Zapiski nauqnyh seminarov POMI Tom 321, 2005 g.

N. ı. KosovskaØ

BIMODUL^NA˚ REZOL^VENTA DL˚ ALGEBR Lı–XUL^CA

1. Vvedenie

Pust~ K – proizvol~noe pole. DlØ nenulevogo ρ ∈ K opredelim algebru (sm. [1–3])

R = R_ρ = K⟨X_0, X_1, X_2⟩/({X^2_i , X_{i+1}X_i + ρX_iX_{i+1} }_{i=0,1,2}) (1.1)

(my vs¸du dopolnitel~no otoßdestvlØem X_3 ≡ X_0). Qerez x_i oboznaqim klassy vyqetov X_i. Kak legko videt~, R – 8-mernaØ lokal~naØ K-algebra:

R =_K ⟨1, x_0, x_1, x_2, x_0x_1, x_1x_2, x_2x_0, x_0x_1x_2⟩.

V [3] byla vyqislena algebra `onedy algebry R, pri fftom suwestvennym bylo predvaritel~noe postroenie minimal~noæ proektivnoæ rezol~venty (edinstvennogo) prostogo R-modulØ.

Pust~ Λ = R^e = R ⊗_K R^{op} – obertyva¸waØ algebra algebry R. Cel~ fftoæ raboty – postroenie bimodul~noæ rezol~venty dlØ algebry R. OpiraØs~ na nekotorye ffmpiriqeskie nabl¸deniØ, my vydvigaem gipotezu o stroenii minimal~noæ Λ-proektivnoæ rezol~venty Λ-modulØ R, i zatem fftu gipotezu dokazyvaem. Rezol~ventu my stroim kak totalizaci¸ nekotorogo trikompleksa. Tehniqeskiæ priem, ispol~zuemyæ dlØ dokazatel~stva toqnosti, vynesen v otdel~noe predloßenie, primenimoe v bolee obweæ situacii.

2. Trikompleksy

Opredelenie 2.1. Nabor moduleæ i gomomorfizmov B••• = (Bijk; d^′, d^{′′}, d^{′′′})_{i,j,k∈}Z, gde d^′, d^{′′}, d^{′′′} : ⨁ i,j,k∈ZBijk → ⨁ i,j,k∈ZBijk, na- zyvaetsØ trikompleksom, esli vypolnØ¸tsØ svoæstva (sr. [4, str. 236]): d^′(B_{ijk}) ⊆ B_{i−1jk}, d^{′′}(B_{ijk}) ⊆ B_{ij−1k}, d^{′′′}(B_{ijk}) ⊆ B_{ijk−1}; (2.1) Rabota podderßana grantom RFFI 05-01-00674. 213

214 N. ı. KOSOVSKA˚ d^′d^′ = d^{′′}d^{′′} = d^{′′′}d^{′′′} = 0; (2.2) d^′d^{′′} + d^{′′}d^′ = 0, d^{′′}d^{′′′} + d^{′′′}d^{′′} = 0, d^{′′′}d^′ + d^′d^{′′′} = 0. (2.3) DlØ trikompleksa B_{•••} poloßim T_m = ⨁ i+j+k=m Bijk i d = d^′ + d^{′′} + d^{′′′}. Togda iz usloviæ (2.2), (2.3) sleduet, qto (T, d) ØvlØetsØ cepnym kompleksom, kotoryæ nazyva¸t totalizacieæ trikompleksa B_{•••} i oboznaqa¸t Tot(B_{•••}). Trikompleks B_{•••} nazyva- ¸t neotricatel~nym, esli B_{ijk} = 0 dlØ (i, j, k) /∈ N^3_0.

Predloßenie 2.2. Pust~ B••• – neotricatel~nyæ trikompleks.

I pust~ vypolnØ¸tsØ sledu¸wie usloviØ:

(A) (toqnost~ v “3-mernoæ verhuxke”) DlØ l¸bogo n ∈ N_0, esli r_{100} ∈ B_{10n}, r_{010} ∈ B_{01n}, r_{001} ∈ B_{00n+1} takie, qto d^′(r_{100})+d^{′′}(r_{010})+ d^{′′′}(r_{001}) = 0, to suwestvu¸t t_{ijk} ∈ B_{ijk+n}, i + j + k = 2 takie, qto

d^′(t_{200}) + d^{′′}(t_{110}) + d^{′′′}(t_{101}) = r_{100}, d^′(t_{110}) + d^{′′}(t_{020}) + d^{′′′}(t_{011}) = r_{010}, d^′(t_{101}) + d^{′′}(t_{011}) + d^{′′′}(t_{002}) = r_{001};

