Zapiski nauqnyh seminarov POMI Tom 320, 2004 g.

O. E. Werbakova

SKOROST^ SHODIMOSTI DL˚ BOL^XIH PRIRAWENI` SLUQA`NYH POLE`

1. Vvedenie

Pust~ dalee X_n, n ∈ N^d_0 – nezavisimye odinakovo raspredelennye nevyroßdennye sluqaænye veliqiny s

EX_n = 0, (1)

DX_n = EX^2_n = σ^2 < ∞ (2)

i s proizvodØweæ funkcieæ ϕ(t) = E exp (tX_n), takoæ qto

0 < t_0 = sup{t : ϕ(t) < ∞}. (3)

Priraweniem qastiqnyh summ budem nazyvat~ sluqaænu¸ veliqinu S_{(i,j]} = ∑ i<k≤j X_k, (i, j] ⊂ N^d_0. Otnositel~no posledovatel~nosti celyh qisel {a_N }_{N∈}Nbudem predpolagat~, qto a_N = [a(N )], gde [·] – celaØ qast~, a funk- ciØ a(t), t ≥ 1, t ∈ R: 1 ≤ a(t) ≤ t, a(t) i t a(t) vozrasta¸t

. (4)

DlØ A ⊂ R^d_0 oboznaqim |[A]| = Card(A ∩ N^d).

DlØ kaßdogo N ∈ N rassmatriva¸tsØ maksimumy priraweniæ qastiqnyh summ na parallelepipedah, ob¨em kotoryh libo toqno raven a_N libo ne prevoshodit a_N , leßawih vnutri d-mernyh parallelepipedov vida (0, n], ob¨em kotoryh ne prevoshodit N: S_N = max_{|j|≤N} |j−i|≤a_N S_{(i,j]}, S^⋆_N = max_{|j|≤N} |j−i|=a_N S_{(i,j]}.

Rabota vypolnena pri podderßke grantov Ministerstva ObrazovaniØ Rossiæskoæ Federacii No. E02-1.0-56 i “VeduwaØ nauqnaØ xkola”,

No. 2258.2003.1. 187

188 O. E. WERBAKOVA

Postroim ewe odnu statistiku. DlØ n ∈ N^d_0 oboznaqim

T_n = max_{j≤n} |j−i|≤a_{|n|} S_{(i,j]}, T^⋆_n = max_{j≤n} |j−i|=a_{|n|} S_{(i,j]}. Zametim, qto

S_N = max_{|n|=N} T_n, S^⋆_N = max_{|n|=N} T^⋆_n

Pust~ I_N – maksimum priraweniæ na parallelepipedah ob¨ema ne bolee, qem a_N , leßawih vnutri d-mernogo kuba (0, 1^0 · [N^1d ]], gde k^0 = (k, 1, . . . , 1), ∀k ∈ N,

I_N = max

(i,j]⊂(0,1^0·[N^1d ]] |j−i|≤a_N S_{(i,j]}, I^⋆_N = max

(i,j]⊂(0,1^0·[N^1d ]] |j−i|=a_N S_{(i,j]}.

Otmetim, qto ob¨em kuba (0, 1^0·[N^1d ]] otliqaetsØ ot N ne bolee qem na dN^{1−1/d}.

Oboznaqim m(u) = (log ϕ(u))^′, σ^2(u) = m^′(u)

p(α) = inf_{t∈[0,t0)} ϕ(t) exp (αt) = ϕ(t^⋆) exp (αt^⋆) . Poloßim c(α) = −1/ log p(α), izvestno, (moßno naæti, naprimer, v [5]), qto funkciØ c(α) – ubyva¸waØ differenciruemaØ funkciØ ot α ∈ (0, A), A = lim_{t↑t0} m(t), priqem,

lim_{α↓0} c(α) = ∞ lim_{α↑A} c(α) = c_0 = 1/

t_0∫

0 tm^′(t)dt. Vs¸du dalee budem predpolagat~, qto log x = log(x∨e), log_2 N =

log log N , x_N ≍ y_N oznaqaet, qto dlØ dostatoqno bol~xih N su-

westvu¸t takie konstanty C_1, C_2 > 0, qto C_1 < |x_N /y_N | < C_2, asimptotiqeskie sootnoxeniØ rassmatriva¸tsØ pri N → ∞.

Izuqeniem skorosti shodimosti dlØ priraweniæ dliny

[c log N ] v odnomernom sluqae dlØ nezavisimyh odinakovo ras-

predelennyh sluqaænyh veliqin zanimalis~ Devel~s, Devroæ i

SKOROST^ SHODIMOSTI 189

Linq [5]. DlØ priraweniæ dliny [c log N + λ log log N ] dlØ neodinakovo raspredelennyh sluqaænyh veliqin poluqeny rezul~taty Martikaænenym, Frolovym i Xtaænebahom [7].

Vopros o skorosti shodimosti dlØ poleæ izuqalsØ Xtaænebahom i Pfulem [8]. Oni rassmatrivali priraweniØ po kubam ob¨ema [c log N + λ log log N ]. Skorost~ shodimosti dlØ priraweniæ takoæ ße dliny dlØ statistik S^⋆_N i S_N poluqeny avtorom v [4].

Sluqaæ s bolee dlinnymi priraweniØmi rassmatrivalsØ Devel~som i Xtaænebahom [6], no s bolee sil~nymi momentnymi ograniqeniØmi (dvustoronnee uslovie Kramera).

Pust~ d = 1 i opredelim

L1(S) =^1_{σ log2 NaN} √ 2 log^N_{aN} a_N (S − a_N α_N )

L2(S) =^1_{σ log2 NaN} √ 2 log^N_{aN} a_N (S − σ √ 2a_N log N a_N ), L3(S) =^1_{σ log2 NaN} √ 2 log^N_{aN} a_N (S − σ √ 2a_N log N a_N − γ 3σ^2 log N ),

gde veliqina α_N opredelena v (13), γ = E|X_n|^3.

Teorema 1.1 (Devel~s, Xtaænebah). Pust~ Xn, n ∈ N^1_0 – nezavi-

simye odinakovo raspredelennye nevyroßdennye sluqaænye veliqiny, udovletvorØ¸wie usloviØm (1), (2), (3) i dopolnitel~no 0 > t_1 = inf{t : ϕ(t) < ∞}. (5) Pust~ posledovatel~nost~ a_N , udovletvorØet sledu¸wim usloviØm lim a_N log N

= ∞, lim a_N log^r N

= 0, dlØ nekotorogo r > 1. (6)

Togda

lim L1(S^⋆_N ) = 1/2 po veroØtnosti.

Esli dopolnitel~no predpoloßit~, qto suwestvuet vewestvennoznaqnaØ posledovatel~nost~ ~a_N , takaØ qto a_N − ~a_N = O( a_N log N ), ~a_{N+1} − ~a_N = O( ~a_N N log N

). (7)

190 O. E. WERBAKOVA

Togda

liminf L_1(S^⋆_N ) = 1/2 p.n., lim sup L_1(S^⋆_N ) = 3/2 p.n.

Krome togo, oni sformulirovali teoremu o skorosti shodimosti ishodØ iz principa invariantnosti.

Teorema 1.2 (Devel~s, Xtaænebah). Pust~ Xn, n ∈ N^1_0 udovle-

tvorØet tem ße usloviØm, qto i v teoreme 1.1.

Pust~ posledovatel~nost~ a_N : 1 ≤ a_N ≤ N , udovletvorØet sledu¸wim usloviØm lim a_N log^2 N

log^3 N

= ∞, lim log_2^N_{aN} log_2 N

= 1. (8)

i suwestvuet vewestvennoznaqnaØ posledovatel~nost~ ~a_N ↑, takaØ qto

a_N − ~a_N = O(log N ), ~a_{N+1} − ~a_N = O( ~a_N N log N

), N^{−1}~a_N ↓ . (9)

Togda

liminf L_2(S^⋆_N ) = 1/2 p.n., lim sup L_2(S^⋆_N ) = 3/2 p.n.

Esli ße posledovatel~nost~ a_N : 1 ≤ a_N ≤ N , udovletvorØet tol~ko takim usloviØm lim a_N log^2 N log^3 N

= ∞, lim a_N N = 0, (10) to lim L2(S^⋆_N ) = 1/2 po veroØtnosti.

Sledstvie 1.3 (Devel~s, Xtaænebah). V usloviØh teoremy 1.1,

pri predpoloßenii a_N / log^2 N → ∞ i a_N / log^r N → 0 dlØ nekotorogo r > 2 poluqaem

liminf L_3(S^⋆_N ) = 1/2 p.n., lim sup L_3(S^⋆_N ) = 3/2 p.n.

SKOROST^ SHODIMOSTI 191 V qastnosti, esli a_N log^2 N/ log^3 N → s ∈ (0, ∞), to

lim inf L_2(S^⋆_N ) = 1/2 + γ √ 2 3σ^3 √ s p.n.,

limsup L_2(S^⋆_N ) = 3/2 + γ √ 2 3σ^3 √ s p.n.

Zameqanie 1.1. Sledstvie 1.3 pokazyvaet, qto utverßdenie te-

oremy 1.2 ne vypolneno v zone a_N log^2 N/ log^3 N → s ∈ [0, ∞). 2. Rezul~taty V fftoæ stat~e rassmotrim skorost~ shodimosti statistik S^⋆_N i S_N dlØ bol~xih priraweniæ.

Oboznaqim lim log a_N log N

= δ, lim log a_N log_2 N = p. PredpolagaetsØ, qto posledniæ predel suwestvuet, koneqnyæ ili beskoneqnyæ. Funkcii z(T ), y(T ) i posledovatel~nosti z_N ,

y_N opredelØ¸tsØ sledu¸wimi sootnoxeniØmi

z(T ) = log T a(T ) + (d − 1) log_2 a(T ) + (d − 1) log_2 T a(T ) , z_N = [z(N )];

(11)

y(T ) = log T a(T ) + { (d − 1) log_2 a(T ) δ ∈ [0, 1), (d − 1) log_2^T_{a(T )} δ = 1, y_N = [y(N )]. (12)

Pust~ α_N , β_N ∈ (0, A) – edinstvennye poloßitel~nye rexeniØ pri dostatoqno bol~xih N uravneniæ

c(α_N ) = a_N z_N ; c(β_N ) = a_N y_N ; (13)

t^⋆_N ∈ [0, t_0), t�_N ∈ [0, t_0) – edinstvennye poloßitel~nye rexeniØ

uravneniæ

α_N = m(t^⋆_N ); β_N = m(t�_N ). (14)

Opredelim funkcionaly, harakterizu¸wie skorost~ shodimosti, L(S) =^1_{σ log zN}^{√ 2zN}_{aN} (S − aN αN ). L�(S) =^1_{σ log yN} √ 2y_N a_N (S − a_N β_N ).

192 O. E. WERBAKOVA

V formuliruemyh niße rezul~tatah blagodarØ uslovi¸ (15)

z_N ∼ y_N ∼ log^N_{aN} . V opredlenii funkcionalov L, L�, M, M � posle

zameny z_N , y_N na log^N_{aN} rezul~taty ostanutsØ vernymi. Odnako v opredelenii veliqin α_N , β_N zamenØt~ na ffkvivalentnye vyraßeniØ nel~zØ.

Teorema 2.1. Pust~ Xn, n ∈ N^d_0 – nezavisimye odinakovo raspre-

delennye nevyroßdennye sluqaænye veliqiny, udovletvorØ¸wie usloviØm (1), (2), (3) i dopolnitel~no predpoloßim, qto pri nekotorom υ ∈ (0, 1] E|X_n|^{2+υ} < ∞, υ ∈ (0, 1]. (15) Pust~ posledovatel~nost~ a_N , udovletvorØet sledu¸wemu usloviØm lim a_N log N

= ∞, lim log^N_{aN} log_2 N

= ∞. (16)

(log N a_N )^{1+υ/2} = o(a^{υ/2}_N log_2 N ) (17)

Togda

lim L(SN) = χ po veroØtnosti,

lim inf L(S_N ) = χ p.n.,

gde χ = { p ∧ d − 1/2, p < ∞, 2d − 1 − 1/2, p = ∞. Esli p < ∞, to lim sup L(S_N ) = χ + 1 p.n.

