Zapiski nauqnyh seminarov POMI Tom 321, 2005 g.

N. L. Gordeev

PRODUCTS OF CONJUGACY CLASSES IN PERFECT LINEAR GROUPS. EXTENDED COVERING NUMBER

Abstract. In this paper we obtain estimates of extended covering numbers for some classes of perfect linear groups.

1. Introduction

This paper is a continuation of the investigation of products of conjugacy classes in finite and in algebraic groups [10, 9, 11, 12]. The products of conjugacy classes of such groups were considered in a number of articles, in particular in [1, 4, 5, 9, 7, 10, 13, 14, 15, 16, 19], and others.

In most of these papers the authors deal with simple and quasisimple groups (i.e. central extensions of simple groups). However, the questions which were investigated for simple groups are of interest in a more general situation, namely, for perfect groups (by a perfect group we mean here a group G such that G = [G, G]). In the present paper we concentrate on the question of the extended covering number ecn(G) of a perfect group G. Recall (see [11]) that a generating conjugacy class C of a perfect group G is a conjugacy class such that G = ⟨C⟩ and the extended covering number of G is

ecn(G)^{def}= min{n | C_1C_2 · · · C_n = G}

for any n generating conjugacy classes C_1, C_2, . . . , C_n ⊂ G. In [11] it has been shown that there exists a general constant d such that ecn(G) ≤ d · rank G for every Chevalley group G (proper or twisted in the sense of [18]). In [11] it has been conjectured that there exists a constant c such that ecn(G) ≤ c dim V for every perfect linear group G ≤ GL(V ) such that the extended covering number ecn(G) exists. However, N. Nikolov found a counterexample [17]. Also, the question of estimates of ecn(G) as well as other questions that are connected with

The author gratefully acknowledges EPSRC grant N007, the grant E02-1.0-15 of the Russian Ministry of Education, the grant RFFI-03-01-00349 and the grant of the President of Russian Federation Sci. Sch. 22003.2003.1.

67

68 N. L. GORDEEV

products of conjugacy classes for perfect groups seem to be much more difficult than the ones for quasisimple groups. This paper is an attempt to find approaches to study such products that presumably will allow us to gain a deeper understanding of the nature of perfect groups.

The first step for the extension of our theory from quasisimple groups to perfect groups is to find a relation between ecn(Γ) and ecn(G), where Γ is a perfect group and G = Γ/N for some N C Γ. We emphasize two cases (Section 3). First we consider a nilpotent normal subgroup N such that V = N/[N, N ] is an augmentative Z[G]-module (i.e. I_GV = V where I_G is the augmentation ideal of Z[G]). In particular, if Γ is a finite group, we show that

ecn(Γ) ≤ (gen(Γ) + 1)(gen(N ) + 1) gen(G) (1.1)

(here gen(Γ) and gen(G) are the minimal numbers of generators of Γ and G, respectively). Actually, we prove more general estimates (see Theorem 1, Corollaries 1, 2). In the second case N = ∏_{j=m} j=1 Q_j, where the Q_j are quasisimple finite groups and the natural action of G on {Q_j}^{j=m}_{j=1} is transitive. In this case we show (Theorem 2) the existence of a general constant c such that

ecn(Γ) ≤ (1 + 2 min{c, ecn(Q_1)}) ecn(G). (1.2)

Using (1.1) and (1.2) we give in Section 4 estimates of ecn(Γ) for some classes of finite perfect groups.

In Section 5 we consider connected perfect algebraic groups. For a simple algebraic group G let l(G) = rank G + 1 if all roots of the corresponding root system have the same length, or l(G) = 2 rank G in the other case. For a connected perfect algebraic group Γ let l(Γ) be the maximum of the numbers l(G_i), where G_i runs through all simple components of the group Γ/R_u(Γ) (where R_u(Γ) is the unipotent radical of Γ). For a connected perfect firm (see Definition 2.1) algebraic group Γ we show that ecn(Γ) ≤ 2l(Γ) + 1

(Corollary 3).

2. Notation, terminology, conventions

2.1. Let G be a group. Here: [a, b] = aba^{−1}b^{−1} is a commutator;

PRODUCTS OF CONJUGACY CLASSES 69

if x_1, . . . , x_n, y_1, . . . , y_n ∈ G, then the following identity holds

(x_1y_1x^{−1}_1 )(x_2y_2x^{−1}_2 ) · · · (x_ny_nx^{−1}_n )y^{−1}_n y^{−1}_{n−1} · · · y^{−1}_1 =

= [x_1, y_1](y_1[x_2, y_2]y^{−1}_1 ) · · · y_1y_2 · · · y_{n−1}[x_n, y_n]y^{−1}_{n−1} · · · y^{−1}_1 · · · y^{−1}_2 y^{−1}_1 ; (*) Z(G) is the center of the group G;

gen(G) is the minimal number of generators of the group G; if G_1, G_2 are groups, then G_1 ∘ G_2 is the central product of G_1, G_2 (i.e. G_1 ∘ G_2 = (G_1 × G_2)/H for some H ≤ Z(G_1 × G_2)); the symbol ∘ ∏ G_i denotes the central product of several groups; a group G is called quasisimple if it is perfect and G/Z(G) is simple; a generating conjugacy class C of the group Γ is a class such that ⟨C⟩ = Γ.

2.2. Let A be a commutative ring and let V be an A[G]-module. Let I_{A[G]} = {a_1(g_1 −1)+a_2(g_2 −1)+· · ·+a_n(g_n −1) | a_i ∈ A, g_i ∈ G} be the augmentation ideal of A[G]. If A = Z, we shall write I_G instead of

IZ[G]. An A[G]-module V is called augmentative if IA[G]V = V . Obviously,

I_{A[G]}V = I_GV and therefore an A[G]-module V is augmentative if and only if it is augmentative as a Z[G]-module.

Definition 2.1. A group Γ is called firm if there exists a normal series 1 = Γ_s C Γ_{s−1} C · · · C Γ_1 C Γ_0 = Γ such that each factor Γ_i/Γ_{i+1} is either a central product of quasisimple groups or it is abelian and an augmentative I_{Γ/Γi} -module.

2.3. Here all algebraic groups are linear algebraic groups defined over a field K ([2]). We omit the field of definition K if it is assumed to be algebraically closed.

If G is an algebraic group and X ⊂ G then X is the Zariski closure of X. Here ecn(G) is a topological extended covering number of G (see [11]):

ecn(G)^{def}= min{n|C_1C_1 . . . C_n = G}

for any generating conjugacy classes C_1, . . . , C_n of G.