(B) (toqnost~ v “2-mernoæ verhuxke”) DlØ l¸byh m, n ∈ N_0, esli r_{10} ∈ B_{1mn}, r_{01} ∈ B_{0m+1n} takie, qto d^′(r_{10}) + d^{′′}(r_{01}) = 0, to suwestvu¸t t_{ij} ∈ B_{ijn}, i + j = 2 takie, qto { d^′(t_{20}) + d^{′′}(t_{11}) = r_{10}, d^′(t_{11}) + d^{′′}(t_{02}) = r_{01};

(C) (toqnost~ “gorizontaleæ” B_{•mn}) DlØ l¸byh l, m, n ∈ N_0, esli r ∈ B_{l+1mn} takoæ, qto d^′(r) = 0, to suwestvuet t ∈ B_{l+2mn} takoæ, qto d^′(t) = r.

Togda kompleks Tot(B_{•••}) toqen (krome stepeni 0).

Dokazatel~stvo. Razdelim dokazatel~stvo na dva xaga.

Xag I (m, n). Vnaqale, ispol~zuØ tol~ko usloviØ (B) i (C), dokaßem toqnost~ (krome stepeni 0) Tot(B_{••n}). Pust~ r = (r_{ij}) ∈ ⨁ i+j=m+1 Bijn i (d ′ + d^{′′})_m(r) = 0. Hotim dokazat~, qto r ∈ Im(d^′ + d^{′′})_{m+1} . Otmetim, qto n zafiksirovano i vse d^′, d^{′′} sußeny na B_{••n}. Tak kak (d^′ + d^{′′})_m(r) = 0, to, v qastnosti, verno ravenstvo d^′(r_{1m}) + d^{′′}(r_{0m+1}) = 0. Sledovatel~no, soglasno (B) suwestvu¸t t_{ij} ∈ B_{ij+mn}, i + j = 2 takie, qto { d^′(t_{20}) + d^{′′}(t_{11}) = r_{1m}, d^′(t_{11}) + d^{′′}(t_{02}) = r_{0m+1}.

REZOL^VENTA DL˚ ALGEBR Lı�XUL^CA 215 Voz~mem s = (s_{ab}) ∈ B_{abn}, a + b = m + 2, gde s_{ab} = { t_{ij} , esli (a, b) = (i, j + m), gde i + j = 2,

0 v ostal~nyh sluqaØh.

Zametim, qto u fflementa r^′ = r−(d^′+d^{′′})_{n+1}(s) komponenty (1, m) i

(0, m+1) ravny nul¸, (d^′ +d^{′′})_m(r^′) = 0 i oqevidno, qto r ∈ Im(d^′ + d^{′′})_{m+1} ⇔ r^′ ∈ Im(d^′ + d^{′′})_{m+1} . Takim obrazom, svodim nax sluqaæ

k rassmotreni¸ takogo fflementa r, u kotorogo r_{1m} = r_{0m+1} = 0. Tak kak (d^′ + d^{′′})_m(r) = 0, to d^′(r_{2m−1}) + d^{′′}(r_{1m}) = d^′(r_{2m−1}) = 0. Sledovatel~no, soglasno uslovi¸ (C) suwestvuet t ∈ B_{3m−1n} takoæ, qto d^′(t) = r_{2m−1}. Voz~mem s = (s_{ab}) ∈ B_{abn}, a + b = m + 2, gde s_{ab} = { t dlØ (a, b) = (3, m − 1), 0 v ostal~nyh sluqaØh.

Zametim, qto u fflementa r^′ = r − (d^′ + d^{′′})_{n+1}(s) dopolnitel~no obnulilas~ komponenta s indeksami (2, m − 1) i opØt~ ße (d^′ +

d^{′′})_m(r^′) = 0 i r ∈ Im(d^′+d^{′′})_{m+1} ⇔ r^′ ∈ Im(d^′+d^{′′})_{m+1}. Togda moßno

sqitat~, qto r_{2m−1} = 0, i, sledovatel~no, d^′(r_{3m−2}) = 0 i opØt~ primenimo uslovie (C). PovtorØØ fftu operaci¸ neskol~ko raz, prihodim k rassmotreni¸ fflementa r, u kotorogo vse komponenty krome r_{m+10} ravny 0, nahodim po uslovi¸ (C) fflement t takoæ, qto d^′(t) = r_{m+10}. Togda dlØ s = (s_{ab}) ∈ B_{abn}, a + b = m + 2, gde s_{ab} = { t dlØ (a, b) = (m + 2, 0), 0 v ostal~nyh sluqaØh.

vypolneno (d^′ + d^{′′})_{n+1}(s) = r.

