Zapiski nauqnyh seminarov POMI Tom 323, 2005 g.

E. G. Goluzina

O MNOȷESTVE ZNAQENI` SISTEMY

{f(z_1), . . . , f(z_n)} V KLASSE TIPIQNO

VEWESTVENNYH FUNKCI`. II

Vvedenie

Pust~ T – klass funkciæ f(z), f(0) = 0, f0(0) = 1, regulØrnyh i tipiqno vewestvennyh v kruge U = {z : |z| < 1}.

V rabote [1] byla rassmotrena zadaqa o mnoßestve znaqeniæ D_n(T ) sistemy I_n(f) = {f(z_1), f(z_2), . . . , f(z_n)}, n > 1, na klasse T , gde z_j ∈ U – razliqnye zadannye toqki (j = 1, 2, . . . , n). V sluqae Im z_j ≠ 0 (j = 1, 2, . . . , n) byla dana harakteristika mnoßestva D_n(T ) s pomow~¸ neotricatel~nyh ffrmitovyh form i naædeny vse graniqnye funkcii. �to pozvolilo opredelit~ mnoßestvo znaqeniæ f(z_n) na klasse

T_n�_1 = {f ∈ T : f(z_j ) fiksirovany, j = 1, 2, . . . , n − 1}, n > 2.

V nastoØweæ rabote prodolßeno issledovanie mnoßestva znaqeniæ sistemy I_n(f) na klasse T . A imenno, rassmotren sluqaæ, kogda odna iz zadannyh toqek z_j leßit na vewestvennoæ osi. V sluqae n = 3 ffta zadaqa rexena v [2], v sluqae n = 2 – v [3]. §1 Oboznaqim qerez D_{m,1}(T ) mnoßestvo znaqeniæ sistemy I_{m,1}(f) = {f(z_1), f(z_2), . . . , f(z_m), f(r)} na klasse T , gde {z_j}^m_1 i z_{m+1} = r – zadannye razliqnye toqki kruga U , Im z_j ≠ 0, j = 1, 2, . . . , m, 0 < r < 1.

Rabota vypolnena pri finansovoæ podderßke Programmy 2005 g. fundamental~nyh issledovaniæ Prezidiuma RAN “IssledovaniØ v fundamental~nyh oblastØh sovremennoæ matematiki”. 24

O MNOȷESTVE ZNAQENI` SISTEMY ff (z1); : : : ; f (zn)g 25 Pust~

ζ_j = z_j + 1 z_j , w_j = x_j + iy_j = f(z_j ), x_j, y_j ∈ R, j = 1, 2, . . . , m, ρ = r + 1 r , x_{m+1} = f(r). Oboznaqim

ω^{(ε)} = ω^{(ε)}(x_{m+1}) = (2 − ερ)x_{m+1},

ω^{(ε)}_j = ω^{(ε)}(w_j) = (2 − εζ_j )w_j, j = 1, 2, . . . , m.

Imeet mesto

Teorema 1. 1. Pust~ Im zj ≠ 0, j = 1, 2, . . . , m, 0 < r < 1. Mnoße-

stvo znaqeniæ D_{m,1}(T ) est~ mnoßestvo vseh toqek

X = X(x_1, y_1, x_2, y_2, . . . , x_m, y_m, x_{m+1}) ∈ R^{2m+1},

v kotoryh neotricatel~ny ffrmitovy formy H_1(X) i H�_1(X):

H_ε(X) = (ε + ω^{(ε)})|ξ_0|^2 + 2 Re m∑ k=1 ( ω^{(ε)} − ω^{(ε)}_k ζ_k − ρ ξ_0ξ_k )

+ m∑ k=1 ( ω^{(ε)} |ζ_k − ρ|^2 − 1 Im ζ_k

· Im ω^{(ε)}_k ρ − ζ_k ) |ξ_k|^2

+2 Re m∑ j.k=1 j<k

[ ω^{(ε)} (ζ_j − ρ)(ζ_k − ρ) + 1 ζ_k − ζ_j ( ω(ε)_j ρ − ζ_j − ω^{(ε)}_k ρ − ζ_k )] ξ_j ξ_k, ε = ±1.

