Zapiski nauqnyh seminarov POMI Tom 325, 2005 g.

P. P. Kulix, P. D. RØsiqenko

SPINOVA˚ CEPOQKA, SV˚ZANNA˚ S KVANTOVO` SUPERALGEBRO` slq(1 | 1)

1. Vvedenie

Modeli, rexaemye s pomow~¸ kvantovogo metoda obratnoæ zadaqi (KMOZ), svØzany s R-matricami, udovletvorØ¸wimi uravneni¸ ˚nga–Bakstera (˚B) [1, 2]. Kaßdomu rexeni¸ uravneniØ ˚B sopostavlØetsØ integriruemaØ sistema [3–5], issledovanie kotoroæ vozmoßno v ramkah KMOZ.

V rabote [6] bylo ustanovleno sootvetsvie meßdu rexeniØmi obyqnogo i graduirovannogo uravneniæ ˚B. Ispol~zuØ dannoe sootvetstvie, rexeniØm graduirovannogo uravneniØ ˚B, otveqa¸wim kvantovoæ superalgebre sl_q (1 | 1), moßno sopostavit~ spinovu¸ cepoqku s neffrmitovym gamil~tonianom, R-matrica kotoroæ udovletvorØet obyqnomu uravneni¸ ˚B. DlØ nahoßdeniØ spektra cepoqki primenim KMOZ.

Cel~ dannoæ raboty zakl¸qaetsØ v tom, qtoby na primere otnositel~no prostoæ (fermionnoæ) modeli prodemonstrirovat~ osnovnye poloßeniØ KMOZ i poluqit~ Øvnye vyraßeniØ dlØ spektra ffnergii sistemy i statistiqeskoæ summy modeli na dvumernoæ rexetke s graniqnymi usloviØmi tipa domennoæ stenki.

2. Algebraiqeskiæ anzac Bete. UravneniØ Bete

Iz raboty [6] sleduet, qto rexeniØm graduirovannogo uravneniØ ˚B, otveqa¸wim kvantovoæ superalgebre sl_q (1 | 1), sootvetstvuet R-matrica R(λ) vida R(λ) = sinh(λ + η) 0 0 0 0 p sinh λ e^{αλ} sinh η 0

0 e�αλ_{sinh η p}�1_{sinh λ 0}

0 0 0 sinh(η − λ) , (1)

Rabota qastiqno podderßana grantami RFFI 05-01-00899, 05-01-00922 i CRDF RMU1-2622-ST-04. 146

SPINOVA˚ CEPOQKA 147 udovletvorØ¸waØ uravneni¸ ˚B

R_{12}(λ − μ)R_{13}(λ)R_{23}(μ) = R_{23}(μ)R_{13}(λ)R_{12}(λ − μ), gde R_{12}(λ − μ), R_{13}(λ), R_{23}(μ) opredelØ¸tsØ standartnym obrazom. DannaØ R-matrica regulØrna, tak kak R(0) = sinh ηP, gde P – operator perestanovki, deæstvu¸wiæ v C2 ⊗ C2. Plotnost~ gamil~toniana stroitsØ po pravilu h_{n,n+1} = d ^R dλ (0), ^R(λ) = PR(λ). (2) PodstavlØØ (1) v (2), poluqaem ^R(λ) = sinh(λ + η) 0 0 0

0 e�αλ_{sinh η p}�1_{sinh λ 0}

0 p sinh λ e^{αλ} sinh η 0 0 0 0 sinh(η − λ) ,

d ^R dλ (0) = cosh η 0 0 0

0 −α sinh η p�^1 0 0 p α sinh η 0 0 0 0 − cosh η . (3) Iz (3) dlØ h_{n,n+1} imeem: h_{n,n+1} = cosh η 2 (I_n ⊗ σ^3_{n+1} + σ^3_n ⊗ I_{n+1})+ + α sinh η 2 (I_n ⊗ σ^3_{n+1} − σ^3_n ⊗ I_{n+1})+ (4) + p�1 4 (σ^1_n ⊗ σ^1_{n+1} − iσ^1_n ⊗ σ^2_{n+1} + iσ^2_n ⊗ σ^1_{n+1} + σ^2_n ⊗ σ^2_{n+1})+ + p 4 (σ^1_n ⊗ σ^1_{n+1} + iσ^1_n ⊗ σ^2_{n+1} − iσ^2_n ⊗ σ^1_{n+1} + σ^2_n ⊗ σ^2_{n+1}).

DlØ periodiqeskih graniqnyh usloviæ gamil~tonian H v terminah sigma matric Pauli σ^3, σ� =^1_2 (σ^1 ± iσ^2) imeet vid H = 1 sinh η N∑ n=1 h_{n,n+1} = 1 sinh η [ p + p�^1 4 N∑ n=1 (σ^1_nσ^1_{n+1} + σ^2_nσ^2_{n+1})+

+ i(p − p�^1) 4 N∑ n=1 (σ^1_nσ^2_{n+1} − σ^2_nσ^1_{n+1}) ] + coth η N∑ n=1 σ^3_n =

148 P. P. KULIX, P. D. R˚SIQENKO = 1 sinh η [ p + p�^1 2 N∑ n=1 (σ^+_n σ�_{n+1} + σ�_n σ^+_{n+1})+ (5)

+ (p − p�^1) 2 N∑ n=1 (σ�_{n σ}+_{n+1 − σ}+_{n σ}�_{n+1)}^]_{+ coth η}^{N∑} n=1 (2σ^+_n σ�_n − I).