Itak, my dokazali, qto Ker(d^′ + d^{′′})_m ⊂ Im(d^′ + d^{′′})_{m+1}. �to moßno takße raspisat~ sledu¸wim obrazom. Predpoloßim, qto

r_{ij} ∈ B_{ijn}, gde i + j = m + 1, priqem d^′(r_{a+1b}) + d^{′′}(r_{ab+1}) = 0, gde a + b = m dlØ nekotoryh m, n ∈ N_0. Togda suwestvu¸t t_{ab} ∈ B_{abn},

gde a + b = m + 2, priqem d^′(t_{i+1j}) + d^{′′}(t_{ij+1}) = r_{ij}, gde i + j = m + 1. Imenno ffto my budem ispol~zovat~ v Xage II.

Xag II. Zafiksiruem n ∈ N_0 i dokaßem toqnost~ T_• = Tot(B_{•••}) v qlene T_{n+1}. DlØ fftogo dostatoqno dokazat~, qto Ker d_n ⊂

Im d_{n+1}.

Pust~ r = (r_{ijk})_{i+j+k=n+1} ∈ T_{n+1} i d_nr = 0. Togda d^′(r_{10n}) +

d^{′′}(r_{01n}) + d^{′′′}(r_{00n+1}) = 0, i po uslovi¸ (A) suwestvu¸t t_{ijk} ∈

216 N. ı. KOSOVSKA˚

B_{ijk+n}, i + j + k = 2, takie, qto

d^′(t_{200}) + d^{′′}(t_{110}) + d^{′′′}(t_{101}) = r_{10n},

d^′(t_{110}) + d^{′′}(t_{020}) + d^{′′′}(t_{011}) = r_{01n},

d^′(t_{101}) + d^{′′}(t_{011}) + d^{′′′}(t_{002}) = r_{00n+1}.

Voz~mem s = (s_{abc}) ∈ B_{abc}, a + b + c = n + 2, gde s_{abc} = { t_{ijk}, esli (a, b, c) = (i, j, k + n), gde i + j + k = 2,

0 v ostal~nyh sluqaØh,

i rassmotrim fflement r − d_{n+1}s. Zametim, qto u nego nulevye komponenty s indeksami (1, 0, n), (0, 1, n) i (0, 0, n + 1) i

d_n(r − d_{n+1}s) = d_nr − d_nd_{n+1}s = 0, priqem oqevidno, qto r ∈ Im d_{n+1} ⇔ (r − d_{n+1}s) ∈ Im d_{n+1}. Takim obrazom, trebuemoe utver-

ßdenie dostatoqno proverit~ dlØ fflementov s nulevymi komponentami, ime¸wimi indeksy (1, 0, n), (0, 1, n) i (0, 0, n + 1). Itak, pust~ u nas r = (r_{ijk})_{i+j+k=n+1} ∈ Ker d_n i r_{10n} = r_{01n} = r_{00n+1} = 0. Tak kak d_nr = 0, to { d^′(r_{20n}) + d^{′′}(r_{11n}) = 0,

d^′(r_{11n}) + d^{′′}(r_{02n}) = 0.

PrimenØØ Xag I (1, n) k (r_{20n}, r_{11n}, r_{02n}), nahodim t_{ab} ∈ B_{abn}, a+b = 3, takie, qto d^′(t_{i+1j}) + d^{′′}(t_{ij+1}) = r_{ijn}, i + j = 2. RassmatrivaØ

s = (s_{abc}) ∈ T_{n+2}, gde s_{abc} = { t_{ij}, esli (a, b, c) = (i, j, n), gde i + j = 2,

0 v ostal~nyh sluqaØh,

i zameqaØ, qto u fflementa r − d_{m+1}s xest~ komponent ravny nul¸, svodim nax sluqaæ k rassmotreni¸ fflementa r s nulevymi komponentami r_{ijn}, i + j ≤ 2.

Analogiqno dokazatel~stvu Xaga I (sm. takße [3]) povtorim uprowenie ewe n raz. Kaßdyæ raz, primenØØ toqnost~ bikompleksa, dokazannu¸ na Xage I, i svodØ situaci¸ k bolee prostoæ, poluqim okonqatel~no toqnost~ Tot(B_{•••}) vo vseh stepenØh krome 0. �

3. Rezol~venty

Pust~ R = R_ρ, ρ ∈ K^∗ = K \ {0} – algebry, opredelennye v razdele 1, Λ = Λ_ρ = R^e = R ⊗_K R^{op} – ih obertyva¸wie algebry.

REZOL^VENTA DL˚ ALGEBR Lı�XUL^CA 217 Umnoßenie sprava na fflement w ∈ Λ induciruet ffndomorfizm w^∗ levogo Λ-modulØ Λ. V dal~neæxem radi prostoty my budem qasto gomomorfizm umnoßeniØ (sprava) na w ∈ Λ takße oboznaqat~ qerez w, i qasto budem opuskat~ xtrihi vo vtoroæ komponente fflementa iz Λ.

