Zapiski nauqnyh seminarov POMI Tom 327, 2005 g.

F. L. Nazarov, N. A. Xirokov

OB UBYVANII (p,A)-LAKUNARNYH R˚DOV

Stepennoæ rØd^∞ ∑ k=0 a_kx^{nk} budem nazyvat~ (p, A)-lakunarnym

(sm. [1, gl. 3] i [2]), esli dlØ nekotoryh p > 1 i A > 0 vypolneno n_k ¿ Ak^p. OkazyvaetsØ, qto ne toßdestvenno ravnaØ nul¸ funkciØ, predstavlØemaØ (p, A)-lakunarnym rØdom v ediniqnom kruge D, ne moßet slixkom bystro ubyvat~ pri x → 1 − 0. To, qto analitiqeskaØ v D funkciØ s redkimi kofffficientami ne moßet ubyvat~ s proizvol~noæ skorost~¸, bylo otmeqeno ranee (sm. [3, 4]). DlØ (p, A)-lakunarnyh rØdov vyØsnilos~, qto vozmoßnaØ skorost~ ubyvaniØ pri 1 < p < 2 i p ¿ 2 zadaetsØ raznymi formulami, pri p > 2 zazor meßdu ustanovlennoæ vozmoßnoæ skorost~¸ ubyvaniØ i skorost~¸ ubyvaniØ postroennogo primera byl suwestvenno men~xim, qem pri 1 < p < 2.

Cel~¸ nastoØweæ raboty ØvlØetsØ znaqitel~noe sußenie upominaemogo zazora dlØ sluqaØ 1 < p < 2.

Rezul~taty iz [1, gl. 3] i [2] da¸t sledu¸wee utverßdenie. Pust~ B = B(p, A) = (p − 1) (π p ) p_p�_1 · 1 A^{1/(p−1)} · 1 | cos^{πp}_2 |^{1/(p−1)} , 1 < p < 2. Teorema 1. (a) Pust~ funkciØ f analitiqna v D, ee rØd Teælora

(p, A)-lakunaren i pri kakom-to ε > 0 spravedlivo sootnoxenie lim x→1−0 |f(x)| exp (( B + ε )( 1 − x )_− 1_p�_1 ) = 0. (1)

Togda f ≡ 0.

(b) Suwestvu¸t analitiqeskaØ v D funkciØ f_0 s (p, A)-lakunarnym rØdom Teælora i postoØnnaØ C_0 takie, qto f_0 ≢ 0, lim x→1−0 |f_0(x)| exp ( B ( 1 − x )_− 1_p�_1 − C_0 ( 1 − x )_− 1_p�_{1 +1}) = 0. (2)

V nastoØweæ rabote dokazyvaetsØ sledu¸waØ teorema.

Rabota vypolnena pri podderßke RFFI, grant 05-01-0924. 135

136 F. L. NAZAROV, N. A. XIROKOV

Teorema 2. (a) Esli funkciØ f vzØta iz punkta (a) teoremy 1, i

pri kakom-to ε > 0 vypolneno sootnoxenie lim x→1−0 |f(x)| exp ( B ( 1 − x )_− 1_p�_1 + +ε ( 1 − x)^{− 1p}�^1 / ( | log(1 − x)| + 1 )) = 0, (3) to f ≡ 0.

(b) Suwestvu¸t analitiqeskaØ v D funkciØ f_1 s (p, A)-lakunarnym rØdom Teælora i postoØnnaØ c_1 = c_1(p, A) > 0 takie, qto lim x→1−0 |f_1(x)| exp ( B ( 1 − x )_− 1_p�_1 + +c_1 ( 1 − x )_− 1_p�_1 / ( | log(1 − x)|^2 + 1 )) = 0. (4)

˚sno, qto uslovie (3) usilivaet (1), a (4), sootvetstvenno, (2).