Esli a(T ) = CT^δ, 0 < δ < 1, C > 0, (18) to lim sup L(S_N ) = χ + 3 p.n.

Priqem, ffti utverßdeniØ ostanutsØ spravedlivymi, esli S_N zamenit~ na S^⋆_N , T_n, T^⋆_n pri |n| = N → ∞.

Otmetim, qto uslovie(16) v toqnosti oznaqaet suwestvovanie p.n. predela u posledovatel~nosti S_N /√z_N a_N , qto i privodit k probleme vyqisleniØ sledu¸wego qlena asimptotiki. Uslovie (16) iskl¸qaet a_N = N (log N )^{−q} , 0 ≤ q < ∞.

SKOROST^ SHODIMOSTI 193

DlØ vypolneniØ usloviØ (17) dostatoqno, qtoby p > 1 + 2/υ, i nebhodimo, qtoby p ≥ 1 + 2/υ.

Esli δ < 1, to uslovie (17) ffkvivalentno uslovi¸

a_N (log_2 N )^{2/υ}/ log^{1+2/υ} N → ∞.

Uslovie p < ∞ oznaqaet a_N = (log N )^{pN} , p_N → p < ∞. Znaqenie

lim sup L(S_N ) dlØ takih a_N otliqaetsØ ot znaqeniØ dlØ stepennyh a_N . Moßno pokazat~, qto lim sup L(S_N ) moßet prinimat~ l¸boe

znaqenie iz intervala (χ + 1, χ + 3), esli a_N imeet podhodØwu¸ skorost~ rosta meßdu logarifmiqeskoæ i stepennoæ.

Teorema 2.2. Predpoloßim, qto usloviØ teoremy 2.1 vypolne-

ny. Togda utverßdeniØ ostanutsØ spravedlivymi posle zameny

L(SN ) na L�(IN ) ili na L�(I^⋆_N ).

Asimptotiqeskoe povedenie posledovatel~nosti α_N izuqaetsØ v lemme 3.6 sm. (18). Pri dopolnitel~nyh usloviØh, ispol~zuØ bolee toqnu¸ asimptotiku α_N , β_N moßno poluqit~ sledu¸wie rezul~taty.

Opredelim lineænye funkcionaly

M (S) =^1_{σ log zN}^{√ 2zN}_{aN} · (S − σ^√2aN zN );

M� (S) =^1_{σ log yN}^{√2yN}_{aN} · (S − σ^√2aN yN ).

Teorema 2.3. V usloviØh teoremy 2.1 predpoloßim dopolnitel~-

no, qto E|X_n|^3 < ∞. Togda

lim(M (S_N ) − √ 2γz^{3/2}_N 3σ^3 √ a_N log z_N

) = χ po veroØtnosti,

lim inf(M (S_N ) − √ 2γz^{3/2}_N 3σ^3 √ a_N log z_N

) = χ p.n.

Esli p < ∞, to

lim sup(M (S_N ) − √ 2γz^{3/2}_N 3σ^3 √ a_N log z_N

) = χ + 1 p.n.

194 O. E. WERBAKOVA Esli vypolneno (18), to

lim sup(M (S_N ) − √ 2γz^{3/2}_N 3σ^3 √ a_N log z_N

) = χ + 3 p.n.

V qastnosti, esli E|X_n|^{3+ω} < ∞ pri nekotorom ω > 0, a_N ∼ s log^3 N/ log^2 N, s ∈ (0, ∞), to

lim inf M (S_N ) = χ + γ √ 2 3σ^3 √ s p.n.,

lim sup M (S_N ) = χ + 1 + γ √ 2 3σ^3 √ s p.n.

Priqem, ffti utverßdeniØ ostanutsØ spravedlivymi, esli S_N zamenit~ na S^⋆_N , T_n, T^⋆_n pri |n| = N → ∞.

Teorema 2.4. UtverßdeniØ teoremy 2.3 ostanutsØ spravedli-

vymi posle zameny M (S_N ) na M� (I_N ) ili na M� (I^⋆_N ).

3. Vspomogatel~nye rezul~taty Dalee budem predpolagat~, qto d ≥ 2. Pust~ A(N ) = {n ∈ N^d_0 : |n| ≤ N }.

Lemma 3.1. Poloßim Bd(N ) = Card{n ∈ N^d_0 : |n| = N }.

Togda dlØ l¸bogo ϵ > 0 i dostatoqno bol~xih N B_d(N ) ≤ N^ϵ, Card(A(N )) = ∑ n≤N B_d(n) = N · P_{d−1}(log N ) + O(N^{d−1d+2 +ϵ}),

gde P_{d−1} mnogoqlen stepeni d − 1; Card(A(N )) ≤ N · C_d log^{d−1} N, gde C_d – konstanta zavisØwaØ lix~ ot d.

Zameqanie 3.1. Preßde vsego, sleduet otmetit~, qto Bd(N )

moßno rassmatrivat~ kak qislo sposobov predstavleniØ N v vide proizvedeniØ d mnoßiteleæ. Dokazatel~stvo lemmy moßno naæti v [2] ili v [1].

Vvedem prostranstvo R^d_0 – prostranstvo d-mernyh vektorov s neotricatel~nymi vewestvennymi koordinatami i R^d_1 – s koordinatami bol~xe 1.

SKOROST^ SHODIMOSTI 195

DlØ l¸byh N > M > ϱ > 1 postroim mnoßestvo U_ϱ(M, N ) par d-mernyh vektorov iz R^d_0, U_ϱ(M, N ) = {(~u(s), u(s)) : ~u(s) = (ϱ^{s1} , . . . , ϱ^{sd−1} , M ϱ^{∑d−1}k=1^{sk+d−1} ); u(s) = (ϱ^{s1 +1}, . . . , ϱ^{sd−1 +1}, N ϱ^{∑d−1k=1 sk} ) : s ∈ N^{d−1}_0 : sk ≤^{log N}_{log ϱ} , k = 1, . . . , d − 1}.

Lemma 3.2. DlØ l¸byh N > M > ϱ > 1 mnoßestvo Uϱ(M, N )

obladaet sledu¸wimi svoæstvami:

(1) dlØ l¸bogo (~u, u) ∈ U_ϱ(M, N ) vypolnØetsØ |~u| = ϱ^{1−d} · M , |u| = ϱ^{d−1} · N ; (2) dlØ l¸bogo i ∈ N^d_1, M ≤ |i| ≤ N, suwestvuet para (~u, u) ∈ U_ϱ(M, N ), takaØ qto ~u ≤ i ≤ u, u_k ≤ ϱi_k, k = 1, . . . , d − 1, (3) Card(U_ϱ(M, N )) ≤ (^{log N}_{log ϱ} )^{d−1}.

Dokazatel~stvo. UtverßdeniØ (1) i (3) vyteka¸t neposred-

stvenno iz postroeniØ. Dokaßem (2).

Vyberem s_k = [^{log ik}_{log ϱ} ], togda ϱ^{sk} ≤ i_k ≤ ϱ^{sk+1} ≤ ϱi_k, k = 1, . . . , d − 1, M ϱ^{∑d−1}k=1^{sk+d−1} ≤ M ∏_{d−1} k=1 i_k ≤ i_d ≤ N ∏_{d−1} k=1 i_k ≤ N ϱ^{∑d−1}k=1^{sk} . Takim obrazom, lemma 3.2 dokazana. � Postroim mnoßestvo V_{ϱ,ν} (N, a_N , ~u, u) par d-mernyh intervalov, leßawih v R^d i pokryva¸wih oblast~ A(N ), sledu¸wim obrazom: V_{ϱ,ν} (N, a_N , ~u, u) = { (~v, v) : ~v = ( ~w − ~u_ϱ, ~w], v = (w − u_ϱ, w], (~u_ϱ)_k = u_k ϱ^2 , k = 1, . . . , d − 1, (~u_ϱ)_d = u_d ϱ^d , ~w_k = (l_k − 1)u_kν, (u_ϱ)_k = ϱu_k, w_k = l_ku_kν, k = 1, . . . , d, l ∈ A([ 2^dN ν^da_N ] + 1) } .

196 O. E. WERBAKOVA

Lemma 3.3. DlØ l¸byh ϱ ∈ (1,^√2), 0 < ν ≤^{(ϱ−1)}_{ϱd} i l¸byh N , takih

qto a_N > 2 vypolnØ¸tsØ sledu¸wie utverßdeniØ:

(1) dlØ l¸bogo d-mernogo intervala (j, i], (2 − ϱ)a_N ≤ |i − j| ≤

a_N , |i| ≤ N suwestvu¸t pary (~u, u) ∈ U_ϱ((2 − ϱ)a_N , a_N ), (~v, v) ∈ V_{ϱ,ν} (N, a_N , ~u, u) takie, qto ~u ≤ i − j ≤ u, ~v ⊂ (j, i] ⊂ v; (2) dlØ (~v, v) ∈ V_{ϱ,ν} (N, a_N , ~u, u) |v| = ϱ^{2d−1}a_N ; |~v| = ϱ^{1−2d}a_N ; qislo celyh toqek popavxih v raznost~ intervalov ~v, v budet ocenivat~sØ tak: |[v \ ~v]| ≤ ϱ^{4d−2} − 1 ϱ^{2d−1} a_N ;

(3) dlØ vseh dostatoqno bol~xih^N_{νdaN} spravedlivo neravenstvo Card(V_{ϱ,ν} (N, a_N , ~u, u)) ≤ 2^dC_d N ν^da_N · log^{d−1} N ν^da_N . Dokazatel~stvo. Dokaßem punkt (1).

Rassmotrim d-mernyæ interval (j, i], (2−ϱ)a_N ≤ |i−j| ≤ a_N , |i| ≤ N . Vo-pervyh, po lemme 3.2 suwestvu¸t (~u, u) ∈ U_ϱ((2 − ϱ)a_N , a_N ) : ~u ≤ i − j ≤ u. Vyberem l_k tak, qto l_k = [^{ik}_{ukν} ] + 1.

Zametim,qto i_k − u_kν ≤ ~w_k ≤ i_k ≤ w_k ≤ i_k + u_kν. Proverim, qto l = (l_k)^d_{k=1} prinadleßit A([^{2dN}_{νdaN} ] + 1). Poskol~ku u ≥ i − j, (1 − ν)a_N ≤ |i − j| ≤ a_N , po lemme 3.2 (2) poluqaem, qto i_k u_kν ≥ i_k ϱ(i_k − j_k)ν ≥ 1 ϱν ≥ 1 ϱ^2 − ϱ ≥ 1, k = 1, . . . , d − 1, i_d u_dν = i_dϱ^{∑d−1k=1 sk} a_N ν ≥ i_d ∏_{d−1} k=1(i_k − j_k) ϱ^{d−1}νa_N ≥ 2 − ϱ ϱ^{d−1}ν ≥ 1,

|l| = ∏ k ([ i_k u_kν ] + 1) ≤ 2^d|i| ν^d|u| ≤ 2^dN ν^da_N .

