Zapiski nauqnyh seminarov POMI Tom 323, 2005 g.

M. N. ˚kovlev SUWESTVOVANIE NEOTRICATEL^NYH REXENI` SINGUL˚RNYH KRAEVYH ZADAQ DL˚ OBYKNOVENNYH DIFFERENCIAL^NYH URAVNENI` VTOROGO POR˚DKA

S pomow~¸ metodov, izloßennyh v rabotah [1] i [2], ustanavliva¸tsØ usloviØ suwestvovaniØ i edinstvennosti rexeniØ kraevoæ zadaqi vida −u00_{+ p0(t)u + q(t)u}n_{= f(t),} (1)

u(a) = u(b) = 0, (2)

gde n ¿ 2, a funkcii p_0(t), q(t) i f(t) ime¸t pri t = a i t = b neintegriruemye osobennosti.

Pust~ −∞ < a < b < +∞. Kak obyqno, H^1_0 (a, b) – vewestvennoe gil~bertovo prostranstvo absol¸tno nepreryvnyh funkciæ vewestvennoæ peremennoæ u(t) takih, qto u(a) = u(b) = 0, a proizvodnaØ u0(t), kotoraØ suwestvuet poqti vs¸du na (a, b), summiruema s kvadratom na (a, b). Pri fftom

(u, v)_H1_{0 (a,b)} = b∫ a u0_{(t)v}0_{(t)dt,} (3)

‖u‖^2_H1_{0 (a,b)} = b∫ a [u0_{(t)]}2_{dt.} (4)

Teorema 1. Pust~ vypolneny usloviØ p_0(t)(t − a)(b − t) ∈ L(a, b); (5) f(t) √ (t − a)(b − t) ∈ L(a, b); (6) c ≡ 1 − 1 b − a b∫ a p�_{0 (t)(t − a)(b − t)dt > 0.} (7) 215

216 M. N. ˚KOVLEV

Togda (1) v prostranstve funkciæ H^1_0 (a, b) suwestvuet odna i tol~ko odna funkciØ u_0(t) ∈ H^1_0 (a, b), na kotoroæ funkcional J(u) ≡ b∫ a [u0_{(t)]}2_{dt +}^{b∫} a p_0(t)u^2(t)dt − 2 b∫ a f(t)u(t)dt (8) dostigaet minimuma;

(2) dlØ vseh v(t) ∈ H^1_0 (a, b) uravnenie b∫ a u0_{(t)v}0_{(t)dt +}^{b∫} a p_0(t)u(t)v(t)dt − b∫ a f(t)v(t)dt = 0 (9) otnositel~no u(t) imeet odno i tol~ko odno rexenie v prostranstve H^1_0 (a, b), i fftim rexeniem ØvlØetsØ funkciØ u_0(t), na kotoroæ kvadratiqnyæ funkcional J(u) dostigaet minimuma;

(3) verna ocenka

‖u_0‖_H1_{0 (a,b)} 6 1 c √ b − a b∫ a |f(t)| √ (t − a)(b − t)dt; (10) (4) esli f(t) ¿ 0 pri a 6 t 6 b, to u_0(t) ¿ 0 pri a 6 t 6 b; (5) esli p_0(t) ∈ C(a, b), f(t) ∈ C(a, b), to u_0(t) ∈ C^{(2)}(a, b) i ØvlØetsØ rexeniem kraevoæ zadaqi −u00_{0 (t) + p0(t)u0(t) = f(t), a < t < b,} u_0(a) = u_0(b) = 0.

Dokazatel~stvo. Dokazatel~stvo utverßdeniæ (1), (2), (5) pri-

vedeny v [2]. DlØ dokazatel~stva utverßdeniØ (3) poloßim v sootnoxenii (9) v(t) = u_0(t). Togda 1 √ b − a ‖u_0‖_H1_{0 (a,b)} b∫ a |f(t)| √ (t − a)(b − t)dt ¿ b∫ a f(t)u_0(t)dt ¿ ‖u0‖^2_H1_{0 (a,b)} −^1_{b − a} b∫ a p�_{0 (t)(t − a)(b − t)dt ‖u0‖}2_{H10 (a,b).}

SUWESTVOVANIE NEOTRICATEL^NYH REXENI` 217 SokrawaØ na ‖u_0‖_H1_{0 (a,b)}, poluqim neravenstvo (10).