1. Dokazatel~stvo qasti (a) teoremy 2

Pust~ f udovletvorØet sootnoxeni¸ (3). Poloßim g(s) = f(e^{−s}), Re s > 0,

φ(ζ) = ∞∫ 0 g(s)e^{ζs} ds, Re ζ < 0. (5) V [1, gl. 3] ustanovleno, qto φ – meromorfnaØ funkciØ na vseæ kompleksnoæ ploskosti C s prostymi pol¸sami v toqkah n_k,

k ¿ 0. Iz (3) sleduet, qto s nekotoroæ postoØnnoæ ~c spraved-

liva ocenka |g(s)| 6 ~c exp ( − Bs^{−1/(p−1)} − ε 2 s^{−1/(p−1)}/(| log s| + 1) ) , 0 < s < ∞, pofftomu pri ζ = −l + iμ imeem |φ(ζ)| 6 ~c ∞∫ 0 exp ( − Bs^{−1/(p−1)} − ε 2 s^{−1/(p−1)}/(| log s| + 1) ) e^{−ls}ds. (6) Pust~ α =^1_{p−1} , s_0 = s_0(l) – koren~ uravneniØ −(Bs^{−α})^′ − ( ε 2 s^{−α} ( − log s + 1 )_{−1})′ − l = 0, (7^′)

OB UBYVANII (p; A)–LAKUNARNYH R˚DOV 137 t.e. Bαs^{−α−1}_0 + ε 2 αs^{−α−1} 0 ( − log s_0 + 1 )_{−1} − − ε 2 s^{−α−1} 0 ( − log s_0 + 1 )_{−2} − l = 0. (7)

Pri l ¿ l_0(B, α, ε) ravenstvo (7) vleqet, qto s_0 <^1_l i (− log s_0 + 1)^{−1} <^1_α , pofftomu

αδ^{def}= ε 2 α ( − log s_0 + 1 )_{−1} − ε 2 ( − log s_0 + 1 )_{−2} > 0, togda (7) daet (B + δ)αs^{−α−1}_0 = l, s_0 = B^{11+α} α^{11+α} l^{− 11+α} + B^{11+α} α^{11+α} l^{− 11+α} · δα B + O ( δ^2l^{− 11+α} ) . (8) Pust~ B_1 = B + δ, togda (8) vleqet

s^{−α}_0 = B^{− α1+α}_1 α^{− α1+α} l^{α1+α} . (9) Esli s_0 vzØto iz (8), to

−B_1s^{−α}_0 − ls_0 = −B^{11+α}_1 pα^{11+α} l^{α1+α} . (10) Imeem B^{11+α}_1 = B^{11+α} + 1 1 + α

B^{− α1+α} δ + O(δ^2) (11) i ε 2 (− log s_0 + 1)^{−1} = δ + O(δ^2). (12)

Ispol~zuØ sootnoxeniØ (9)–(12), nahodim, qto s nekotoroæ poloßitel~noæ postoØnnoæ t = t(p, B) vypolnØetsØ sootnoxenie −Bs^{−α}_0 − ε 2 s^{−α}_0 (− log s_0 + 1)^{−1} − ls_0 =

= −Bp α^{11+α} l^{α1+α} − ε t l^{α1+α} (log l)^{−1} + O ( l^{α1+α} (log l)^{−2} ) . (13)

Teper~ standartnye asimptotiqeskie rassußdeniØ, primenennye k (6), (7^′) i (13), pri ζ = −l + iμ vlekut

|φ(ζ)| 6 ~c_1 exp [ − B^{11+α} p α^{11+α} l^{α1+α} − ε t l^{α1+α} (log l)^{−1}+

138 F. L. NAZAROV, N. A. XIROKOV +O ( l^{α1+α} (log l)^{−2} )] . (14)

Poloßim θ_0 =^{πp}_2 . Esli ζ = e^{±iθ0} r, r ¿ 2, to (14) daet ocenku

|φ(ζ)| 6 ~c_1 exp ( − B_2r^{1p} − B_3εr^{1p} (log r)^{−1} + O ( r^{1p} (log r)^{−2} ) , (15) gde B_2 = B^{11+α} pα^{11+α} | cos θ_0 | α_{1+α} . (16)

Poloßim ∏ (ζ) = ∏ k¿0^{(1 −} ζ n_k ). Togda v silu (2.05) iz [1, gl. 3] pri

ζ = e^{±iθ0} r, r ¿ 2, imeem ocenku | | ∏ (ζ) | | 6 ~c2 exp^(B2r^{1p} + B4 log r^), (17)

gde B_2 v (16) i (17) sovpada¸t. FunkciØ ψ = φ ∏ – celaØ funkciØ porØdka^1_p normal~nogo tipa, pri fftom pri ζ = re^{±iθ0} iz (15) i (17) nahodim, qto

|ψ(ζ)| 6 ~c_3 exp ( − B_3εr^{1p} (log r)^{−1} + O ( r^{1p} (log r)^{−2} )) , r ¿ 2. (18)