3. Theorems of reduction

3.1. Nilpotent A-subgroups. Let N be a nilpotent group. Further, let 1 = N_{k+1} C N_k C · · · C N_1 = N be a central series of N (here N_i = [N_{i−1}, N ]). Put V_i = N_i/N_{i+1}.

70 N. L. GORDEEV

Definition 3.1. The group N is called an A-group if for every i the abelian group V_i is an A-module over a commutative ring A and for all n ∈ N_k, m ∈ N_l and for every a ∈ A the following congruence holds [an, m] ≡ a[n, m] ≡ [n, am](mod N_{l+k+1}). If, in addition, V = V_1 is a finitely generated A-module, then we say that N is a finitely generated A-group.

Remark 3.1. The condition of the definition always holds for A = Z. Also, if N is a connected unipotent algebraic group that is defined and split over a field K, then the condition holds for A = K.

Definition 3.2. The set {n_1, . . . , n_c} ⊂ N_1 is a commutator generating set if N_2 = [N, N ] = [n_1, N ][n_2, N ] · · ·[n_c, N ].

The minimal length c of a commutator generating set will be denoted by c_g(N ) and will be called the commutator generating length of N .

For a finitely generated nilpotent A-group we can use its graded Lie algebra (over A). Indeed, let N be a finitely generated nilpotent A-group and let L = L(N ) = ∑ 1≤i≤k V_i be a graded Lie algebra of N over A, where the Lie brackets are induced by commutators (we denote this bracket also by [x, y]).

Further, let ρ : V_1 −→ End_A(L)

be the map that is given by the formula ρ(v)(l) = [v, l] for v ∈ V_1, l ∈ L. Under these assumptions the following proposition holds.

Proposition 1. Let m_1, . . . , m_r ∈ N be elements such that

ρ(m_1(mod N_2))(L) + · · · + ρ(m_r (mod N_2))(L) = [L, L] = ∑ 2≤i≤k V_i.

PRODUCTS OF CONJUGACY CLASSES 71

Then {m_1, . . . , m_r} is a commutator generating set.

Proof. Take v_k = m_k(mod N_2) ∈ L for every k = 1, . . . , r. Let n ∈ N_i \ N_{i+1}, i ≥ 2, and let v ≡ n(mod N_{i+1}) ∈ V_i. There exists a sequence l_1, . . . , l_r ∈ V_{i−1} such that

ρ(v_1)(l_1) + · · · + ρ(v_r )(l_r ) = v. (3.1)

Let q_1, . . . , q_r ∈ N_{i−1} be elements such that l_k ≡ q_k(mod N_{i−1}) for every k ≤ r. Then from (3.1) we get

n = [m_1, q_1][m_2, q_2] · · ·[m_r , q_r]n^′, n^′ ∈ N_{i+1}. (3.2)

Now suppose that in (3.2) we have n^′ ∈ N_j \ N_{j+1}, j ≥ i + 1. In the same way as we obtained (3.2) we get

n^′ = [m_1, q^′_1][m_2, q^′_2] · · · [m_r, q^′_r]n^{′′}, n^{′′} ∈ N_{j+1} (3.3)

for some q^′_1, . . . , q^′_r ∈ N_{j−1}. Since [[m_t, q_t], [m_f , q^′_f ]] ∈ N_{i+j} and [q_t, [m_f , q^′_f ]] ∈ N_{i−1+j} for every t, f ≤ r and since i − 1 + j ≥ j + 1, i + j > j + 1, we have from (3.2) and (3.3) that

n = [m_1, q_1q^′_1][m_2, q_2q^′_2] · · · [m_r , q_rq^′_r]n^{′′′}, n^{′′′} ∈ N_{j+1}. (3.4)

Comparing (3.2) and (3.4) shows that we can get our statement by induction. �

Remark 3.2. It is a well-known and simple fact that if {n_1, . . . , n_k} is a set of generators of a nilpotent group N , then [N, N ] = [n_1, N ] [n_2, N ] · · ·[n_k, N ]. It is easy to see that instead of generators we can take here A-generators if N is an A-group. Thus, c_g(N ) ≤ gen_A(N ). Moreover, it is easy to see that if the elements n_1, . . . , n_k ∈ N such that ρ(n_1(mod N_2)), . . . , ρ(n_k(mod N_2)) generate the A-module ρ(V_1), then

ρ(n_1(mod N_2))(L) + · · · + ρ(n_k(mod N_2))(L) = [L, L]

and according to Proposition 1 the set {n_1, . . . n_k} is a commutator generating set and therefore c_g(N ) ≤ k.

Example 3.1. The difference between c_g(N ) and the numbers gen_A(ρ(V_1)) ≤ gen_A(V ) can be large. Let N = U be the maximal unipotent group of a simple algebraic group G defined over an algebraically closed field K. Then gen_K (ρ(V_1)) = gen_K (N ) = dim_K U/[U, U ] = rank G, but c_g(N ) = 1 because [U, U ] = [u, U ] for a regular unipotent element u ∈ U .

72 N. L. GORDEEV

3.2. Covering of normal nilpotent A-groups.

Theorem 1. Let Γ be a perfect group and let N C Γ be a normal nilpotent finitely generated A-subgroup. Further, let k be the minimal number such that V = V_1 = N_1/N_2 is an augmentative A[⟨γ_1, . . . , γ_k⟩] -module for some γ_1, . . . , γ_k ∈ Γ. Then ecn(Γ) ≤ (k + 1)(c_g(N ) + 1) ecn(Γ/N ).

Proof. In the following lemma we use the notation of 3.1. Lemma 1. Let m_1, . . . , m_r ∈ N be a commutator generating set and let O_1, . . . , O_r be the conjugacy classes of m_1, . . . , m_r in N . Further, let m = m_1m_2 · · · m_r . Then O_1O_2 · · · O_r = N_2m.

Proof. From (*) we have (x_1m_1x^{−1}_1 )(x_2m_2x^{−1}_2 ) · · · (x_rm_r x^{−1}_r )m^{−1}_r m^{−1}_{r−1} · · · m^{−1}_1 = = [x_1, m_1](m_1[x_2, m_2]m^{−1}_1 ) · · · m_1m_2 · · · m_{r−1}[x_r, m_r ]m^{−1}_{r−1} · · · m^{−1}_1 · · · m^{−1}_2 m^{−1}_1 for x_i ∈ N . By Proposition 1, the set

{m_1, m_1m_2m^{−1}_1 , . . . , (m_1m_2 · · · m_{r−1})m_r (m^{−1}_{r−1} · · · m^{−1}_1 )} is also a commutator generating set. Thus O_1O_2 · · · O_rm^{−1} = N_2.

