Zapiski nauqnyh seminarov POMI Tom 321, 2005 g.

N. Kehayopulu, J. S. Ponizovskii, K. P. Shum

RETRACT EXTENSIONS OF ORDERED SETS

Abstract. Ideal extensions of ordered semigroups have been considered by Kehayopulu and Tsingelis in [9]. Ideal extensions of ordered sets have been considered by Kehayopulu in [10]. Equivalent extensions of ordered sets have been considered by Kehayopulu and Shum in [11]. In the present paper we introduce and study the concept of the retract extensions of ordered sets. There are given an example of an extension which is retract and an example of an extension which is not retract.

1. Introduction-Prerequisites

The extension problem for groups is as follows: Given two groups H and K, construct all groups G which have a normal subgroup N such that N is isomorphic to H (in symbol, N ≈ H) and G/N ≈ K (where G/N is the quotient of G by N ). G is called the Schreier’s extension or simply the extension of H by K. Given a semigroup S and a semigroup Q with zero, a semigroup V is called an (ideal) extension (or simply an extension) of P by Q if there exists an ideal P^′ of V such that P^′ is isomorphic to P and the Rees quotient V /P^′ is isomorphic to Q. The extension problem for semigroups (or ordered semigroups) is as follows. Given a semigroup S and a semigroup Q with zero (S and Q are disjoint), construct all the semigroups V which are extensions of S by Q. For the definition of the Rees quotient for semigroups and ordered semigroups, we refer to [12] and [9], respectively. Ideal extensions of semigroups have been considered in [3] with a detailed exposition of the theory appearing in [4, 12]. Extensions of weakly reductive semigroups, strict and pure extensions, retract extensions, dense extensions, equivalent extensions have been also considered in [12]. Ideal extensions of totally ordered semigroups have been studied in [6, 7], of topological semigroups in [2, 5]. For the ideal extensions of lattices we refer to [8]. For the ideal extensions of ordered semigroups we refer to [9]. Inspired by semigroups, ideal extensions of partially ordered sets have been studied in [10]. If P and Q are two disjoint ordered sets, an ordered set V is called an extension of P by Q if there is an ideal P^′ of V such that P^′ is isomorphic to P and the comple- 205

206 N. KEHAYOPULU, J. S. PONIZOVSKII, K. P. SHUM

ment V \ P^′ of P^′ to V is isomorphic to Q. The ideal extension problem for ordered sets is as follows: Given two disjoint ordered sets P and Q, construct (all) the ordered sets V which are (ideal) extensions of P by Q. We are often interested in building more complex semigroups, lattices, ordered sets, ordered or topological semigroups out of some of “simpler” structure and this can be sometimes achieved by constructing the ideal extensions. Equivalent extensions of ordered sets have been considered by Kehayopulu and Shum in [11]. In this paper we introduce the concepts of retract extensions of ordered sets and we characterize the retract extensions. As illustrative examples, we give an example of an extension which is retract and an example of an extension which is not retract. In fact, the Example 1 considered in [10] is an extention of an ordered set P by an ordered set Q (P and Q are disjoint) which is not retract. The Hasse diagram of that extension has been given in [10].

Let (V, 6) be an ordered set. A non-empty subset P^′ of V is called an ideal of V if a ∈ P^′ and V ∋ b 6 a implies b ∈ P^′ [1]. Each non-empty subset P^′ of an ordered set (V, 6_V ) with the relation “6_P 0 ” on P^′ defined

by 6p0 :=6V ∩(P^′ ×P^′) is an ordered set. In the following, each subset P^′

of an ordered set (V, 6_V ) is considered as an ordered set endowed with the order 6_P 0 :=6_V ∩(P^′ × P^′). We denote by V \ P^′ the complement of P^′ in V .

Definition. If (P, 6_P ) and (Q, 6_Q) are two disjoint ordered sets, an ordered set (V, 6_V ) is called an ideal extension (or just an extension) of P by Q if there exists an ideal P^′ of V such that

(P^′, 6_P 0 ) ≈ (P, 6_P ) and (V \ P^′, 6_{V \P} 0 ) ≈ (Q, 6_Q),

where 6_P 0 :=6_V ∩(P^′ × P^′) and 6_{V \P} 0 :=6_V ∩((V \ P^′) × (V \ P^′)) [10].

Throughout the paper we use the following notations.

Notation 1. If (V, 6_V ) is an extension of P by Q, unless otherwise is mentioned, we always denote by φ and ψ the isomorphisms φ : (P, 6_P ) → (P^′, 6_V ∩(P^′ × P^′)) and ψ : (Q, 6_Q) → (V \ P^′, 6_V ∩((V \ P^′) × (V \ P^′)), respectively.