Esli γ_± = {ζ = re^{±iθ0} , r ¿ 0}, γ = γ_+ ∪ γ_−, to formula (18) vleqet ∫ γ log |ψ(ζ)| 1 + |ζ|^{1+1/p} |dζ| = −∞, (19) otkuda v silu togo, qto ψ – celaØ funkciØ normal~nogo tipa, i teorem edinstvennosti dlØ ugla {ζ = re^{iθ} : −θ_0 < θ < θ_0, r > 0}, poluqaem ψ ≡ 0, otkuda i f ≡ 0. Utverßdenie (a) dokazano.

Preßde qem pristupit~ k dokazatel~stvu qasti (b), ustanovim sledu¸wee vspomogatel~noe utverßdenie.

2. Vspomogatel~nye utverßdeniØ dlØ qasti (b) v teoreme 2 Lemma 1. Pust~ b > 1, 0 < ρ < 1, 0 < Δ < 1,

f(ζ) = ∞∫ b t^{ρ−1} t − ζ log t (log t)^2 + 4π^2 dt. (20)

OB UBYVANII (p; A)–LAKUNARNYH R˚DOV 139 Togda pri ζ → ∞, | arg ζ − π| < Δπ spravedlivo sootnoxenie

f(ζ) = − π sin πρ · (ζe^{−πi})^ρ ζ log(ζe^{−πi}) − ( π sin πρ )_2 cos πρ (ζe^{−πi})^ρ ζ (| log |ζ| |_2) + + O ( |ζ|^{ρ−1} (| log |ζ| |_3) ) . (21)

Dokazatel~stvo lemmy 1. Poloßim

f_1(ζ) = ∞∫ 0 t^{ρ−1} t − ζ log t (log t)^2 + 4π^2 dt. (22) ˚sno, qto pri ζ → ∞ vypolneno

|f_1(ζ) − f(ζ)| = O ( 1 |ζ| ) , pofftomu dostatoqno proverit~ (21) dlØ funkcii f_1. Pust~ dalee

f_{1±}(ζ) = ∞∫ 0 t^{ρ−1} t − ζ 1 log t ± 2πi dt. (23) Togda f_1 =^1_2 (f_{1+}+f_{1−}). Dalee, pri |ζ| > 2, 0 < ρ < 1, | arg ζ−π| < Δπ legko proverit~ ocenku ∞∫ 0 t^{ρ−1} |t − ζ| dt (| log | + 2π)^3 = O ( |ζ|^{ρ−1} (log |ζ|)^3 ) . (24)

Opredelim funkcii

f_{2±}(ζ) = ∞∫ 0 t^{ρ−1} t − ζ dt (log t ± 2πi)^2

. (25)

DlØ ε > 0 i R > 0 opredelim kontur: [ε, R] ∪ { Re^{iθ}, 0 6 θ 6 2π } ∪ [R, ε] ∪ { εe^{iθ} : 2π ¿ θ ¿ 0 } . (26)

Fiksiruem ζ v obsußdaemoæ oblasti. RassmatrivaØ integral (25) dlØ f_{2+} po konturu (26) i ustremlØØ ε k nul¸, a R k ∞,

140 F. L. NAZAROV, N. A. XIROKOV polagaØ 0 < arg t < 2π, naædem, qto ∞∫ 0 t^{ρ−1} t − ζ dt (log t + 2πi)^2 − e^{2πiρ} ∞∫ 0 t^{ρ−1} t − ζ dt (log t + 4πi)^2 =

= 2πi ζ^{ρ−1} (log ζ + 2πi)^2

. (27)

V (27) imeem 0 < arg ζ < 2π. UqityvaØ, qto 1 (log ζ + 2πi)^2 = 1 (log |ζ|)^2 + O ( 1 (log |ζ|)^3 ) (28)

pri |ζ| → ∞, i primenØØ (24), nahodim: ∞∫ 0 t^{ρ−1} t − ζ dt (log t + 4πi)^2 − ∞∫ 0 t^{ρ−1} t − ζ dt (log t + 2πi)^2 = O ( |ζ|^{ρ−1} (log |ζ|)^3 ) . (29)