SKOROST^ SHODIMOSTI 197

Proverim teper~, qto postroennye intervaly ~v, v sootvetstvu¸t sootnoxeni¸ ~v ⊂ (j, i] ⊂ v: w_k − ϱu_k ≤ i_k + (ν − ϱ)u_k ≤ i_k − u_k ≤ j_k. Poskol~ku (ν + ϱ^{−d})ϱ^{d−1} ≤ 1, to ~w_k − u_k ϱ^2

≥ i_k − (ν + ϱ^{−2})u_k = i_k − (ν + ϱ^{−2})ϱ~u_k ≥ i_k − ~u_k ≥ j_k, k ∈ {1, . . . , d − 1}; ~w_d − u_d ϱ^d ≥ i_d − (ν + ϱ^{−d})u_d ≥ i_d − (ν + ϱ^{−d})ϱ^{d−1} ~u_d ≥ i_d − ~u_d ≥ j_d. Vtoroe utverßdenie neposredstvenno sleduet iz postroeniØ i lemmy 3.2: |v| = |u_ϱ| = ϱ^d|u| = ϱ^{2d−1}a_N . |~v| = |~u_ϱ| = ϱ^{−d}u_d ∏ 1≤k≤d−1 ϱ^{−2}u_k = ϱ^{1−2d}a_N .

|[v \ ~v]| ≤ (ϱ^{2d−1} − ϱ^{1−2d})a_N = ϱ^{4d−2} − 1 ϱ^{2d−1} a_N Utverßdenie (3) lemmy neposredstvenno vytekaet iz lemmy 3.1. Takim obrazom, Card(V_{ϱ,ν} (N, a_N , ~u, u)) ≤ Card(A([ 2^dN ν^da_N ] + 1)) ≤ 2^dC_d N ν^da_N · log^{d−1} N ν^da_N . � Pust~ a ∈ N^d_1 : |a| = a_N . Oboznaqim ζ = ∑_d k=1 I{a_kν≥1}. Zameqanie 3.2. Rassmotrim sluqaæ p < ∞.

Predpoloßim, qto 1/ν = z_N ∼ log N , togda znaqenie ζ ne moßet prevoshodit~ p pri vseh dostatoqno bol~xih N .

198 O. E. WERBAKOVA

Deæstvitel~no,

|a| = a_N = log^{p+o(1)} N = ∏ k:a_kν≥1 a_k ∏ k:a_kν<1 a_k ≥ log^ζ N (1 + o(1)),

p + o(1) ≥ ζ.|a| = a_N = log^{p+o(1)} N = ∏ k:a_kν≥1 a_k ∏ k:a_kν<1 a_k ≥ log^ζ N (1 + o(1)), p + o(1) ≥ ζ. Postroim mnoßestvo V_ν (N, a_N , a) par d-mernyh intervalov, leßawih v R^d i pokryva¸wih oblast~ A(N ), sledu¸wim obrazom: V_ν(N, a_N , a) = { (~v, v) : ~v = ( ~w − ~u_ν , ~w], v = (w − u_ν, w], dlØ a_kν ≥ 1 opredelim (~u_ν)_k = a_k(1 − ν),

~w_k = (l_k − 1)a_kν, (u_ν)_k = a_k(1 + ν), w_k = l_ka_kν,

dlØ a_kν < 1 opredelim (~u_ν)_k = (u_ν )_k = a_k, ~w_k = w_k = l_k, k = 1, . . . , d, l ∈ A([ 2^ζN ν^da_N ] + 1) ⋂ A(2^ζ N ) } . Lemma 3.4. DlØ l¸byh 0 < ν ≤ 1 i l¸byh N vypolnØ¸tsØ sledu¸-

wie utverßdeniØ:

(1) dlØ l¸bogo d-mernogo intervala (j, i] : i − j = a, |i| ≤ N, suwestvuet para (~v, v) ∈ V_ν (N, a_N , a) takaØ, qto ~v ⊂ (j, i] ⊂ v; (2) dlØ (~v, v) ∈ V_ν (N, a_N , a) spravedlivy ravenstva

|v| = (1 + ν)^ζa_N , |~v| = (1 − ν)^ζa_N ;

qislo celyh toqek popavxih v raznost~ intervalov v, ~v budet ocenivat~sØ tak: |[v \ ~v]| ≤ 2^ddνa_N ; (3) dlØ vseh dostatoqno bol~xih^N_{νdaN} spravedlivo neravenstvo

Card(V_ν (N, a_N , a)) ≤ (2^dC_dN log^{d−1} N ) ⋀ (2^dC_d N ν^da_N · log^{d−1} N ν^da_N ).

SKOROST^ SHODIMOSTI 199

Dokazatel~stvo.

Dokaßem punkt (1).

Rassmotrim d-mernyæ interval (j, i], i − j = a, |i| ≤ N . Vyberem l_k tak, qto l_k = { [^{ik}_{akν} ] + 1, esli a_kν ≥ 1, i_k, esli a_kν < 1.

Zametim,qto i_k − a_kν ≤ ~w_k ≤ i_k ≤ w_k ≤ i_k + a_kν, esli u_kν ≥ 1. Proverim, qto l = (l_k)^d_{k=1} prinadleßit A([^{2ζN}_{νdaN} ] + 1). Poskol~ku i − j = a, poluqaem, qto i_k a_kν ≥ 1 ν ≥ 1,

|l| = ∏ k:a_kν≥1 ([ i_k a_kν ] + 1) ∏ k:a_kν<1 i_k ≤ 2^ζ |i| ν^ζ ∏ k:a_kν≥1 ak ≤ 2^ζ |i| ⋀ 2ζ |i| ν^d|u| ≤ 2^ζ N ⋀ 2ζN ν^da_N . V zavisimosti ot povedeniØ posledovatel~nosti a_N i razmera ν ta ili inaØ ocenka stanovitsØ bolee toqnoæ.

Proverim teper~, qto postroennye intervaly ~v, v sootvetstvu¸t sootnoxeni¸ ~v ⊂ (j, i] ⊂ v:

w_k − (1 + ν)a_k ≤ i_k − a_k = j_k, ~w_k − a_k(1 − ν) ≥ i_k − (ν + 1 − ν)a_k = j_k, esli a_kν ≥ 1;

w_k − a_k = i_k − a_k = j_k, esli a_kν < 1.

Vtoroe utverßdenie neposredstvenno sleduet iz postroeniØ i lemmy 3.2: |v| = |u_ν| = ∏ k:a_kν≥1 (1 + ν)a_k ∏ k:a_kν<1 a_k = (1 + ν)^ζ a_N .

|~v| = |~u_ν| = ∏ k:a_kν≥1 (1 − ν)a_k ∏ k:a_kν<1 a_k = (1 − ν)^ζ a_N .

|[v \ ~v]| ≤ 2^ddνa_N

200 O. E. WERBAKOVA

Utverßdenie (3) lemmy neposredstvenno vytekaet iz lemmy 3.1. Takim obrazom,

Card(V_{ϱ,ν} (N, a_N , a)) ≤ Card(A(2^ζ N ) ⋂ A([ 2^ζ N ν^da_N ] + 1))

≤ (2^dC_dN log^{d−1} N ) ⋀ (2^dC_d N ν^da_N · log^{d−1} N ν^da_N ). �

Lemma 3.5. Pust~ Xk, k ∈ N n.o.r.s.v. Predpoloßim, qto vypol-

neny usloviØ (1), (2) i (3).

Pust~ 0 < h_n ≤ ε_n i nh^2_n → ∞, a ε_n → 0 skol~ ugodno medlenno. Togda ravnomerno po x ∈ [m(h_n), m(ε_n)] P ( ∑_n k=1 X_k n ≥ x) = p(x)^n hσ √ 2πn (1 + o(1)), (16)

gde h udovletvorØet uravneni¸ m(h) = x.

�tot rezul~tat vytekaet, naprimer, iz teoremy Rozovskogo [3].

Lemma 3.6. Pust~ f ∈ C^n(Ux_0 ), |f^{(n)}(x) − f^{(n)}(x0)| ≤ M (x − x0)^υ

x_0 < x ∈ U_{x0} , υ ∈ (0, 1]. Zdes~ U_{x0} nekotoraØ okrestnost~ toqki x_0.

Togda pri x → x_0 + 0 f(x) = n∑ k=0 f^{(k)}(x_0) k! (x − x_0)^k + O((x − x_0)^{n+υ}).

DlØ dokazatel~stva dostatoqno razloßit~ funkci¸ f v rØd Teælora s ostatkom Lagranßa.

Zameqanie 3.3. Predpoloßim, qto vypolneny usloviØ (1), (2),

(3), (15).

Togda esli vzØt~ v kaqestve f(x) = m(x), x_0 = 0, to dlØ x ∈

[0, t_0/2] vypolneno |m^′ (x) − m^′ (0)| ≤ M x^υ.

Preßde zametim, qto ϕ(x) = e^{~tx}, ~t = log ϕ(x) x = σ^2(y) x 2 < σ^2(y) t_0 2 , y ∈ (0, x). |m^′ (x) − m^′ (0)| = | ϕ^{′′} (x) ϕ(x) − m^2(x) − σ^2| ≤ | ϕ^{′′} (x) ϕ(x) − σ^2| + m^2(x).

SKOROST^ SHODIMOSTI 201

Pust~ F - funkciØ X_n, togda moßno zapisat~ sledu¸wu¸ cepoqku neravenstv | ϕ^{′′} (x) ϕ(x) − σ^2| ≤ ∞∫ 0 t^2(e^{tx} − 1)dF (t) + 0∫ −∞ t^2(1 − e^{(t−~t)x})dF (t) ≤ ∫ 0<xt≤1 t^2(e^{tx} − 1)dF (t) + ∫ −1≤x(t−~t)≤0,t<0 t^2x|t − ~t|dF (t)+ ∫ xt>1 t^2(e^{tx} − 1)dF (t) + x^υ ∫ x(t−~t)<−1,t<0 |t − ~t|^υ|t|^2dF (t) ≤

x^υ (e ∫ 0<xt≤1 t^{2+υ} dF (t)+ ∫ xt>1 t^{2+υ}(e^{tx} − 1)dF (t)+ 0∫ −∞ |t−~t|^υ|t|^2dF (t)) ≤

x^υ((σ^2(y) t_0 2 + e) ∞∫ −∞ |t|^{2+υ}dF (t) + + ∞∫ 1/t_0 t^{2+υ} (e^{tx} − 1)dF (t)) ≤

x^υ((σ^2(y) t_0 2 + e)E|X_n|^{2+υ} + C). V silu pravostoronnego usloviØ Kramera posledniæ integral kak nepreryvnaØ funkciØ ot x ograniqen na otrezke [0, t_0/2].

Dalee analogiqno ocenivaem m^2(x)

m^2(x) ≤ ( ∞∫ −∞ te^{tx}dF (t))^2 ≤ x^υ(eE|X_n|^{1+υ} + C)^2.

Sledovatel~no |m^′ (x) − m^′ (0)| ≤ M x^υ.

Oboznaqim [a] = ([a_1], . . . , [a_d]), Δ =^{aN}_{|[a]|} gde a ∈ R^d_0.

Lemma 3.7. Predpoloßim, qto vypolneno (1), (2), (3), (15), (17).

Togda ravnomerno po u iz fiksirovannogo intervala i dlØ l¸byh

a ∈ R^d_0 : |[a]| → ∞, Δ = o(^{√ aN}_{zN} ), spravedlivo sledu¸wee utverßde- nie P (S_{(0,a]} ≥ a_N (α_N + uσ log z_N √ 2a_N z_N )) =

z^{−1/2}_N exp{−Δ(z_N + u log z_N + o(log_2 N ))}.

202 O. E. WERBAKOVA

Predpoloßim, qto |Δ − 1| = o(^{log zN}_{zN} ), togda

P (S_{(0,a]} ≥ a_N (α_N + uσ log z_N √ 2a_N z_N )) =

exp{−(z_N + (u + 1/2) log z_N + o(log_2 N ))}.

Dokazatel~stvo. Tak kak c(αN ) → ∞, to αN → 0, no m(·) strogo

vozrastaet i m(t^⋆_N ) = α_N , m(0) = 0. Takim obrazom, t^⋆_N → 0.

Ispol~zuØ razloßenie v rØd Teælora v toqke t^⋆_N → 0 kak v lemme 3.6, opredelenie p(α_N ), poluqim

α_N = m(t^⋆_N ) = σ^2t^⋆_N + O((t^⋆_N )^{1+υ} ),

log p(α_N ) = − 1 c(α_N )

= log ϕ(t^⋆_N ) − t^⋆_N α_N = −

(t^⋆_N )^2σ^2 2 + O((t^⋆_N )^{2+υ}).

Sledovatel~no,

t^⋆_N = √ 2 σ √ c(α_N )

+ O(( 1 c(α_N )^{1/2+υ/2}

)) = √ 2z_N σ √ a_N + O(( z_N a_N )^{1/2+υ/2}),

(20)

α_N = σ √ 2 √ c(α_N )

+ O(( 1 c(α_N )^{1/2+υ/2}

)) = σ √ 2z_N √ a_N + O(( z_N a_N )^{1/2+υ/2}).