An extension V of P by Q is also denoted by V (P, Q, φ : P → P^′, ψ : Q → V \ P^′). We denote by i_P the identity mapping on P .

RETRACT EXTENSIONS OF ORDERED SETS 207

Notation 2. For every r ⊆ P ×Q, we always denote by r̄ the set defined by: r̄ := {(a, b) ∈ P × Q|∃(a^′, b^′) ∈ r such that a 6_P a^′, b^′ 6_Q b}.

Clearly, r ⊆ r̄.

The main Theorem of the ideal extensions of ordered sets given in [10] is the following.

Theorem (Cf. [10; the Theorem]). Let (P, 6_P ), (Q, 6_Q) be ordered sets such that P ∩Q = ?. Let r ⊆ P ×Q and V := P ∪Q. We define a relation

“6V ” on V as follows: 6V :=6P ∪ 6Q ∪r̄. Then, (V, 6V ) is an ordered

set, P is an ideal of V , and V (P, Q, i_P : P → P, i_Q : Q → Q) is an extension of P by Q.

Conversely, let (V, 6_V ) be an extension of P by Q. Suppose that there exists an r ⊆ P × Q such that for the set r̄ defined above, we have: r̄ = {(a, b) ∈ P × Q| φ(a) 6_V ψ(b)}. Then, the set P ∪ Q endowed with the relation “6” mentioned on the first part of the Theorem is an ordered set and (P ∪ Q, 6) ≈ (V, 6_V ).

In the following, we consider extensions V (P, Q, φ : P → P^′, ψ : Q → V \ P^′) of P by Q for which there is an r ⊆ P × Q such that for the set r̄ defined in Notation 2, we have r̄ = {(a, b) ∈ P × Q| φ(a) 6_V ψ(b)}. Such extensions are the retract extensions (also the equivalent extensions), denoted by V (P, Q, φ : P → P^′, ψ : Q → V \ P^′, r). Note (Cf. [10; Proposition 1]. If V (P, Q, φ : P → P^′, ψ : Q → V \ P^′, r, 6_V ) is an extension of P by Q and r := {(a, b) ∈ P × Q| φ(a) 6_V ψ(b)}, then r = r. 2. The main result Definition 1. An extension V (P, Q, φ : P → P^′, ψ : Q → V \ P^′, r) of P by Q is called retract if there is an isotone mapping

η : Q → P such that (a, b) ∈ r implies a 6_P η(b).

208 N. KEHAYOPULU, J. S. PONIZOVSKII, K. P. SHUM

Theorem 1. An extension V (P, Q, φ : P → P^′, ψ : Q → V \ P^′, r) of P by Q is retract if and only if there is an isotone mapping

g : V → P such that g(x) = φ^{−1}(x) for every x ∈ P^′.

Proof. ⇒. Let η : Q → P be an isotone mapping such that (a, b) ∈ r ⇒

a 6P η(b). We consider the mapping g : V → P |a → { φ^{−1}(a) if a ∈ P^′ η(ψ^{−1}(a)) if a ∈ V \ P^′. 1) The mapping g is isotone.

Let a, b ∈ V , a 6_V b. Then g(a) 6_P (b). In fact:

1.1. Let b ∈ P^′. Since V ∋ a 6_V b ∈ P^′ and P^′ and ideal of V , we have a ∈ P^′. Since a, b ∈ P^′, we have g(a) := φ^{−1}(a), g(b) := φ^{−1}(b). Since a, b ∈ P^′ and a 6_V b, we have (a, b) ∈6_V ∩(P^′ × P^′) =6_P . Since φ^{−1} is isotone, we get φ^{−1}(a) 6_P φ^{−1}(b). Hence g(a) 6_P g(b).

1.2. Let b ∈ V \ P^′. Then g(b) := η(ψ^{−1}(b)). In fact: let a ∈ P^′. Then g(a) := φ^{−1}(a). On the other hand, φ^{−1}(a) 6_P η(ψ^{−1}(b)). Indeed we have (φ^{−1}(a), (ψ^{−1}(b)) ∈ P × Q. Moreover, since a 6_V b, and φ(φ^{−1}(a)) = a, ψ(ψ^{−1}(b)) = b, we have φ(φ^{−1}(a)) 6_V ψ(ψ^{−1}(b)). Thus (φ^{−1}(a), ψ^{−1}(b)) ∈ r̄. Then there exists (a^′, b^′) ∈ r such that φ^{−1}(a) 6_P a^′ and b^′ 6_Q ψ^{−1}(b). Since (a^′, b^′) ∈ r, by hypothesis, we have a^′ 6_P η(b^′). Since b^′ 6_Q ψ^{−1}(b) and η is isotone, we have η(b^′) 6_P η(ψ^{−1}(b)). Then we have φ^{−1}(a) 6_P η(ψ^{−1}(b)), and g(a) 6_P (b).