Teper~ (27), (28) vlekut

f_{2+}(ζ) − e^{2πiρ}f_{2+}(ζ) = 2πi ζ^{ρ−1} (log |ζ|)^2 + O ( |ζ|^{ρ−1} (log |ζ|)^3 ) , f_{2+}(ζ) = − π sin πρ (ζe^{−πi})^ρ ζ(log |ζ|)^2 + O ( |ζ|^{ρ−1} (log |ζ|)^3 ) . (30)

DlØ f_{2−} nußno rassmatrivat~ −2π < arg t < 0 i kontur [ε, R] ∪ { Re^{iθ} : 0 ¿ θ ¿ −2π } ∪ [R, ε] ∪ { εe^{iθ} : −2π 6 θ 6 0 } . (31)

Togda vypolneno sootnoxenie ∞∫ 0 t^{ρ−1} t − ζ dt (log t − 2πi)^2 − e^{−2πiρ} ∞∫ 0 t^{ρ−1} t − ζ dt (log t − 4πi)^2 =

= −2πi ζ^{ρ−1} (log ζ − 2πi)^2

, (32)

gde v (32) vybrano −2π < arg ζ < 0. Togda, kak i v (29)–(31), imeem

f_{2−}(ζ) = − 2πi 1 − e^{−2πiρ} ζ^{ρ−1} (log |ζ|)^2 + O ( |ζ|^{ρ−1} (log |ζ|^3) ) =

OB UBYVANII (p; A)–LAKUNARNYH R˚DOV 141 = − π sin πρ (ζe^{iπ} )^ρ ζ(log |ζ|)^2 + O ( |ζ|^{ρ−1} (log |ζ|)^3 ) . (33)

Teper~ ζe^{πi} = (ζe^{2πi})e^{−πi}, pofftomu (36) vleqet

f_{2−}(ζ) = − π sin πρ (ζe^{−πi})^ρ ζ(log |ζ|)^2 + O ( |ζ|^{ρ−1} (log |ζ|)^3 ) , (34)

gde, kak i v (30), 0 < arg ζ < 2π.

RassmatrivaØ integral dlØ f_{1+} po konturu (26), poluqim ∞∫ 0 t^{ρ−1} t − ζ dt log t + 2πi − e^{2πiρ} ∞∫ 0 t^{ρ−1} t − ζ dt log t + 4πi =

= 2πi ζ^{ρ−1} log ζ + 2πi

, (35)

gde v pravoæ qasti (35) 0 < arg ζ < 2π. Zatem 1 log t + 4πi − 1 log t + 2πi = −2πi 1 (log t + 2πi)^2 + O ( 1 (| log t| + 2π)^3 ) , pofftomu iz (24) i (35) poluqaem

f_{1+}(ζ) − e^{2πiρ}f_{1+}(ζ) + 2πie^{2πiρ}f_{2+}(ζ) = = 2πi ζ^{ρ−1} log ζ + 2πi + O ( |ζ|^{ρ−1} (log |ζ|)^3 ) . (36)

Teper~ (24), (30) i (36) vlekut

f_{1+}(ζ) = − π sin πρ (ζe^{−πi})^ρ ζ(log(ζe^{−πi}) + 3πi) + π sin πρ e^{πiρ} [( π sin πρ (ζe^{−πi})^ρ ζ(log |ζ|)^2 ] + +O ( |ζ|^{ρ−1} (log |ζ|)^3 ) = − π sin πρ (ζe^{−πi})^ρ ζ(log(ζe^{−πi}) + 3πi) − − ( π sin πρ )_2 e^{πiρ} (ζe^{−πi})^ρ ζ(log |ζ|)^2 + O ( |ζ|^{ρ−1} (log |ζ|)^3 ) . (37)

DlØ vyqisleniØ f_{1−} ispol~zuem kontur (31), togda pri −2π < arg t < 0, imeem ∞∫ 0 t^{ρ−1} t − ζ dt log t − 2πi − e^{−2πiρ} ∞∫ 0 t^{ρ−1} t − ζ dt log t − 4πi =

= −2πi ζ^{ρ−1} log ζ − 2πi , (38)