2. DlØ togo, qtoby nekotoraØ toqka X ∈ R^{2m+1} byla vnutrenneæ toqkoæ mnoßestva D_{m,1}(T ), neobhodimo i dostatoqno, qtoby ffrmitovy formy H_ε(X), ε = ±1, byli poloßitel~no opredelennymi.

3. Kaßdoæ toqke X ∈ ∂D_{m,1}(T ) sootvetstvuet tol~ko odna funkciØ klassa T vida

f_X (z) = m∑ k=1 λ_kz 1 − 2t_kz + z^2 + λz 1 − 2εz + z^2 ,

26 E. G. GOLUZINA gde λ_k > 0, m∑ k=1 λ_k + λ = 1, −1 < t_k < 1, t_j ≠ t_k pri j ≠ k, j, k = 1, 2, . . . , m. Poloßim d^{(ε)}_{00} = d^{(ε)}_{00} (x_{m+1}) = ε + ω^{(ε)};

d^{(ε)}_{0j} = d^{(ε)}_{0j} (x_{m+1}, w_j) = ε(ζ_j − ρ) + ω^{(ε)}(ζ_m − ρ) + ω_j(ζ_j − ζ_m), d^{(ε)}_{j0} = d^{(ε)}_{0j} , j = 1, 2, . . . , m;

d^{(ε)}_{jj} = d^{(ε)}_{jj} (x_{m+1}, w_j) = ε|ζ_j − ρ|^2 + ω^{(ε)}|ζ_m − ρ|^2 + 1 Im ζ_j Im [ ω^{(ε)}_j (ζ_m − ζ_j)(ζ_m − ζ_j )(ρ − ζ_j ) ] , j = 1, 2, . . . , m; d^{(ε)}_{jk} = d^{(ε)}_{jk} (x_{m+1}, w_j, w_k) = ε(ρ − ζ_j )(ρ − ζ_k) + ω^{(ε)}|ζ_m − ρ|^2 + 1 ζ_k − ζ_j [ ω^{(ε)}_j (ζ_m − ζ_j )(ζ_m − ζ_j)(ρ − ζ_k)

− ω^{(ε)}_k (ζ_m − ζ_k)(ζ_m − ζ_k)(ρ − ζ_j ) ] , j < k; d^{(ε)}_{kj} = d^{(ε)}_{jk} , j, k = 1, 2, . . . , m. Sledstvie 1.

Int D_{m,1}(X) = { X ∈ R^{2m+1} :^|d^{(ε)}_{jk}^{|l}_0 > 0, ε = ±1, l = 0, 1, . . . , m^}. Pust~ a i { a_j }_m�_1 1 – zadannye qisla, udovletvorØ¸wie usloviØm 0 < a < 1, Im a_j ≠ 0, j = 1, 2, . . . , m − 1. Oboznaqim ~d^{(ε)}_{jk} = d^{(ε)}_{jk} (a, a_j, a_k), j, k = 1, 2, . . . , m; ~d^{(ε)}_{0j} = d^{(ε)}_{0j} (a, a_j), j = 1, 2, . . . , m − 1; ~d^{(ε)}_{00} = d^{(ε)}_{00} (a); D^{(ε)}_l = | ~ d^{(ε)}_{jk} |_l 0, l = 0, 1, . . . , m − 1.

O MNOȷESTVE ZNAQENI` SISTEMY ff (z1); : : : ; f (zn)g 27 Pust~ T_m�_{1,1} – klass funkciæ f(z) ∈ T , udovletvorØ¸wih usloviØm D^{(ε)}_l > 0, ε = ±1, l = 0, 1, . . . , m − 1. Oboznaqim qerez D_m mnoßestvo znaqeniæ f(z_m ) na klasse T_m�_{1,1}.