Poluqennyæ gamil~tonian ne ØvlØeisØ ffrmitovym dlØ proizvol~nogo znaqeniØ parametra p. No operator H budet ffrmitovym, esli p = e^{iϕ}, ϕ ∈ R. Pri p = ±1 gamil~tonian (5) perehodit v gamil~tonian XX cepoqki v magnitnom pole. XX model~ ØvlØetsØ qastnym sluqaem XY modeli, rassmotrennoæ v [7].

L-operator kak matrica vo vspomogatel~nom prostranstve zapisyvaetsØ v vide L_{a,n}(λ) = (6)

0
@^{sinh(λ+η)}2^{(In + σ3n) + p sinh λ}2^{(In} �^{σ3n) eαλ sinh ησ�n}

e�αλ_{sinh ησ}+_n sinh(η�λ)_{2 (In} �_σ3_{n)+} p�^1 sinh λ_{2 (In + σ}3_{n)}

1
A,

gde I_n – ediniqnyæ operator v kvantovom prostranstve, indeks a otnositsØ k vspomogatel~nomu prostranstvu, a n – k kvantovomu. Po L-operatoram stroitsØ matrica monodromii T_a(λ): T_a(λ) = L_{a,N} (λ) . . . L_{a,1}(λ) = ( A(λ) B(λ) C(λ) D(λ) ) . (7)

Matricy T (λ) takße spleta¸tsØ R-matriceæ (1) [3, 4]:

R_{a1,a2} (λ − μ)T_{a1} (λ)T_{a2} (μ) = T_{a2} (μ)T_{a1} (λ)R_{a1,a2} (λ − μ), (8)

gde T_{a1} (λ) = T (λ) ⊗ I, T_{a2} (μ) = I ⊗ T (μ).

Toßdestvo (8) pozvolØet ustanovit~ perestanovoqnye sootnoxeniØ meßdu fflementami matricy monodromii. DlØ bol~xeæ universal~nosti vvedœm sledu¸wie oboznaqeniØ:

g_1(λ, μ) = sinh(λ − μ + η), g_2(λ, μ) = p sinh(λ − μ),

g_3(λ, μ) = e^{α(λ}�^{μ)} sinh η, g_4(λ, μ) = e�^{α(λ}�^{μ)} sinh η,

g_5(λ, μ) = p�^1 sinh(λ − μ), g_6(λ, μ) = sinh(η − λ + μ).

SPINOVA˚ CEPOQKA 149 Togda fflementy matricy monodromii budut udovletvorØt~ sootnoxeniØm 6-verxinnoæ modeli [4]: [A(λ), A(μ)] = 0, A(λ)B(μ) = g_1(μ, λ) g_5(μ, λ) B(μ)A(λ) − g_3(μ, λ) g_5(μ, λ) B(λ)A(μ), A(λ)C(μ) = g_1(λ, μ) g_2(λ, μ) C(μ)A(λ) − g_3(λ, μ) g_2(λ, μ) C(λ)A(μ), [A(λ), D(μ)] = g_4(λ, μ) g_2(λ, μ) C(μ)B(λ) − g_3(λ, μ) g_2(λ, μ) C(λ)B(μ), B(λ)A(μ) = g_1(μ, λ) g_2(μ, λ) A(μ)B(λ) − g_4(μ, λ) g_2(μ, λ) A(λ)B(μ), B(λ)B(μ) = g_6(λ, μ) g_1(λ, μ) B(μ)B(λ), B(λ)C(μ) = g_5(λ, μ) g_2(λ, μ) C(μ)B(λ)+ + g_3(λ, μ) g_2(λ, μ) D(μ)A(λ) − g_3(λ, μ) g_2(λ, μ) D(λ)A(μ), B(λ)D(μ) = g_6(λ, μ) g_2(λ, μ) D(μ)B(λ) − g_3(λ, μ) g_2(λ, μ) D(λ)Bμ, C(λ)A(μ) = g_1(λ, μ) g_5(λ, μ) A(μ)C(λ) − g_4(λ, μ) g_5(λ, μ) A(λ)C(μ), C(λ)B(μ) = g_2(λ, μ) g_5(λ, μ) B(μ)C(λ) + g_4(λ, μ) g_5(λ, μ) (A(μ)D(λ) − A(λ)D(μ)), C(λ)C(μ) = g_1(λ, μ) g_6(λ, μ) C(μ)C(λ), C(λ)D(μ) = g_6(μ, λ) g_5(μ, λ) D(μ)C(λ) − g_3(μ, λ) g_5(λ) D(λ)C(μ), [D(λ), A(μ)] = g_3(λ, μ) g_5(λ, μ) B(μ)C(λ) − g_4(λ, μ) g_5(λ, μ) B(λ)C(μ), D(λ)B(μ) = g_6(λ, μ) g_5(λ, μ) B(μ)D(λ) − g_4(λ, μ) g_5(λ, μ) B(λ)D(μ), D(λ)C(μ) = g_6(μ, λ) g_2(μ, λ) C(μ)D(λ) − g_4(μ, λ) g_2(μ, λ) C(λ)D(μ), [D(λ), D(μ)] = 0. (9)

150 P. P. KULIX, P. D. R˚SIQENKO Sleduet otmetit~, qto v otliqie ot XXX i XXZ modeleæ [3, 4, 8] dlØ rassmatrivaemoæ R-matricy [B(λ), B(μ)] ≠ 0, [C(λ), C(μ)] ≠ 0.