142 F. L. NAZAROV, N. A. XIROKOV gde v (38) −2π < arg ζ < 0. Tak kak 1 log t − 4πi − 1 log t − 2πi = 2πi 1 (log t − 2πi)^2 + O ( 1 (| log t| + 2π)^3 ) , to (24), (33) i (38) da¸t f_{1−}(ζ) − e^{−2πiρ}f_{1−}(ζ) − e^{−2πiρ}2πif_{2−}(ζ) = = −2πi ζ^{ρ−1} log ζ − 2πi + O ( |ζ|^{ρ−1} (log |ζ|)^3 ) ,

f_{1−}(ζ) = − π sin πρ (ζe^{πi})^ρ ζ(log(ζe^{πi}) − 3πi) −

− ( π sin πρ )_2 e^{−πiρ} (ζe^{πi})^ρ ζ(log |ζ|)^2 + O ( |ζ|^{ρ−1} (log |ζ|)^3 ) . (39)

Esli v (39) vmesto oblasti znaqeniæ arg ζ ∈ (−2π, 0) rassmotret~, kak v (34), promeßutok (0, 2π), to

f_{1−}(ζ) = − π sin πρ (ζe^{−πi})^ρ ζ(log(ζe^{−πi}) − 3πi) −

− ( π sin πρ )_2 e^{−πiρ} (ζe^{−πi})^ρ ζ(log |ζ|)^2 + O ( |ζ|^{ρ−1} (log |ζ|)^3 ) . (40)

Teper~ (37) i (40) da¸t 1 2 ( f_{1+}(ζ) + f_{1−}(ζ) ) = − π sin πρ (ζe^{−πi})^ρ ζ log(ζe^{−πi}) (log(ζe^{−πi}))^2 + 9π^2) −

− ( π sin πρ )_2 cos πρ (ζe^{−πi})^ρ ζ(log |ζ|)^2 + O ( |ζ|^{ρ−1} (log |ζ|)^3 ) . (41)

Tak kak v v^2 + 9π^2 = 1 v + O ( 1 v^3 ) , pri v → ∞, to, s uqetom sootnoxeniØ 1 2 ( 1 v + 2πi + 1 v − 2πi ) = v v^2 + 4π^2 i formul (23) i (41), poluqaem utverßdenie lemmy.

OB UBYVANII (p; A)–LAKUNARNYH R˚DOV 143

Utverßdenie. Poloßim

f_0(ζ) = ∞∫ b t^{ρ−1} t − ζ dt log t

(42)

pri b > 2. Togda dlØ ζ, udovletvorØ¸wih usloviØm lemmy, spravedlivo f_0(ζ) = f(ζ) + O ( |ζ|^{ρ−1} (log |ζ|)^3 ) . (43)

Dokazatel~stvo sleduet iz (27) i togo, qto pri v → ∞ v v^2 + 4π^2 = 1 v + O ( 1 v^3 ) . Sledstvie. Pust~^1_2 < ρ < 1, |ζ0| > 1, arg ζ0 − π = ±^π_{2ρ} , funkciØ f0

opredelena v (42). Togda s uqetom formul (21) i (43) imeem

ζ_0f_0(ζ_0) = − π sin πρ e^{± π2 i}|ζ_0|^ρ log |ζ_0| ±^π_{2ρ} i − ( π sin πρ )_2 cos πρ |ζ_0|^ρe^{± π2 i} (log |ζ_0|)^2 +

+O ( |ζ_0|^ρ (log |ζ_0|)^3 ) = − π sin πρ |ζ_0|^ρ (log |ζ_0|)^2 ∓

∓i ( π sin πρ |ζ_0|^ρ log |ζ_0| + ( π sin πρ )_2 cos πρ |ζ_0|^ρ (log |ζ_0|)^2 +O ( |ζ_0|^{ρ−1} (log |ζ_0|)^3 ) . (44)

Oboznaqim dlØ dal~neæxih celeæ

–_1 = π sin πρ , –_2 = π sin πρ , –_3 = ( π sin πρ ) cos πρ. (45)

3. Postroenie funkcii f1 dlØ qasti (b) teoremy 2

Qislo λ v dal~neæxem budet opredeleno v sootnoxenii (67), iz kotorogo sleduet, qto ono zavisit lix~ ot p i A. Pust~ ρ =^1_p , qislo A_1 opredeleno sledu¸wim obrazom [2]. Pust~ θ_0 = π^{2−p}_2 , λ_0 = (1 − ρ)θ_0, x = sin λ_0 cos θ_0 , ( A A_1 )_ρ = x. (46)