Rassmotrim neotricatel~nyæ trikompleks B_{•••}, v kotorom

B_{ijk} = Λ dlØ vseh (i, j, k) ∈ N^3_0 i

d^′ = (ρ^j x_0 ⊗ 1^′ + (−1)^{i+j+k+1}ρ^k1 ⊗ x^′_0)^∗ : B_{i+1jk} −→ B_{ijk},

d^{′′} = (ρ^kx_1 ⊗ 1^′ + (−1)^{i+j+k+1}ρ^i1 ⊗ x^′_1)^∗ : B_{ij+1k} −→ B_{ijk},

d^{′′′} = (ρ^ix_2 ⊗ 1^′ + (−1)^{i+j+k+1}ρ^j 1 ⊗ x^′_2)^∗ : B_{ijk+1} −→ B_{ijk}.

Legko proverit~, qto svoæstva (2.2), (2.3) v opredelenii 2.1 vypolnØ¸tsØ, i, takim obrazom, poluqaem neotricatel~nyæ trikompleks B_{•••}.

Teorema 3.1. TotalizaciØ Tot(B•••) trikompleksa B••• predsta-

vlØet soboæ minimal~nu¸ proektivnu¸ rezol~ventu Λ-modulØ R.

Dokazatel~stvo. Pust~ m: Λ → R, m(a ⊗ b^′) = ab – kanoniqe-

skoe otobraßenie, inducirovannoe umnoßeniem v R. Postroim Λ-proektivnu¸ rezol~ventu modulØ R_ΛQ_• →_ΛR. Opredelim

Q_0 = Λ.

Vvedem sledu¸wie oboznaqeniØ dlØ fflementov iz Λ^3:

e_0 = (1, 0, 0), e_1 = (0, 1, 0), e_2 = (0, 0, 1).

˚dro Ker m kak Λ-modul~ poroßda¸t tri fflementa:

Ker m =_Λ ⟨ x_i ⊗ 1^′ − 1 ⊗ x^′_i ⟩ i=0,1,2. Opredelim Q_1 = ⨁ i+j+k=1 Λ i

d_0 = Σ_{i=0,1,2}(x_i ⊗ 1^′ − 1 ⊗ x^′_i)^∗e_i : Q_1 → Q_0.

Otmetim, qto Im d_0 ⊂ Rad Λ =_Λ⟨1 ⊗ x^′_i, x_i ⊗ 1^′⟩_{i=0,1,2} i, sledovatel~no, Ker d_0 malo v Q_0.

Takim obrazom, my postroili toqnu¸ posledovatel~nost~ – naqalo proektivnoæ rezol~venty, sovpada¸wee s naqalom

Tot B_{•••}: Q_1^{d0}−−−−→ Q_0^m−−−−→ R −−−−→ 0. (3.1)

218 N. ı. KOSOVSKA˚ Dalee opredelim Q_• = Tot B_{•••} i s pomow~¸ predloßeniØ 2.2 dokaßem toqnost~ Q_•.

Vyqislim Ødro gomomorfizma

Φ = Φ_{α0,α1,α2} = Σ_{i=0,1,2}(x_i ⊗ 1^′ − α_i1 ⊗ x^′_i)^∗e_i : Λ^3 → Λ.

dlØ proizvol~nyh α_i ∈ K, i = 0, 1, 2. Zanumeruem bazis R troækami iz Z^3_2, toqnee:

x^{(000)} = 1, x^{(100)} = x_0, x^{(010)} = x_1, x^{(001)} = x_2,

x^{(110)} = x_0x_1, x^{(011)} = x_1x_2, x^{(101)} = x_2x_0, x^{(111)} = x_0x_1x_2.

Togda l¸boæ fflement iz R predstavlØetsØ v vide Σ_{s∈}Z3_2k_sx^{(s)}, gde k_s ∈ K, a fflement iz Λ predstavlØetsØ sledu¸wim obrazom

Σ_{s,t∈}Z3_2k_{s,t}x^{(s)} ⊗ x^{(t)}, gde k_{s,t} ∈ K. Pust~ λ = (λ_i)_{i=0,1,2} ∈ Λ^3, raspi- xem Φ(λ) = Σ_{i=0,1,2}λ_i(x_i ⊗ 1^′ − α_i1 ⊗ x^′_i) =

= Σ_{i=0,1,2}Σ_{s,t∈}Z3_2k^{(i)}_{s,t}x^{(s)} ⊗ x^{(t)′} = Σ_{u,v∈}Z3_2φ_{u,v}x^{(u)} ⊗ x^{(v)′},

gde k^{(i)}_{s,t}, φ_{u,v} ∈ K. Togda λ ∈ Ker Φ ⇔ φ_{u,v} = 0.