Iz opredeleniØ matricy monodromii (7) i vida L-operatora (6) sleduet, qto

T (λ)Ω = sinh^N (λ + η)Ω B(λ)Ω 0 ( sinh λ p )_N Ω ,

Ω = N∏ n=1 ⊗e^+_n , e^+_n = ( 1 0 ) . (10)

Iz (10) nahodim, qto A(λ)Ω = α^N (λ)Ω, D(λ)Ω = δ^N (λ)Ω, gde α(λ) = sinh(λ + η), δ(λ) = sinh(λ)/p. V to ße vremØ C(λ)Ω = 0. Iz sootnoxeniæ (9) sleduet, qto

A(λ)B(λ_1) . . . B(λ_l ) = l∏ k=1 g_1(λ_k, λ) g_5(λ_k, λ)

B(λ_1) . . . B(λ_l)A(λ)+ (11)

+ l∑ k=1 M_k(λ, λ_1, . . . , λ_l)B(λ)B(λ_1 ) . . . “B(λ_k ) . . . B(λ_l )A(λ_k), (12)

gde “B(λj ) oznaqaet, qto mnoßitel~ B(λj ) propuwen. DlØ vyqi-

sleniØ kofffficienta M_k(λ, λ_1, . . . , λ_l) opØt~ ispol~zuem sootnoxeniØ (9) [3]:

A(λ)B(λ_1) . . . B(λ_j ) . . . B(λ_l ) = j�1_∏ n=1 g_6(λ_n, λ_j) g_1(λ_n, λ_j)

A(λ)B(λ_j )B(λ_1) . . . “B(λ_j )

...B(λ_l) = j�1_∏ n=1 g_6(λ_n, λ_j) g_1λ_n, λ_j) ( g_1(λ_j , λ) g_5(λ_j , λ) B(λ_j )A(λ)B(λ_1)... “B(λ_j)...B(λ_l)−

− g_3(λ_j , λ) g_5(λ_j , λ) B(λ)A(λ_j )B(λ_1) . . . “B(λ_j ) . . . B(λ_l) ) . Pervoe slagaemoe v poslednem vyraßenii ne daœt vklada v kofffficient M_j (λ, λ_1, . . ., λ_l), tak kak v nœm operator A(λ) stoit posle

SPINOVA˚ CEPOQKA 151 operatora B(λ_j ). Pri dal~neæxih perestanovkah operatora A(λ) s operatorami B(λ_k ), stoØwimi pravee A(λ), operator B(λ_j ) ne isqezaet. Qtoby poluqit~ kofffficient M_j(λ, λ_1, . . . , λ_l), nußno vo vtorom slagaemom pri perestanovke operatora A(λ) s operatorami B(λ_k), stoØwimi pravee, uqityvat~ tol~ko tot qlen obwego perestanovoqnogo sootnoxeniØ operatorov A(λ) i B(μ) iz (9), v kotorom operatory sohranØ¸t svoi argumenty. V itoge poluqaem: M_j (λ, λ_1, . . . , λ_l) = − j�1_∏ n=1 g_6(λ_n, λ_j) g_1(λ_n, λ_j) g_3(λ_j, λ) g_5(λ_j, λ) l∏ k6=j g_1(λ_k, λj) g_5(λ_k, λ_j ) . Tot ße sposob dlØ operatora D(λ) daœt

D(λ)B(λ_1 ) . . . B(λ_l ) = l∏ k=1 g_6(λ, λ_k) g_5(λ, λ_k) B(λ_1) . . . B(λ_l)D(λ)+

+ l∑ k=1 ~M_k(λ, λ_1, . . . , λ_l)B(λ)B(λ_1 ) . . . “B(λ_k ) . . . B(λ_l )D(λ_k), (13)

~M_j (λ, λ_1, . . . , λ_l) = − j�1_∏ n=1 g_6(λ_n, λ_j) g_1(λ_n, λ_j) g_4(λ, λ_j) g_5(λ, λ_j) l∏ k6=j g_6(λ_j , λ_k) g_5(λ_j , λ_k) . Iz (12) i (13) sleduet, qto esli vypolneno uslovie

α^N (λ_j )M_j(λ, λ_1, . . . , λ_l) + δ^N (λ_j ) ~M_j(λ, λ_1, . . . , λ_l) = 0 dlØ l¸bogo j = 1, . . . , l, to vektor B(λ_1) . . . B(λ_l )Ω budet sobstvennym vektorom operatora A(λ) + D(λ). Parametry λ_1, . . . , λ_l dolßny udovletvorØt~ sisteme uravneniæ Bete:

g_3(λ_j , λ) g_4(λ, λ_j) g_5(λ, λ_j) g_5(λ_j , λ) α^N (λ_j ) δ^N (λ_j ) = = − l∏ k6=j g_6(λ_j, λ_k) g_1(λ_k, λ_j) g_5(λ_k, λ_j) g_5(λ_j , λ_k) , j = 1, . . ., l. (14) V naxem sluqae uravneniØ (14) prinima¸t vid ( p sinh(λ_j + η) sinh λ_j )_N = (−1)^{l+1}, j = 1, . . . , l. (15)

152 P. P. KULIX, P. D. R˚SIQENKO UravneniØ (15) ime¸t sledu¸wie rexeniØ:

λ_j = 1 2 ln pe�η_{− e}πi^{l+1}_N +2πi^{nj}_N pe^η − e^{πi l+1}N^{+2πi nj}N , n_j = 0, . . . , N − 1. (16) HotØ v uravneniØ (14) formal~no voxel parametr λ, no v uravneniØh (15) on sokratilsØ, iz qego sleduet, qto betevskiæ vektor B(λ_1) . . . B(λ_l)Ω s parametrami λ_1, . . . , λ_l, udovletvorØ¸wimi uravneniØm (15), ØvlØetsØ sobstvennym srazu dlØ vsego semeæstva operatorov A(λ)+D(λ). �tot rezul~tat sledovalo oßidat~, tak kak [A(λ) + D(λ), A(μ) + D(μ)] = 0 [3, 4]. Moßno takße napisat~ vyraßenie dlØ sobstvennyh vektorov gamil~toniana (5) v terminah lokal~nyh operatorov σ�_n (koordinatnyæ anzac Bete). Osnova fftogo podhoda izloßena v knigah [4, 9].