Poloßim y = ν(t) =^{λtρ}_{log t} , t ¿ 2, ν_∗(t) = [ν(t)], t_k – toqki skaqkov funkcii ν_∗, imenno, ν(t_k) = k. Togda ρ log t_k − log log t_k + log λ = log k,

144 F. L. NAZAROV, N. A. XIROKOV

log t_k ∼ p log k, t_k = ( 1 λ )_p k^p(log t_k)^p ∼ ( p λ )_p k^p(log k)^p. (47)

Vyberem b = b(p, A) tak, qtoby ( p λ )_p (log b)^p > 2A_1 + 2. (48)

Pust~ t^0_k – blißaæxee iz qisel [A_1k^p] k qislu t_k, ν_0(t) = k, esli t^0_k 6 t < t_{k+1}. Otmetim, qto v silu (47) i (48) imeem

|ν(t) − ν_∗(t)| 6 1, |ν_∗(t) − ν_0(t)| 6 1 (49)

pri t ¿ t_{k0} , k_0 = k_0(p, A). Pust~ b_1 = max(k_0(p, A), b(p, A)),

g(ζ)^{def}= − ∞∫ b1 log ( 1 − ζ t ) dν(t), g_∗(ζ)^{def}= − ∞∫ b1 log ( 1 − ζ t ) dν_∗(t),

g_0(ζ)^{def}= − ∞∫ b1 log ( 1 − ζ t ) dν_0(t). (50)

Pust~ ψ_0 = e^{g0} . Togda ψ_0 – meromorfnaØ funkciØ s prostymi pol¸sami. Esli poloßit~

fA1(ζ) = ∞∏ k=1 ( 1 − ζ [A_1k^p] ) , to pol¸sy ψ_0 leßat sredi nuleæ funkcii f_1, pofftomu funkciØ fA1 ψ_0 – celaØ. Dalee,

g(ζ) = ∞∫ b1 ν(t) ( log ( 1 − ζ t ))′ t dt + O(log |ζ|),

g_0(ζ) = ∞∫ b1 ν_0(t) ( log ( 1 − ζ t ))′ t dt + O(log |ζ|), t.e. g(ζ) = ζ ∞∫ b1 ν(t) t(t − ζ) dt + O(log |ζ|), (51)

OB UBYVANII (p; A)–LAKUNARNYH R˚DOV 145

g_0(ζ) = ζ ∞∫ b1 ν_0(t) t(t − ζ) dt + O(log |ζ|). (52) Iz (49) sleduet, qto g(ζ) − g_0(ζ) = O(log |ζ|). (53) Teper~ (44) i (53) vlekut sootnoxenie

g_0 ( re^{±iθ0} ) = = −–_1λ r^ρ (log r)^2 ∓ i ( –_2λ r^ρ log r

+ λ–_3 r^ρ (log r)^2 ) + O ( r^ρ (log r)^3 ) ; (54)

postoØnnye –_j vzØty iz (45), priqem –_1 > 0. Sootnoxenie (54) daet | |ψ0 ( re^{±iθ0} )| | = exp ( − λ–_1 r^ρ (log r)^2 + O ( λr^ρ (log r)^3 )) . (55)

Okonqatel~no poloßim f(ζ) = (f_{A1} (−ζ)ψ_0(−ζ))/f_A(ζ), (56)

F (s) = 1 2πi ∞i+l∫

−∞i+l f(ζ)e^{−sζ} ds. (57) 4. Vybor veliqiny λ

Vospol~zuemsØ formulami (21), (56), a takße sootnoxeniem (33) iz [2]; zamenim dlØ udobstva θ na π − θ i oboznaqim l = r cos θ, 0 6 θ <^π_2 ; togda pri x, opredelennom v (47) pri ~f(re^{iθ}) = f(re^{i(π−θ)}), imeem − log |~f(re^{iθ})| = c(ρ) cos ρθ − x cos ρ(π − θ) cos^ρ θ

·l^ρ+–_1λ Re r^ρe^{i(π−θ)ρ} log r + i(π − θ) +

+–_4λ Re r^ρe^{i(π−θ)ρ} (log r)^2 + O ( λr^ρ (log r)^3 ) . (59)

Izvestno [2, lemma 1], qto funkciØ h(θ)^{def}= cos ρθ − x cos ρ(π − θ) cos^ρ θ poloßitel~na na (−^π_2 ,^π_2 ) i pri 0 6 θ <^π_2 imeet edinstvennyæ poloßitel~nyæ minimum pri θ = θ_0.