Zametim, qto φ_{u,v} = Σ_{i=0,1,2,ui=1}β(u, i)k^{(i)}_{u−ei,v} − Σ_{j=0,1,2,vj=1}α_jγ(v, j)k^{(j)}_{u,v−ej} , gde β(u, i) = { −ρ, esli u_{i+1} = 1, u_{i+2} = 0 1 v ostal~nyh sluqaØh, γ(v, j) = { −ρ, esli v_{j+1} = 0, v_{j+2} = 1 1 v ostal~nyh sluqaØh.

Poskol~ku φ_{0,0} = 0, poluqaem 8×8−1 uravneniæ na k^{(i)}_{s,t}. Iz fftih uravneniæ poluqaem nabor obrazu¸wih dlØ Ødra Φ. Oboznaqim pervye xest~ obrazu¸wih (i = 0, 1, 2):

y_i = (x_i ⊗ 1^′ + α_i1 ⊗ x^′_0)e_i,

z_i = (x_{i+1} ⊗ 1^′ + α_{i+1}ρ1 ⊗ x^′_{i+1})e_i + (ρx_i ⊗ 1^′ + α_i1 ⊗ x^′_i)e_{i+1} .

Dalee my vypixem vse ostal~nye obrazu¸wie Ødra i srazu ße pokaßem kak oni vyraßa¸tsØ qerez ukazannye xest~. DlØ i = 0,

REZOL^VENTA DL˚ ALGEBR Lı�XUL^CA 219 1, 2 imeem:

(x_ix_{i+1} ⊗ 1 + α_{i+1}x_i ⊗ x_{i+1})e_{i+1} = (x_i ⊗ 1)y_{i+1}, (x_{i+1} ⊗ x_i − α_{i+1}ρ1 ⊗ x_ix_{i+1})e_{i+1} = (1 ⊗ x_i)y_{i+1}, (x_{i+1} ⊗ x_{i+1})e_i + (ρx_i ⊗ x_{i+1} + α_i1 ⊗ x_ix_{i+1})e_{i+1} = (1 ⊗ x_{i+1})z_i, (x_i ⊗ x_{i+1} + α_i1 ⊗ x_ix_{i+1})e_i = (1 ⊗ x_{i+1})y_i, (x_ix_{i+1} ⊗ 1 − α_iα_{i+1}ρ1 ⊗ x_ix_{i+1})e_i + α_ix_i ⊗ x_ie_{i+1} = = (x_i ⊗ 1)z_i − α_{i+1}ρ(1 ⊗ x_{i+1})y_i, (x_{i+1} ⊗ x_i − α_{i+1}ρ^21 ⊗ x_ix_{i+1})e_i + ρx_i ⊗ x_ie_{i+1} = (1 ⊗ x_i)z_i, (x_0x_1x_2 ⊗ 1 + α_0α_1α_21 ⊗ x_0x_1x_2)e_i + (α_ix_{i+2}x_i ⊗ x_i)e_{i+1}+ + (α_iα_{i+1}x_i ⊗ x_ix_{i+1})e_{i+2} = = (x_{i+2}x_i ⊗ 1)z_i + α_iα_{i+1}(1 ⊗ x_ix_{i+1})z_{i+2} − (x_{i+2} ⊗ x_{i+1})y_i, (x_{i+1}x_{i+2} ⊗ x_i − α_{i+1}α_{i+2}1 ⊗ x_0x_1x_2)e_i− − (x_{i+2}x_i ⊗ x_i)e_{i+1} − (α_{i+1}x_i ⊗ x_ix_{i+1})e_{i+2} = = −ρ^{−1}(x_{i+2} ⊗ x_i)z_i − α_{i+1}(1 ⊗ x_ix_{i+1})z_{i+2} , (x_{i+1} ⊗ x_{i+2}x_i + α_{i+1}ρ1 ⊗ x_0x_1x_2)e_i + (ρx_i ⊗ x_{i+2}x_i)e_{i+1} = = (1 ⊗ x_{i+2}x_i)z_i, (x_ix_{i+1} ⊗ x_{i+2} − α_{i+1}α_iρ1 ⊗ x_0x_1x_2)e_i − (α_iρx_i ⊗ x_{i+2}x_i)e_{i+1} = = −α_i(1 ⊗ x_{i+2}x_i)z_i − ρ^{−1}(x_{i+1} ⊗ x_{i+2})y_i, (x_{i+2} ⊗ x_ix_{i+1} + α_{i+2}ρ^{−1}1 ⊗ x_0x_1x_2)e_i + (ρ^{−1}x_i ⊗ x_ix_{i+1})e_{i+2} = = ρ^{−1}(1 ⊗ x_ix_{i+1})z_{i+2}, (x_{i+2}x_i ⊗ x_{i+1} − α_{i+2}α_iρ^{−1}1 ⊗ x_0x_1x_2)e_i− − (α_iρ^{−1}x_i ⊗ x_ix_{i+1})e_{i+2} = = (x_{i+2} ⊗ x_{i+1})y_i − ρ^{−1}(1 ⊗ x_ix_{i+1})z_{i+2}, (x_ix_{i+1} ⊗ x_i − α_{i+1}x_i ⊗ x_ix_{i+1})e_{i+2}+ + (α_{i+2}x_i ⊗ x_{i+2}x_i − x_{i+2}x_i ⊗ x_i)e_{i+1} = ρ^{−1}(x_i ⊗ x_i)z_{i+1}, (x_i ⊗ x_{i+1}x_{i+2} + α_i1 ⊗ x_0x_1x_2)e_i = (1 ⊗ x_{i+1}x_{i+2})y_i, (x_{i+1} ⊗ x_ix_{i+1})e_i + (ρx_i ⊗ x_ix_{i+1})e_{i+1} = (1 ⊗ x_ix_{i+1})z_i, (x_ix_{i+1} ⊗ x_{i+1})e_i + (α_ix_i ⊗ x_ix_{i+1})e_{i+1} = (x_i ⊗ x_{i+1})z_i, (x_ix_{i+1} ⊗ x_i − α_{i+1}ρx_i ⊗ x_ix_{i+1})e_{i+1} = (x_i ⊗ x_i)y_{i+1}, (x_0x_1x_2 ⊗ x_{i+1})e_i+

