Y s korrelØcionnoæ funkcieæ C_Y (t, s) = 1 12 − 1 2 |t − s| + 1 2 (t − s)^2 .

1 Podderßano grantami RFFI 04-01-00716, 02-01-01099 i grantom NX- 2258.2003.01. 120

TOQNA˚ ASIMPTOTIKA MALYH UKLONENI` 121 �tot process byl vpervye rassmotren Vatsonom [22] v zadaqah neparametriqeskoæ proverki gipotez. Izvestno, qto process Y (t) na [0, 1] sovpadaet po raspredeleni¸ s processom B(t)−

∫_1 0 B(s)ds, gde B – standartnyæ brounovskiæ most.

DlØ sluqaænogo processa Z poloßim ||Z|| =

(_1∫ 0 Z^2(t)dt )1/2 i rassmotrim P (||Z|| ≤ ε). Nas interesuet toqnaØ asimptotika pri ε → 0 fftoæ veroØtnosti dlØ rassmotrennyh vyxe processov. Osnovnoæ rezul~tat fftoæ zametki formuliruetsØ tak.

Teorema 1. Pri ε → 0 spravedlivy sootnoxeniØ P (||X|| ≤ ε) ∼ 4 √ 2 π ε^2 exp(− 1 4 ε^{−2}); P (||Y || ≤ ε) ∼ √ 2 π ε^{−2} exp(− 1 8 ε^{−2}). Dokazatel~stvo. V silu klassiqeskogo razloßeniØ Karunena-

Loffva dlØ processa X imeet mesto ravenstvo po raspredeleni¸ ( sm., naprimer, [6, 8]) ||X||^2 = 1∫ 0 X^2(t)dt = ∞∑ n=1 λ_nξ^2_n, (1)

gde ξ_n, n ≥ 1, standartnye nezavisimye gaussovskie s.v., a λ_n > 0, n ≥ 1, ∑ n λ_n < ∞ ØvlØ¸tsØ sobstvennymi znaqeniØmi integral~- nogo uravneniØ λf(t) = 1∫ 0 C_X (s, t)f(s)ds, 0 ≤ t ≤ 1. (2) V poslednie gody zadaqa o malyh ukloneniØh v L_2 byla horoxo izuqena, tak qto informaci¸ ob asimptotiqeskom povedenii λ_n pri n → ∞ udaetsØ ispol~zovat~ dlØ poluqeniØ asimptotiki veroØtnosteæ malyh ukloneniæ. Pofftomu v pervu¸ oqered~ sleduet naæti i issledovat~ spektr uravneniØ (2).

Pust~ t ∈ [0, 1] . Uravnenie (2) moßno zapisat~ v vide λf(t) = t∫ 0 (1 + s − t)f(s)ds + 1∫ t (1 − s + t)f(s)ds.

122 ˚. ı. NIKITIN, �. ORSINGER Posle dvukratnogo differencirovaniØ prihodim k uravneni¸ −λf^{′′}(t) = 2f(t) pri kraevyh usloviØh f^′(0) − f(0) = f(1), f^′(0) + f^′(1) = 0. (3) Otmetim, qto kraevye usloviØ ØvlØ¸tsØ nerazdelennymi, qto ne pozvolØet srazu primenit~ rezul~taty iz [1] i [18]. Oboznaqim dlØ prostoty μ = (2/λ)^{1/2}. Togda nado rexit~ uravnenie f^{′′}(t) + μ^2f(t) = 0 pri kraevyh usloviØh (3). Obwee rexenie fftogo uravneniØ imeet vid f(t) = C_1 cos μt + C_2 sin μt. PodstavlØØ ego v kraevye usloviØ, prihodim posle preobrazovaniæ k sledu¸wemu uravneni¸ dlØ opredeleniØ sobstvennyh znaqeniæ: cos μ 2 ( 2 cos μ 2 − μ sin μ 2 ) = 0. (4)

Uravnenie (4) imeet dve serii korneæ. PervaØ iz nih – ffto korni vida μ_k = (2k − 1)π, k ≥ 1, kotorye sootvetstvu¸t sobstvennym qislam λ_k = (2π^2(k − 1/2)^2)^{−1}, k ≥ 1.