146 F. L. NAZAROV, N. A. XIROKOV

Lemma 2. Vypolneno sootnoxenie h^{′′}(θ0)^{def}= –0 > 0.

�to utverßdenie my dokaßem v samom konce raboty. PredpolagaØ lemmu 2 spravedlivoæ, otmetim, qto dlØ l¸bogo fiksirovannogo δ_0 > 0 v silu edinstvennosti kornØ θ = θ_0 uravneniØ h^′(θ) = 0 na [0,^π_2 ) imeetsØ qislo ε_0 = ε_0(δ_0) > 0 takoe, qto h^′(θ) 6 −ε_0, esli θ 6 θ_0 − δ_0, i h^′(θ) ¿ ε_0, esli^π_2 > θ ¿ θ_0 + δ_0. Pust~, dalee,

l^ρh_0(θ)^{def}= –_1 Re r^ρe^{i(π−θ)ρ} log r + i(π − θ)

+ –_4 Re r^ρe^{i(π−θ)ρ} (log r)^2 = = l^ρ ( –_1 Re e^{i(π−θ)ρ} cos^ρ θ(log l − log cos θ + i(π − θ) + +–_4 Re e^{i(π−θ)ρ} cos^ρ θ(log l − log cos θ)^2 ) . (60)

Opredelim, kak v [2], znaqenie l sledu¸wim obrazom.

Pust~ N =^π_{(cos θ0)ρ} ·^1_{Aρ} , l = (_{ρN} s ) 1_1�_ρ

, gde v dal~neæxem znaqenie s my budem ispol~zovat~ pri ocenke qerez obratnoe preobrazovanie Laplasa funkcii f_{p,A}(e^{−s}). Iz (60) nahodim, qto

h^′_0(θ_0) =

–_5 log l + O ( 1 (log l)^2 ) , h^{′′}_0 (θ_0) = O ( 1 log l ) . (61)

SoedinØØ ocenki (59)–(61), pri re^{iθ} = l + iμ poluqaem d dθ ( − log |~_f (re^{iθ}) | θ=θ0,r(θ)e^{iθ}=l+iμ = λ ( –_5 log l + O ( 1 (log l)^2 )) l^ρ, (62)

t.e. s uqetom (59)–(61) i togo, qto h^′(θ_0) = 0, imeem pri re^{iθ} = l + iμ: − log |~f(re^{iθ})| = [ c(ρ) cos ρθ_0 cos^ρ θ_0 + ( λ · –_5 log l + O ( 1 (log l)^2 )) (θ − θ_0)+

+ ( 1 2 –_0 + O ( 1 log l )) (θ − θ_0)^2 + O(θ − θ_0)^3 ] l^ρ+

+λ–_1 1 cos^2 θ_0 ( 1 (log l)^2 + O ( 1 (log l)^3 )) l^ρ, (63)

OB UBYVANII (p; A)–LAKUNARNYH R˚DOV 147 t.e. pri |θ − θ_0| 6 δ_0 imeem − log |~f(re^{iθ})|l^{−ρ} ¿ c(p) cos ρθ_0 cos^ρ θ_0 + + λ · –_5 log l

(θ − θ_0) + 1 4 –_0(θ − θ_0)^2 + 1 2 λ–_1 1 cos^ρ θ_0 · 1 (log l)^2

. (64) No λ–_5 log l t + 1 4 –_0t^2 ¿ −

–^2_5 –_0(log l)^2 λ^2 (65)

pri t ∈ R, t.e. − log |~f(re^{iθ})| ¿ [ h(θ_0) −

–^2_5 –_0(log l)^2 λ^2 + 1 2 λ–_1 1 cos^ρ θ_0 · 1 (log l)^2 ] l^ρ (66)

pri |θ − θ_0| 6 δ_0. VybiraØ

λ = λ_0 = 1 4 –^2_5 cos^ρ θ_0 –_0 –_1

, (67)

poluqim, qto pri |θ − θ_0| 6 δ_0 vypolneno − log |~f(re^{iθ})| ¿ ( h(θ_0) + –_6 · 1 (log l)^2 ) l^ρ, (68)

gde –_6 > 0.