(21)

Primenim lemmu 3.5 s n = |[a]| i x ravnym

x = Δ(α_N + wσ log_2 N √ 2z_N a_N )) = Δσ √ a_N ( √ 2z_N + u log z_N √ 2z_N ) + O( z_N a_N )^{1/2+υ/2}.

(22)

Ispol~zuØ (20), (21), poluqim: σt^⋆_N √ 2 + x − α_N √ 2σ = x σ √ 2 + O(( z_N a_N )^{1/2+υ/2}) = Δ √ 2a_N ( √ 2z_N + u log z_N √ 2z_N ) + O(( z_N a_N )^{1/2+υ/2}), ( σt^⋆_N √ 2 + x − α_N √ 2σ )^2 =

Δ^2 a_N (z_N + ulog z_N +

+u^2 log^2 z_N 4z_N + O(( z_N a_N )^{1+υ/2}) =

Δ^2 a_N (z_N + ulog z_N + o(log_2 N )).

SKOROST^ SHODIMOSTI 203

Pust~ h = t^∘_N – rexenie uravneniØ m(t^∘_N ) = x. Rexenie suwestvuet, tak kak funkciØ m(·) vozrasta¸waØ i nepreryvnaØ. ˚sno, qto x → 0 i t^∘_N → 0.

Po teoreme Lagranßa o srednem imeem

x − α_N = m(t^∘_N ) − m(t^⋆_N ) = σ^2(y^′)(t^∘_N − t^⋆_N ), y^′ ∈ (t^⋆_N , t^∘_N ).

(podrazumevaetsØ, qto y^′ ∈ (t^∘_N , t^⋆_N ), esli t^∘_N < t^⋆_N . Krome togo, moßno zapisat~ razloßenie funkcii σ^2(y^′) v rØd Teælora v nule

σ^2(y^′) = σ^2 + O((t^⋆_N )^υ) = σ^2 + O(( z_N a_N )^{υ/2}).

S pomow~¸ (20), (21) poluqim

t^∘_N = x − α_N σ^2

+ t^⋆_N + O( z_N a_N )^{1/2+υ/2} = x σ^2

+ O( z_N a_N )^{1/2+υ/2}.

Krome togo, vypolneno √ |[a]|t^∘_N = t^∘_N √ a_N /Δ ∼ √ 2z_N Δ/σ → ∞. Vspomnim opredelenie funkcii p(·) i razloßim log ϕ(t^∘_N ) v rØd Teælora s ostatkom v forme Lagranßa v toqke t^⋆_N

log p(x) = log ϕ(t^∘_N ) − t^∘_N x =

log ϕ(t^⋆_N ) − t^∘_N x + m(t^⋆_N )(t^∘_N − t^⋆_N ) + σ^2(y)

(t^∘_N − t^⋆_N )^2 2 = log p(α_N ) − t^∘_N (x − α_N ) + σ^2(y)(x − α_N )^2 2σ^4(y^′) = log p(α_N ) − t^⋆_N (x − α_N ) −

(x − α_N )^2 2σ^2

+ O(( z_N a_N )^{1+υ/2}) =

log p(α_N ) + σ^2(t^⋆_N )^2 2 − ( σt^⋆_N √ 2 + x − α_N √ 2σ )^2 + O(( z_N a_N )^{1+υ/2}) = −( σt^⋆_N √ 2 + x − α_N √ 2σ )^2 + O(( z_N a_N )^{1+υ/2}) = = − Δ^2 a_N (z_N + u log z_N + o(log_2 N )).

gde y ∈ (t^⋆_N , t^∘_N ).

204 O. E. WERBAKOVA

Po lemme 3.5 okonqatel~no poluqaem

P (S_{(0,a]} ≥ a_N (α_N + uσ log z_N √ 2a_N z_N )) = p(x)^{|[a]|} σ √ 2π|[a]|t^∘_N (1 + o(1)) =

z^{−1/2}_N exp{−Δ(z_N + u log z_N + o(log_2 N ))}.

Takim obrazom, lemma dokazana. �

Zameqanie 3.4. Dopustim, qto γ < ∞.

Ispol~zuØ razloßenie v rØd Teælora v toqke t^⋆_N → 0, opredelenie p(α_N ) i (14), poluqim

m(t^⋆_N ) = σ^2t^⋆_N + γ(t^⋆_N )^2 2 + o((t^⋆_N )^2) = α_N ,

t^⋆_N = α_N σ^2 − γα^2_N 2σ^6

+ o(α^2_N ),

− 1 c(α_N )

= log ϕ(t^⋆_N ) − t^⋆_N α_N = −

(t^⋆_N )^2σ^2 2 − γ(t^⋆_N )^3 3 + o((t^⋆_N )^3),

− 1 c(α_N ) = − α^2_N 2σ^2 + γα^3_N 6σ^6

+ o(α^3_N ).

Metodom neopredelennyh kofffficientov moßno poluqit~

α_N = σ √ 2 √ c(α_N ) + γ 3σ^2c(α_N )

(1+o(1)) = σ √ 2z_N √ a_N + γz_N 3σ^2a_N

(1+o(1)), (23)

t^⋆_N = √ 2 σ √ c(α_N ) − 2γ 3σ^4c(α_N )

(1+o(1)) = √ 2z_N σ √ a_N − 2z_N γ 3σ^4a_N

(1+o(1)). (24)

Lemma 3.8 (Dßun, �rdex, 1952). DlØ proizvol~nyh sobytiæ

A_1, . . . , A_n imeem: P ( n⋃ k=1 A_k) ≥ ( ∑_n k=1 P (A_k))^2 ∑_n k=1 P (A_k) + ∑ i≠j P (Ai ∩ ANj ) .

SKOROST^ SHODIMOSTI 205

Lemma 3.9. Pust~ Xn, n ∈ N^d_0 – nezavisimye odinakovo rasprede-

lennye nevyroßdennye sluqaænye veliqiny.

Pust~ K_A, A ⊂ (0, n] polu-additivnaØ neotricatel~naØ funkciØ mnoßestv K_A + K_B ≤ K_{A∪B} , A ∩ B = ∅. Predpoloßim, qto P (S_A ≥ −(K_A)^{1/p}) ≥ r > 0, A ⊂ (0, n], p > 1. Togda P ( max (i,k]⊂(0,n] (S_{(i,k]} > x) ≤ r^{−2d}P (S_{(0,n]} > x − (2d)^{1/q}(K_{(0,n]})^{1/p}), 1/p + 1/q = 1.

Dokazatel~stvo. Rassmotrim dvoænoæ maksimum i maksimum po

d-mernomu indeksu kak povtornyæ

~S_k = max_{p∈(0,k]} max_{l∈(0,p]} S_{(l,p]} , k ∈ (0, n] ~S_{k,s} = max p_s∈(0,k_s] . . . max p_1∈(0,k_1] max l∈(0,p] S_{(l,p}(s)_], gde p^{(s)} = (p_1, . . . , p_s, k_{s+1}, . . . , k_d), s = 1, . . . , d. Vvedem vektory

k^0 = n, k^1 = (n_1 − 1, . . . , n_{d−1} − 1, k^1_d), k^2 = (n_1 − 2, . . . , k^2_{d−1}, k^1_d − 1), . . . k^{d−1} = (n_1 − d + 1, k^{d−1}_2 , . . . , k^3_{d−2} − d, k^2_{d−1} − d + 1, k^1_d − d + 2), k^d = (k^d_1, k^{d−1}_2 − 1, . . . , k^3_{d−2} − d − 1, k^2_{d−1} − d, k^1_d − d + 1), k^d < k^{d−1} < . . . < k^1 < k^0 = n. Opredelim sobytiØ D_kd−s+1 = {~~S_kd−s+1_{−1}0_{,s} < x, ~S_kd−s+1_{,s−1} ≥ x}, k^{d−s+1}_s > 1, D_kd−s+1 = {~~S_kd−s+1_{,s−1} ≥ x}, k^{d−s+1}_s = 1, D_kd = {~~S_kd_{−1}0 < x, max_{l∈(0,kd]} S_{(l,k}d_] ≥ x}, k^d_1 > 1, D_kd = { max_{l∈(0,kd]} S_{(l,k}d_] ≥ x}, k^d_1 = 1.

206 O. E. WERBAKOVA

�ti sobytiØ budut svØzany sledu¸wim obrazom: ⋃ k^1_d ∈(0,n_d] D_k1 ⊃ {~~S_n > x}, D_kd−s ⊂ ⋃ k^{d−s+1} s ∈(0,k^{d−s}_s ] D_kd−s+1 , ⋃ k^1_d∈(0,n_d] ⋃ k^2_{d−1} ∈(0,k^1_{d−1} ] · · · ⋃ k^d_1 ∈(0,k^{d−1}_1 ] D_kd ⊃ {~~S_n > x}. Pust~ teper~ ~S_{i,kd} = max_{l∈(i,kd]} S_{(l,kd ]}, i ∈ (0, k^d], ~S_{i,kd,s} = max l_s∈(i_s,k^d_s ] . . . max l_d∈(i_d ,k^d ] S_{(l}(s)_{,k}d_], gde l^{(s)} = (i_1, . . . , i_{s−1}, l_s, . . . , l_d), s = 1, . . . , d. Opredelim vektory

i^1 = (i^1, 1, . . . , 1, ), i^2 = (i^1 + 1, i^2, . . . , 2, ), . . . i^{d−1} = (i^1 + d − 2, i^2 + d − 3 . . . , i^{d−1}_{d−1}, d − 1), i^d = (i^1 + d − 1, i^2 + d − 2, . . . , i^{d−1}_{d−1} + 1, i^d), i^d > i^{d−1} > . . . > i^1 > i^0 = 0.

Rassmotrim sledu¸wie sobytiØ F_is_{,k}d = { ~S_is_{+1}0_{,k}d_{,s} < x, ~S_is_{,k}d_{,s+1} ≥ x}, i^s < k^d_s − 1, F_is_{,k}d = { ~S_is_{,k}d_{,s−1} ≥ x}, i^s = k^d_s − 1, F_id_{,k}d = { ~S_id_{+1}0_{,k}d < x, S_{(i}d_{,k}d_] ≥ x}, i^d_1 < k^d_1 − 1 F_kd_{−1}0_{,k}d = {S_{(k}d_{−1}0_{,k}d_] ≥ x}.

Otmetim, qto D_kd ⊂ ⋃ i^1∈(0,k^d_1 ] F_i1_{,k}d , F_is_{,k}d ⊂ ⋃ i^s∈(i^{s−1}_s ,k^d_s ] F_is_{,k}d , ⋃ k^1_d∈(0,n_d] · · · ⋃ k^d_1 ∈(0,k^{d−1}_1 ] ⋃ i^1∈(0,k^d_1 ] ⋃ i^2∈(i^1_2,k^d_2 ] · · · ⋃ i^d∈(i^{d−1}_d ,k^d ] F_id_{,k}d ⊃ {~~S_n > x}.

SKOROST^ SHODIMOSTI 207

Pust~ E_{i,k} = {S_{(0,k]\(0,i]} ≥ −(2K_{(0,k]\(0,i]})^{1/p}}, i ≤ k, P (E_{i,k}) ≥ r. Vospol~zuemsØ neravenstvom Koxi–BunØkovskogo 2d∑ s=1 (a_s)^{1/p} ≤ (2d)^{1/q} (_{2d}∑ s=1 a_s )_{1/p} , a_s ≥ 0, 1/p + 1/q = 1, i poluqim d∑ s=1 ((K_{(0,i}d−s+1_{]\(0,i}d−s_]))^{1/p} + (K_{(0,k}d−s_{]\(0,k}d−s+1_]))^{1/p})

≤ (2d)^{1/q}(K_{(0,n]∪(0,i}d_{]\(0,k}d_]))^{1/p} ≤ (2d)^{1/q}(K_{(0,n]})^{1/p}, ⋃ k^1_d∈(0,n_d] · · · ⋃ k^d_1 ∈(0,k^{d−1}_1 ] ⋃ i^1∈(0,k^d_1 ] ⋃ i^2∈(i^1_2,k^d_{−1} ] · · · ⋃ i^d∈(i^{d−1}_d ,k^d] F_id_{,k}d ⋂

d⋂ s=1 E_is−1_{,i}s d⋂ s=1 E_kd−s+1_{,k}d−s ⊂ {S_{(0,n]} > x − (2d)^{1/q}(K_{(0,n]})^{1/p}}. Zametim, qto sobytiØ F_id_{,k}d , E_is−1_{,i}s , E_kd−s+1_{,k}d−s , pri s = 1, . . . , d nezavisimy.