Let a ∈ V \ P^′. Then g(a) := η(ψ^{−1}(a)). On the other hand, η(ψ^{−1}(a)) 6_P η(ψ^{−1}(b)). Indeed: We have

(a, b) ∈6_V ∩((V \ P^′) × (V \ P^′)) =6_{V \P} .

Then, since ψ^{−1} is isotone we have ψ^{−1}(a) 6_Q ψ^{−1}(b). Since η is isotone, we have η(ψ^{−1}(a)) 6_P η(ψ^{−1}(b)). Thus we have g(a) 6_P g(b).

2) Let x ∈ P^′. Then g(x) = φ^{−1}(x). (This is by the definition of g). ⇐ Let g: V → P be an isotone mapping such that g(x) = φ^{−1}(x) ∀x ∈ P^′. We consider the mapping η : Q → P, a → g(ψ(a)). 1) The mapping η is isotone. Indeed, let a, b ∈ Q, a 6_Q b. Since

(ψ(a), ψ(b)) ∈6_{V \P} 0 =6_V ∩((V \ P^′) × (V \ P^′)) ⊆6_V ,

we have ψ(a) 6_V ψ(b). Since g is isotone, we have g(ψ(a)) 6_P g(ψ(b)).

RETRACT EXTENSIONS OF ORDERED SETS 209

2) If (a, b) ∈ r, then a 6_P η(b). Indeed, (a, b) ∈ r ⇒ (a, b) ∈ r = {(a, b) ∈ P × Q|φ(a) 6_V ψ(b)} ⇒ (a, b) ∈ P × Q, ψ(a) 6_V ψ(b) ⇒ φ(a), ψ(b) ∈ V, φ(a) 6_V ψ(b) ⇒ g(φ(a)) 6_P g(ψ(b)) (since g is isotone).

Besides, since a ∈ P , we have φ(a) ∈ P^′. By hypothesis, we have g(φ(a)) = φ^{−1}(φ(a)). Since φ is an isomorphism, we have φ^{−1}(φ(a)) = a. Since b ∈ Q, we have η(b) := g(ψ(b)). Thus a 6_P η(b). Example of extensions which are retract

We consider the sets

P := {1, 3, 5, 7, 9} and Q := {2, 4, 6, 8, 10} with the orders “6_P ”, “6_Q” on P, Q, respectively, defined by: 6p:= {(a, b) ∈ P × P | a|b}, 6Q:= {(a, b) ∈ Q × Q | a|b} (a|b means a divides b).

We give the covering relations and the figures of P and Q.

≺_P = {(1, 3), (1, 5), (1, 7), (3, 9)} ≺_Q= {(2, 4), (2, 6), (2, 10), (4, 8)}

(P, 6P ) (Q, 6Q) Fig. 1 Fig. 2.

210 N. KEHAYOPULU, J. S. PONIZOVSKII, K. P. SHUM

Let r = {(3, 6), (5, 10)}. According to the Theorem 1 the set V := P ∪ Q with the relation “6_V ” on V defined by 6_{V :}=6_P ∪ 6_Q ∪r̄, is an extension of P by Q.

The determination of r̄.

Let (a, b) ∈ r̄. Then there exists (a^′, b^′) ∈ r such that a 6_P a^′, b^′ 6_Q b. Since (a^′, b^′) ∈ r, we have (a^′, b^′) = (3, 6) or (a^′, b^′) = (5, 10). Let (a^′, b^′) = (3, 6). Then a^′ = 3, b^′ = 6. Since a 6_P a^′ = 3, we have a = 1 or a = 3. Since 6 = b^′ 6_Q b, we have b = 6. Then

(a, b) = (1, 6) or (a, b) = (3, 6).

Let (a^′, b^′) = (5, 10). Then a^′ = 5, b^′ = 10. Since a 6_P a^′ = 5, we have a = 1 or a = 5. Since 10 = b^′ 6_Q b, we have b = 10.

Then (a, b) = (1, 10) or (a, b) = (5, 10). Since r ⊆ r̄, we have (3, 6) ∈ r̄ and (5, 10) ∈ r̄. On the other hand, (1, 6) ∈ r̄ since (1, 6) ∈ P × Q, (3, 6) ∈ r, 1 6_P 3, 6 6_Q 6. (1, 10) ∈ r̄ since (1, 10) ∈ P × Q, (5, 10) ∈ r, 1 6_P 5, 10 6_Q 10. Hence we have r̄ = {(1, 6), (1, 10), (3, 6), (5.10)}. We give the covering relation and the figure of V .