Dokazatel~stvo utverßdeniØ (4) budem vesti ot protivnogo. Pust~ u_0(t) < 0 pri a_1 < t < b_1 i u_0(a_1) = u_0(b_1) = 0. Vvedem funkci¸ w_0(t), poloßiv

w_0(t) = { −u_0(t) pri a_1 6 t 6 b_1, u_0(t) pri a 6 t 6 a_1 i b_1 6 t 6 b.

Oqevidno, w_0(t) ∈ H^1_0 (a, b). Dalee, u^2_0(t) = w^2_0(t) i^b ∫ a [u0_{(t)]}2_{dt =} b∫ a [w0_{(t)]}2_{dt}. Pofftomu b∫ a [w0_{(t)]}2_{dt +}^{b∫} a p_0(t)w^2_0(t)dt = b∫ a [u_0(t)]^2dt + b∫ a p_0(t)u^2_0(t)dt.

Poskol~ku pri f(t) ¿ 0 b∫ a f(t)w_0(t)dt ¿ b∫ a f(t)u_0(t)dt, verno neravenstvo J(w_0) 6 J(u_0). (11) Neravenstvo (11) protivoreqit tomu, qto u_0(t) – edinstvennaØ funkciØ, na kotoroæ kvadratiqnyæ funkcional J(u) dostigaet minimuma.

Analogiqno dokazyvaetsØ sledu¸waØ teorema.

Teorema 2. Pust~ vypolneny usloviØ

|p_0(t)|(1 − t^2)^2 6 c_0, p�_0 (t)(1 − t^2)^2 6 d, −1 6 t 6 1; (12) |f(t)|(1 − t^2) ∈ L_2(−1, 1); (13) Q ≡ 1 − d > 0. (14) Togda (1) v prostranstve funkciæ H^1_0 (−1, 1) suwestvuet odna i tol~- ko odna funkciØ w_0(t), na kotoroæ kvadratiqnyæ funkcional H(u) ≡ 1∫ �1 [u0_{(t)]}2_{dt +}^{1∫} �1 p_0(t)u^2(t)dt − 2 1∫ �1 f(t)u(t)dt (15)

218 M. N. ˚KOVLEV dostigaet minimuma;

(2) dlØ vseh v(t) ∈ H^1_0 (−1, 1) uravnenie 1∫ �1 u0_{(t)v}0_{(t)dt +}^{1∫} �1 p_0(t)u(t)v(t)dt − 1∫ �1 f(t)v(t)dt = 0 (16)

otnositel~no funkcii u(t) imeet odno i tol~ko odno rexenie v prostranstve H^1_0 (−1, 1), i fftim rexeniem ØvlØetsØ funkciØ w_0(t);

(3) verna ocenka

‖w_0‖_H1_{0 (}�_{1,1)} 6 1 Q (^1∫ �1 |f(t)|^2(1 − t^2)^2dt

) 1_2 ; (17)

(4) esli f(t) ¿ 0 pri −1 6 t 6 1, to w_0(t) ¿ 0 pri −1 6 t 6 1; (5) esli p_0(t) ∈ C(−1, 1), f(t) ∈ C(−1, 1), to w_0(t) ∈ C^{(2)}(−1, 1) i ØvlØetsØ rexeniem kraevoæ zadaqi

−w00_{0 (t) + p0(t)w(t) = f(t), −1 < t < 1,} (18)

w_0(−1) = w_0(1) = 0. (19) Rassmotrim sledu¸wu¸ kraevu¸ zadaqu dlØ obyknovennogo differencial~nogo uravneniØ vtorogo porØdka: −u00_{+ p0(t)u + q(t)u}n_{= f(t), a < t < b,} (20) u(a) = u(b) = 0. (21) Obobwennym rexeniem kraevoæ zadaqi (20), (21) nazyvaetsØ funkciØ u_0(t) ∈ H^1_0 (a, b), udovletvorØ¸waØ ravenstvu b∫ a u0_{(t)v}0_{(t)dt +}^{b∫} a p_0(t)u_0(t)v(t)dt + b∫ a q(t)u^n_0 (t)v(t)dt = b∫ a f(t)v(t)dt (22) pri l¸byh v(t) ∈ H^1_0 (a, b).

