Zapiski nauqnyh seminarov POMI Tom 328, 2005 g.

ı. I. Ingster, I. A. Suslina

OCENIVANIE I PROVERKA GIPOTEZ DL˚ FUNKCI` BESKONEQNOGO QISLA ARGUMENTOV

1. Vvedenie 1.1. Model~. V fftoæ stat~e my rassmatrivaem nabl¸deniØ vida X = f + εN, (1) gde f = f(t), t = (t_1, . . . , t_n, . . .) ∈ [0, 1]^∞ – funkciØ beskoneqnogo qisla peremennyh, f ∈ L^∞_2 = L^2([0, 1]^∞), i N – beskoneqnomernyæ gaussovskiæ belyæ xum na [0, 1]^∞. PoØsnim fftu model~.

Interval [0, 1] my rassmatrivaem kak veroØtnostnoe prostranstvo s borelevskoæ σ-algebroæ i meroæ Lebega λ, a [0, 1]^∞ kak proizvedenie veroØtnostnyh prostranstv s cilindriqeskoæ σ-algebroæ i proizvedeniem mer λ^∞. Prostranstvo L^∞_2 sostoit iz vewestvennoznaqnyh funkciæ f(t), t ∈ [0, 1]^∞, takih, qto ∫ f^2(t)λ^∞(dt) < ∞ i snabßeno standartnym skalØrnym proizvedeniem. Pust~ F(X ) est~ mnoßestvo funkciæ f : X → R i L^n_2 = L_2([0, 1]^n). DlØ l¸bogo

n ∈ N rassmotrim standartnu¸ proekci¸ pn : [0, 1]^∞ → [0, 1]^n. Eæ

sootvetstvuet vloßenie p^n : F([0, 1]^n) → F([0, 1]^∞). Rassmotrim vloßeniØ

p^1L^1_2 ⊂ . . . ⊂ p^nL^n_2 ⊂ p^{n+1}L^{n+1}_2 ⊂ . . . ⊂ F([0, 1]^∞).

Netrudno videt~, qto mnoßestvo L^∞_2 ØvlØetsØ zamykaniem mnoßestva ∪_{n∈}Np^nL^n_2 otnositel~no fftih vloßeniæ. ˚sno, qto L^∞_2 separabel~noe gil~bertovo prostranstvo i, esli f = lim_{n→∞} f_n, g = lim_{n→∞} g_n, to (f, g) = lim_{n→∞}(f_n, g_n).

Rabota vypolnena pri qastiqnoæ podderßke grantov RFFI 05-01-00920, veduwih nauqnyh xkol NSh 2258.2003.1 i PICS 2715. 91

92 ı. I. INGSTER, I. A. SUSLINA

Napomnim, qto n-mernyæ gaussovskiæ belyæ xum na [0, 1]^n predstavlØet iz sebØ taku¸ funkci¸ N_n : L^n_2 → G_0, gde G_0 est~ mnoßestvo centrirovannyh gaussovskih sluqaænyh veliqin, qto, esli ξ = N_n(f), η = N_n(g), f, g ∈ L^n_2 , to Cov(ξ, η) = (f, g). Beskoneqnomernyæ gaussovskiæ belyæ xum na [0, 1]^∞ est~ takaØ funkciØ N : L^∞_2 → G_0, qto vypolneno analogiqnoe svoæstvo: esli ξ = N (f), η = N (g), f, g ∈ L^∞_2 , to Cov(ξ, η) = (f, g). Smotri, naprimer, [11].

V rassmatrivaemoæ modeli “nabl¸denie” X = f + εN est~ takaØ funkciØ X : L^∞_2 → G, gde G – mnoßestvo gaussovskih sluqaænyh veliqin, qto, esli ξ = X(ϕ), η = X(ψ), ϕ, ψ ∈ L^∞_2 , to E(ξ) = (f, ϕ), E(η) = (f, ψ), Cov(ξ, η) = ε^2(ϕ, ψ). DlØ l¸boæ f ∈ L^∞_2 , nabl¸denie (1) opredelØet gaussovu meru P_{ε,f} na gil~bertovom prostranstve L^∞_2 s matematiqeskim oßidaniem f i kovariacionnym operatorom ε^2I. Smotri, naprimer, [3].