Takim obrazom,

r^{2d}P (~~S_n > x) ≤ P (S_{(0,n]} > x − (2d)^{1/q}(K_{(0,n]})^{1/p})). �

Lemma 3.10. Predpoloßim, qto vypolneny usloviØ (1) i (2).

Pust~ i, k, l, m, n ∈ N^d_0. Togda

P ( max (l,m]⊂(i,k]⊂(0,n] S_{(i,k]} > x) ≤ 2^{2d}P (S_{(0,n]} > x − 2 √ dD_{l,m,n}), gde D_{l,m,n} = D(S_{(0,n]} − S_{(l,m]} ). Dokazatel~stvo. Ispol~zuØ d-mernyæ analog neravenstva dlØ

dvoænogo maksimuma dlØ sluqaænogo polØ iz predyduweæ lemmy

208 O. E. WERBAKOVA

(p = q = 2), poluqim

P ( max (l,m]⊂(i,k]⊂(0,n] S_{(i,k]} > x) = P ( max 0<i≤l,m<k≤n (S_{(i,k]\(l,m]} ) > x − S_{(l,m]} ) = ∫ R^{P ( max0<i≤l,m<k≤n(S(i,k]\(l,m]) > x − y)dP (S(l,m] < y)} ≤ 2^{2d} ∫ R^{P (S(0,n]\(l,m] > x − y − 2√dDl,m,n)dP (S(l,m] < y) =} 2^{2d}P (S_{(0,n]\(l,m]} > x − S_{(l,m]} − 2 √ dD_{l,m,n}) = 2^{2d}P (S_{(0,n]} > x − 2 √ dD_{l,m,n}). � Predpoloßim, qto v posledu¸wih lemmah fftogo paragrafa usloviØ teoremy 2.1 vypolneny.

Lemma 3.11. Pust~ 1 ≤ i ≤ k,^^i = (i, 0, . . . , 0).

Togda dlØ l¸byh x, q i t ∈ (0, t^⋆_N ) budet vypolnØt~sØ: P (S_{(0,k}0_] > x, S_{(^i,^i+k0 ]} > x) ≤ (ϕ(t^⋆_N ))^{k−i}e^{−t⋆N q} +P (S_{(0,k]} > x)(ϕ(t))^ie^{−t(x−q)}. Dokazatel~stvo lemmy 3.11 moßno naæti v rabote Devel~sa, DevroØ i Linqa [5].

Sledu¸waØ lemma oqen~ blizka k lemme 3.11.

Lemma 3.12. Pust~ i, k ∈ N^d_0, 1 ≤ i ≤ k.

Togda dlØ l¸byh x, q i τ ∈ (0, t^⋆_N ) budet vypolnØt~sØ: P (S_{(0,k]} > x, S_{(i,i+k]} > x) ≤ (ϕ(t^⋆_N ))^{|k−i|}e^{−t⋆N q} + P (S_{(0,k]} > x)(ϕ(τ ))^{|k|−|k−i|}e^{−τ(x−q)}. Dokazatel~stvo. P (S_{(0,k]} > x, S_{(i,i+k]} > x) ≤ P (S_{(i,k]} > q)+ +P (S_{(i,i+k]\(i,k]} > x − q)P (S_{(0,k]} > x). Dalee, primenØØ neravenstvo `ensena, zaverxaem dokazatel~- stvo. �

Oboznaqim A_{(i,j]} = {S_{(i,j]} ≥ x}.

SKOROST^ SHODIMOSTI 209

Primenim lemmu 3.11 s

x = a_N α_N + (χ − u) log z_N t^⋆_N , q = a_N α_N − log ϕ(t^⋆_N ) i t^⋆_N + (χ + 1/2) log z_N t^⋆_N + v t^⋆_N log i, gde u, v ∈ R.

Lemma 3.13. Pust~^^i = (i, 0, . . . , 0),

Togda dlØ vseh τ ∈ (0, t^⋆_N ) i 1 ≤ i ≤ a_N budet vypolnØt~sØ

P (A_{(0,a}0_{N ]} ∩ A_{(^i,^i+a}0_{N ]}) ≤ e^{−zN} i^{−v}z^{−χ−1/2} N + P (A_{(0,a}0_{N ]})e^{−θi}z^{(u+1/2)} τ t⋆ N N · i^{vτt⋆}N , θ = τ ( log ϕ(t^⋆_N ) t^⋆_N − log ϕ(τ ) τ ) > 0. Zametim, qto θ > 0, tak kak E^{1/t}e^{tX} < E^{1/s}e^{sX} , dlØ 0 < t < s, priqem neravenstvo strogoe, poskol~ku rassmatrivaemye sluqaænye veliqiny nevyroßdeny.

Analogiqnym obrazom, pol~zuØs~ lemmoæ 3.12 s x = |a|α_N + (χ − u) log z_N t^⋆_N q = |a|α_N − log ϕ(t^⋆_N ) (|a| − |a − i|) t^⋆_N + (χ + 1/2) log z_N t^⋆_N + v t^⋆_N log |i|, gde u, v ∈ R, poluqaem sledu¸wu¸ lemmu.

Lemma 3.14. Pust~ i, a ∈ N^d_0, i ≤ a, |a| = aN ,

Togda dlØ vseh τ ∈ (0, t^⋆_N ) i i ≤ a, |a| − |a − i| ≥ |i| budet vypolnØt~sØ P (A_{(0,a]} ∩ A_{(i,i+a]}) ≤ e^{−zN} |i|^{−v}z^{−χ−1/2}_N + +P (A_{(0,a]})e^{−θ(|a|−|a−i|)}z^{(u+1/2)} τ t⋆N N · |i|^{vτt⋆N} ≤ e^{−zN} |i|^{−v}z^{−χ−1/2} N + P (A_{(0,a]})e^{−θ(|i|)}z^{(u+1/2)} τ t⋆ N N · |i|^{vτt⋆}N , θ > 0, − takoe ße, kak i v predyduweæ lemme .

210 O. E. WERBAKOVA

4. Dokazatel~stvo teoremy 2.1.

V fftom paragrafe budem predpolagat~, qto vypolneny usloviØ teoremy 2.1.

Lemma 4.1.

lim sup L(S_N ) ≤ { χ + 1 p.n. , esli p < ∞,

χ + 3 p.n., esli vypolneno (18).

Dokazatel~stvo. Voz~mem proizvol~nye 0 < ϵ < 1/2.

1) Predpoloßim, qto vypolneno (18).

Pust~ j ∈ N, j > 2^d i rassmotrim posledovatel~nost~ T_j : j =

(z(T_j ))^2.

Pust~

x_{Tj} = a(T_j)(α_{Tj} + (2d + 3/2 + ϵ)σ log z(T_j ) √ 2z(T_j )a(T_j ) ). Oboznaqim s_{Tj} =^{a(Tj )}_j .

Zametim, qto^{a(Tj )}_{a(Tj−1 )} = 1 + o(^{log j}_{z(Tj )} ).

�to sleduet, iz togo, qto log a(T_j ) − log a(T_{j−1}) = √_δ 1−δ ( √ j − √ j − 1)−(d−1)(log j−log(j−1)) = √_δ 1−δ j^{− 1}2

2 +o(j^{− 12} ) = √_δ 1−δ z(T_j )^{−1} 2 + o(1/z(T_j )).

Pust~ T_{j−1} ≤ N < T_j . Togda S_N ≤ S_{Tj} = max_{|k|≤Tj} |k−i|≤a(T_j) S_{(i,k]}. Pust~ r ∈ {1, . . . , j + 1}, ϱ = 1 + 1/3r^{− 1}2 , 1/ν = 3r^12 + 2^d. Rassmotrim proizvol~nyæ d-mernyæ interval (i, k] : r − 1 ≤ |k−i| s_{Tj} < r, |k| ≤ Tj. Po lemme 3.2 vektoru k − i moßno soposta-

vit~ paru vektorov (~u, u) ∈ U_ϱ((r − 1)s_{Tj} , rs_{Tj} ), udovletvorØ¸wih sootnoxeni¸ ~u ≤ k − i ≤ u.

Po lemme 3.3 intervalu (i, k] stavim v sootvetstvie paru in- tervalov (~v, v) ∈ V_{ϱ,ν} (T_j , rs_{Tj} , ~u, u), tak qto ~v ⊂ (i, k] ⊂ v. Zametim, qto |v| = (1 + 1/3r^{− 1}2 )^{2d−1}(rs_{Tj} ) = c(r, d)rs_{Tj} ;

|[v \ ~v]| ≤ ((1 + r^{− 12} )^{4d−2} − 1)rs_{Tj} ≤ r^{− 12} s_{Tj} 4d−2∑

k=1 C^k_{4d−2}r^{−k/2} ≤ r^{12} s_{Tj} 4d−2∑

k=0 C^k_{4d−2} = 2^{4d−2}r^{12} s_{Tj} .

SKOROST^ SHODIMOSTI 211

Dalee budem ispol~zovat~ oboznaqeniØ D_{~v,v} = P { max ~v⊂(i,k]⊂v S_{(i,k]} > x_{Tj} }. Ocenim veroØtnosti P_j = P (S_{Tj} ≥ x_{Tj} ) ≤ j+1∑ r=1 ∑ (~u,u) ∑ (~v,v) D_{~v,v}. Vtoru¸ summu berem po (~u, u) ∈ U_ϱ((r − 1)s_{Tj} , rs_{Tj} ), tret~¸ po (~v, v) ∈ V_{ϱ,ν} (T_j , rs_{Tj} , ~u, u). Primenim lemmu 3.10: D_{~v,v} ≤ 2^{2d}P (S_{(0,v]} > x_{Tj} − 2^{2d}σ √ dr^12 s_{Tj} ).

Vsledstvie togo, qto sluqaænye veliqiny odinakovo raspredeleny, dostatoqno rassmotret~ vmesto (0, v] parallelepipedy vida (rs_{Tj} c(r, d))^0.

P_j ≤ 2^{2d} j+1∑ r=1 Card(U_ϱ((r − 1)s_{Tj} , rs_{Tj} ))

Card(V_{ϱ,ν} (T_j , rs_{Tj} , ((r − 1)s_{Tj} ϱ^{1−d})^0, (rs_{Tj} ϱ^{d−1})^0) P (S_{(0,(rsTj c(r,d))}0_] > x_{Tj} − 2^{2d}σ √ dr^{12} s_{Tj} ).

PrimenØØ ocenku mownosti iz lemm 3.2, 3.3 i opredelenie z_N , prodolßim ocenku veroØtnosteæ: P_j ≤ C j+1∑ r=1 T_j r^{d−3/2} s_{Tj} log^{d−1}( T_jr^{d/2−1} s_{Tj} ) log^{d−1} rs_{Tj} P (S_{(0,(rsTj c(r,d))}0_] > x_{Tj} − 2^{2d}σ √ dr^12 s_{Tj} ) ≤ Cje^{z(Tj )} j+1∑ r=1 r^{d−3/2}P (S_{(0,(rsTj c(r,d))}0_] > x_{Tj} − 2^{2d}σ √ dr^12 s_{Tj} ).

Razob~em summu na dve ∑_j r=1 = ∑_l r=1 + ∑_j r=l+1 , l = [ k c(k,d) ], k = j−j^{1/2+ϵ/4}, veroØtnosti iz pervoæ ocenim s pomow~¸ neravenstva

Markova.