Pust~

B^{(ε)}_1 = | ~ d^{(ε)}_{jk} |_m�_1 1 ,

B^{(ε)}_2 =

| | | | |

~d^{(ε)}_{01} ~d^{(ε)}_{02} . . . ~d^{(ε)}_{0(m}�_{1)} 0

~d^{(ε)}_{11} ~d^{(ε)}_{12} . . . ~d^{(ε)}_{1(m}�_{1)} ~d^{(ε)}_{1m} . . . . . . . . ~d^{(ε)}_{(m}�_{1)1} ~d^{(ε)}_{(m}�_{1)2} . . . ~d^{(ε)}_{(m}�_{1)(m}�_{1)} ~d^{(ε)}_{(m}�_{1)m}

| | | | | ,

B^{(ε)}_3 = | ~ d^{(ε)}_{jk} |_m�_1 0 , B^{(ε)}_4 = | ~ d^{(ε)}_{jk} |_m 1 . Togda imeem

Sledstvie 2. V sluqae Im zm ≠ 0, zm ∈ U , mnoßestvo Dm est~

pereseqenie dvuh krugov |w − O_ε| 6 R_ε, ε = ±1, gde O_ε = i 2(2 − εζ_m ) Im ζ_m [ ε(ζ_m − ρ) + ω^{(ε)}(a)(ζ_m − ρ) − (−1)^m

B^{(ε)}_2 B^{(ε)}_1 ] ,

R_ε = 1 2|(2 − εζ_m) Im ζ_m|

(B^{(ε)}_3 B^{(ε)}_4 )^{1/2} B^{(ε)}_1 .

§2 Dokazatel~stvo teoremy 1. Pust~ M1 – klass funkciæ α(t), ne-

ubyva¸wih na promeßutke [−1, 1] i udovletvorØ¸wih uslovi¸

28 E. G. GOLUZINA 1∫ �1^{dα(t) = 1}

. Kak izvestno, funkciØ f(z), f(0) = 0, f0(0) = 1, regulØrnaØ v kruge U , togda i tol~ko togda prinadleßit klassu T , kogda f(z) = 1∫ �1 z(1 − 2tz + z^2)�^1dα(t), α(t) ∈ M_1. (1)

Iz integral~nogo predstavleniØ (1) dlØ sistemy I_{m,1}(f) poluqaem predstavlenie

f(z_j ) = 1∫ �1 dα(t) ζ_j − 2t , f(r) = 1∫ �1 dα(t) ρ − 2t , α(t) ∈ M_1, j = 1, 2, . . . , m, (2)

gde ζ_j = z_j + 1 z_j , ρ = r + 1 r . Ispol~zuØ (2), netrudno pokazat~, qto D_{m,1}(T ) est~ vypukloe, ograniqennoe, zamknutoe mnoßestvo.

Po teoreme 1.3 [4, s. 86–87], dlØ togo qtoby imelo mesto predstavlenie (2), neobhodimo i dostatoqno, qtoby iz spravedlivosti neravenstva φ(t) ≡ Re [ δ_0 + m∑ j=1 δ_j ζ_j − 2t + δ_{m+1} ρ − 2t ]

> 0 (3)

dlØ vseh t ∈ [−1, 1] (gde δ_0 ≠ 0, { δ_j }_{m+1} 1 – nekotorye kompleksnye qisla) vytekalo neravenstvo H ≡ Re [ δ_0 + m∑ j=1 δ_j w_j + δ_{m+1}x_{m+1} ]

> 0. (4)

Funkci¸ φ(t) zapixem v vide φ(t) = A_{2m+1}(t) m∏ j=1 |ζ_j − 2t|^2(ρ − 2t) . (5)

O MNOȷESTVE ZNAQENI` SISTEMY ff (z1); : : : ; f (zn)g 29 Zdes~ A_{2m+1}(t) – neotricatel~nyæ na otrezke [−1, 1] algebraiqeskiæ mnogoqlen ot t stepeni 6 (2m + 1). Po teoreme Markova– Lukaqa (sm. [4, s. 89]) imeem

A_{2m+1}(t) = (1 − t) ( m∑ k=0 β_kt^k )_2 + (1 + t) ( m∑ k=0 γ_kt^k )_2

, (6)

gde { β_k }_m 0 i { γ_k }_m 0 – nekotorye vewestvennye qisla.