Sobstvennoe znaqenie Λ(λ, λ_1, . . . , λ_l) operatora A(λ)+D(λ), sootvetsvu¸wee betevskomu sobstvennomu vektoru B(λ_1) . . . B(λ_l )Ω, ravno

Λ(λ, λ_1, . . ., λ_l) = α^N (λ) l∏ k=1 g_1(λ_k, λ) g_5(λ_k, λ)

+ δ^N (λ) l∏ k=1 g_6(λ, λ_k) g_5(λ, λ_k) =

= (sinh^N (λ + η) + (−1)^l(sinh λ/p)^N ) l∏ k=1 p sinh(λ_k − λ + η) sinh(λ_k − λ)

. (17)

Ispol~zuØ svØz~ gamil~toniana spinovoæ cepoqki i operatorov A(λ) + D(λ) [3, 4], nahodim, qto vektory B(λ_1) . . . B(λ_l )Ω s λ_1, . . . , λ_l, udovletvorØ¸wimi uravneniØm (15), ØvlØ¸tsØ sobstvennymi vektorami gamil~toniana, a sootvetstvu¸wie znaqeniØ ffnergii E(λ_1, . . . , λ_l) ravny E(λ_1, . . ., λ_l) = d dλ ln Λ(λ, λ_1, . . . , λ_l) |_{λ=0}=

= N coth η + l∑ j=1 sinh η sinh λ_j sinh(λ_j + η)

. (18)

3. KvantovaØ algebra simmetrii spinovoæ sistemy

Pereædœm v R-matrice (1) i L-operatore (6) k mul~tiplikativnomu spektral~nomu parametru u = e^λ. Vvedœm parametr

SPINOVA˚ CEPOQKA 153 q = e^η . V terminah novogo spektral~nogo parametra dlØ Rmatricy (1) i L-operatora imeem R_{a1,a2} (u/v)L_{a1,n}(u)L_{a2,n}(v) = L_{a2,n}(v)L_{a1 ,n}(u)R_{a1,a2} (u/v). (19) Rassmotrim L-operatory vida

L_a(u) = ( ua − u�^1c u^α(q − q�^1)S�

u�α_{(q − q}�1_{)S}+_{ub − u}�1_d ) , (20)

gde a, b, c, d, S�, S^+ – poka proizvol~nye operatory, deæstvu- ¸wie v nekotorom prostranstve. Potrebuem, qtoby L-operator (20) udovletvorØl sootnoxeni¸ (19) s R-matriceæ (1), vyraßennoæ qerez mul~tiplikativnyæ parametr. L-operatorom takogo vida ØvlØetsØ operator (6), vyraßennyæ qerez u. Pri fftom a = 1 4 ((q + p)I +(q − p)σ^3), c = 1 4 ((q�1_{+ p)I +(q}�1_{− p)σ}3_{),} b = 1 4 ((p�1_{− q}�1_{)I +(p}�1_{+ q}�1_{)σ}3_{), d =}^1_{4 ((p}�1_{− q)I +(p}�1_{+ q)σ}3_{),}

S�_=^1_{2 σ}�_{, S}+_=^1_{2σ}+_,

gde I – ediniqnyæ operator v C^2.

Qtoby R-matrica i L-operator soderßali tol~ko u i u�^1, sdelaem preobrazovanie

~L_a(u) = Q(u)L_a(u)Q�^1(u), ~R_{a1,a2} (u/v) = Q(u) ⊗ Q(v)R_{a1,a2} (u/v)Q�^1(u) ⊗ Q�^1(v), (21)

gde matrica Q(u) vybiraetsØ v vide Q(u) = ( u^1

�α_2 0 0 u�^1�^α_2 ) . (22)

Esli sootnoxenie (19) vypolneno dlØ preobrazovannyh operatorov, to ono budet vypolneno i dlØ ishodnyh operatorov [3].

DlØ ~L_a(u) i ~R_{a1,a2} (u/v) poluqaem sledu¸wee razloßenie po spektral~nomu parametru: ~L(u) = u~L_+ − u�^1 ~L�, ~R(u/v) = u v ~R_+ − v u ~R�, (23)

154 P. P. KULIX, P. D. R˚SIQENKO gde ~R_+ = q 0 0 0 0 p q − q�^1 0 0 0 p�^1 0 0 0 0 −q�^1 ,

~R� = q�1_{0 0 0}

0 p 0 0 0 −(q − q�^1) p�^1 0 0 0 0 −q ,

~L_+ = ( a (q − q�^1)S� 0 b ) , ~L� = ( c 0 −(q − q�^1)S^+ d ) . (24)

PoluqivxaØsØ R-matrica ne zavisit ot parametra α. Dannoe obstoØtel~stvo otraßaet tot fakt, qto sam parametr α vvoditsØ v R-matricu, ne soderßawu¸ ego iznaqal~no, s pomow~¸ preobrazovaniØ tipa (21).