1.2. Postanovka zadaqi. Pust~ zadano F ⊂ L^∞_2 . My budem iz-

uqat~ zadaqu minimaksnogo ocenivaniØ funkcii f ∈ F po nabl¸deniØm (1). DlØ ocenki f̂_ε ( to est~ izmerimoæ funkcii nabl¸deniæ X, prinima¸weæ znaqeniØ v L^∞_2 ), rassmotrim ee kvadratiqnyæ risk

R^2_ε(f̂_ε, F) = sup_{f∈F} E_{ε,f} ‖f − f̂_ε‖^2,

gde E_{ε,f} est~ matematiqeskoe oßidanie po mere P_{ε,f} , sootvetstvu- ¸weæ nabl¸deni¸ (1). Minimaksnyæ kvadratiqnyæ risk ocenivaniØ R^2_ε(F) opredelØetsØ sootnoxeniem

R^2_ε = R^2_ε(F) = inf_{f̂ε} R^2_ε(f̂_ε, F), (2)

gde infimum beretsØ po vsem ocenkam f̂_ε. V zadaqe ocenivaniØ my budem izuqat~ asimptotiku pri ε → 0 minimaksnogo kvadratiqnogo riska ocenivaniØ. V zadaqe proverki gipotez my budem proverØt~ gipotezu ob otsutstvii signala H_0 : f = 0 protiv al~ternativy H_1 : f ∈ F(r_ε), gde mnoßestvo F(r_ε) sostoit iz funkciæ f ∈ F otdelennyh ot nulevoæ funkcii. Toqnee, vybiraØ poloßitel~noe semeæstvo r_ε → 0, polagaem F(r_ε) = {f ∈ F : ‖f‖_2 ≥ r_ε}. (3)

OCENIVANIE I PROVERKA GIPOTEZ 93 Nas budut interesovat~ usloviØ asimptotiqeskoæ razliqimosti v fftoæ zadaqe. To est~, usloviØ pri kotoryh “minimaksnaØ veroØtnost~ oxibki” γ_ε(F(r_ε)) stremitsØ k nul¸ (sostoØtel~naØ razliqimost~) ili edinice (nerazliqimost~).

DlØ testa ψ_ε – izmerimoæ funkcii nabl¸deniØ X_ε so znaqeniØmi v promeßutke [0, 1], poloßim

α_ε(ψ_ε) = E_{ε,0}ψ_ε, β_ε(ψ_ε, f) = E_{ε,f} (1 − ψ_ε),

γ_ε(ψ_ε, f) = α_ε(ψ_ε) + β_ε(ψ_ε, f).

MinimaksnaØ veroØtnost~ oxibki γ_ε opredelØetsØ sootnoxeni- Ømi γ_ε(ψ_ε, F(r_ε)) = sup_{f∈F (rε )} γ_ε(ψ_ε, f),

γ_ε = γ_ε(F(r_ε)) = inf_{ψε} γ_ε(ψ_ε, F(r_ε)).

Takße nas budut interesovat~ “kritiqeskie radiusy” v rassmatrivaemoæ zadaqe.

My nazovem kritiqeskimi radiusami dlØ al~ternativy (3) takoe semeæstvo r^∗_ε , qto

γ_ε(F(r_ε)) → 0, esli r_ε ≫ r^∗_ε ,

γ_ε(F(r_ε)) → 1, esli r_ε ≪ r^∗_ε .

�to oznaqaet, qto dlØ malyh ε, moßno obnarußit~ l¸bu¸ funkci¸ f ∈ F(r_ε), esli otnoxenie r_ε/r^∗_ε veliko, esli ße ffto otnoxenie malo, to razliqimost~ s maloæ veroØtnost~¸ oxibki nulevoæ gipotezy i al~ternativy F(r_ε) nevozmoßna.