Analogiqnoe neravenstvo vypolneno i pri |θ − θ_0| ¿ δ_0. Teper~ v silu opredeleniØ (58) i ocenki (68) analogiqno ocenkam (33)–(37) v [2] zaverxaem dokazatel~stvo qasti (b) teoremy 2

fp,A(e−s) = f1(e−s) = F (s) i poluqaem sootnoxenie (4).

5. Dokazatel~stvo lemmy 2

Itak, pust~ 0 < θ_0 <^π_2 , ρ =^1_ρ , λ_0 = (1 − ρ)θ_0, x = sin λ_0 sin(λ_0 + πρ) , h(θ) = cos ρθ − x cos ρ(π − θ) (cos θ)^ρ

. (69)

Zametim, qto pri vybore θ_0 = π^{2−ρ}_2 znaqenie x v (47) sovpadaet s opredelennym vyxe v (69).

V silu lemmy 1 iz [2], imeem h(θ_0) > 0, h^′(θ_0) = 0. Tak kak

(log h)^{′′} | |_{θ=θ0} = h^{′′}(θ_0) h(θ_0) − (h^′(θ_0))^2 (h(θ_0))^2 = h^{′′}(θ_0) h(θ_0) ,

148 F. L. NAZAROV, N. A. XIROKOV to dostatoqno proverit~, qto (log h)^{′′} | θ=θ0 > 0. PolagaØ λ = (1 −

ρ)θ, iz sootnoxeniæ (8) i (9) iz [2] nahodim, qto

(log h)^′(θ) = h^′(θ) h(θ) = = ρ sin πρ sin(λ_0 + πρ) · sin(λ − λ_0) cos θ(cos ρθ − x cos ρ(π − θ))

. (70)

Teper~ λ(θ_0) = λ_0, λ^′(θ) = 1 − ρ, pofftomu (70) vleqet

(log h)^{′′} | |_{θ=θ0} = ρ sin πρ sin(λ_0 + πρ) ·(1−ρ)· 1 cos θ_0(cos θ_0 − x cos ρ(π − θ_0)) > 0, qto i trebovalos~ proverit~.

Vtoroæ avtor iskrenne priznatelen Michigan State University za gostepriimstvo, proØvlennoe po otnoxeni¸ k nemu osen~¸ 2004 goda. Vo vremØ fftogo vizita i byla vypolnena dannaØ rabota.

Literatura

1. N. A. Shirokov, Analytic functions smooth up to the boundary. Lect. Notes Math., 1312 (1988).

2. N. A. Xirokov, Primer bystro ubyva¸weæ (p; A)-lakunarnoæ funkcii. — Zap. nauqn. semin. POMI 270 (2000), 350–363.

3. L. I. Hirschman, J. A. Jenkins, On lacunary Dirichlet series. — Proc. Amer.

Math. Soc 1, No. 4 (1950), 512–517.

4. J. M. Anderson, Bounded analytic functions with Hadamard gaps. Mathematica

23, No. 2 (1976), 142–147.

Nazarov F. L., Shirokov N. A. On the decay rate of (p, A)-lacunary series.

A power series^∞ ∑ k=0 a_kx^{nk} with radius of convergence equal to 1 is said to be (p, A)-lacunary if n_k ¿ Ak^p, A > 0, 1 < p < ∞. It is proved that if a (p, A)-lacunary series f satisfies the condition |f(x)| exp ( B(1 − x)^{− 1p}�^1 + ε(1 − x)^{− 1p}�^1 / (| log(1 − x)| + 1) ) −→ x→1−0 0 for 1 < p < 2, where

B = (p − 1) ( π p ) p_p�_1 · 1 A^{1/(p−1)} · 1 | cos^{πρ}_2 |^{1/(p−1)}

OB UBYVANII (p; A)–LAKUNARNYH R˚DOV 149 and ε > 0, then f ≡ 0.

We also construct a (p, A)-lacunary series f_0 such that

|f_0(x)| exp ( B(1 − x)^{− 1p}�^1 + C_0(1 − x)^{− 1p}�^1 / (| log(1 − x)|^2 + 1) ) −→ x→1−0 0 for a constant C_0 = C_0(p, A) > 0.

Postupilo 25 sentØbrØ 2005 g.

Michigan State University

S.-Peterburgskiæ gosudarstvennyæ universitet