�

Now we prove Theorem 1.

Put e = ecn(Γ/N ), c = c_g(N ). Let X, Y_1, . . . , Y_k, Z_1, . . . , Z_c be products of e generating conjugacy classes of Γ and let Z̃_1, . . . , Z̃_c be products of ke generating conjugacy classes. We can fix γ_1 ∈ Y_1, . . . , γ_k ∈ Y_k such that V is an augmentative Z⟨γ_1, . . . , γ_k⟩-module. From (*) (see [11], Proposition 1) it follows that V ⊂ γY_1Y_2 · · · Y_k(mod N_2), (3.5)

PRODUCTS OF CONJUGACY CLASSES 73

where γ = γ^{−1}_k γ^{−1}_{k−1} · · · γ^{−1}_1 . For the same reason as for (3.5) there are element δ_1 ∈ Z_1, . . . , δ_c ∈ Z_c such that V ⊂ δ_iZ̃_i(mod N_2) for every i ≤ c. (3.6) Now (3.6) implies that we can fix a minimal commutator generating set {m_1 ∈ δ_1Z̃ ∩ N, . . . , m_c ∈ δ_cZ̃_c ∩ N }. (3.7) Put m = m_1m_2 · · · m_c. By Lemma 1, N_2 ⊂ m^{−1}Z_1Z̃_1Z_2Z̃_2 · · · Z_cZ̃_c. (3.8) Since m^{−1} ∈ N , we see that (3.5) and (3.8) imply N ⊂ γ(Y_1Y_2 · · · Y_k)(Z_1Z̃_1Z_2Z̃_2 · · · Z_cZ̃_c). (3.9) Now let σ ∈ Γ. We can find elements σ_1, τ ∈ Γ such that σ_1τ ∈ X, σ = σ_1n_1, γ = n_2τ, n_1, n_2 ∈ N. (3.10) From (3.9), (3.10) σ_1τ = (σ_1n_1)(n^{−1}_1 n^{−1}_2 )(n_2τ ) = σnγ ∈ X, n ∈ N. (3.11) From (3.9) , (3.11) σ ∈ X(Y_1Y_2 · · · Y_k)(Z_1Z̃_1Z_2Z̃_2 · · · Z_cZ̃_c).

The number of generating conjugacy classes in the product above is equal to e + ke + c(ke + e) = (k + 1)(c + 1)e. �

In Theorem 1 we do not suppose that V is an augmentative Z[G]- module (thus k = ∞ is possible). In the following corollaries we keep the assumptions of Theorem 1. Moreover, we assume that V is an augmentative Z[G]-module. Corollary 1.

ecn(Γ) ≤ (gen(Γ) + 1)(c_g (N ) + 1) ecn(Γ/N ).

Proof. Obviously, k ≤ gen(Γ). �

74 N. L. GORDEEV

Corollary 2. Suppose A is either a field or a local ring , or A = Zand V = N_1/N_2 is a finite abelian group. Then

ecn(Γ) ≤ (k + 1)(gen_A(N ) + 1) ecn(Γ/N )

≤ (gen(Γ) + 1)(gen_A(N ) + 1) ecn(Γ/N ).

Proof. This follows from Remark 3.2 and Corollary 1. �

3.3. Normal semisimple subgroups.

Let Γ be a perfect group and let Q C Γ be a finite normal subgroup of the form Q = j=m∏ j=1 Q_i, where Q_i is a finite quasisimple group. Further, let π : Γ −→ S_m be the homomorphism that is induced by the action of Γ on the set {Q_j}.

Suppose m = 1. Then Aut(Q) is a soluble group (this follows from the Classification). Since Γ is a perfect group, the natural homomorphism Γ −→ Aut(Q) is trivial. Hence Γ = Q ∘ Δ, where Δ/Z = Γ/Q for some Z ≤ Z(Q). In this case, e(Γ) = min{ecn(Δ), ecn(Q)}. Moreover, one can easily check that e(Γ) ≤ e_M (1 + e_M ecn(Q)), where e_M = max{ecn(Q), ecn(Γ/Q)}. In Theorem 2 below we exclude the case m = 1.

Theorem 2. There exists a general constant c such that for every perfect group Γ and for every semisimple normal subgroup Q C Γ with a nontrivial (m > 1) transitive permutation representation π the following inequality holds

ecn(Γ) ≤ (1 + 2 min{c, ecn(Q)}) ecn(Γ/Q).

Proof. Below we use the notion of a big element.

The elements of a finite quasisimple group G are called big if a product of any c conjugacy classes of them coincides with G, where c is a general constant that does not depend on G.

It is possible to define big elements since the existence of such c has been shown in [11]. Indeed, let us fix a constant c such that c > ecn(G) for

PRODUCTS OF CONJUGACY CLASSES 75

every quasisimple sporadic group G and for every group of Lie type of Lie rank ≤ 8. If G is one of those groups, then every non-central element is big. If G is a central extension of an alternating group, then the preimages of cycles of maximal length are big [7]. Now let G be a group of Lie type corresponding to the simple root system {α_1, . . . , α_r}, r > 8 (the numeration of roots corresponds here to [3]; for twisted groups of type 2A_{2r},^2 A_{2r+1} we assign root systems B_r , C_r, respectively, as in [6]), let G = BN B be the Bruhat decomposition, and let B = HU, W = N/H. Further, denote by ẇ_a = ∏ i≤a ẇ_{αi} the product of the first a elements (in any order) of the form ẇ_{αi} , where w_{αi} ∈ W is the corresponding reflection and ẇ ∈ N is a preimage of w ∈ W . Let

g = ẇ_ru, u ∈ U, if G is of type A_r, r > 8;

ẇ_{r−1}u, u ∈ U, if G is of type B_r , C_r, r > 8, or D_{2l}, 2l = r > 8; ẇ_{r−2}u, u ∈ U, if G is of type D_{2l+1}, 2l + 1 = r > 8. (3.12) If we take elements that are conjugate to such g, we will have big elements as well if we add to this set all regular unipotent elements (see [11], Proof of Theorem 6). Below, by a big element in the case of a group of Lie type of rank > 8 we will mean either regular unipotent elements or elements that are conjugate to elements g of the form (3.12). For other groups, a big element is a non-central element. Note that sets of elements which we call big are invariant under automorphisms of G (for groups of Lie type this follows from the description of automorphisms [18], for others it is an obvious statement).