Horoxo izvestno, qto ne suwestvuet sostoØtel~nyh ocenok i kritiqeskih radiusov r^∗_ε → 0 dlØ “dostatoqno xirokih” mnoßestv F; qtoby poluqit~ netrivial~nu¸ zadaqu neobhodimo vvesti nekotorye “regulØrnye ograniqeniØ” na rassmatrivaemye funkcii. DlØ funkciæ n peremennyh, obyqno ffti ograniqeniØ ime¸t vid nekotoryh predpoloßeniæ o “ gladkosti” funkciæ f i zada¸tsØ v terminah nekotoryh norm (sobolevskih, besovskih, gel~derovskih, i tak dalee), izmerØ¸wih gladkost~. Qasto ffti ograniqeniØ mogut byt~ zadany v prostranstve posledovatel~nosteæ, qto sootvetstvuet razloßeni¸ funkciæ iz rassmatrivaemogo mnoßestva po nekotoromu ortogonal~nomu v L^n_2 bazisu.

94 ı. I. INGSTER, I. A. SUSLINA

Tipiqnyæ rezul~tat vyglØdit sledu¸wim obrazom. Pust~ σ > 0 – gladkost~ funkcii f v sobolevskoæ norme ‖·‖_{σ,2} (ffto sootvetstvuet gladkosti v L_2-norme proizvodnoæ porØdka σ funkcii f) i mnoßestvo F ⊂ L^n_2 est~ xar v sobolevskoæ norme F = F_n = {f ∈ L^n_2 : ‖f‖_{σ,2} ≤ C}, (4) gde C > 0 fiksirovannaØ konstanta. Togda minimaksnyæ kvadratiqnyæ risk ocenivaniØ imeet porØdok (smotri, naprimer, [9, 12, 3]), R_ε = R_{ε,n}(σ) ≍ ε^{2σ/(2σ+n)}, (5) kritiqeskie radiusy v zadaqe proverki gipotez ime¸t vid

r^∗_ε = r^∗_{ε,n}(σ) = ε^{4σ/(4σ+n)}. (6)

ToqnaØ asimptotika byla poluqena v predpoloßenii, qto izuqaemye funkcii dopuska¸t 1-periodiqeskoe, σ-gladkoe prodolßenie po l¸boæ peremennoæ na R^n. Odnomernyæ sluqaæ zadaqi ocenivaniØ izuqalsØ Pinskerom [10], a zadaqi proverki gipotez – Ermakovym [1]. Sluqaæ n > 1 byl izuqen v [8] dlØ dvuh variantov sobolevskih polunorm.

Pust~ σ ∈ N celoe. Pervyæ variant sobolevskih polunorm sootvetstvuet summe L_2-norm qastnyh proizvodnyh porØdka σ po kaßdoæ peremennoæ: ‖f‖^2_{σ,2} = n∑ k=1 ‖ ‖ ∂^σ f ∂t^σ_k ‖ ‖^2 2 . (7)

Vtoroæ variant sootvetstvuet summe L_2-norm vseh smexannyh qastnyh proizvodnyh porØdka σ: ‖f‖^2_{σ,2} = n∑ i1=1 . . . n∑ i_σ=1 ‖ ‖ ∂^σ f ∂t_{i1} . . . ∂t_{iσ} ‖ ‖^2 2 . (8)