VtoraØ seriØ – ffto korni μ^∗_n transcendentnogo uravneniØ tan μ 2 = 2 μ , μ > 0. (5) Pri bol~xih μ pravaØ qast~ (5) mala, i korni μ^∗_n pri bol~xih n dolßny imet~ vid

μ^∗_n = 2(πn + y_n), (6) gde y_n → 0 pri n → ∞. PodstavlØØ predstavlenie (6) v uravnenie (5), ubeßdaemsØ v tom qto y_n = O(n^{−1}), n → ∞. Sledovatel~no, bol~xie korni uravneniØ (6) ime¸t vid μ^∗_n = 2πn + O(n^{−1}), tak qto vtoraØ seriØ sobstvennyh qisel λ^∗_n asimptotiqeski vedet sebØ tak:

λ^∗_n = (2π^2n^2)^{−1}(1 + O(n^{−2})), n → ∞. (7) ImeØ v vidu toqnu¸ asimptotiku v naxeæ zadaqe, polezno vypisat~ qislennye znaqeniØ pervyh korneæ vtoroæ serii. VyqisleniØ pokazyva¸t, qto s toqnost~¸ do qetyreh znakov μ^∗_0 =

TOQNA˚ ASIMPTOTIKA MALYH UKLONENI` 123 1.7207, μ^∗_1 = 6.8512, μ^∗_2 = 12.8746, μ^∗_3 = 19.0587, μ^∗_4 = 25.2906, ... �to govorit o tom, qto razumno rassmotret~ priblißennu¸ posledovatel~nost~ μ^′_n korneæ (5) v vide μ^′_0 = √ 2, μ^′_1 = 2π, μ^′_2 = 4π, ... i v obwem sluqae μ^′_n = 2πn, n ≥ 1. Eæ otveqaet priblißennaØ posledovatel~nost~ sobstvennyh qisel λ^′_0 = 1, λ^′_n = (2π^2n^2)^{−1}, n ≥ 1.

V silu (1) moßno zapisat~ toqnoe predstavlenie dlØ ||X||^2 v vide ravenstva po raspredeleni¸ ||X||^2 = ∞∑ k=1 λ_kξ^2_k + ∞∑ n=1 λ^∗_nη^2_n + λ^∗_0 η^2_0, (8)

gde {ξ_k}^∞_1 i {η_n}^∞_0 – dve nezavisimye posledovatel~nosti nezavisimyh standartnyh gaussovskih sluqaænyh veliqin. NarØdu s (8) rassmotrim priblißennoe predstavlenie ||X||^2 v vide beskoneqnoæ kvadratiqnoæ formy, razbitoæ na qasti Q = ∞∑ k=1 λ_kξ^2_k + ∞∑ n=1 λ^′_nη^2_n + η^2_0 ≡ Q_1 + Q_2 + η^2_0 .

Po teoreme sravneniØ Li [15], sm. takße [10], my vprave napisat~ P (||X||^2 ≤ ε^2) ∼ C_{dist} P (Q ≤ ε^2), ε → 0, gde C_{dist} = 1 √ λ^∗_0 ∞∏ n=1 ( λ^′_n λ^∗_n )_{1/2} = μ^∗_0 √ 2 ∞∏ n=1 ( μ^∗_n 2πn ) . (9)

Beskoneqnoe proizvedenie shoditsØ vvidu sootnoxeniØ (7).

Konstantu “rashoßdeniØ” (9) my vyqislim pozße, a poka pereædem k vyqisleni¸ asimptotiki P (Q ≤ ε^2) pri ε → 0. DlØ fftogo ispol~zuem sledu¸wee utverßdenie, prinadleßawee M. A. Lifxicu,kotoroe my privedem bez dokazatel~stva.