Podstavim (6) v (5) i zapixem φ(t) v vide

φ(t) = 1 − t ρ − 2t | |ξ_0 +^m ∑ j=1 ξ_j ζ_j − 2t | |^2 + 1 + t ρ − 2t | |η_0 +^m ∑ j=1 η_j ζ_j − 2t | |^2, (7)

gde { ξ_k }_m 0 i { η_k }_m 0 – nekotorye kompleksnye qisla, zavisØwie ot { β_k }_m 0 i { γ_k }_m 0 , sootvetstvenno.

Iz (7) sleduet

φ(t) = 1 − t ρ − 2t [ |ξ_0|^2 + m∑ j=1 |ξ_j|^2 |ζ_j − 2t|^2 + 2 Re m∑ k=1 ξ_0ξ_k 1 ζ_k − 2t + 2 Re m∑ j,k=1 j<k ξ_jξ_k 1 (ζ_j − 2t)(ζ_k − 2t) ]

+ 1 + t ρ − 2t [ |η_0|^2 + m∑ j=1 |η_j|^2 |ζ_j − 2t|^2 + 2 Re m∑ k=1 η_0η_k 1 ζ_k − 2t + 2 Re m∑ j,k=1 j<k η_jη_k 1 (ζ_j − 2t)(ζ_k − 2t) ] .

(8)

30 E. G. GOLUZINA Zametim, qto ime¸t mesto razloßeniØ 1 − εt ρ − 2t = 1 2 ( ε + 2 − ερ ρ − 2t ) , 1 − εt (ρ − 2t)(ζ_k − 2t) = 1 2(ζ_k − ρ) ( 2 − ερ ρ − 2t − 2 − εζ_k ζ_k − 2t ) , 1 − εt (ρ − 2t)|ζ_k − 2t|^2 = 1 2|ζ_k − ρ|^2 [ 2 − ερ ρ − 2t + 2 Re

(2 − εζ_k)(ρ − ζ_k) (ζ_k − ζ_k)(ζ_k − 2t) ] , 1 − εt (ρ − 2t)(ζ_j − 2t)(ζ_k − 2t) = 1 2(ζ_j − ρ)(ζ_k − ρ) [ 2 − ερ ρ − 2t + (2 − εζ_j )(ρ − ζ_k) ζ_k − ζ_j 1 ζ_j − 2t + (2 − εζ_k)(ρ − ζ_j) ζ_j − ζ_k 1 ζ_k − 2t ] , j, k = 1, 2, . . . , m, j ≠ k.

(9)

Podstavim razloßeniØ (9) v (8). Togda, v silu usloviØ

φ(t) > 0 na promeßutke [−1, 1],

poluqim, qto dlØ togo, qtoby neravenstvo (3) vleklo za soboæ neravenstvo (4), neobhodimo i dostatoqno, qtoby byla neotricatel~na ffrmitova forma H(X) = H_1(X)+H�_1(X). Poslednee, vvidu nezavisimosti sistemy qisel { ξ_k }_m 0 ot sistemy qisel { η_k }_m 0 , ravnosil~no neotricatel~nosti dvuh ffrmitovyh forom H_1(X) i H�_1(X).

Utverßdenie 1 teoremy 1 dokazano.

Dokazatel~stvo utverßdeniæ 2 i 3 analogiqno dokazatel~stvu sootvetstvu¸wih utverßdeniæ v [1]. �

Oboznaqim A_ε(X) matricu ffrmitovoæ formy H_ε(X), |A_ε(X)| – ee opredelitel~.

Imeem |A_ε(X)| = 1 m∏ j=1 |ζ_j − ρ|^2 Δ^{(ε)}_m ,

O MNOȷESTVE ZNAQENI` SISTEMY ff (z1); : : : ; f (zn)g 31 gde Δ^{(ε)}_m = | a^{(ε)}_{jk} |_m 0 , a^{(ε)}_{00} = ε + ω^{(ε)}, a^{(ε)}_{0k} = ω^{(ε)} − ω^{(ε)}_k , a^{(ε)}_{k0} = a^{(ε)}_{0k} , k = 1, 2, . . . , m;