212 O. E. WERBAKOVA

Ispol~zuØ asimptotiku t^⋆_{Tj} iz (20), moßno poluqit~ 2^{2d}σt^⋆_{Tj} √ dr^12 s_{Tj} ∼ 2^{2d}σ √ 2d. DlØ r = 1, . . . , l budem imet~ ravnomerno po r taku¸ ocenku P (S_{(0,(rsTj c(k,d))}0_] > x_{Tj} − 2^{2d}σ √ dr^12 s_{Tj} ) ≤

exp(2^{2d} √ 2d)ϕ(t^⋆_{Tj} )^{rc(k,d)sTj} e^{−a(Tj )t⋆Tj αTj} z(T_j )^{−2−ϵ} ≤ exp(2^{2d} √ 2d)ϕ(t^⋆_{Tj} )^{rc(k,d)sTj −a(Tj )}p(α_{Tj} )^{a(Tj )}z(T_j )^{−2−ϵ/2} ≤ Ce^{j−1/2rc(k,d)−j1/2+o(log j)}e^{−z(Tj )}j^{−1−ϵ/4}, – zdes~ my vospol~zovalis~ razloßeniem log ϕ(t^⋆_{Tj} ) i asimptotikoæ t^⋆_{Tj} iz (20), log ϕ(t^⋆_{Tj} )(rc(k, d)s_{Tj} − a(T_j )) = = (t^⋆_N )^2σ^2 2 (rc(k, d)s_{Tj} − a(T_j )) + O( z(T_j )^{υ+1} a(T_j)^υ ) = z(T_j ) a(T_j ) (rc(k, d)s_{Tj} − a(T_j )) + O( z(T_j )^{υ/2+1} a(T_j )^{υ/2} ) = = z(T_j ) j rc(k, d) − z(T_j ) + O( z(T_j )^{υ/2+1} a(T_j )^{υ/2} ) = = j^{−1/2}rc(k, d) − j^{1/2} + o(log j). Poslednee ravenstvo poluqeno s uqetom (17).

Takim obrazom, je^{z(Tj )} l∑ r=1 r^{d−3/2}P (S_{(0,(rsTj c(k,d))}0_] > x_{Tj} − 2^{2d}σ √ dr^{12} s_{Tj} ) = O(e^{−jϵ/5} ).

Primenim lemmu 3.7 dlØ k ≤ rc(k, d) ≤ j(1 + 1/z(T_j))^{2d−1} P (S_{(0,(rsTj c(k,d))}0_] > x_{Tj} − 2^{2d}σ √ dr^{12} s_{Tj} ) =

z(T_j )^{−1/2} exp{−Δ(z(T_j ) + (2d + 3/2 + ϵ) log z(T_j ) + o(log z(T_j )))} = O(e^{−z(Tj )}j^{−1−d−ϵ/2}); tak kak Δ = a(T^j ) rs_{Tj} c(k, d) ≥ 1 − (2d − 1)/z(T_j).

SKOROST^ SHODIMOSTI 213

Takim obrazom, je^{z(Tj )} j+1∑ r=l r^{d−3/2}P (S_{(0,(rsTj c(k,d))}0_] > x_{Tj} − 2^{2d}σ √ dr^{12} s_{Tj} ) = j^{d+ϵ/4}e^{z(Tj )}O(j^{−1−d−ϵ/2}e^{−z(Tj )}) = O(j^{−1−ϵ/4}). 2) Esli ße p < ∞, pust~ 1/ν = j i

x_N = a_N (α_N + (χ + 1 + ϵ)σ log z_N √ 2z_N a_N ). V otliqie ot predyduwego sluqaØ qislo raznoobraznyh form parallelepipedov ocenim po lemme 3.1 s^ϵ_{4p} , dalee, primenØem ocenku mownosti iz lemmy 3.4.

Zametim, qto, dlØ r = 1, . . . , a_N imeem

C_dN_j log^{d−1} N_j ⋀ C_d N_j j^d r log^{d−1} N_j j^d a_{Nj} ≤ N_j j^d ∧ r r log^{d−1} N_j j^d ∧ r r . Napomnim, qto |v| = (1 + 1/j)^{p∧d}r = c(j, d)r, |[v \ ~v]| ≤ 2^{p∧d}r. Ispol~zuØ lemmu 3.10 poluqim P_j = P (S_{Nj} ≥ x_{Nj} ) ≤ a_{Nj}∑

r=1 ∑ a:|a|=r ∑ (~v,v)∈V_ν(N_j ,r,a) D_{~v,v} ≤

C a_{Nj}∑

r=1 N_j r^{ϵ/4p} (j^d ∧ r) r log^{d−1}( N_j j^d ∧ r r )× ×P (S_{(0,(rc(j,d))}0_] > x_{Nj} − 2^{d/2+1}dσ √ r/j) ≤ C a_{Nj}∑

r=1 r^{ϵ/4p−1}a_{Nj} (j^d ∧ r)e^j P (S_{(0,(rc(j,d))}0_] > x_{Nj} − 2^{d/2+1}dσ √ r/j). Vospol~zuemsØ razloßeniem log ϕ(t^⋆_{Nj} ) i asimptotikoæ t^⋆_{Nj} iz (20) log ϕ(t^⋆_{Nj} )(rc(j, d) − a_{Nj} ) = (t^⋆_N )^2σ^2 2 (rc(j, d) − a_{Nj} ) + O( j^{1+υ} a^υ_{Nj} ) = j a_{Nj} (rc(j, d) − a_{Nj} ) + O( j^{1+υ/2} a^{υ/2}_{Nj} ) = c(j, d)rj a_{Nj} − j + o(log j).

214 O. E. WERBAKOVA

Primenim neravenstvo Markova dlØ r = 1, . . . , l, l = [^{aNj (1−jϵ/2−1)}_{c(j,d)} ] P (S_{(0,(c(j,d)r)}0_] > x_{Nj} − 2^{d/2+1}dσ √ r/j) ≤ Cϕ(t^⋆_{Nj} )^{rc(j,d)}e^{−aNj t⋆Nj αNj} j^{−(χ+1+ϵ)} ≤ Cϕ(t^⋆_{Nj} )^{r−aNj} p(α_{Nj} )^{aNj} j^{−(χ+1+ϵ/2)} ≤ Ce c(j,d)rj aN j −2j+o(log j) j^{−(χ+ϵ/2+1)}. Primenim lemmu 3.7 dlØ j − j^{ϵ/2} ≤^{c(j,d)rj}_{aNj} ≤ c(j, d)j ≤ 2^{p∧d}j P (S_{(0,(c(j,d)r)}0_] > x − 2^{d/2+1}dσ √ r/j) = O(e^{−j} j^{−(χ+3/2+ϵ)}), tak kak Δ = a_{Nj} rc(r, d) ≥ 1 − d/j. Takim obrazom, a_{Nj}∑

r=l r^{ϵ4p −1}a_{Nj} (j^d ∧ r)e^jP (S_{(0,(c(j,d)r)}0_] > x_{Nj} − 2^{d/2+1}dσ √ r/j) = e^j j^{d∧p+ ϵ4p} P (S_{(0,(c(j,d)r)}0_] > x_{Nj} − 2^{d/2+1}dσ √ r/j) = O(j^{−1−ϵ/2}). Sledovatel~no, poluqaem, qto P_j = O(j^{−1−ϵ/4}).

Ots¸da ∑_∞ j=1 P_j < ∞. Primenenie Lemmy BorelØ–Kantelli zaverxaet dokazatel~- stvo. �

Lemma 4.2._{liminf} N→∞ L(SN ) ≤ χ p.n. Dokazatel~stvo. Pust~ 0 < ϵ < 1/2,

x_N = a_N (α_N + (χ + ϵ)σ log z_N √ 2z_N a_N ). 1) Predpoloßim, qto p = ∞. Oboznaqim s_N = a_N /z_N . Pust~ r ∈ {1, . . . , z_N + 1}, ϱ = 1 + 1/3r, 1/ν = 3r + 2^d. Dalee budem deæstvovat~ po analogii s predyduweæ lemmoæ.

Razob~em summu na dve ∑_{zN} r=1 = ∑_l r=1 + ∑_{zN} r=l+1, l = [ k c(k,d) ], k = z_N − z^{ϵ/2}_N .

SKOROST^ SHODIMOSTI 215

Pervu¸ ocenim po neravenstvu Markova: je^{zN} l∑ r=1 r^{2d−2}P (S_{(0,(rsN c(k,d))}0_] > x_N − 2^{2d}σ √ ds_N ) = O(e^{−zϵ/3N} ). Vtoru¸ ocenim po lemme 3.7 dlØ k ≤ rc(k, d) ≤ z_N (1 + 1/z_N )^{2d−1} je^{zN} z_N +1∑

r=l r^{2d−2}P (S_{(0,(rsN c(k,d))}0_] > x_N − 2^{2d}σ √ ds_N ) = O(z^{−ϵ/2}_N ) → 0. 2) Esli ße p < ∞, poloßim 1/ν = z_N .

Primenim neravenstvo Markova dlØ r = 1, . . . , l, l = [^{aN (1−zϵ/2−1N )}_{c(zN ,d)} ]

P (S_{(0,(c(zN ,d)r)}0_] > x_N − 2^{d/2+1}dσ √ r/z_N ) ≤ Cϕ(t^⋆_N )^{rc(zN ,d)}e^{−aN t⋆N αN} z^{−(χ+1+ϵ)}_N ≤ Cϕ(t^⋆_N )^{r−aN} p(α_N )^{aN} z^{−(χ+1+ϵ/2)} N ≤ Ce^{c(zN ,d)rjaN −2zN +o(log zN )}z^{−(χ+ϵ/2+1)} N . Primenim lemmu 3.7 dlØ (1−z^{ϵ/2−1}_N )a_N ≤ c(z_N , d)r ≤ a_N (1+d/z_N ) P (S_{(0,(c(zN ,d)r)}0_] > x − 2^{d/2+1}dσ √ r/z_N ) = O(e^{−zN} z^{−(χ+1/2+ϵ)} N ), tak kak Δ = a^Nrc(r, d) ≥ 1 − d/z_N .

Takim obrazom, a_N∑

r=l r^{ϵ4p −1}a_N (z^d_N ∧ r)e^{zN} P (S_{(0,(c(zN ,d)r)}0_] > x_N − 2^{d/2+1}dσ √ r/z_N ) = e^{zN} z^{d∧p+ ϵ4p} N P (S_{(0,(c(zN ,d)r)}0_] > x_N − 2^{d/2+1}dσ √ r/z_N ) = O(z^{−ϵ/2}_N ). Sledovatel~no, P_{zN} = O(z^{−ϵ/4}_N ) → 0.

Lemma 4.3.

lim sup L(T^⋆_n) ≥ χ + 1 p.n., esli p < ∞; lim sup L(T^⋆_n) ≥ χ + 3 p.n., esli vypolneno (18).

Dokazatel~stvo. Voz~mem proizvol~noe ϵ ∈ (0, 1/2).

216 O. E. WERBAKOVA

Pust~ j ∈ N, j > 1 i T_j : j = { z(T_j ), p < ∞, (z(T_j ))^2, vypolneno (18).

Predpoloßim, qto vypolneno (18), togda oboznaqim 1/ν_{Tj} =

log T_j − log T_{j−1}, v fftom sluqae 1/ν_{Tj} =^{(z(Tj ))−1}_2√_{δ(1−δ)} + o(1/z(T_j )).

Predpoloßim, qto p < ∞, togda 1/ν_{Tj} ≥ 1. Voz~mem ϱ^{d−1} = 1 + 1/(2ν_{Tj} ).

Pust~ K_{Tj} = log^{d−1} a(T_j )ϱ^{d−1}ν^d_{Tj} j^{1−ϵ/3}z(T_j )^{χ−1/2}. Zametim, qto K_{Tj} → ∞ i^{a(Tj )}_{KTj} → ∞.