220 N. ı. KOSOVSKA˚

+ (α_{i+2}α_ix_i ⊗ x_0x_1x_2)e_{i+1} + (α_ix_ix_{i+1} ⊗ x_ix_{i+1})e_{i+2} = = ρ^{−1}(x_ix_{i+1} ⊗ x_{i+1})z_{i+2} + α_{i+2}(x_i ⊗ x_{i+1}x_{i+2})z_i, (x_{i+1}x_{i+2} ⊗ x_ix_{i+1})e_i− − (α_{i+2}x_i ⊗ x_0x_1x_2)e_{i+1} − (x_ix_{i+1} ⊗ x_ix_{i+1})e_{i+2} = = −ρ^{−1}(x_i ⊗ x_ix_{i+1})z_{i+1} − ρ^{−1} (x_{i+2} ⊗ x_ix_{i+1})z_i, (x_0x_1x_2 ⊗ x_i − α_{i+2}α_{i+1}ρx_i ⊗ x_0x_1x_2)e_{i+1}− − (α_{i+1}ρx_ix_{i+1} ⊗ x_ix_{i+1})e_{i+2} = = (x_ix_{i+1} ⊗ x_i)z_{i+1} − α_{i+2}ρ(x_i ⊗ x_{i+2}x_i)y_{i+1}, (x_{i+2}x_i ⊗ x_ix_{i+1} − α_{i+2}x_i ⊗ x_0x_1x_2)e_i − (x_ix_{i+1} ⊗ x_ix_{i+1})e_{i+2} = = −ρ^{−1}(x_i ⊗ x_ix_{i+1})z_{i+1} , (x_{i+1} ⊗ x_0x_1x_2)e_i + (ρx_i ⊗ x_0x_1x_2)e_{i+1} = (1 ⊗ x_0x_1x_2)z_i, (x_ix_{i+1} ⊗ x_{i+1}x_{i+2})e_i + (α_ix_i ⊗ x_0x_1x_2)e_{i+1} = (x_i ⊗ x_{i+1}x_{i+2})z_i, (x_ix_{i+1} ⊗ x_{i+2}x_i + α_{i+1}x_i ⊗ x_0x_1x_2)e_{i+1} = (x_i ⊗ x_{i+2}x_i)y_{i+1}, (α_1x_2 ⊗ x_1 − x_1x_2 ⊗ 1)e_0 + (x_2x_0 ⊗ 1 − α_2α_01 ⊗ x_2x_0)e_1+ + (α_0α_11 ⊗ x_0x_1 −α_0x_1 ⊗ x_0)e_2 = ρ^{−1}(x_2 ⊗ 1)z_0 −ρ^{−1} α_0(1 ⊗ x_0)z_1, (α_1α_21 ⊗ x_1x_2 − x_1x_2 ⊗ 1)e_0 + (−α_2α_01 ⊗ x_2x_0 + α_2x_0 ⊗ x_2)e_1+ + (x_0x_1 ⊗ 1 − α_0x_1 ⊗ x_0)e_2 = ρ^{−1}α_2(1 ⊗ x_2)z_0 − ρ^{−1}(x_1 ⊗ 1)z_2, (α_1ρ1 ⊗ x_1x_2 +x_1 ⊗ x_2)e_0 +(−α_0ρ1 ⊗ x_2x_0 +ρx_0 ⊗ x_2)e_1 = (1 ⊗ x_2)z_0, (x_2 ⊗ x_0 +α_2ρ1 ⊗ x_2x_0)e_1 +(−α_1ρ1 ⊗ x_0x_1 +ρx_1 ⊗ x_0)e_2 = (1 ⊗ x_0)z_1, (−α_2ρ1 ⊗ x_1x_2 +ρx_2 ⊗ x_1)e_0 +(α_0ρ1 ⊗ x_0x_1 +x_0 ⊗ x_1)e_2 = (1 ⊗ x_1)z_2, (x_0x_1x_2 ⊗ x_1x_2 + α_0x_1x_2 ⊗ x_0x_1x_2)e_0 = (x_1x_2 ⊗ x_1x_2)y_0, (α_1x_1x_2 ⊗ x_0x_1x_2)e_0 + (x_0x_1x_2 ⊗ x_2x_0)e_1 = ρ^{−1}(x_1x_2 ⊗ x_2x_0)z_0, (α_2x_1x_2 ⊗ x_0x_1x_2)e_0 + (x_0x_1x_2 ⊗ x_0x_1)e_2 = (x_1x_2 ⊗ x_0x_1)z_2, (−x_1x_2 ⊗ x_0x_1x_2)e_0 + (x_2x_0 ⊗ x_0x_1x_2)e_1 = ρ^{−1}(x_2 ⊗ x_0x_1x_2)z_0, (−x_1x_2 ⊗ x_0x_1x_2)e_0 + (x_0x_1 ⊗ x_0x_1x_2)e_2 = −ρ^{−1}(x_1 ⊗ x_0x_1x_2)z_2.