a^{(ε)}_{jk} = ω^{(ε)} + 1 ζ_k − ζ_j [ ω^{(ε)}_j (ρ − ζ_k) − ω^{(ε)}_k (ρ − ζ_j) ] , j < k, a^{(ε)}_{kj} = a^{(ε)}_{jk} , j, k = 1, . . . , m; a^{(ε)}_{jj} = ω^{(ε)} + 1 Im ζ_j Im [ ω^{(ε)}_j (ρ − ζ_j ) ] , j = 1, 2, . . . , m. Toqka X ∈ R^{2m+1} prinadleßit Int D_{m,1}(T ) togda i tol~ko togda, kogda vypolneny neravenstva Δ^{(ε)}_l > 0, l = 0, 1, . . . , m, ε = ±1, gde Δ^{(ε)}_l = |a^{(ε)}_{jk} |^l_0 (sm. [5, s. 300]).

Preobrazuem opredelitel~ Δ^{(ε)}m sledu¸wim obrazom. Poloßim

b^{(ε)}_{jk} = a^{(ε)}_{jk} + a^{(ε)}_{0k} ζ_j − ρ ζ_m − ζ_j , b^{(ε)}_{0j} = a^{(ε)}_{0j} ,

b^{(ε)}_{00} = a^{(ε)}_{00} , b^{(ε)}_{j0} = a^{(ε)}_{j0} + a^{(ε)}_{00} ζ_j − ρ ζ_m − ζ_j , j, k = 1, 2, . . . , m;

c^{(ε)}_{jk} = b^{(ε)}_{jk} + b^{(ε)}_{j0} ζ_k − ρ ζ_m − ζ_k , c^{(ε)}_{j0} = b^{(ε)}_{j0} ,

c^{(ε)}_{00} = a^{(ε)}_{00} , c^{(ε)}_{0j} = a^{(ε)}_{0j} + a^{(ε)}_{00} ζ_j − ρ ζ_m − ζ_j , j, k = 1, 2, . . . , m; d^{(ε)}_{jk} = (ζ_m − ζ_j )(ζ_m − ζ_k)c^{(ε)}_{jk} , j, k = 1, 2, . . . , m;

d^{(ε)}_{00} = a^{(ε)}_{00} , d^{(ε)}_{0j} = c^{(ε)}_{0j} (ζ_m − ζ_j ), d^{(ε)}_{j0} = d^{(ε)}_{0j} , j = 1, 2, . . . , m.

Imeem c^{(ε)}_{kj} = c^{(ε)}_{jk} , d^{(ε)}_{kj} = d^{(ε)}_{jk} , jbl = 0, 1, . . . , m.

V rezul~tate preobrazovaniæ poluqaem

Δ^{(ε)}_m = | a^{(ε)}_{jk} |_m 0 = | b^{(ε)}_{jk} |_m 0 = | c^{(ε)}_{jk} |_m 0 = m∏ j=1 | ζ_m − ζ_j |�2^|_d (ε)_{jk}^|m_{0 .} �tim sledstvie 1 dokazano.

32 E. G. GOLUZINA

Dokaßem sledstvie 2. Pust~

~Δ^{(ε)}_m = Δ^{(ε)}_m (X_0), gde X_0 = X(a_1, a_2, . . . , a_m�_1, w_m, a).

V silu sledstviØ 1 imeem

Int D_m = { w ∈ C : D^{(ε)}_m > 0, ε = ±1^}.

Zapixem D^{(ε)}m = | ~ d^{(ε)}_{jk} |_m 0 sledu¸wim obrazom

D^{(ε)}_m = − | ~ d^{(ε)}_{0m} |_2 B^{(ε)}_1 + (−1)^m2 Re ( B^{(ε)}_2 ~d^{(ε)}_{0m} ) + B^{(ε)}_0 , gde ~d^{(ε)}_{0m} = d^{(ε)}_{0m}(a, w_m),

B^{(ε)}_0 =

| | | | | | |

~d^{(ε)}_{00} ~d^{(ε)}_{01} . . . ~d^{(ε)}_{0(m}�_{1)} 0

~d^{(ε)}_{10} ~d^{(ε)}_{11} . . . ~d^{(ε)}_{1(m}�_{1)} ~d^{(ε)}_{1m} . . . . . . . . ~d^{(ε)}_{(m}�_{1)0} ~d^{(ε)}_{(m}�_{1)1} . . . ~d^{(ε)}_{(m}�_{1)(m}�_{1)} ~d^{(ε)}_{(m}�_{1)m}

0 ~d^{(ε)}_{m1} . . . ~d^{(ε)}_{m(m}�_{1)} ~d^{(ε)}_{mm}

| | | | | | | .