V obwem sluqae σ > 0, opredelim polunormu v terminah kofffficientov Fur~e

θ_l = (f, ϕ_l), l = (l_1, . . . , l_n) ∈ Z^n

po otnoxeni¸ k ortogonal~nomu v L^n_2 bazisu

ϕ_l(t) = n∏ k=1 ϕ_{lk} (t_k),

OCENIVANIE I PROVERKA GIPOTEZ 95 gde ϕ_0(u) = 1, ϕ_j(u) = √ 2 cos(2πju), ϕ_{−j}(u) = √ 2 sin(2πju) pri j > 0, u ∈ R. ˚sno, qto ‖f‖^2 = ∑ l∈Zn^{θ2l .} Predpoloßim, qto rassmatrivaemye funkcii udovletvorØ¸t usloviØm periodiqnosti, t. e, dlØ l¸boæ proizvodnoæ f^{(k)} porØdka 0 ≤ k ≤ σ, vypolneno f^{(k)}(t_1, . . . , t_{j−1}, 0, t_{j+1}, . . . , t_n) = f^{(k)} (t_1, . . . , t_{j−1}, 1, t_{j+1}, . . . , t_n), (9) 1 ≤ j ≤ n. Pri uslovii (9) polunorma (7) sootvetstvuet ‖f‖^2_{σ,2} = ∑ l∈Zn^{θ2l c2l , c2l = n∑}k=1^{|2πlk|2σ, (10)} v svo¸ oqered~ polunorma (8) sootvetstvuet ‖f‖^2_{σ,2} = ∑ l∈Zn^{θ2l c2l , c2l = ( n∑}k=1^{(2πlk)2)σ . (11)} V prostranstve posledovatel~nosteæ kofffficientov Fur~e, zanumerovannyh indeksami l = (l_1, . . . , l_n) ∈ Z^n, mnoßestvo F_n sootvetstvuet ffllipsoidu s poluosØmi c^{−1}_l , gde c_l opredeleny sootnoxeniØmi (10) ili (11).

Privedem toqnu¸ asimptotiku izuqaemyh harakteristik v rassmatrivaemyh zadaqah (zdes~ i dalee my polagaem C = 1 v sootnoxenii (4)). DlØ zadaqi ocenivaniØ risk R_ε: R_ε = R_{ε,n}(σ) ∼ c(σ, n)ε^{2σ/(2σ+n)}. (12) Veliqiny γ_ε(F_{ε,n}) i u_{ε,n} dlØ zadaqi proverki gipotez: γ_ε(F_{ε,n}) = 2Φ(−u_{ε,n}/2) + o(1), u_{ε,n} ∼ d(σ, n)r^{2+n/2σ}_ε ε^{−2}. (13) Konstanty c(σ, n), d(σ, n) zavisØt ot vida sobolevskoæ polunor- my. Sluqaæ n = n_ε → ∞ byl, v svo¸ oqered~, izuqen v [8].

96 ı. I. INGSTER, I. A. SUSLINA

2. Osnovnye rezul~taty 2.1. OgraniqeniØ gladkosti. V fftoæ rabote dlØ funkciæ bes-

koneqnogo qisla argumentov my rassmotrim sledu¸wie “ograniqeniØ gladkosti”.

Predpoloßim snaqala, qto σ ∈ N (natural~noe qislo). Rassmotrim sledu¸wiæ differencial~nyæ operator

I^σ_k f = ∂^σ f ∂t^σ_k . Pust~ zadana posledovatel~nost~ a = {a_k}, a_k > 0, poloßim ‖f‖^2_{σ,}a = ∞∑ k=1 a^2_k‖I^σ_k f‖^2.

Budem predpolagat~ vypolnennymi ograniqeniØ periodiqnosti, sravni s (9): dlØ l¸boæ proizvodnoæ f^{(k)} porØdka 0 ≤ k ≤ σ spravedlivo f^{(k)}(t_1, . . . , t_{j−1}, 0, t_{j+1}, . . . ) = f^{(k)} (t_1, . . . , t_{j−1}, 1, t_{j+1}, . . .), j ≥ 1. (14) Rassmotrim mnoßestva funkciæ, udovletvorØ¸wih uslovi¸ (14) i sledu¸wemu uslovi¸ (15) F = F_{σ,}a = {f ∈ L^∞_2 : ‖f‖_{σ,}a ≤ 1}, F_{σ,}a(r_ε) = {f ∈ F_{σ,}a, ‖f‖_2 ≥ r_ε}. (15) Qtoby opredelit~ normu ‖f‖_{σ,a} v sluqae necelogo σ > 0, fiksiruem v L^∞_2 bazis, sostoØwiæ iz funkciæ

ϕ_l(t) = ∏ k ϕ_{lk} (t_k), l ∈ Z^∞_∗ = ∞⋃ n=1 Z^n_∗.