Proverim, qto u nas vypolneny usloviØ predloßeniØ 2.2. Proverka (A). Neobhodimo dokazat~, qto dlØ l¸bogo n ∈ N_0, esli r_{100}, r_{010}, r_{001} ∈ Λ takovy, qto

r_{100}(x_0 ⊗ 1 + (−1)^{n+1}ρ^n1 ⊗ x_0) + r_{010}(ρ^nx_1 ⊗ 1 + (−1)^{n+1}1 ⊗ x_1)+ + r_{001}(x_2 ⊗ 1 + (−1)^{n+1}1 ⊗ x_2 = 0,

REZOL^VENTA DL˚ ALGEBR Lı�XUL^CA 221 to suwestvu¸t t_{ijk} ∈ Λ, i + j + k = 2, takie, qto

t_{200}(x_0 ⊗ 1 + (−1)^nρ^n1 ⊗ x_0) + t_{110}(ρ^nx_1 ⊗ 1 + (−1)^nρ1 ⊗ x_1)+ t_{101}(ρx_2 ⊗ 1 + (−1)^n1 ⊗ x_2) = r_{100}, t_{110}(ρx_0 ⊗ 1 + (−1)^nρ^n1 ⊗ x_0) + t_{020}(ρ^nx_1 ⊗ 1 + (−1)^n1 ⊗ x_1)+ t_{011}(x_2 ⊗ 1 + (−1)^nρ1 ⊗ x_2) = r_{010}, t_{101}(x_0 ⊗ 1 + (−1)^nρ^{n+1}1 ⊗ x_0) + t_{011}(ρ^{n+1}x_1 ⊗ 1 + (−1)^n1 ⊗ x_1)+ t_{002}(x_2 ⊗ 1 + (−1)^n1 ⊗ x_2) = r_{001}.

Zametim, qto

r = (r_{100}, ρ^nr_{010}, r_{001}) ∈ Ker Φ_{(−1)}n_ρn_{,(−1)}n_ρ�n_{,(−1)}n .

Togda r ∈_Λ⟨y_i, z_i⟩_{i=0,1,2}, to est~ suwestvu¸t s_i ∈ Λ, i = 0, ..., 5, takie, qto

Σ_{i=0,1,2}s_iy_i + s_{3+i}z_i = r.

Togda kofffficienty

t_{200} = s_0, t_{020} = s_1ρ^{−2n}, t_{002} = s_2, t_{110} = s_3ρ^{−n}, t_{101} = s_5, t_{011} = s_4ρ^{−n}

ØvlØ¸tsØ iskomymi.