Teorema 2. Pust~ V1, V2 > 0 dve nezavisimye sluqaænye veliqiny

s izvestnym povedeniem malyh ukloneniæ, a imenno

P (V_1 ≤ r) ∼ c_1r^{a1} exp(−b_1r^{−d}) i P (V_2 ≤ r) ∼ c_2r^{a2} exp(−b_2r^{−d}),

124 ˚. ı. NIKITIN, �. ORSINGER pri r → 0. Togda spravedliva sledu¸waØ asimptotika malyh ukloneniæ dlØ ih summy:

P (V_1 + V_2 ≤ r) ∼ Kr^{a1 +a2−d/2} exp(−S^{d+1} r^{−d}),

S = b^{1/(d+1)}

1 + b^{1/(d+1)} 2 ,

K = c_1c_2 √ 2πd d + 1 S^{d/2−1/2−a1−a2} b^{(2a1+1)/2(d+1)} 1 b^{(2a2+1)/2(d+1)} 2 . Zametim, qto po raspredeleni¸ Q_1 =^1_2 ||W ||^2, gde W −standartnyæ vinerovskiæ process, dlØ kotorogo toqnaØ asimptotika veroØtnosteæ malyh ukloneniæ v L_2 horoxo izvestna [15, 16, 17]. Pofftomu P {Q_1 ≤ r} ∼ 2^{5/2} √ π · r^{12} exp ( − 1 16 r^{−1} ) , r → 0. (10)

Asimptotiku veroØtnosteæ malyh ukloneniæ formy

Q_2 = ∞∑ n=1 η^2_n/(2π^2n^2)

takße legko naæti, poskol~ku po raspredeleni¸ Q_2 =^1_2 ||B||^2, gde B−standartnyæ brounovskiæ most, sm.,naprimer, [15, 17] ili [18]. Spravedlivo sootnoxenie P {Q_2 ≤ r} ∼ 2^{3/2} √ π · exp ( − 1 16 r^{−1} ) , r → 0. (11)

Teper~ vyqislim asimptotiku veroØtnosteæ malyh ukloneniæ dlØ Q_2 + η^2_0. ˚sno, qto pri r → 0

P (η^2_0 ≤ r) = P (− √ r ≤ η_0 ≤ √ r) = 2Φ( √ r) − 1 ∼ ( √ 2πr)^{−1}. Pofftomu

P (η^2_0 + Q_2 ≤ r) = 2 π r∫ 0 exp ( − 1 16 (r − x)^{−1} ) 1 √ x dx

TOQNA˚ ASIMPTOTIKA MALYH UKLONENI` 125 Pri malyh r podyntegral~noe vyraßenie blizko k nul¸, i ego toqka maksimuma imeet porØdok O(r^2), tak qto my moßem linearizovat~ funkci¸ v ffksponente v okrestnosti nulØ, zamenØØ ee posredstvom −1/(16r)−x/(16r^2) s prenebreßimoæ oxibkoæ. No r∫ 0 1 √ x exp ( − x 16r^2 ) dx ∼ 4 √ π r , r → 0. Sledovatel~no

P (η^2_0 + Q_2 ≤ r) = 8 √ π r exp ( − 1 16r ) , r → 0. (12)

Teper~ ob¨edinim (10) i (12) s pomow~¸ teoremy 2, polagaØ v neæ d = 1, b_1 = b_2 = 1/16, a_1 = 1/2, a_2 = 1, c_1 = 2^{5/2}/ √ π, c_2 = 8/ √ π. Poluqaem

P (η^2_0 + Q_1 + Q_2 ≤ r) = C_{dist} · 4 √ π r exp(− 1 4r ), r → 0. OstaetsØ vyqislit~ konstantu C_{dist} . Ee vyqislenie provoditsØ s pomow~¸ kompleksnogo analiza, kak ffto bylo vpervye prodemonstrirovano v [1], sm. takße [12].