≺_V= {(1, 3), (1, 5), (1, 7), (2, 4), (2, 6), (2, 10), (3, 6), (3, 9), (4, 8), (5, 10)}

(V, 6V ) Fig. 3.

The extension V is retract. In fact, we remark first that r̄ = {(a, b) ∈ P × Q|i_P (a) 6_V i_P (b)} = {(a, b) ∈ P × Q|a 6_V b}.

RETRACT EXTENSIONS OF ORDERED SETS 211

Let η be the mapping defined by:

η : Q → P, \ : q → 1 if q = 2 3 if q = 4, 6, 8 5 if q = 10.

The mapping η is isotone. Moreover, for each (a, b) ∈ r, we have a 6_P η(b). Indeed,

(3, 6) ∈ r and 3 6_P η(6) = 3, (5, 10) ∈ r and 5 6_P η(10) = 5.

Example of extensions which are not retract We consider the ordered sets (P, 6_P ) and (Q, 6_Q) defined by: P := {p|p ∈ N, p prime, 1 < p 6 60 or p = 1}, 6_P = {(a, b) ∈ P × P | a|b}, Q := {2^n · 23|n ∈ N }, 6_{Q:}= {(a, b) ∈ Q × Q| a|b} (a|b means a divides b).

Let r := {(2, 2 · 23), (23, 2 · 23)} We have

r̄ = {(1, 2^n · 23), (2, 2^n · 23), (23, 2^n · 23); n ∈ N }.

From the Theorem above, the set V := P ∪ Q with the relation 6_{V :}=6_P

∪ 6Q ∪r̄ is an ordered set, P is an ideal of V , and V (P, Q, ip : P → P ,

i_Q : Q → Q, 6, r) is an extension of P by Q.

We remark that: r̄ = {(a, b) ∈ P × Q| i_P (a) 6_V i_P (b)} = {(a, b) ∈ P × Q| a 6_V b}. This is the extension considered in the Example 1 in [10], its figure is given in [10], and this extension is not retract. Indeed:

Suppose it is. Then, there is an isotone mapping

η : Q → P such that (a, b) ∈ r ⇒ a 6_P η(b).

Since (2, 2 · 23) ∈ r, we have 2 6_P η(2 · 23). Then, by the definition of

“6P ”, we have η(2·23) = 2. Since (23, 2·23) ∈ r, we have 23 6P η(2·23).

Then, by the definition of “6_P ”, we have η(2 · 23) = 23. Contradiction.

This research was supported by the Special Research Account grant No. 70/4/5630 of the Univ. of Athens and by a UGC(HK) grant 2002/2003.

212 N. KEHAYOPULU, J. S. PONIZOVSKII, K. P. SHUM

References

1. G. Birkhoff, Lattice Theory. — Amer. Math. Soc., Coll. Publ., XXV, Providence, Rhode Island (1967).

2. FR. T., Jr. Christoph, Ideal extensions of topological semigroup. — Canad. J.

Math. XXII, (6) (1970), 1168–1175.

3. A. H. Clifford, Extensions of semigroups. — Trans. Amer. Math. Soc. 68 (1950), 165–173.

4. A. H. Clifford and G. B. Preston, The algebraic theory of semigroups, Vol. 1. – Amer. Math. Soc., Math. Surveys 7, Providence, Rhode Island (1977).

5. J. A. Hildebrant, Ideal extensions of compact reductive semigroups. — Semigroup Forum 25 (1982), 283–290.

6. A. J. Hulin, Extensions of ordered semigroups. — Semigroup Forum 2 (1971), 336–342.

7. A. J. Hulin, Extensions of ordered semigroups. — Czech. Math. J. 26 (101), No. 1 (1976), 1–12.

8. N. Kehayopulu and P. Kiriakuli, The ideal extensions of lattices. — Simon Stevin 64, No. 1 (1990), 51–60.

9. N. Kehayopulu and M. Tsingelis, Ideal extensions of ordered semigroups. — Commun. Algebra 31, No. 10 (2003), 4939–4969.

10. N. Kehayopulu, Ideal extensions of ordered sets. — Int. J. Math. Sci. 53 (2004), 2847–2861.

11. N. Kehayopulu, K. P. Shum, Equivalent extensions of ordered sets. — Algebras, Groups and Geometries 20 (4) (2003), 387–402.

12. M. Petrich, Introduction to Semigroups. Charles E. Merrill Publishing Company.

A Bell & Howell Company, Columbus, Ohio (1973).

Postupilo 10 dekabrØ 2004 g.

University of Athens Greece E-mail: nkehayop@cc.uoa.gr

Russian State Hydrometeorological University St.Petersburg E-mail: jp@4518.spb.edu

The Chinese University of Hong Kong Hong Kong, China (SAR), E-mail: kpshum@math.cuhk.edu.hk