Podstavim razloßenie (24) v (19). DeæstvuØ analogiqno [3], poluqaem, qto operator (20) udovletvorØet ravenstvu (19), esli vypolneny sootnoxeniØ

~R_+ ~L^1_+ ~L^2_+ = ~L^2_+ ~L^1_+ ~R_+,

~R_+ ~L^1� ~L^2� = ~L^2� ~L^1� ~R_+,

~R_+ ~L^1_+ ~L^2� = ~L^2� ~L^1_+ ~R_+, (25)

gde indeksy 1 i 2 sootvetstvu¸t indeksam a_1 i a_2 dvuh vspomogatel~nyh prostranstv. Iz (25) poluqaem, qto dlØ fflementov a, b, c, d, S�, S^+ dolßny vypolnØtsØ sledu¸wie sootnoxeniØ: ab = ba, ac = ca, ad = da, bc = cb, bd = db, cd = dc, q(q − q�^1)aS� = p(q − q�^1)S�a, p(q − q�^1)aS^+ = q(q − q�^1)S^+ a,

p�1_{(q − q}�1_{)bS}�_{= −q}�1_{(q − q}�1_{)S}�_{b,}

SPINOVA˚ CEPOQKA 155

q�1_{(q − q}�1_{)bS}+_{= −p}�1_{(q − q}�1_{)S}+_{b,} p�1_{(q − q}�1_{)cS}�_{= q(q − q}�1_{)S}�_{c,}

q(q − q�^1)cS^+ = p�^1(q − q�^1)S^+ c,

−q�1_{(q − q}�1_{)dS}�_{= p(q − q}�1_{)S}�_{d,}

−p(q − q�^1)dS^+ = q�^1(q − q�^1)S^+d,

(q^2 − q�^2)(S�)^2 = 0, (q^2 − q�^2)(S^+)^2 = 0, (q − q�^1)^2(p�^1S^+S� −pS�S^+) = (q − q�^1)(da − bc). (26) Esli q^4 ≠ 1, to sootnoxeniØ (25) primut vid ab = ba, ac = ca, ad = da, bc = cb, bd = db, cd = dc, qaS�_{= pS}�_{a, paS}+_{= qS}+_{a,} p�1_{bS}�_{= −q}�1_S�_{b, q}�1_{bS}+_{= −p}�1_S+_{b,} p�1_{cS}�_{= qS}�_{c, qcS}+_{= p}�1_S+_{c,} −q�1_{dS}�_{= pS}�_{d, −pdS}+_{= q}�1_S+_{d,} (S�_)2_{= 0, (S}+_)2_{= 0,}

(q − q�^1)(p�^1S^+S� − pS�S^+) = (da − bc). (27) S l¸bym predstavleniem algebry s obrazu¸wimi, udovletvorØ¸wimi usloviØm (26), moßno po formule (20) svØzat~ Loperator, dlØ kotorogo budet vypolneno ravenstvo (19). Po fftomu operatoru moßno postroit~ matricu monodromii i otveqa¸- wu¸ eæ dinamiqesku¸ sistemu, k issledovani¸ kotoroæ v polnoæ mere primenim KMOZ. Takim obrazom, s kaßdym predstavleniem dannoæ algebry svØzana nekotoraØ integriruemaØ sistema.

Matrica monodromii ~T_a(u), postroennaØ po operatoram ~L_{a,n}(u), vyraßaetsØ sledu¸wim obrazom qerez matricu T_a(u):

~T_a(u) = Q(u)T_a(u)Q�^1(u) = ( A(u) u^1�^αB(u) u^α�^1C(u) D(u) ) . (28)

DlØ ~T_a(u) vypolnØetsØ toßdestvo ~R_{a1,a2} (u/v) ~T_{a1} (u) ~T_{a2} (v) = ~T_{a2} (v) ~T_{a1} (u) ~R_{a1,a2} (u/v). (29) UqityvaØ razloßenie (23), moßem napisat~ ~L_{a,N} (v) . . . ~L_{a,1}(v) = ( v ~L^N_+ − 1 v ~L^N� ) . . . ( v ~L^1_+ − 1 v ~L^1� ) =

156 P. P. KULIX, P. D. R˚SIQENKO

= v^N ~L^N_+ . . . ~L^1_+ + · · · +

(−1)^N v^N ~L^N� . . . ~L^1�, gde verhniæ indeks u L-operatorov teper~ oboznaqaet sootvetstvu¸wiæ nomer uzla cepoqki. Takim obrazom,

~T_a(v) = v^N ~L^N_+ . . . ~L^1_+ + · · · + (−1)^N v^N ~L^N� . . . ~L^1�. (30)

Dalee nahodim:

~L^N_+ . . . ~L^1_+ = ( a_N (q − q�^1)S�_N 0 b_N ) . . . ( a_1 (q − q�^1)S�_1 0 b_1 ) =

= a^N . . . a^1 (q − q�^1) N∑ k=1 a_N . . . a_{k+1}S�_k b_k�_1 . . . b_1 0 b_N . . . b_1 ,

~L^N� . . . ~L^1� = ( c_N 0 (q�1_{− q)S}+_{N dN} ) . . . ( c_1 0

(q�1_{− q)S}+_{1 d1} ) =

= c_N . . . c_1 0

(q�1_{− q)}^{N∑} k=1 d_N . . . d_{k+1}S^+_k c_k�_1 . . . c_1 d_N . . . d_1 . My prihodim k realizacii algebry (27) v terminah lokal~nyh operatorov

a_{gl} = a_N . . . a_1, b_{gl} = b_N . . . b_1, c_{gl} = c_N . . . c_1, d_{gl} = d_N . . . d_1, S�_{gl =}^{N∑} k=1 a_N . . . a_{k+1}S�_k b_k�_1 . . . b_1,

S^+_{gl} = N∑ k=1 d_N . . . d_{k+1}S^+_k c_k�_1 . . . c_1d_N . . . d_1.