Pust~ f(z), f(0) ≠ 0 – analitiqeskaØ funkciØ v kruge |z| < R i pust~ moduli ee nuleæ r_1, r_2, ... v fftom kruge raspoloßeny v neubyva¸wem porØdke. Primenim teoremu Iensena, sm., naprimer, [3], razdel 3.6.1. Togda pri r_n ≤ r ≤ r_{n+1} log r^n|f(0)| r_1...r_n = 1 2π 2π∫ 0 log |f(re^{iϑ})|dϑ. Ots¸da dlØ dvuh funkciæ f i g s modulØmi nuleæ r_1, r_2, ... i s_1, s_2, ... sootvetstvenno imeem log |f(0)|s_1...s_n |g(0)|r_1...r_n = 1 2π 2π∫ 0 log |f(re^{iϑ})| |g(re^{iϑ})| dϑ ili ffkvivalentnym obrazom ∞∏ n=1 r_n s_n = | | f(0) g(0) | | lim_{r→∞} exp{ 1 2π 2π∫ 0 log |g(re^{iϑ})| |f(re^{iϑ})| dϑ }. (13)

126 ˚. ı. NIKITIN, �. ORSINGER

U nas pri vyqislenii (9) pervye nuli r_j poroßda¸tsØ funkcieæ f(z) = z sin(z/2) − 2 cos(z/2), f(0) = −2,

a vtorye nuli s_k – funkcieæ

g(z) = (z^2 − 2) sin(z/2)/z, g(0) = −1.

Togda |f(0)/g(0)| = 2, a predel v pravoæ qasti (13) pri takih f i g raven edinice.

Poskol~ku naxi funkcii qetnye i ih nuli zasqityva¸tsØ dvaßdy, to my faktiqeski vyqislili kvadrat beskoneqnogo proizvedeniØ otnoxeniØ vewestvennyh nuleæ. Ots¸da sleduet, qto C_{dist} = √ 2. Okonqatel~no poluqaem P (||X||^2 ≤ r) = 4 √ 2 √ π r exp(− 1 4r ), r → 0, qto ffkvivalentno pervomu utverßdeni¸ teoremy 1.

Pri izuqenii processa Y Vatson [22] obnarußil, qto sobstvennye qisla Ødra C_Y dvukratny i ime¸t vid λ_n = (2πn)^{−2}, n ≥ 1. �to znaqit, qto veroØtnosti malyh ukloneniæ nado iskat~ dlØ summy dvuh nezavisimyh form Q_3 = ∑_∞ i=1 ξ^2_i /(4π^2i^2) i Q_4 = ∑_∞ j=1 η^2_j /(4π^2j^2 ), gde, kak i vyxe, {ξ_i} i {η_j} – nezavisimye standartnye gaussovskie veliqiny. OpiraØs~ na formulu (11), poluqaem

P (Q_3 ≤ ε^2) ∼ 2 √ 2 √ π exp(−(1/32)ε^{−2}), ε → 0.

Teper~ nado soedinit~ dve takie asimptotiki po teoreme 2. PrimenØØ ee s d = 1, b_1 = b_2 = 1/32, a_1 = a_2 = 0, c_1 = c_2 = 2 √ 2π^{−1/2}, nahodim, qto spravedlivo i vtoroe utverßdenie teoremy 1.

V zakl¸qenie avtory vyraßa¸t blagodarnost~ A. I. Nazarovu za rØd poleznyh sovetov.

Literatura 1. A. I. Nazarov, O toqnoæ konstante v asimptotike malyh ukloneniæ v L2-norme nekotoryh gaussovskih processov. — Nelineænye uravneniØ i matematiqeskiæ analiz (Problemy matem. analiza, vyp. 26). Novosibirsk, T.RoßkovskaØ (2003), 179–214.

TOQNA˚ ASIMPTOTIKA MALYH UKLONENI` 127 2. ˚. ı. Nikitin, P. A. Harinskiæ, ToqnaØ asimptotika malyh ukloneniæ v L2�norme dlØ odnogo klassa gaussovskih processov. — Zap. nauqn. semin. POMI 311 (2004), 214–221.

3. E. Titqmarx, TeoriØ funkciæ. Nauka, M. (1980).

4. A. M. ˚glom, KorrelØcionnaØ teoriØ stacionarnyh sluqaænyh funkciæ s

primerami iz meteorologii. Gidrometeoizdat, L. (1981).