Postroim mnoßestvo nepereseka¸wihsØ parallelepipedov

T_ϱ(T_{j−1}, T_j ) = {(t, a, K) : t = (t^{(1)}, t^{(2)}] : t^{(1)} = (ϱ^{s1 −1}, . . . , ϱ^{sd−1−1}, T_{j−1} ϱ d−1∑ k=1 s_k ); t^{(2)} = (ϱ^{s1} , . . . , ϱ^{sd−1} , T_j ϱ d−1∑ k=1 s_k+d−1 );

a = (ϱ^{r1} , . . . , ϱ^{rd−1} , a(T_j ) ϱ d−1∑ k=1 r_k ), r_k = s_k −2+ log(ϱ − 1) log ϱ ∧ log a(T_j ) (d ∧ p) log ϱ ;

K = (ϱ^{q1} , . . . , ϱ^{qd−1} , K_{Tj} ϱ d−1∑ k=1 q_k ), q_k = s_k −2+ log(ϱ − 1) log ϱ ∧ log K_{Tj} d log ϱ : s ∈ N^{d−1}_0 :^{log jlog j}_{log ϱ} ≤ sk ≤^{log Tj}_{d log ϱ} , k = 1, . . . , d − 1}.

DlØ kaßdogo n : |n| = [T_j] + 1 suwestvuet t : t ⊂ (0, n].

Ob¨em parallelepipedov iz fftogo mnoßestva raven |t| = T_j ϱ^{d−1} (1 − 1 ϱ )^{d−1}(1 − ϱ^{d−1} T_{j−1} T_j ) ≍ T_j ν^{−d}_{Tj} ; a(T_j ) ≥ |[a]| ≥ a(T_j ) d−1∏ k=1 (1 − ϱ^{−rk} )(1 − ϱ^{∑d−1k=1 rk} a(T_j ) ) ≥ a(T_j )(1 − log j j )(1 − a(T_j )^{−1/(d∧p)}); Δ = 1 + o( log j j ). Otmetim, qto

Card(T_ϱ(T_{j−1}, T_j )) ≍ ( log {N (ϱ − 1)} log ϱ

)^{d−1} ≍ ν^{d−1}_{Tj} log^{d−1} T_j a(T_j ) .

SKOROST^ SHODIMOSTI 217

Opredelim mnoßestva Ka,b = {r[^a_b ] : r = 0, 1, . . .}. DlØ (t, a, K) ∈ T_ϱ(T_{j−1}, T_j ) postroim J_K (t, a, K) = { v = (w − a, w], w_k ∈ (t^{(1)}_k + a_k, t^{(2)}_k ] ∩ K_{ak ,Kk} , k = 1, . . . , d } . Zametim, qto d∏ k=1 (t^{(2)}_k − t^{(1)}_k − a_k) ≍ |t| d∏ k=1 (1 − a_k t^{(2)}_k − t^{(1)}_k ) ≍

|t|(1 − 1 ϱ )^{d−1}(1 − a(T_j )^{1/d} T^{1/d}_j (1 − ϱ^{d−1 Tj−1}_{Tj} ) ) ≍ T_j ν^{1−2d}_{Tj}

Card(J_K (t, a, K)) ≍ K|t|(1 −^1_ϱ )^{d−1} |a| ≍ K_{Tj} T_j ν^{2d−1}_{Tj} a(T_j ) = e^{z(Tj )}j^{1−ϵ/3}z(T_j )^{χ−1/2}ν^{1−d}_{Tj} log^{1−d} T_j a(T_j ) . Rassmotrim nezavisimye pri raznyh j ∈ N, (t, a, K) ∈ T_ϱ(T_{j−1}, T_j) sluqaænye veliqiny H j,t,a = max (i−a,i]∈J_{KTj} (t,a,K) S_{(i−a,i]} ≤ T^⋆_n , t ⊂ (0, n], |n| = [T_j] + 1.

Oboznaqim A_{(i,m]} = { L(S(i,m]) ≥^{{ χ + 1 − ϵ, p < ∞} χ + 3 − ϵ, vypolneno (18) } . ∞∑ j=1 ∑ (t,a,K) ∈T_ϱ(T_{j−1} ,T_j ) P (L(Hj,t,a ) ≥^{{ χ + 1 − ϵ, p < ∞} χ + 3 − ϵ, δ ∈ (0, 1) ) =

∞∑ j=1 ∑ (t,a,K) ∈T_ϱ(T_{j−1} ,T_j ) P ( ⋃ (i,m]∈J_{KTj} (t,a,K) A_{(i,m]}).

218 O. E. WERBAKOVA

PrimenØØ lemmu 3.7, poluqim

P (A_{(t}(1)_{,t}(1)_{+a]}) ≍ e^{−z(Tj )}j^{−2+ϵ}z(T_j )^{−χ+1/2}.

Sledovatel~no,

Card(J_{KTj} (t, a, K))P (A_{(t}(1)_{,t}(1)_{+a]}) ≍ j^{23 ϵ−1}ν^{1−d}_{Tj} log^{1−d} T_j a(T_j ) . Rassmotrim intervaly, prinadleßawie mnoßestvu J_K (t, a, K) i pereseka¸wiesØ s (t^{(1)}, t^{(1)} + a].

Intervaly takogo tipa budut imet~ vid: k^∗ = (g^∗ + t^{(1)}, g^∗ +

t^{(1)} + a], gde

g^∗_m = g_m[ a_m K_m ], g_m = 1, . . . , [K_m], m = 1, . . . , d; k = |g|. Primenim lemmu 3.14, gde poloßim u = ϵ − 1 i v = 1 + 2/ϵ. Pust~ l = [j^{ϵ/2}], togda [K_{Tj} ]∑

l P (A_{(t}(1)_{,t}(1)_{+a]} ∩ A_k∗ ) ≤ [K_{Tj} ]∑

l (e^{−z(Tj )}z(T_j )^{−χ+1/2}j^{−1} · ( K_{Tj} ka_{Tj} )^{1+2/ϵ}+

P (A_{(t}(1)_{,t}(1)_{+a]})e^{−θk[} a(Tj ) KT j ] j^{(ϵ−1/2)} τ t⋆ j (k a(T_j ) K_{Tj} ) τ t⋆ j (1+2/ϵ) ) ≤ e^{−z(Tj )}z(T_j )^{−χ+1/2}j^{−2} · ( K_{Tj} a(T_j )

)^{1+2/ϵ}+

P (A_{(t}(1)_{,t}(1)_{+a]}) a(T_j ) τ t⋆j (1+2/ϵ) j^{(ϵ−1/2)} τ t⋆j e^{−θl[} a(Tj ) KT j ] 1 − e^{−θ[} a(Tj ) KT j ] , θ > 0,

Card(J_{KTj} (t, a, K)) [K_{Tj} ]∑

k=1 P (A_{(t}(1)_{,t}(1)_{+a]} ∩ A_k∗ ) =

= O(j^{76 ϵ−1}ν^{1−d}_{Tj} log^{1−d} T_j a(T_j ) ).

SKOROST^ SHODIMOSTI 219

Sledovatel~no, P ( ⋃ (i,m]∈J_{KTj} (t,a,K) A_{(i,l]}) ≥

(Card(JK_{Tj} (t, a, K))P (A_(t_{(1)} ,t_{(1) +}a_]))^2

Card(JK_{Tj} (t, a, K))P (A_(t_{(1)} ,t_{(1) +}a_]) + P_(i_1,m_{1 ]}6_{=(}i_2 ,m_{2 ]} P (A_(i_1 ,m_{1 ]} “ A_(i_2 ,m_{2]}) ≥ Cj^{ϵ/6−1}ν^{1−d}_{Tj} log^{1−d} T_j a(T_j ) . Itak, poluqaem, qto ∞∑ j=1 ∑ (t,a,K) ∈T_ϱ(T_{j−1} ,T_j ) P ( L(Hj,t,a ) ≥^{{ χ + 1 − ϵ, p < ∞} χ + 3 − ϵ, vypolneno (18) ) =

∞∑ j=1 ∑ (t,a,K) ∈T_ϱ(T_{j−1} ,T_j ) P ( ⋃ (i,m]∈J_{KTj} (t,a,K) A_{(i,m]} ) ≥ ∞∑ j=1 j^{−1+ϵ/6} = ∞.

Iz nezavisimosti H_{j,t,a} pri raznyh j ∈ N, (t, a, K) ∈ T_ϱ(T_{j−1}, T_j) po lemme BorelØ–Kantelli poluqaem, qto ′P (L(H_{j,t,a} ) ≥ { χ + 1 − ϵ, p < ∞ χ + 3 − ϵ, vypolneno (18).

dlØ b.q. j ∈ N, t) = 1,

i, sledovatel~no,

lim supL(T^⋆_n) ≥ lim supL(H_{j,t,a} ) ≥ { χ + 1 − ϵ, p < ∞ χ + 3 − ϵ, vypolneno (18)

p.n.

Lemma 4.4._{lim inf} N→∞ L(T^⋆_n) ≥ χ p.n.

Dokazatel~stvo. Voz~mem proizvol~noe ϵ ∈ (0, 1/2).

Pust~ j ∈ N, j > 1 i N_j = [z^{−1}(j)]. Pust~ K_{Nj ,ϵ} = { [ϱ^{d−1}j^{χ+1/2−ϵ/3} log^{d−1} a_{Nj} ], δ ∈ [0, 1), [ϱ^{d−1}j^{χ+1/2−ϵ/3} log^{d−1 Nj}_{aNj} ], δ = 1.

220 O. E. WERBAKOVA

DlØ j ∈ N, (t, a) ∈ T_ϱ(N_{j−1}, N_j) opredelim mnoßestva J_{KNj ,ϵ} (t, a). Zametim,qto

Card(T_ϱ(N_{j−1}, N_j )) ≍ { log^{d−1 Nj}_{aNj} , δ ∈ [0, 1), log^{d−1} a_{Nj} , δ = 1. Card(J_{KNj ,ϵ} (t, a)) ≍ { e^j j^{χ+1/2−ϵ/3} log^{1−d Nj}_{aNj} , δ ∈ [0, 1), e^j j^{χ+1/2−ϵ/3} log^{1−d} a_{Nj} , δ = 1.

Krome togo, opredelim nezavisimye pri raznyh (t, a) ∈

T_ϱ(N_{j−1}, N_j) sluqaænye veliqiny

Υ_{j,t} = max (i−a^0_{Nj} ,i]∈J_{KNj ,ϵ} (t,a) S_{(i−a}0_{Nj ,i]} ≤ T^⋆_n , t ⊂ (0, n]. Oboznaqim A_{(i,m]} = {L(S_{(i,m]}) ≥ χ − ϵ}.

P_j = P ( ⋂ t∈T_ϱ(N_{j−1} ,N_j ) L(Υj,t) ≤ χ − ϵ) = P (L(Υj,t) ≥ χ − ϵ)^{Card(Tϱ(Nj−1 ,Nj ))} ≤ (1 − P ( ⋃ (i,a+i]∈J_{KNj} (t,a,K) A_{(i,a+i]}))^{Card(Tϱ(Nj−1 ,Nj ))} ≤ (1�^{(Card(JKNj (t, a, K))P (A(i,a+i] ))2} Card(JK_{Nj} (t, a, K))P (A_(i,a_+i_] )+P P (A_(i_1 ,a_+i_{1 ]} “A_(i_2,a_+i_{2 ]})

)^{Card(}T^{ϱ(}N^{j−1} ,N^{j ))}.

PrimenØØ lemmu 3.7, poluqim P (A_{(i,a+i]}) ≍ e^{−j}j^{ϵ−χ−1/2}. i, sledovatel~no, Card(J_{KNj} (t, a, K))P (A_{(i,a+i]}) ≍ { j^{23 ϵ} log^{1−d Nj}_{aNj} , δ ∈ [0, 1), j^{23 ϵ} log^{1−d} a_{Nj} , δ = 1.

Rassmotrim intervaly, prinadleßawie mnoßestvu J_K (t, a) i pereseka¸wiesØ s (t^{(1)}, t^{(1)} + a].

Intervaly takogo tipa budut imet~ vid: k^∗ = (g^∗ + t^{(1)}, g^∗ +

t^{(1)} + a], gde

g^∗_m = g_m[ a_m K_m ], g_m = 1, . . . , [K_m], m = 1, . . . , d.