Zdes~ my polagaem Z^n_∗ = (l_1 , . . . , l_n, 0, . . . , 0, . . .) ⊂ Z^∞, to est~ mnoßestvo indeksov Z^∞_∗ sostoit iz posledovatel~nosteæ s koneqnym qislom l_k ≠ 0.

V terminah kofffficientov Fur~e θ_l = (f, ϕ_l), l ∈ Z^∞_∗ , budem imet~ ‖f‖^2_{σ,}a = ∑ l∈Z1�^{θ2l c2l , c2l = ∑}k^{a2k|2πlk|2σ. (16)} V prostranstve posledovatel~nosteæ kofffficientov Fur~e mnoßestvo F_{σ,a} sootvetstvuet ffllipsoidu s poluosØmi c^{−1}_l , l ∈ Z^∞_∗ ,

OCENIVANIE I PROVERKA GIPOTEZ 97 opredelennymi sootnoxeniem (16). Veliqiny a_k opredelØ¸t ograniqeniØ na k-¸ proizvodnu¸ rassmatrivaemyh funkciæ.

Nas budet interesovat~ sluqaæ a_k → ∞, poskol~ku, esli lim inf_{k→∞} a_k < ∞, to kak zadaqa ocenivaniØ, tak i zadaqa proverki gipotez trivial~ny v sledu¸wem smysle.

Predloßenie 1. Pust~ a∗ = lim inf_{k→∞} ak < ∞. Togda spravedlivy

sledu¸wie utverßdeniØ.

(1) Zadaqa proverki gipotez trivial~na v sledu¸wem smysle:

γ_ε(F_{σ,}a(r_ε)) ≡ 1 ∀ ε > 0, r_ε ∈ (0, r_∗), r_∗ = (2π)^{−σ} a^{−1}_∗ .

(2) V zadaqe ocenivaniØ ne suwestvuet sostoØtel~noæ posledovatel~nosti ocenok f̂_ε takoæ, qto R^2_ε(f̂_ε, F_{σ,a}) → 0.

V qastnosti, zadaqi ocenivaniØ i proverki gipotez trivial~- ny v “izotropnom” sluqae postoØnnoæ posledovatel~nosti a_k.

Dokazatel~stvo predloßeniØ 1 privedeno v razdele 3.1.

My budem rassmatrivat~ pri a_k → ∞ posledovatel~nosti stepennogo a_k = k^α, α > 0 i pokazatel~nogo a_k = exp(λk), λ > 0 tipa. Sootvetstvenno, oboznaqim

F_{σ,}a = F^α_{p,σ} pri a_k = k^α, F_{σ,}a = F^λ_{exp,σ} pri a_k = exp(λk). (17)

2.2. Rezul~taty dlØ zadaqi proverki gipotez. Vvedem sledu-

¸wie veliqiny

r^∗_{p,ε} = A/(log ε^{−1})^{α+1/2},

r^∗_{exp,ε} = A_1(log ε^{−1})^{−1/4} exp ( −2 √ 2λσ log ε^{−1} ) . (18)

Teorema 2.1.

(1) Pust~ a_k = k^α, α > 0. Togda suwestvuet konstanta A = A(σ, α) > 0 v pervom vyraßenii (18) takaØ, qto:

(a) esli liminf r_ε/r^∗_{p,ε} > 1, to γ_ε(F^α_{p,σ}(r_ε)) → 0; (b) esli limsup r_ε/r^∗_{p,ε} < 1, to γ_ε(F^α_{p,σ} (r_ε)) → 1.