Podstavim razloßenie (23) dlØ R-matricy i razloßenie (30) dlØ ~T_{a2} (v) v (29). Iz ravenstva kofffficientov pri stepenØh v^{N+1} i v�^N�^1 poluqaem ~R_+ ~T_{a1} (u)I ⊗ ~L^N� . . . ~L^1� = I ⊗ ~L^N� . . . ~L^1� ~T_{a1} (u) ~R_+, ~R�^~Ta1 (u)I ⊗^~L^N+ . . .^~L^1+ = I ⊗^~L^N+ . . .^~L^1+^~Ta1 (u)^~R�.

(31)

SPINOVA˚ CEPOQKA 157 Ispol~zuØ (31) i (28), moßno poluqit~ perestanovoqnye sootnoxeniØ meßdu fflementami matricy T_a(u) i proizvedeniØmi fflementov algebry (26), otnosØwihsØ k raznym uzlam cepoqki. Naprimer: [A(u), a_{gl}] = [D(u), a_{gl}] = 0, [A(u), b_{gl}] = [D(u), b_{gl}] = 0, [A(u), c_{gl}] = [D(u), c_{gl}] = 0, [A(u), d_{gl}] = [D(u), d_{gl}] = 0, a_{gl}B(u) = p q B(u)a_{gl} , b_{gl}B(u) = − p q B(u)b_{gl} , c_{gl}B(u) = pqB(u)c_{gl}, d_{gl}B(u) = −pqB(u)d_{gl}, S�_{gl B(u) = −}^1_{q2 B(u)4S}�_{gl ,} A(u)S�_{gl} = pqS�_{gl} A(u) − qu^1�^αa_{gl}B(u), D(u)S�_{gl} = −qS�_{gl} D(u) − q p u^1�^αb_{gl}B(u). (32)

Iz (32) sleduet, qto operatory a_{gl}, b_{gl}, c_{gl}, d_{gl} kommutiru¸t s gamil~tonianom sistemy i ØvlØ¸tsØ integralami dvißeniØ.

Rassmotrim predstavlenie algebry (26), otveqa¸wee L-ope-ratoru (6). V fftom sluqae imeem

a_nΩ = q 2 Ω, b_nΩ = 1 2p Ω, c_nΩ = 1 2q Ω, d_nΩ = 1 2p Ω. Kaßdyæ vektor vida B(λ_1) . . . B(λ_l )Ω ØvlØetsØ sobstvennym vektorom operatorov a_{gl}, b_{gl}, c_{gl}, d_{gl} so sledu¸wimi sobstvennymi znaqeniØmi:

a_{gl}B(λ_1) . . . B(λ_l)Ω = p^lq^N�^l 2^N B(λ_1) . . . B(λ_l)Ω, b_{gl}B(λ_1) . . . B(λ_l)Ω = (−q)^l 2^N p^n�^l

B(λ_1) . . . B(λ_l )Ω,

c_{gl}B(λ_1) . . . B(λ_l )Ω = p^l q^N�^l

2^N B(λ_1) . . . B(λ_l )Ω,

d_{gl}B(λ_1) . . . B(λ_l )Ω = (−q)^l p^N�^l2^N B(λ_1) . . . B(λ_l)Ω. Zdes~ qisla λ_1, . . . , λ_l proizvol~ny. Procedura poiska sobstvennyh vektorov gamil~toniana sredi sobstvennyh vektorov kommutiru¸wih s gamil~tonianom operatorov a_{gl}, b_{gl}, c_{gl}, d_{gl} dast uravneniØ Bete na spektral~nye parametry λ_1, . . . , λ_l.

158 P. P. KULIX, P. D. R˚SIQENKO

Rassmotrim proizvol~noe predstavlenie algebry (26). Pust~ ω – sobstvennyæ vektor kommutiru¸wih meßdu soboæ operatorov a, b, c, d. Togda l¸boæ vektor vida B(λ_1) . . . B(λ_l)Ω, gde Ω = ω ⊗ · · · ⊗ ω, budet sobstvennym vektorom operatorov a_{gl}, b_{gl}, c_{gl}, d_{gl}. Vybor sobstvennyh vektorov gamil~toniana iz dannyh vektorov privedœt k uravneniØm Bete na parametry λ_1, . . . , λ_l.

4. StatistiqeskaØ summa modeli na dvumernoæ rexetke s graniqnymi usloviØmi tipa domennoæ stenki

StatistiqeskaØ summa Z_N ({λ_i}^N_1 ; {ξ_i}^N_1 ) modeli na kvadratnoæ rexetke N × N s graniqnymi usloviØmi tipa domennoæ stenki predstavlØet interes v svØzi s vyqisleniem norm betevskih vektorov i posledu¸wim primeneniem poluqennyh rezul~tatov dlØ issledovaniØ korrelØcionnyh funkciæ sistemy [4, 10, 11]. StatistiqeskaØ summa dlØ 6-verxinnoæ modeli s R-matriceæ XXZ-cepoqki v toqke “svobodnyh fermionov” η = iπ/4 byla vyqislena v [12]. IssleduemaØ nami model~ toße otnositsØ k klassu “svobodnyh fermionov” [2], no s inoæ R-matriceæ (1).