Teorema 3. Pust~ vypolneny usloviØ p_0(t)(t − a)(b − t) ∈ L(a, b); (23) q(t) ¿ 0, q(t)[(t − a)(b − t)] n+1_2

∈ L(a, b), n ¿ 2; (24)

SUWESTVOVANIE NEOTRICATEL^NYH REXENI` 219 f(t) ¿ 0, f(t) √ (t − a)(b − t) ∈ L(a, b); (25) c ≡ 1 − 1 b − a b∫ a p�_{0 (t)(t − a)(b − t)dt > 0.} (26)

Togda

(1) suwestvuet neotricatel~noe obobwennoe rexenie u_0(t) kraevoæ zadaqi (20), (21);

(2) verna ocenka

‖u_0‖_H1_{0 (a,b)} 6 1 c √ b − a b∫ a f(t) √ (t − a)(b − t)dt; (27) (3) esli p_0(t) ∈ C(a, b), q(t) ∈ C(a, b), f(t) ∈ C(a, b), to u_0(t) ∈ C^{(2)}(a, b) i ØvlØetsØ rexeniem kraevoæ zadaqi

−u00_{0 (t) + p0(t)u0(t) + q(t)u}n_{0 (t) = f(t), a < t < b,} (28)

u_0(a) = u_0(b) = 0. (29)

Dokazatel~stvo. Vvedem banahovo prostranstvo E nepreryv-

nyh otobraßeniæ u(t, τ ) zamknutogo promeßutka [0, 1] v prostranstvo H^1_0 (a, b) s normoæ

‖u‖^2_E = sup_0

6τ61 b∫ a [ du(t, τ ) dt ]_2 dt. (30) Pust~ K – konus neotricatel~nyh fflementov iz E, t.e. u(t, τ ) ∈ K oznaqaet, qto u(t, τ ) ∈ E i u(t, τ ) ¿ 0 pri 0 6 τ 6 1, a 6 t 6 b. Pust~ u(t, τ ) ∈ K i pust~ w(u) ≡ w(u(t, τ ), f(t)) — ta edinstvennaØ funkciØ iz E, suwestvu¸waØ po teoreme 1, kotoraØ udovletvorØet sootnoxeni¸ b∫ a w0_{t(u)v}0_{(t)dt +}^{b∫} a p_0(t)w(u)v(t)dt + n b∫ a q(t)u^n�^1(t, τ )w(u)v(t)dt

= b∫ a f(t)v(t)dt (31)

220 M. N. ˚KOVLEV dlØ vseh v(t) ∈ H^1_0 (a, b).

Po teoreme 1 my imeem w(u(t, τ ), f(t)) ¿ 0 i

‖w(u)‖_H1_{0 (a,b)} 6 1 c √ b − a b∫ a √ (t − a)(b − t)f(t)dt ≡ M. (32) Dalee, pust~ u(t, τ ), z(t, τ ) ∈ K ∩S_E (O, M ) i Δ = w(u)−w(z). Togda b∫ a [Δ0_]2_{dt +}^{b∫} a p_0(t)Δ^2dt + n b∫ a q(t)z^n�^1Δ^2dt

+n(n−1) b∫ a q(t)(u(t, τ )−z(t, τ ))[u(t, τ )+θ(z(t, τ )−u(t, τ ))]^n�^2w(u)Δdt. Zdes~ 0 < θ < 1. Otkuda sup 06τ61^{‖w(u) − w(z)‖H10 (a,b)} 6^{L sup}06τ61^{‖u(t, τ ) − z(t, τ )‖H10 (a,b).} (33)

Zdes~ L < +∞.

Rassmotrim integral~noe uravnenie Vol~terra v prostranstve E u(t, τ ) = τ∫ 0 w(u(t, s), f(t))ds. (34) DlØ uravneniØ (34), v silu neravenstv (32) i (33), vypolneny vse usloviØ lemmy 1 iz [1]. Pofftomu suwestvuet rexenie u(t, τ ) uravneniØ (34), kotoroe udovletvorØet sootnoxeni¸ b∫ a u_t(t, τ )v0(t)dt + b∫ a p_0(t)u(t, τ )v(t)dt + b∫ a q(t)u^n(t, τ )v(t)dt

= b∫ a τ f(t)v(t)dt pri 0 6 τ 6 1

dlØ l¸byh v(t) ∈ H^1_0 (a, b). Takim obrazom u(t, 1) ØvlØetsØ obobwennym rexeniem zadaqi (20), (21).