SKOROST^ SHODIMOSTI 221

Primenim lemmu 3.14, gde poloßim u = ϵ i v = 1. Pust~ k = |g|. Pust~ l = j^{ϵ/2}, togda Card(J_{KNj} (t, a, K)) K_{Nj}∑

k=1 P (A_{(t}(1)_{,t}(1)_{+a]} ⋂ A_kF) ≤

Card(J_{KNj} (t, a, K)) K_{Nj}∑

k=1 (e^{−j}j^{−χ−1/2} · K_{Nj} ka_{Nj} +

+P (A_{(t}(1)_{,t}(1)_{+a]})e^{−θk[} aN j KN j ] j^{(1/2+ϵ)} τ t⋆j · (k a_{Nj} K_{Nj} ) τ t⋆j ) ≤ Card(J_{KNj} (t, a, K))P (A_{(t}(1)_{,t}(1)_{+a]})×

×(l + K_{Nj} a_{Nj} j^ϵ K_{Nj}∑

k=l+1 k^{−1} + a_{Nj} j^{1/2+ϵ} · e^{−θl[} aN j KN j ] 1 − e^{−θ}[^{aNj}_{KNj} ] ) = { O(j^{76 ϵ} log^{1−d Nj}_{aNj} ), δ ∈ [0, 1),

O(j^{76 ϵ} log^{1−d} a_{Nj} ), δ = 1.

Vospol~zuemsØ neravenstvom 1 − x ≤ e^{−x}, togda P_j ≤ exp{−Cj^{ϵ/6}(1 + o(1))}. Takim obrazom, rØd ∑_∞ j=1 P_j shoditsØ, s pomow~¸ lemmy

BorelØ–Kantelli zaverxaem dokazatel~stvo lemmy: P ( ⋂ t∈T_ϱ(N_{j−1} ,N_j ) L(Υj,t) ≤ χ − ϵ dlØ b.q. j) = 1.

Sledovatel~no, liminf_{N→∞} L(T^⋆_n) ≥ χ p.n.

SummiruØ rezul~taty, izloßennye v fftom paragrafe, moßno sqitat~ Teoremu 2.1 dokazannoæ.

5. Maksimum priraweniæ po kubam

Analogiqnymi metodami dokazyvaetsØ teorema dlØ maksimal~nogo priraweniØ po kubam. Vs¸du dalee d ≥ 1 (v otliqie ot predyduwego paragrafa, gde d ≥ 2).

DlØ ocenki sverhu ispol~zu¸tsØ sledu¸wie mnoßestva.

222 O. E. WERBAKOVA

DlØ sluqaØ p = ∞ postroim mnoßestvo I_{ϱ,ν} (N, a_N ) d-mernyh intervalov, leßawih v R^d i pokryva¸wih kub (0, 1^0 · [N^1d ]], I_{ϱ,ν} (N, a_N ) = { (~v, v) : ~v(u) = = ( ~w − ~u_ϱ, ~w], v(u) = (w − u_ϱ, w] : w_k ≤ N^{1/d}; u(s) = (ϱ^{s1 +1}, . . . , ϱ^{sd−1 +1}, a_N ϱ^{∑d−1k=1 sk} ), s_k ≤ log a_N log ϱ , (~u_ϱ)_k = u_k ϱ^2 , k = 1, . . . , d − 1, (~u_ϱ)_d = u_d ϱ^d , ~w_k = (l_k − 1)u_kν, (u_ϱ)_k = ϱu_k, w_k = l_ku_kν,

l_k ≤ [ 2 ν ( N a_N )^{1/d}] + 1, k = 1, . . . , d } . Poskol~ku neravenstvo w_k ≤ N^{1/d}, k = 1, . . . , d dolßno vypolnØt~- sØ pri vseh znaqeniØh l_k, s_k, to

Card(I_{ϱ,ν} (N, a_N )) ≤

2^dC_d N ν^da_N (_{log a} N log ϱ )_{d−1} δ ∈ [0, 1), 2^dC_d N ν^da_N (_{log Na} N log ϱ )_{d−1} δ = 1. DlØ p < ∞ postroim mnoßestvo V_ν (N, a_N , a) d-mernyh intervalov, leßawih v R^d i pokryva¸wih kub (0, 1^0 · [N^1d ]], sledu¸wim obrazom: I_ν(N, a_N , a) = { (~v, v) : ~v = ( ~w − ~u_ν , ~w], v = (w − u_ν, w], dlØ a_kν ≥ 1 opredelim (~u_ν )_k = a_k(1 − ν),

~w_k = (l_k − 1)a_kν, (u_ν)_k = a_k(1 + ν), w_k = l_ku_kν,

dlØ a_kν < 1 opredelim (~u_ν )_k = (u_ν)_k = a_k, ~w_k = w_k = l_k,

l_k ≤ ([ 2 ν ( N a_N )^{1/d}] + 1) ⋀ (2[N^{1/d}] + 1), k = 1, . . . , d } .

Card(I_ν (N, a_N , a)) = (2^dN ) ⋀ ( 2^dN ν^da_N ). Dokaßem odnu iz lemm dlØ kubov. Ostal~nye lemmy dokazyva¸tsØ analogiqno s sootvetstvu¸wimi izmeneniØmi.

SKOROST^ SHODIMOSTI 223

Lemma 5.1. DlØ l¸bogo ϵ > 0 P (L�(I^⋆_N ) ≥ χ − ϵ) → 1.

Dokazatel~stvo. Pust~ N = |n|,^~N = [y^{−1}(yN − 1)].

Voz~mem ϵ > 0. Pust~

K_N = { [log^{d−1} a_N y^{χ+1/2−ϵ/3} N ], δ ∈ [0, 1), [log^{d−1 N}_{aN} y^{χ+1/2−ϵ/3} N ], δ = 1. Zametim, qto K_N → ∞ i^{aN}_{KN} → ∞. Postroim parallelepipedy

t = (t^{(1)}, t^{(2)}] = (1^0 · [ ~N^{1d} ], 1^0 · [N^{1d} ]], a = (0, 1^0 · [a^{1d}_N ]].

Opredelim mnoßestva Ka_k = {r[^{a1/dN}_{K1/dN} ] : r = 0, 1, . . .}. Opredelim dlØ t, a J_K (t, a) = { v = (w−a, w], w_k ∈ (t^{(1)}_k +a^{1/d}_N , t^{(2)}_k ]∩K_{ak} , k = 1, . . . , d } . Zametim, qto

Card(J_K (t, a)) = K|t| |a| ≍ K_N (N^{1/d} − ~N^{1/d} − a^{1/d}_N )^d a_N = e^{yN} y^{χ+1/2}_N .

Opredelim statistiku

TN,t = max (i−a,i]∈J_K (t,a) S_{(i−a,i]}, T_{N,t} ≤ I^⋆_N . PrimenØØ lemmu 3.7, poluqim

P (A_{(t}(1)_{,t}(1)_{+a]}) ≍ e^{−yN} y^{ϵ−χ−1/2}_N .

Card(J_K (t, a))P (A_{(t}(1)_{,t}(1)_{+a]}) ≍ y^ϵ_N .

Rassmotrim intervaly, prinadleßawie mnoßestvu J_K (t, a) i pereseka¸wiesØ s (t^{(1)}, t^{(1)} + a].

Intervaly takogo tipa budut imet~ vid: k^∗ = (g^∗ + t^{(1)}, g^∗ +

t^{(1)} + a], gde

g^∗_m = g_m[ a_m K_m ], g_m = 1, . . . , [K_m], m = 1, . . . , d, k = |g|.

224 O. E. WERBAKOVA

Primenim lemmu 3.14, gde poloßim u = ϵ i v = 1 i zamenim z_N na y_N , α_N na β_N , a t^⋆_N na t�_N . Poluqim

P (A_{(t}(1)_{,t}(1)_{+a]} ∩ A_k∗ ) ≤ e^{−yN} y^{−χ−1/2}_N · K_N ka_N + P (A_{(t}(1)_{,t}(1)_{+a]})e^{−θk[ aNKN ]}y

(ϵ+1/2)^τ_t� N N · (k a_N K_N ) τ t�_N , θ > 0. Pust~ l = [y^{ϵ/2}_N ], togda

Card(J_K (t, a)) K_N∑

k=1 P (A_{(t}(1)_{,t}(1)_{+a]} ∩ A_k∗ ) ≤ ≤ C · Card(J_K (t, a))P (A_{(t}(1)_{,t}(1)_{+a]})× ×(y^{ϵ/2}_N + K_N a_{Nj} y^ϵ_N K_N∑

k=l+1 k^{−1} + a_N y^{1/2+ϵ} N · e^{−θl[ aNKN ]} 1 − e^{−θ}[^{aN}_{KN} ] ) = = O(y^{32 ϵ}_N ), tak kak

K_N log K_N a_N y^ϵ_N → 0. Zametim, qto ∑ (i_1,j_1]≠(i_2 ,l_2]

P (A_{(i1,l1 ]} ∩ A_{(i2 ,j2]}) ≤ Card(J_K (t, a))P (A_{(t}(1)_{,t}(1)_{+a]})+ +(Card(J_K (t, a))P (A_{(t}(1)_{,t}(1)_{+a]}))^2+ + Card(J_K (t, a)) K∑ k=1 P (A_{(t}(1)_{,t}(1)_{+a]} ∩ A_k∗ )

Takim obrazom, veroØtnosti oceniva¸tsØ tak: P (L�(TN,t) ≥ χ − ϵ) = P (^⋃_{(i,l]∈JK (t,a)} A(i,l]) ≥ (Card(J_K (t, a))P (A_{(t}(1)_{,t}(1)_{+a]}))^2 Card(J_K (t, a))P (A_{(t}(1)_{,t}(1)_{+a]}) + ∑ (i_1,l_1]≠(i_2 ,l_2 ] P (A(i1,l1] ∩ A(i2,l2]) ≥ ≥ Cy^{ϵ/2}_N ≥ 1. Itak, poluqaem, qto P (L�(TN,t) ≥ χ − ϵ) → 1.

SKOROST^ SHODIMOSTI 225

Literatura

1. K. Prahar, Raspredelenie prostyh qisel. Mir, M. (1967). 2. E. K. Titqmarx, TeoriØ dzeta-funkcii Rimana. Merkuriæ–Press, Qerepovec (2000).

3. L. V. Rozovskiæ, O nißneæ granice veroØtnosteæ bol~xih ukloneniæ dlØ vyboroqnogo srednego pri vypolnenii usloviØ Kramera. — Zap. nauqn. semin. POMI 278 (2001), 208–224.

4. O. E. Werbakova, Skorost~ shodimosti dlØ priraweniæ sluqaænyh poleæ.

— Zap. nauqn. semin. POMI 298 (2003), 304–315.

5. Paul Deheuvels, Luc Devroye, and James Lynch, Exact Convergence Rate in the Limit Theorems of Erdös Rényi and Shepp. — Ann. of Probab. 14, No. 1 (1986), 209–223.

6. P. Deheuvels and J. Steinebach, Exact Convergence Rate in Strong Approximation Laws for Large Increments of Partial Sums. — Probability Theory Related Fields No. 76 (1987), 369–393.

7. A. Frolov, A. Martikainen, and J. Steinebach, Erdös-Rényi-Shepp Type Laws in the Non-i.i.d. Studia Scientiarum Mathematicarum Hungarica, vol. 33, (1997), 127-151.

8. J. Steinebach and Wilfried Pfuhl, On Precise Asymptotics for Erdös-Rényi Increments of Random Fields, Pub. Inst. Stat. Univ. XXXIII, No. 2 (1988), 49–66.

Scherbakova O. E. Exact rate of convergence for increments of random fields.

The rate of convergence in strong limit theorems for maximal increments of random fields on parallelepipeds of big volume a_N (lim^{aN}_{log N} =

∞, lim^{log NaN}_{log2 N} = ∞) is investigated. We consider random fields with finite moment generating function in right neighborhood of zero.

Postupilo 15 i¸nØ 2004 g. S.-Peterburgskiæ gosudarstvennyæ politehniqeskiæ universitet E-mail: helga�gold@pochta.ru