Proverka (B). Neobhodimo dokazat~, qto dlØ l¸byh m, n ∈ N_0, esli r_{10}, r_{01} ∈ Λ, takie, qto

r_{10}(ρ^mx_0 ⊗1+(−1)^{m+n+1}ρ^n1⊗x_0)+r_{01}(ρ^nx_1 ⊗1+(−1)^{m+n+1}1⊗x_1) = 0,

to suwestvu¸t t_{ij} ∈ Λ, i + j = 2, takie, qto

t_{20}(ρ^mx_0 ⊗ 1 + (−1)^{m+n}ρ^n1 ⊗ x_0)+ +t_{11}(ρ^nx_1 ⊗ 1 + (−1)^{m+n}ρ1 ⊗ x_1) = r_{10}, t_{11}(ρ^{m+1} x_0 ⊗ 1 + (−1)^{m+n}ρ^n1 ⊗ x_0)+ +t_{02}(ρ^nx_1 ⊗ 1 + (−1)^{m+n}1 ⊗ x_1) = r_{01}.

�lement

r = (ρ^mr_{10}, ρ^nr_{01}, 0) ∈ Ker Φ_{(−1)}m+n_ρn�m_{,(−1)}m+n_ρ�n_{,α2}

(dlØ l¸bogo α_2 ∈ K).

No rassmatrivaØ obrazu¸wie Ker Φ, moßno zametit~, qto vse fflementy s nulevoæ tret~eæ komponentoæ poroßda¸tsØ tol~ko

222 N. ı. KOSOVSKA˚

y_0, y_1, z_0. Poluqaem, qto suwestvu¸t s_0, s_1, s_2 ∈ Λ, takie, qto s_0y_0 + s_1y_1 + s_2z_0 = r. Togda

t_{20} = s_0ρ^{−2m},

t_{02} = s_1ρ^{−2n},

t_{11} = s_2ρ^{−n−m}

ØvlØ¸tsØ iskomymi.

Proverka (C). Neobhodimo dokazat~, qto dlØ l¸byh l, m, n ∈

N0, esli r100 ∈ Λ takov, qto

r_{100}(ρ^mx_0 ⊗ 1 + (−1)^{l+m+n+1} ρ^n1 ⊗ x_0) = 0,

to suwestvuet t ∈ Λ, takoæ, qto

t(ρ^mx_0 ⊗ 1 + (−1)^{l+m+n} ρ^n1 ⊗ x_0) = r_{100}.

Togda

r = (ρ^mr_{100}, 0, 0) ∈ Ker Φ_{(−1)}l+m+n_ρn�m_{,α1,α2} (dlØ l¸byh α_1, α_2 ∈ K).

No rassmatrivaØ obrazu¸wie Ker Φ, moßno zametit~, qto vse fflementy s nulevymi vtoroæ i tret~eæ komponentoæ poroßda¸tsØ tol~ko y_0. Poluqaem, qto suwestvuet s ∈ Λ, takoæ, qto sy_0 = r. Togda t = sρ^{−2m} ØvlØetsØ iskomym.

My proverili, qto u nas vypolneny usloviØ predloßeniØ 2.2, a znaqit, kompleks Q_• toqen vo vseh stepenØh, krome stepeni 0. Takim obrazom, dokazano, qto Q_• = Tot B_{•••} ØvlØetsØ Λ-proektivnoæ rezol~ventoæ modulØ R, a ee minimal~nost~ sleduet iz togo, qto vvidu postroeniØ trikompleksa B_{•••} imeem:

Im d^Q_n ⊂ Rad Q_n dlØ vseh n ¿ 0. �

V zakl¸qenie hoqu poblagodarit~ svoego nauqnogo rukovoditelØ A. I. Generalova za postanovku zadaqi i pomow~ v rabote.

Literatura

1. Sh. Liu, R. Schulz, The existence of bounded infinite DT r-orbits. — Proc. Amer.

Math. Soc. 122, No. 4 (1994), 1003–1005.

2. C. M. Ringel, The Liu–Schulz example. — In: Representation Theory of Algebras,

CMS Conf. Proc. 18 (1996), pp. 587–600.

3. A. I. Generalov, N. ı. Fœdorova, Algebra `onedy dlØ “primera L¸–

Xul~ca”. — Algebra i analiz 14, vyp. 4 (2002), 19–35.

REZOL^VENTA DL˚ ALGEBR Lı�XUL^CA 223 4. D. J. Benson, J. F. Carlson, Complexity and multiple complexes. — Math. Z. 195

(1987), 221–238.

Kosovskaya N. Yu. Bimodule resolution of the Liu–Schulz algebras. The minimal projective bimodule resolution of the symmetric 8- dimensional algebras discovered by Liu and Schulz is constructed.

Postupilo 20 ØnvarØ 2005 S.-Peterburgskiæ gosudarstvennyæ universitet