Lemma 2. Let G be a finite quasisimple group, let q ∈ G be a fixed element, and let f ∈ Aut(G) be a fixed automorphism. Then there exist two big elements y_1, y_2 ∈ G such that y_1f(y^{−1}_2 ) and y_2q both are big.

Proof. We may assume q /∈ Z(G). For sporadic groups and for groups of small Lie rank the statement is trivial. Let G/Z(G) be an alternating group, then there exists y_2 ∈ G such that y_2(mod Z(G)) and y_2q(mod Z(G)) are cycles of maximal length (see [7]). Now f(y^{−1}_2 )(mod Z(G)) is again a cycle of maximal length. Thus we can find an element y_1 ∈ G such that y_1(mod Z(G)) and y_1f(y^{−1}_2 )(mod Z(G)) are both cycles of maximal length.

76 N. L. GORDEEV

Now let G be a group of Lie type with rank(G) > 8. If q ∈ Z(G), we can take f(y^{−1}_2 ) = u ∈ U a regular unipotent element and y_1 = ẇ_a, where a = r, r − 1, or r − 2 with respect to the cases (3.12). Suppose q /∈ Z(G). Then there exists an element γ ∈ G such that γ^{−1}qγ = vu, where v ∈ U^−, u ∈ U (here U^− and U are groups generated by negative and positive root subgroups, respectively)[8]. Put y_2 = γẇ_av^{−1}γ^{−1}, where a = r, r − 1, r − 2 is defined according to (3.12). Let w_0 be the longest element in the corresponding Weyl group and let ẇ_0 be a preimage of w_0 in N . Then ẇ_0ẇ_av^{−1}ẇ_0 = ẇ^′_au^′ for some element w^′_a which is also defined according to (3.12) and for some u^′ ∈ U (this follows from the definitions in (3.12)). Hence y_2 is also a big element. The element y_2q = γẇ_auγ^{−1} is also big. Further, let v^′ ∈ U^− be an element such that v^′v is a regular unipotent element. Put y_1 = f(γẇ_a v^′γ^{−1}). Then this element is also big as well as the element

y_1f(y^{−1}_2 ) = f((γẇ_a v^′γ^{−1})(γvẇ^{−1}_a γ^{−1})) = f(γẇ_a (v^′v)ẇ^{−1}_a γ^{−1})

because v^′v is a regular unipotent element. �

Lemma 3. Let n ≥ ecn(Γ/Q) and let C_1, . . . , C_n be generating conjugacy classes of Γ. Then there exists an element γ ∈ C_1C_2 · · · C_n such that the permutation π(γ) has no fixed point.

Proof. This follows from the transitivity of π. �

Lemma 4. Let n ≥ 2 ecn(Γ/Q) and let C_1, . . . , C_n be generating conjugacy classes of Γ. Then in the product C_1C_2 · · · C_n one can find an element q = j=m∏ j=1 q_j, q_j ∈ Q_j, where each q_j is a big element of Q_j .

Proof. Let γ ∈ Γ be an element such that the permutation π(γ) has no fixed point and let π(γ) = s_1s_2 · · · s_k be the decomposition into independent cycles. We may assume that the cycles s_1, . . . , s_k correspond to the natural order on [1, m], i.e., s_1 = (12 . . . r), s_2 = ((r + 1)(r + 2) . . . ) . . . . Consider the cycle s_1 = (12 . . . r). Note, all groups Q_j are isomorphic to each other. If we put Q_0 = Q_1 and fix the isomorphisms ϕ_j : Q_0 −→ Q_j defined by the formula ϕ(Q_0) = γ^{j−1}Q_0γ^{1−j} , then we can consider elements of the groups Q_j also as elements of the group Q_0. By

PRODUCTS OF CONJUGACY CLASSES 77

f_1 : Q_0 −→ Q_0 we denote the automorphism defined by the formula f_1(q) = γ^r qγ^{−r} for q ∈ Q_0 = Q_1. Further, if y = j=r∏ j=1 y_j, y_j ∈ Q_j, (3.13)

then [y, γ] = (y_1f_1(y^{−1}_r )) × (y_2y^{−1}_1 ) × · · · × (y_r y^{−1}_{r−1}), (3.14)

where (y_1f_1(y^{−1}_r )) ∈ Q_1, (y_j y^{−1}_{j−1}) ∈ Q_j for every 2 ≤ j ≤ r.

Put in (3.13) y_j = 1 for even j. Then from (3.14)

[y, γ] = y_1 × y^{−1}_1 × y_3 × y^{−1}_3 × · · · × y_{r−1} × y^{−1}_{r−1}, (3.15)

where y_j ∈ Q_j, y^{−1}_j ∈ Q_{j+1} if r is even and

[y, γ] = (y_1f_1(y^{−1}_r )) × y^{−1}_1 × y_3 × y^{−1}_3 × · · · × y_r , (3.16)

where (y_1f_1(y^{−1}_r )) ∈ Q_1, y_j ∈ Q_j, y^{−1}_j ∈ Q_{j+1} if r is odd.

Below we consider an element y ∈ Q constructed according to some rule for a cycle s_1. If we construct elements y(l) for every cycle s_l that is contained in π(γ) according to the same rule and if we take the product of the elements y(l) and denote it by y, we get from (3.15) and (3.16) a system of independent parameters y_1, . . . , y_s, s ≤ m/2 + 1, such that [y, γ] = j=m∏ j=1 v_j , v_j ∈ Q_j, (3.17)

where, under an appropriate renumeration of y_1, . . . , y_s, we have

v_j = y_j or y^{−1}_{j−1} or y_jf_l(y^{−1}_r ) for some j < r and some l 6 k.

(3.18)

(In (3.18) f_l is the automorphism corresponding to the cycle s_l which is constructed by the same rule as f_1 for s_1.) Moreover, the same parameter y_j of (3.18) occurs for exactly two components in (3.17), namely, either v_j = y_j , v_{j+1} = y^{−1}_j , or v_j = y_j f_l(y^{−1}_r )), v_{j+1} = y^{−1}_j for some y_r and in the latter case v_r = y_r .