5. J. Abrahams, Ramp crossings for Slepian’s process. — IEEE Trans. Inform. Theory 30, N 3 (1984), 574–575.

6. R. Adler, An introduction to continuity, extrema and related topics for general

Gaussian processes. IMS Lecture Notes – Monograph Series 12. Institute of Mathematical Statistics, Hayward, California (1990).

7. L. Beghin, Y. Y. Nikitin, E. Orsingher, Exact small ball constants for some Gaus-

sian processes under the L2-norm. — Zap. nauqn. semin. POMI 298, (2003), 5–21.

8. P. Deheuvels, G. Martynov, Karhunen-Loève expansions for weighted Wiener

processes and Brownian bridges via Bessel functions. — Progress in Probab., Birkhäuser 55 (2003), 57–93.

9. T. Dunker, M. A.Lifshits, W. Linde, Small deviations of sums of independent vari-

ables, in: Proc. Conf. High Dimensional Probability. Ser. Progress in Probability (Birkhäuser, Vol.43) (1998), 59–74.

10. F. Gao, J. Hannig, T.-Y. Lee, F. Torcaso, Comparison theorems for small devia-

tions of random series. — J. of Theor. Prob. 17, No. 2 (2004), 503–520.

11. F. Gao, J. Hannig, F. Torcaso, Integrated Brownian motions and Exact L2-small

balls. — Ann. Prob. 31 (2003), 1320–1337.

12. F. Gao, J. Hannig, T.-Y. Lee, F. Torcaso, Laplace transforms via Hadamard Facto-

rization with applications to Small Ball probabilities. — Electr. J. Prob., 8, No. 13 (2003), 1–20.

13. B. Jamison, Reciprocal processes: the stationary Gaussian case. — Ann. Math.

Stat. 41, No. 5 (1970), 1624–1630.

14. M. R. Leadbetter, G. Lindgren, H. Rootz’en, Extremes and related properties of

random sequences and processes. Springer-Verlag (1986).

15. W. V. Li, Comparison results for the lower tail of Gaussian seminorms. — Journ.

Theor. Prob. 5 (1992), 1–31.

16. Shao W. V. Li, Q. M. Shao, Gaussian processes: Inequalities, Small Ball Probabil-

ities and Applications. In: Stochastic Processes: Theory and Methods, Handbook of Statistics, Vol.19, 2001, C. R. Rao and D.Shanbhag (Eds), 533–597.

17. M. A. Lifshits, Asymptotic behavior of small ball probabilities. In: Prob. Theory

and Math. Stat., B.Grigelionis et al. (Eds) (1999), VSP/TEV, 453–468.

18. A. I.Nazarov, Ya. Yu. Nikitin, Exact small ball behavior of integrated Gaussian

processes under L2-norm and spectral asymptotics of boundary value problems. — Probab. Theory and Rel. Fields, 129, No. 4 (2004), 469–494.

19. E. Orsingher, On the maximum of Gaussian Fourier series emerging in the anal-

ysis of random vibrations. — J. Appl. Prob. 26, No. 1 (1989), 182–188.

20. L. A. Shepp, First passage time for a particular Gaussian process. — Ann. Math.

Stat. 42 (1971), 946–951.

21. D. Slepian, First passage time for a particular Gaussian process. — Ann. Math.

Stat. 32 (1961), 610–612.

128 ˚. ı. NIKITIN, �. ORSINGER 22. G. S. Watson, Goodness-of-fit tests on a circle. — Biometrika 48 (1961), 109–114.

Nikitin Ya. Yu., Orsingher E. Sharp small ball asymptotics for Slepian and Watson processes in Hilbert norm.

We find the exact asymptotic behavior of small ball probabilities in Hilbert norm for the simplest form of Slepian process and for the Watson process appearing in nonparametric Statistics.

Postupilo 20 noØbrØ 2004 g. S.-Peterburgskiæ gosudarstvennyæ universitet