StatistiqeskaØ summa Z_N moßet byt~ zapisana v sledu¸wem vide [4, 10]:

Z_N = ( ⊗^N_k=1 ↓ ) ⊗ ( ⊗^N_α=1 ↑ ) ←−_N ∏ α=1

←−_N ∏ k=1 L_{αk}(λ_α − ξ_k) ( ⊗^N_k=1 ↑ ) ⊗ ( ⊗^N_α=1 ↓ ) (33)

(zdes~ indeks k sootvetstvuet pervomu prostranstvu v proizvedenii C^2 ⊗C^2, a α – vtoromu). V (33) ispol~zovany estestvennye oboznaqeniØ: ↑= ( 1 0 ) , ↓= ( 0 1 ) . Proizvedenie L-operatorov v (33) moßno pereuporØdoqit~:

Z_N = (34) = ( ⊗^N_k=1 ↓ ) ⊗ ( ⊗^N_α=1 ↑ ) ←−_N ∏ k=1

←−_N ∏ α=1 L_{αk}(λ_α − ξ_k) ( ⊗^N_k=1 ↑ ) ⊗ ( ⊗^N_α=1 ↓ ) . Rassmotrim sluqaæ λ_1 = ξ_1. Operator L_{11}(0) svoditsØ k operatoru sinh ηP. Vospol~zovavxis~ tem, qto vektory ↑ ⊗ ↑ i ↓ ⊗ ↓

SPINOVA˚ CEPOQKA 159 ØvlØ¸tsØ sobstvennymi vektorami operatora L_{αk}(λ_α − ξ_k), otveqa¸wimi sobstvennymi znaqeniØm sinh(λ_α − ξ_k + η) i sinh(η − λ_α + ξ_k) sootvetstvenno, poluqaem

Z_N (λ_1 = ξ_1) = (35)

= sinh η N∏ j=2 sinh(λ_1 − λ_j + η) sinh(λ_1 − ξ_j + η)Z_N�_1({λ_i}^N_2 ; {ξ_i}^N_2 ).

Vvedœm matricu monodromii ~T_α(λ): ~T_α(λ) = ←−_N ∏ k=1 L_{αk}(λ − ξ_k) = ( ~ A(λ) ~B(λ) ~C(λ) ~D(λ) ) . Ot vvedœnnoæ ranee matricy monodromii (7) ona otliqaetsØ tem, qto v kaqestve vspomogatel~nogo prostranstva v Loperatorah vybrano vtoroe prostranstvo v proizvedenii C^2 ⊗

C^2. Operator^~B(λ) poluqaetsØ iz operatora B(λ) s pomow~¸ za-

meny parametrov α i p na −α i 1/p. StatistiqeskaØ summa zapisyvaetsØ kak

Z_N = ⊗^N_{k=1} ↓ ~B(λ_N ) . . . ~B(λ_1)⊗^N_{k=1} ↑ . (36)

Zapixem Z_N ewœ v odnom vide. DlØ fftogo vvedœm matricu monodromii ^T_j (ξ), kotoru¸ opredelim sledu¸wim obrazom:

^T_j (ξ) = ←−_N ∏ α=1 L_{αj}(λ_α − ξ) = ( ^ A(ξ) ^B(ξ) ^C(ξ) ^D(ξ) ) . Zametim, qto ^C(ξ) = C(−ξ). DlØ Z_N poluqaem sledu¸wee vyraßenie:

Z_N = ⊗^N_{k=1} ↑ ^C(ξ_N ) . . . ^C_1(ξ_1)⊗^N_{k=1} ↓ . (37)

Iz formul (36), (37) i iz postroeniØ operatorov ~B(λ) i ^C(ξ) zakl¸qaem, qto Z_N (α) = exp(−α ∑_N j=1(λ_j − ξ_j ))Z_N (α = 0).

V dal~neæxem budem predpolagat~, qto α = 0.

Iz struktury L-operatorov (6) nahodim, qto ~B(λ) = exp(−(N − 1)λ) ~P_N�_1(e^{2λ}), ~C(ξ) = exp(−(N − 1)ξ) ^P_N�_1(e^{2ξ}), gde ~P_N�_1 i ^P_N�_1 – nekotorye polinomy stepeni N − 1. Sledovatel~no, Z_N imeet analogiqnu¸ strukturu po kaßdoæ peremennoæ. Takim obrazom,

160 P. P. KULIX, P. D. R˚SIQENKO qtoby naæti Z_N s toqnost~¸ do mnoßitelØ, ne zavisØwego ot peremennyh λ_1, . . . , λ_N , ξ_1, . . . , ξ_N , dostatoqno znat~ korni Z_N kak polinoma po kaßdoæ iz peremennyh e^{2λ1}, . . . , e^{2λN} , e^{2ξ1} , . . ., e^{2ξN} . S fftoæ cel~¸ rassmotrim sootnoxeniØ (9), B(λ)B(μ) = sinh(η − λ + μ) sinh(λ − μ + η) B(μ)B(λ),

C(λ)C(μ) = sinh(λ − μ + η) sinh(η − λ + μ) C(μ)C(λ), iz kotoryh poluqaem

~B(λ + η) ~B(λ) = 0, ^C(λ + η) ^C(λ) = 0 dlØ l¸bogo λ ∈ C. (38)