Now let δ ∈ Γ be an element satisfying the condition

δ = γ^{−1}q^′, q^′ ∈ Q, (3.19)

78 N. L. GORDEEV

and let q^′ = j=m∏ j=1 q^′_j, q^′_j ∈ Q_j. (3.20)

Further, consider again the decomposition π(γ) = s_1s_2 · · · s_k and a cycle s_1 = (12 . . . r). We have π(γ^{−1}) = s^{−1}_1 s^{−1}_2 · · · s^{−1}_k and s^{−1}_1 = (r(r − 1) . . . 1). Put n_1 = j=r∏ j=1 q^′_j. (3.21)

Further, consider the sequence of elements of the group Q_0 u_1 = q^′_1, u_2 = q^′_1q^′_2, . . . , u_{r−1} = q^′_1q^′_2 · · · q^′_{r−1}, u_r = 1 (3.22) and consider each element u_j of this sequence also as an element of Q_j. Put w_1 = j=r∏ j=1 u_j. (3.23)

From (3.13), (3.14) and (3.21)–(3.23) we get

[γ, w_1] = q^{′−1}_1 × (q^′_1q^{′−1}_2 q^{′−1}_1 ) × · · · × (q^′_1q^′_2 · · · q^′_{r−1}) and therefore

[γ, w_1](w_1n_1w^{−1}_1 ) = j=r∏ j=1 q^{′′}_j , q^{′′}_1 = · · · = q^{′′}_{r−1} = 1, q^{′′}_r = q^′_1q^′_2 · · · q^′_r. (3.24) Now let us construct in the same way elements w_2, . . . , w_k and put w = w_1 × w_2 × · · · × w_k. We have

wγ^{−1}q^′w^{−1} = γ^{−1}[γ, w](wq^′w^{−1}) = γ^{−1} l=k∏ l=1 [γ, w_l](w_ln_lw^{−1}_l ). (3.25)

By Lemma 3 we can find in a product of e = ecn(Γ/Q) generating conjugacy classes of Γ an element γ such that π(γ) has no fixed point. In any other product of e generating conjugacy classes of Γ we can find an element δ of the form (3.19). Moreover, (3.24) and (3.25) imply that the element δ can be chosen such that the factor q^′ in (3.19) has trivial components except for one index in each cycle π(γ) (like in (3.24)). Thus,

PRODUCTS OF CONJUGACY CLASSES 79

in the product of 2e generating conjugacy classes of Γ we can find an element of the form

yγy^{−1} γ^{−1}q^′ = [y, γ]q^′ = j=m∏ j=1 v_j q^′_j, where each v_j has the form (3.18). Let j be the last number of a cycle s_l = (j_1j_2 . . . j−1j). Hence v_j = y_j if s_l is an odd cycle, or v_j = y^{−1}_{j−1} if it is an even cycle. Let s_l be an odd cycle. By Lemma 2 we can take parameters y_{j1} , y_j such that both parameters as well as y_j q^′_j and y_{j1} f_l(y^{−1}_j ) are big. Also, we can take the parameters y_{j3} , . . . , y_{j−2} to be big. Let s_l be an even cycle. By Lemma 2, we can take the parameters y_{j1} , . . . , y_{j−1} to be big and such that y^{−1}_{j−1}q^′_j is also big. The construction of the element q^′ implies (see (3.24)) that q^′_{j1} = q^′_{j1+1} = · · · = q^′_{j−1} = 1 and therefore all elements v_{j1} q^′_{j1} = v_{j1} , . . . , v_{j−1}q^′_{j−1} = v_{j−1}, v_jq^′_j are big. Since the same can be done for every cycle, we have our statement.

�

Now we can prove Theorem 2.

Let c be the constant defined above and let

e_c = min {c, ecn(Q_0)}.

Let σ ∈ Γ, then in a product of e = ecn(Γ/Q) generating conjugacy classes of Γ we can find an element of the form σq for some q ∈ Q. Further, in a product of 2e generating conjugacy classes of Γ we can find an element q^′ ∈ Q which has big components (Lemma 4) and hence we can find in a product of 2ee_c generating conjugacy classes every element of the group Q, in particular, the element q^{−1}. Thus, in a product of e + 2ee_c generating conjugacy classes we can find every element σ of Γ.�

4. Extended covering numbers for some finite perfect groups

4.1. Firm groups.

Let Γ be a finite perfect group. Then there exists a series of normal subgroups of Γ :

1 = Γ_n C Γ_{n−1} C · · · C Γ_1 C Γ_0 = Γ (4.1)

satisfying the following conditions:

80 N. L. GORDEEV

a. Γ_1 is a minimal normal subgroup of Γ such that Γ_0/Γ_1 = ∘ ∏ j S_j, where {S_j } are quasisimple groups;

b. every factor Γ_i/Γ_{i+1} for i > 1 is either nilpotent or is isomorphic to ∘ ∏_{j=m} j=1 Q_j , where {Q_j} are isomorphic quasisimple groups, m > 1, and the natural action of Γ/Γ_i (by conjugation) on {Q_j } is transitive.

Indeed, we can construct such series in the following way. Let Γ_1 C Γ be a minimal normal subgroup of Γ satisfying the condition a.. Obviously, we can find a decreasing series of normal subgroups {Γ_i}_{i≥2} of Γ which are contained in Γ_1 and satisfying conditions b., but with m ≥ 1. Let us show that in each factor isomorphic to a semisimple group we have m > 1. Suppose m = 1 for a factor i, i.e., Γ_i/Γ_{i+1} ∼= Q for a quasisimple finite group Q. Since Aut(Q) is a soluble group (this follows from the Classification) and Γ is a perfect group, the natural homomorphism Γ/Γ_i −→ Aut(Q) is trivial. Hence Γ/Z(Q)Γ_{i+1} = Q/Z(Q) × Γ/Γ_i and therefore there exists a normal subgroup N C Γ such that Γ/N = Q ∘ (∘ ∏ j S_j ). This contradicts the choice of Γ_1. Thus the condition b. also holds.

Below we assume that n is the smallest number such that a. and b. hold. Let n − 1 = n_1 + n_2, (4.2)

where n_1 and n_2 are the numbers of the nilpotent and the semisimple factors Γ_i/Γ_{i+1}, i > 1, respectively.

Let d be a general constant such that

ecn(S) ≤ d · rank S (4.3)

for every quasisimple perfect group S (where rank S is the Lie rank of S if S is a group of Lie type, rank S = n if S/Z(S) = A_n, and rank S = 1 if S is a sporadic group (see [11]).

Proposition 2. Let Γ be a firm finite group. Then

ecn(Γ) ≤ (3 gen(Γ))^{n1} (1 + 2c)^{n2} · max{d rank S_j },

where c is the general constant of Theorem 2.