Tak kak X_0 – vnutrennØØ toqka mnoßestva D_m�_1(T ), to, po utverßdeni¸ 2 teoremy 1, ffrmitova forma H_ε(X_0) poloßitel~no opredelena. Sledovatel~no, posledovatel~nye glavnye minory matricy fftoæ ffrmitovoæ formy poloßitel~ny. Pofftomu imeet mesto neravenstvo B^{(ε)}_1 > 0. Neravenstvo D^{(ε)}m > 0 ravnosil~no neravenstvu | | ~d^{(ε)}_{0m} − (−1)^m B^{(ε)2} B^{(ε)}_1 | |^2 6 1 (B^{(ε)}_1 )^2 ( |B^{(ε)}_2 |^2 + B^{(ε)}_1 B^{(ε)}_0 ) , (10) gde ~d^{(ε)}_{0m} = ε(ζ_m − ρ) + ω^{(ε)}(a)(ζ_m − ρ) + w_m(2 − εζ_m)(ζ_m − ζ_m).

V silu determinantnogo toßdestva Sil~vestra (sm. [5, s. 48]), imeem B^{(ε)}_1 B^{(ε)}_0 = B^{(ε)}_3 B^{(ε)}_4 − | B^{(ε)}_2 |_2 . (11)

Podstaviv (11) v pravu¸ qast~ neravenstva (10) i zametiv, qto D_m – zamknutoe mnoßestvo, poluqim sledstvie 2.

O MNOȷESTVE ZNAQENI` SISTEMY ff (z1); : : : ; f (zn)g 33

Literatura

1. E. G. Goluzina, O mnoßestve znaqeniæ sistemy ff (z1); : : : f (zn)g v klasse tipiqno vewestvennyh funkciæ. — Zap. nauqn. semin. POMI, 314 (2004), 41–51.

2. E. G. Goluzina, O mnoßestve znaqeniæ sistemy ff (z1); f (z2); f (z3)g v klasse tipiqno vewestvennyh funkciæ. — Zap. nauqn. semin. POMI, 302 (2003), 5–17.

3. E. G. Goluzina, O mnoßestve znaqeniæ odnoæ sistemy funkcionalov v klasse tipiqno vewestvennyh funkciæ. — Zap. nauqn. semin. POMI, 226 (1996), 69–79.

4. M. G. Kreæn, A. A. Nudel~man, Problema momentov Markova i ffkstremal~nye zadaqi. — M. (1973).

5. F. R. Gantmaher, TeoriØ matric. 3-e izd. — M. (1967).

Goluzina E. G. On the region of values of the system {f(z_1), . . . , f(z_n)} in the class of typically real functions. II.

The paper studies the region D_{m,1}(T ) of values of the system {f(z_1), f(z_2), . . . , f(z_m), f(r)}, m > 1, where z_j (j = 1, 2, . . . , m) are arbitrary fixed points of the disk U = {z : |z| < 1} with Im z_j ≠ 0 (j = 1, 2, . . . , m), and r, 0 < r < 1, is fixed, on the class T of functions f(z) = z +a_2z^2 +· · · regular in the disk U and satisfying in the latter the condition Im f(z) Im z > 0 for Im z ≠ 0. An algebraic characterization of the set D_{m,1}(T ) in terms of nonnegative Hermitian forms is given, and all the boundary functions are described. As an implication, the region of values of f(z_m ) in the subclass of functions from the class T with prescribed values f(z_k) (k = 1, 2, . . . , m − 1) and f(r) is determined.

Postupilo 13 i¸nØ 2005 g.

S.-Peterburgskoe otdelenie Matematiqeskogo instituta im. V. A. Steklova RAN

E-mail: goluzina@pdmi.ras.ru