Znaqit, kak polinom po peremennoæ e^{2λk} (k = 1, . . . , N ) Z_N imeet korni e^{2(λ1+η)}, . . ., e^{2(λk}�^{1+η)}, e^{2(λk+1}�^{η)}, . . . , e^{2(λN} �^{η)}. Analogiqno po peremennoæ e^{2ξk} (k = 1, . . . , N ) Z_N imeet nuli v toqkah e^{2(ξ1+η)}, . . . , e^{2(ξk}�^{1+η)}, e^{2(ξk+1}�^{η)}, . . . , e^{2(ξN} �^{η)}. Tak kak dlØ kaßdoæ peremennoæ izvestno N − 1 korneæ sootvetstvu¸wego polinoma, to Z_N fiksiruetsØ s toqnost~¸ do mnoßitelØ:

Z_N ∼ exp(−(N − 1) N∑ j=1 (λ_j + ξ_j )) ∏ i<j (e^{2λi} − e^{2(λj} �^{η)})(e^{2ξi} − e^{2(ξj} �^{η)}) ∼

∼ ∏ i<j sinh(λ_i − λ_j + η) sinh(ξ_i − ξ_j + η).

Okonqatel~no moßem napisat~:

Z_N = M_N ∏ i<j sinh(λ_i − λ_j + η) sinh(ξ_i − ξ_j + η). (39)

DlØ nahoßdeniØ kofffficienta M_N ispol~zuem svoæstvo redukcii (35). Poloßim v (39) λ_1 = ξ_1, togda

Z_N = M_N M_N�_1 N∏ j=2 sinh(λ_1 − λ_j + η) sinh(λ_1 − ξ_j + η)Z_N�_1({λ_i}^N_2 ; {ξ_i}^N_2 ).

V itoge prihodim k sootnoxeni¸ M_N M_N�_1

= sinh η. (40)

SPINOVA˚ CEPOQKA 161 Vyraßenie (40) predstavlØet soboæ rekurrentnu¸ formulu dlØ nahoßdeniØ kofffficientov M_N . Zametim, qto Z_1 = M_1, otkuda prØmymi vyqisleniØmi nahodim M_1 = sinh η, sledovatel~no, M_N = sinh^N η. DlØ Z_N imeem:

Z_N = sinh^N η ∏ i<j sinh(λ_i − λ_j + η) sinh(ξ_i − ξ_j + η). (41)

Pri α ≠ 0 poluqaem:

Z_N = sinh^N η exp(−α N∑ j=1 (λ_j − ξ_j))× × ∏ i<j sinh(λ_i − λ_j + η) sinh(ξ_i − ξ_j + η). (42)

5. Zakl¸qenie

V ramkah KMOZ bylo provedeno issledovanie spinovoæ sistemy. Naæden spektr sistemy i vydelena algebra simmetrii. Specifiqeskie svoæstva operatorov ~B(λ) i ^C(ξ) pozvolili Øvno vyqislit~ statistiqesku¸ summu na rexetke s graniqnymi usloviØmi tipa domennoæ stenki. Poluqennye rezul~taty my nadeemsØ primenit~ k izuqeni¸ norm betevskih vektorov i korrelØcionnyh funkciæ sistemy.

Avtory blagodarØt N. A. Kitanina i V. O. Tarasova za poleznye obsußdeniØ.

Literatura

1. C. N. Yang. — Phys. Rev. Lett. 19, No. 23 (1967), 1312–1314. 2. R. J. Baxter. — Ann. Phys. 70, No. 1 (1972), 193–228.

R. Bffkster, Toqno rexaemye modeli v statistiqeskoæ mehanike. Mir, M. (1985).

3. L. D. Faddeev. — In: Quantum Symmetries/Symmetries Quantiques, A. Connes

et al. (eds.), North-Holland, Amsterdam (1998), pp. 149–219.

4. N. M. Bogol¸bov, A. G. Izergin, V. E. Korepin, KorrelØcionnye funkcii integriruemyh sistem i kvantovyæ metod obratnoæ zadaqi. Nauka, M. (1992).

5. P. P. Kulish, E. K. Sklyanin. — Lect. Notes Phys. 151 (1982), 61–159. 6. P. P. Kulix, E. K. SklØnin, O rexeniØh uravneniØ ˚nga–Bakstera. — Zap. nauqn. semin. LOMI 95 (1980), 129–160.

7. E. Lieb, T. Schultz, D. Mattis. — Ann. Phys. 16 (1961), 407–466.

162 P. P. KULIX, P. D. R˚SIQENKO

8. L. A. TahtadßØn, L. D. Faddeev, Spektr i rasseØnie vozbußdeniæ v odnomernom izotropnom magnetike Geæzenberga. — Zap. nauqn. semin. LOMI 109 (1981), 134–178.

9. M. Gaudin, La fonction d’onde de Bethe. Masson, Paris (1983). 10. V. E. Korepin. — Comm. Math. Phys. 86 (1982), 391–418. 11. N. A. Slavnov. — TMF 79, No. 2 (1989), 232–240.

12. N. M. Bogoliubov, A. G. Pronko, M. B. Zvonarev. — J. Phys. A: Math. Gen. 35

(2002), 5525–5541.

Kulish P. P., Ryasichenko P. D. Spin chain connected to the quantum superalgebra sl_q(1 | 1).

We consider an integrable system with R-matrix connected to the algebra sl_q(1 | 1). We construct the Hamiltonian of the system and find its spectrum by means of the algebraic Bethe Ansatz. The symmetry algebra of the chain is written out. The partition function of the model on the lattice with domain wall boundary conditions is calculated.

Postupilo 27 i¸nØ 2005 g. S.-Peterburgskoe otdelenie Matematiqeskogo instituta im. V. A. Steklova RAN

E-mail: kulish@pdmi.ras.ru

S.-Peterburgskiæ gosudarstvennyæ universitet