Proof. Let N C G be a nilpotent normal subgroup of the finite group G and let every factor N_i/N_{i+1} be an augmentative Z[G]-module. Then ecn(G) ≤ 3 gen(Γ) ecn(G/N ) ([11, Proposition 3]). Now our estimate follows from Theorem 2 and (4.3). �

PRODUCTS OF CONJUGACY CLASSES 81

4.2. Two step groups. Let Γ be a finite perfect group that has a normal nilpotent subgroup N C Γ such that the corresponding factor G = Γ/N = ∘ ∏_{i=l} i=1 S_i, where S_i is a quasisimple group.

Let V = N_1/N_2 where N_1 = N, N_2 = [N, N ]. We may assume that V is an augmentative Z[G]-module. Indeed, if it is not, there exists a normal subgroup Ñ of Γ which is contained in N such that Γ/Ñ is a central extension G̃ of G. Hence G̃ = ∘ ∏_{i=l} i=1 S̃_i, where S̃_i is a central extension of S_i. Thus, we can consider Ñ instead of N . If we take the smallest normal nilpotent subgroup of Γ such that the corresponding factor is a central product of quasisimple groups, we will have our assumption. Now we can apply Corollary 2 to Γ:

ecn(Γ) ≤ (gen(G) + 1)(gen(N ) + 1) ecn(G). (4.4)

Using [11, Theorem 3] we get

ecn(G) ≤ d · log_2 |G|. (4.5)

Using gen(S_i) = 2 we can simply get gen(G)+1 ≤ l+2. Further, gen(N ) ≤ gen(N/[N, N ]) ≤ log_2 |(N/[N, N ])| ≤ log_2 |N |. Now we have from (4.4) and (4.5) Proposition 3. Let Γ be a group satisfying the condition 4.2. Then

ecn(Γ) ≤ d(l + 2)(log_2 |N | + 1) log_2 |G|.

4.3. Some linear groups. Let Γ be a finite perfect group satisfying the conditions 4.2.

Proposition 4. Let ρ : Γ −→ GL(U ) be a faithful irreducible representation. Suppose G is a quasisimple group of Lie type. Then

ecn(Γ) ≤ c · dim U log_2 dim U

for a general constant c which does not depend on Γ or ρ. Proof. We will use Lemma 5. Let N be a nilpotent subgroup and let A C N be an abelian normal subgroup of N . Then c_g(N ) ≤ gen(N/A). Proof. Let L = L(N ) be the graded Lie ring of N (see Section 3) and let L_A ≤ L be the subalgebra generated by the elements

82 N. L. GORDEEV

(A ∩ N_i)(mod(N_{i+1})) for every i. Since A C N , the algebra L_A is an abelian ideal of L. Let n_1, . . . , n_r ∈ N, a_1, . . . , a_s ∈ A be elements such that {n_1(mod(A)), . . . , n_r(mod(A))} is a minimal set of generators of N/A and {n_1, . . . , n_r, a_1, . . . , a_s} is a set of generators of N . Since [a_i, L_A] = 0 for every i = 1, . . . , s we have [L, L_A] = [n_1, L_A] + · · · + [n_r, L_A]. (4.6) Let Ñ = ⟨n_1, . . . , n_r⟩ and let L̃ ≤ L be the Lie subring generated by the elements (Ñ ∩ N_i)(mod(N_{i+1})) for every i. Obviously, L = L̃ + L_A. (4.7) Now (4.6) , (4.7) and Proposition 1 imply that {n_1, . . . , n_r} is a commutator generating set for N and hence we have our statement. � Lemma 6. Let n = p^k and let N ≤ S_n be a transitive p-subgroup. Then gen(N ) ≤ k. Proof. Let

X = [1, n] = i=p⋃ i=1 X_i, X_i = [(i − 1)p^{k−1} + 1, ip^{k−1}].

We consider S_n as a group acting on X and let P_i be a Sylow p-subgroup of the permutation group of X_i which is isomorphic to S_pk�1 . Further, let Σ = ⟨σ⟩ ≤ S_n be the subgroup interchanging {X_i} (we assume σ^p = 1). Let P ≤ S_n be a Sylow p-subgroup. Then we may assume P = Q · Σ, Q = P_1 × P_2 × · · · × P_p C P, N ≤ P. Let ϕ : P −→ P/Q = Σ, p_i : Q −→ P_i be the natural homomorphisms. Since N is a transitive subgroup of S_n, we have ϕ(N ) = Σ. Let n_0 ∈ N be a fixed preimage of σ. Further, let O = Ker(N^ϕ−→ Σ).

Then N = ⟨n_0, O⟩.

Further, the map p_i induces the surjective map p̄_i : V = O/[O, O]O^p −→ V_i = p_i(O)/[p_i(O), p_i(O)]p_i(O)^p.

PRODUCTS OF CONJUGACY CLASSES 83

The action of n_0 by conjugation on O induces the action on V . Moreover, n^p_0(v) = v for every v ∈ V because n^p_0 ∈ O. Note, all subspaces V_i are isomorphic to each other and the element n_0 acts on the set {V_i} as a p-cycle. We identify V_i with a vector space n^{i−1}_0 (V_1) and consider the F_p[⟨n_0⟩]-module ∏ i V_i. Put y ∈ ∏ i V_i, then

y = (v_1, v_2, . . . , v_p), v_1, v_2, . . . v_p ∈ V_1, (4.8) and n_0(y) = (v_p, v_1, . . . , v_{p−1}). (4.9)

Consider the action of n_0 on the vector space V over the field F_p. Let V = U_1 ⊕ · · · ⊕ U_s be the decomposition of V into indecomposable ⟨n_0⟩-modules, where each U_j corresponds to a Jordan block of n_0. We have s = dimF_p V^{⟨n0⟩}. (4.10)

If x ∈ V^{⟨n0⟩} then (4.8) and (4.9) imply x = (v, v, . . . , v), v ∈ V_1. (4.11) From (4.10), (4.11) s ≤ dimF_p V_1. (4.12)

Further, since N is a transitive group, the group p_1(O) is also a transitive subgroup of S_pk�1 . We can make the induction hypothesis (with respect to k):

gen p_1(O) ≤ k − 1. (4.13)

But gen p_1(O) = dimF_p V_1 and therefore (4.12) and (4.13) imply

s ≤ k − 1. (4.14)

Now for every j ≤ s choose one element u_j ∈ U_j \ (n_0 − 1)U_j . Then j=s∑ j=1 Fp[⟨n0⟩]uj = V. (4.15) Let {n_j}^{j=s}_{j=1} be the set of preimages of elements u_j in the group O. Then (4.15) shows that N = ⟨n_0, n_1, . . . , n_s⟩. Now our statement follows from (4.14). �

84 N. L. GORDEEV

Lemma 7. Let N ≤ GL(U ) be an irreducible finite nilpotent group. Then c_g(N ) ≤ log_2 dim U.