Utverßdenie (2) dokazyvaetsØ, kak pri dokazatel~stve teoremy 1. Dokazatel~stvo utverßdeniØ (3) analogiqno dokazatel~- stvu teoremy 3 raboty [2].

Analogiqno dokazyvaetsØ sledu¸waØ teorema.

SUWESTVOVANIE NEOTRICATEL^NYH REXENI` 221

Teorema 4. Pust~

|p_0(t)|(1 − t^2)^2 6 c_0 < +∞, p�_0 (t)(1 − t^2)^2 6 d < +∞ pri − 1 6 t 6 1; (35) f(t) ¿ 0 pri − 1 6 t 6 1, f(t)(1 − t^2) ∈ L_2(−1, 1); (36) Q ≡ 1 − d > 0; (37) q(t) ¿ 0, q(t)(1 − t^2)

n+1_2

∈ L(−1, 1). (38) Togda

(1) suwestvuet neotricatel~noe obobwennoe rexenie u_0(t) kraevoæ zadaqi

−u00_{+ p0(t)u + q(t)u}n_{= f(t), −1 < t < 1,} (39)

u(−1) = u(1) = 0; (40) (2) verna ocenka

‖u_0‖_H1_{0 (}�_{1,1)} 6 1 Q (^1∫ �1 f^2(t)(1 − t^2)^2dt )_{1/2} ; (3) esli p_0(t) ∈ C(a, b), q(t) ∈ C(a, b), f(t) ∈ C(a, b), to u_0(t) ∈ C^{(2)}(a, b) i ØvlØetsØ rexeniem kraevoæ zadaqi −u00_{(t) + p0(t)u + q(t)u}n_{= f(t), −1 < t < 1,} u(−1) = u(1) = 0.

Teorema 5. Pust~ vypolneny usloviØ (23)–(26). Togda neotrica-

tel~noe obobwennoe rexenie kraevoæ zadaqi (20), (21) edinstven- no. Dokazatel~stvo. Pust~ u1(t) i u2(t) – dva neotricatel~nyh ob-

obwennyh rexeniØ zadaqi (20), (21). Togda, esli Δ = u_1 − u_2, to b∫ a [Δ0_]2_{dt +}^{b∫} a p_0(t)Δ^2dt + n b∫ a q(t)Δ^2[u_1 + θ(u_2 − u_1)]^n�^1dt = 0,

i potomu

0 ¿^(1 −^1_{b − a} b∫ a p�_{0 (t)(t − a)(b − t)dt}^)_{‖u1 − u2‖}2_{H10 (a,b),} t.e. u_1 = u_2.

Analogiqno dokazyvaetsØ sledu¸waØ teorema.

222 M. N. ˚KOVLEV

Teorema 6. Pust~ vypolneny usloviØ (35)–(38). Togda neotrica-

tel~noe obobwennoe rexenie kraevoæ zadaqi (39), (40) edinstven- no. Literatura

1. M. N. ˚kovlev, Razreximost~ nelineænyh uravneniæ v konuse prostranstva Banaha. — Zap. nauqn. semin. POMI, 248 (1998), 225–230.

2. M. N. ˚kovlev, Razreximost~ singulØrnyh kraevyh zadaq dlØ obyknovennyh differencial~nyh uravneniæ porØdka 2m. — Zap. nauqn. semin. PO- MI, 309 (2004), 174–188.

Yakovlev M. N. Existence of nonnegative solutions of singular boundary-value problems for second-order ordinary differential equations.

It is proved that the boundary-values problem

−u00_{+ p(t)u + q(t)u}n_{= f(t), u(a) = u(b) = 0, n} ¿_2

has a unique nonnegative solution if the following conditions are fulfilled: 0 6 q(t)[(b − t)(t − a)]^{n+1}2 ∈ L(a, b), 0 6 f(t)^√(b − t)(t − a) ∈ L(a, b) 1 − 1 b − a b∫ a p�_{(t)(t − a)(b − t)dt > 0.}

Postupilo 23 maØ 2005 g. S.-Peterburgskoe otdelenie Matematiqeskogo instituta im.V. A. Steklova RAN