Proof. Let N = ∏ p N_p be the decomposition of N into the product of its Sylow p-groups. Since N is irreducible, the N -module U is decomposed into the tensor product ⊗_pU_p of irreducible N_p-modules. Hence

dim U = ∏ p dim U_p. (4.16)

Further, the union of commutator generating sets of all components {N_p} is a commutator generating set of N . Hence c_g(N ) ≤ ∑ p c_g(N_p). (4.17)

Now (4.16) and (4.17) reduce our statement to the case of p-groups. Now we assume that N is a p-group. Since N is irreducible, N is monomial of dimension p^k for some k and there exists a transitive irreducible representation ϕ : N −→ S_pk . We have A = Ker ϕ is an abelian normal subgroup of N . By Lemmas 5 and 6 we obtain

c_g(N ) ≤ gen(ϕ(N )) ≤ k = log_p dim U ≤ log_2 dim U.

�

Now we can prove Proposition 4.

Since ρ is irreducible, the Clifford Theorem implies that the restriction of ρ to N is a sum of irreducible representations ρ_i : N −→ GL(U_i), i = 1, . . . , m, and U = U_1 + · · · + U_m.

Moreover, the group G = Γ/N acts on the set {U_i} transitively. Hence there exists a transitive permutation representation ϕ : G −→ S_m. Put m_1 = dim U_1. Then dim U = mm_1. (4.18)

Consider N_i = ρ_i(N ) for every i = 1, . . . , m. By Lemma 7,

c_g(N_i) ≤ log_2 m_i. (4.19)

PRODUCTS OF CONJUGACY CLASSES 85

Let X ⊂ N be a set such that ρ_i(X) is a commutator generating set of N_i for every k. Since ρ is faithful, the set X is a commutator generating set of N . Now from (4.19),

c_g(N ) ≤ m log_2 m_1. (4.20)

From (4.3),(4.20) and Theorem 1,

ecn(Γ) ≤ 3d · (m log_2 m_1 + 1) rank G. (4.21)

(Here d is a general constant as in (4.3) and k as in Theorem 1 is equal to two because gen(G) = 2.) Further, since G is a group of Lie type and the permutation representation ϕ is transitive, we have m = 1 or m ≥ c_0 · 2^{rank G} for a general constant c_0. Hence, if m > 1,

rank G ≤ c_1 log_2 m (4.22)

for a general constant c_1. Now, if m > 1, then from (4.18),(4.21), (4.22)

ecn(Γ) ≤ c · m log_2 m_1 log_2 m ≤ c · dim U · log_2 dim U (4.23)

for a general constant c.

Let ρ be an irreducible representation. Then m = 1 and dim U = m_1. The kernel of the natural homomorphism θ : G −→ N/[N, N ] (θ is induced by conjugation) is contained in the center of G (because G is quasisimple). Hence gen(N ) ≥ c_2 rank G for some general constant c_2. Now let r, s be numbers from the proof of Lemma 5. We have r ≤ log_2 m_1. Since s is less or equal to the number of generators of a subgroup of the diagonal group of GL_{m1} , we have s ≤ m_1. Hence gen(N ) = r + s ≤ 2m_1 and therefore m_1 ≥ c_3 rank G for some general constant c_3. Now from (4.21) we have again (4.23). �

5. Perfect Linear Algebraic Groups

5.1. The extended covering number for firm groups. Let Γ be a linear perfect algebraic group, let R_u(Γ) be its unipotent radical and G = Γ/R_u(Γ). Since Γ is perfect, G = G_1 ∘ · · · ∘ G_k where G_i is a simple algebraic group corresponding to the root system R_i. Let r_i be the Lie rank of G_i. Put

l_i = { r_i + 1 if all roots of R_i have the same length, 2r_i if roots of R_i have different length, and put l(Γ) = max{l_i | 1 ≤ i ≤ k}.

86 N. L. GORDEEV

Theorem 3. Let Γ be a connected linear algebraic group. Suppose Γ is a firm perfect group. Then

ecn(Γ) ≤ ecn(G) + 1 ≤ l(Γ) + 1.

Proof. Put e = ecn(G). Let Q_1, . . . , Q_e, Q_{e+1} be generating conjugacy classes of Γ and let C_1, . . . , C_e, C_{e+1} be their images in G. Further, let H be a maximal torus of G. There is only a finite number of maximal proper closed subgroups of G that contain the maximal torus H (see [2]). Hence there exists an open subset X ⊂ C_{e+1} such that

⟨H, x⟩ = G for every x ∈ X. (5.1) Let R_1 = [R_u(Γ), R_u(Γ)], . . . , R_k = [R_{k−1}, R_u(Γ)], R_{k+1} = [R_k, R_u(Γ)] = 1.

Further, let V_i = R_i/R_{i+1}. Then V_i is an augmentative Z[G]-module for every i (because Γ is a firm perfect group). Let [V_i, H] = ⟨[v, h] | v ∈ V_i, h ∈ H⟩. From (5.1) we have for every i

[V_i, H] + [V_i, x] = V_i for every x ∈ X. (5.2)

Let χ_{i1}, . . . , χ_{isi} be the non-trivial weights corresponding to the natural linear representation of the torus H on V_i. Then

{h ∈ H | [V_i, h] ≠ [V_i, H] for some i} = ⋃ i,j Ker(χ_{ij}) ≠ H. (5.3)

Now (5.2) and (5.3) imply that there exists an open subset Y ⊂ H such that for every i

V_i is an augmentative Z[⟨y, x⟩]-module for every x ∈ X, y ∈ Y. (5.4) Since C_1C_2 . . . C_e = G,

there exists a dense open subset Y_1 = Y ∩ C_1C_2 · · · C_e ∩ H in H such that for every y_1 ∈ Y_1 and for every x ∈ X the Z[⟨y_1, x⟩]-module V_i is augmentative for every i (this follows from (5.4)). Since the set {gHg^{−1} | g ∈ G} contains a dense open subset of G [2], we have a dense subset M = {(y, x)} of G × C_{e+1} such that V_i is an augmentative Z[⟨y, x⟩]- module for every (y, x) ∈ M and every i and, moreover, {y | (y, x) ∈ M } is a dense open subset of G. Obviously, {yx | (y, x) ∈ M } = G. (5.5)

PRODUCTS OF CONJUGACY CLASSES 87

Now if g = yx, (y, x) ∈ M , we have for u_1, u_2 ∈ R_u(Γ)

(u_1yu^{−1}_1 )(u_2xu^{−1}_2 ) = yx(x^{−1}y^{−1})(u_1yu^{−1}_1 )(u_2xu^{−1}_2 ) = g(x^{−1}[y^{−1}, u_1]x[x^{−1}, u_2]). (5.6) For every u ∈ R_u(Γ) there exist u_1, u_2 ∈ R_u(Γ) such that u = x[y^{−1}, u_1]x^{−1}[x^{−1}, u_2] (5.7) (because V_i is an augmentative Z[⟨y, x⟩]-module for every i ([11], proof of Proposition 2)). Now (5.5), (5.6), and (5.7) imply Γ = Q_1Q_2 · · · Q_eQ_{e+1}. (5.8) Now our statement follows from (5.8) and [11, Theorem 1]. � Theorem 3 implies ecn(Γ) ≤ 2l(Γ) + 2. However, the proof of Theorem 3 supplies a better estimate.

Corollary 3. Let Γ be a connected linear algebraic group that is also a firm perfect group, then ecn(Γ) ≤ 2l(Γ) + 1.

Proof. The proof of Theorem 3 implies that there is a dense open subset S ⊂ G such that {gu | g ∈ S, u ∈ R_u(Γ)} ≤ Q_1Q_2 · · · Q_{e+1} for all generating conjugacy classes Q_1, Q_2, . . . , Q_{e+1}, where e = l(Γ). Further, let P_1, . . . , P_e be generating conjugacy classes of Γ and let D_1, . . . , D_e be their images in G. Since D_1D_2 · · · D_e contains a dense open subset S_1 of G and S_1S = G, we have Γ = P_1P_2 · · · P_eQ_1Q_2 · · · Q_{e+1}.

�

Example 5.1. Let G = SL_n(C) and let V = U ⊕ · · ·⊕ U = nU, n > 2, where U is an irreducible 3-dimensional G-module. Further, let Γ = V · G be a semidirect product. Then Γ is a connected algebraic group that is also a firm perfect group. Here l(G) = r(G) + 1 = 2. Let us show ecn(Γ) = 3.

Indeed, let Q be a conjugacy class of Γ generated by a semisimple element g ∈ G of order > 2. Consider the set

M = V ∩ Q^2 = V ∩ {(v_1σ_1gσ^{−1}_1 v^{−1}_1 )(v_2σ_2gσ^{−1}_2 v^{−1}_2 )

88 N. L. GORDEEV

| σ_1, σ_2 ∈ G, v_1, v_2 ∈ V }.

Put g_1 = σ_1gσ^{−1}_1 , g_2 = σ_2gσ^{−1}_2 . The element (v_1g_1v^{−1}_1 )(v_2g_1v^{−1}_2 ) belongs to V if and only if g_2 = g^{−1}_1 . Put g_1 = γ. Then (v_1g_1v^{−1}_1 )(v_2g_2v^{−1}_2 ) = [v_1, γ][γ, v_2] ∈ V_γ , where V_γ is the direct γ-invariant complement of V^γ . Since dim V_γ = 2n, we have dim M ≤ dim V_γ + 2 < dim V if n > 2. Hence Q^2 ≠ Γ and therefore ecn(Γ) > 2. According to the Theorem 3, ecn(Γ) ≤ 3. Hence ecn(Γ) = 3.

References

1. Z. Arad, M. Herzog, Products of conjugacy classes in groups. Lect. Notes in Math., vol. 1112, Springer-Verlag, Berlin/New York (1985).

2. A. Borel, Linear algebraic groups. Second Enlarged Edition. Springer-Verlag (1997).

3. N. Bourbaki, Groupes et algèbres de Lie IV, V, VI, Hermann, Paris (1968). 4. J. L. Brenner, Covering theorems for finasigs, X. — Ars Combinatoria 16 (1983), 57–67.

5. J. L. Brenner, R. J. List, Application of partition theory to groups: Covering the alternating group by products of conjugacy classes, in: Number Theory, ed. J.M.De Koninck and C.Levesque, Walter de Gruyter, Berlin, New York (1989), 65–71.

6. R. W. Carter, Simple groups of Lie type. John Wiley & Sons, London (1989). 7. Y. Dvir, Covering properties in permutation groups, in: [1], ch.3. 8. E. W. Ellers, N. Gordeev, Gauss decomposition with prescribed semisimple part in Chevalley groups. — Comm. Algebra 22 (1994), 5935–5950, 23 (1995) 3085–3098, 24 (1996), 4447–4475.

9. E. W. Ellers, N. Gordeev, M. Herzog, Covering numbers for Chevalley groups. — Israel J. Math. 111 (1999), 339–372.

10. N. Gordeev, Products of conjugacy classes in algebraic groups I, II. J. Algebra 173 (1995), 714–744, 745–779.

11. N. Gordeev, J. Saxl, Products of conjugacy classes in Chevalley groups, I: Extended covering numbers. — Israel J. Math. 130 (2002), 207–248.

12. N. Gordeev, J. Saxl, Products of conjugacy classes in Chevalley groups, II: Covering and generation. — Israel J. Math. 130 (2002), 248–258.

13. A. Lev, Products of cyclic similarity classes in the groups GLn(F ). — Linear Algebra Appl. 202 (1994), 235–266.

14. A. Lev, The covering number of the group PSLn(F ). — J. Algebra 182 (1996), 60–84.

15. R. Lawther, M. Liebeck, On the diameter of a Cayley graph of a simple group of Lie type based on a conjugacy class. — J. Combinatorical Theory, Ser.A, 83 (1998), 118–137.

16. M. Liebeck, A. Shalev, Diameters of finite simple groups: sharp bounds and applications. — Annals of Math. 154 (2001), 383–406.

17. N. Nikolov, On the commutator width of perfect groups. — Bull. London Math.

Soc. 36 (2004), no. 1, 30–36.

18. R. Steinberg, Lectures on Chevalley groups. Yale University (1967).

PRODUCTS OF CONJUGACY CLASSES 89 19. I. Zisser, The covering numbers of the sporadic simple groups. — Israel J. Math.

67 (1989), 217–224.

Postupilo 17 oktØbrØ 2004 g.

Russian State Pedagogical University St. Petersburg E-mail: nickgordeev@mail.ru