(2) Pust~ a_k = exp(λk), λ > 0. Togda suwestvuet konstanta A_1 = A_1(σ, λ) > 0 vo vtorom vyraßenii (18) takaØ, qto:

(a) esli liminf r_ε/r^∗_{exp,ε} > 1, to γ_ε(F^λ_{exp,σ}(r_ε)) → 0;

98 ı. I. INGSTER, I. A. SUSLINA

(b) esli limsup r_ε/r^∗_{exp,ε} < 1, to γ_ε(F^λ_{exp,σ}(r_ε)) → 1. Teorema 2.1 utverßdaet, qto veliqiny (18) ØvlØ¸tsØ kritiqeskimi radiusami v rassmatrivaemoæ zadaqe. Konstanty A i A_1 opredelØ¸tsØ pri dokazatel~stve.

2.3. Rezul~taty dlØ zadaqi ocenivaniØ Teorema 2.2. (1) Pust~ ak = k^α, α > 0. Togda suwestvuet posto-

ØnnaØ B = B(σ, α) > 0 takaØ, qto

R_ε(F^α_{p,σ}) ∼ B/(log ε^{−1})^{α+1/2}.

(2) Pust~ a_k = exp(λk), λ > 0. Togda suwestvuet postoØnnaØ B_1 = B_1(σ, λ) > 0 takaØ, qto

R_ε(F^α_{p,σ}) ∼ B_1(log ε^{−1})^{−1/4} exp ( −2 √ λσ log ε^{−1} ) . Konstanty B i B_1 budut opredeleny pri dokazatel~stve teoremy.

3. Dokazatel~stva 3.1. Dokazatel~stvo predloßeniØ 1. Predpoloßim, qto a∗ =

lim inf_{k→∞} a_k < ∞ i 0 < r_ε < r_∗(1 − δ), δ ∈ (0, 1). Togda suwestvuet vozrasta¸waØ posledovatel~nost~ k_j , j ∈ N takaØ, qto a_{kj} (1−δ) < a^∗. Vyberem posledovatel~nost~ l^j = (l^j_1, . . . , l^j_s, . . . ) ∈ Z^∞_∗ vida l^j_s = 0, s ≠ k_j, l^j_{kj} = 1 i rassmotrim nabor funkciæ

F_ε = {f_j(t) = r_εϕ_lj (t) = r_ε √ 2 cos(2πt_{kj} ), j ∈ N}. ˚sno, qto

‖f_j ‖_2 = r_ε, ‖f‖_{σ,}a = a_{kj} (2π)^σr_ε < a_{kj} (2π)^σ r_∗(1 − δ) < a^∗(2π)^σ r_∗ = 1.

�to vleqet F_ε ⊂ F_{σ,a}(r_ε), i dostatoqno pokazat~, qto γ_ε(F_ε) = 1.

Pust~ F^n_ε = {f_j, 1 ≤ j ≤ n}. Tak kak funkcii {f_j , j ∈ N} ortogonal~ny v L^∞_2 , iz [7], Sledstvie 4.5 (2), formula (4.145) sleduet, qto pri n → ∞

γ_ε(F_ε) ≥ γ_ε(F^n_ε ) = Φ( √ log n − r_ε/ε) + o(1) → 1.

Predloßenie 1 (1) dokazano.

OCENIVANIE I PROVERKA GIPOTEZ 99 Predloßenie 1 (2) sleduet iz predloßeniØ 1 (1). Deæstvitel~no, esli suwestvuet sostoØtel~naØ posledovatel~nost~ ocenok f̂_ε, to, ispol~zuØ proceduru “podstanovki”, moßno postroit~ semeæstvo testov ψ_ε, takoe qto γ_ε(ψ_ε, F_{σ,a}(r_ε)) → 0 dlØ nekotorogo semeæstva r_ε → 0, smotri predloßenie 2.17 v [7]. �

3.2. Dokazatel~stvo teoremy 2.1. V prostranstve posledova-

tel~nosteæ, toqnaØ asimptotika v zadaqe proverki gipotez dlØ ffllipsoidov s udalennym xarom imeet vid (sravni s (13), smotri [7], p. 4.3.3)) γ_ε(F_{σ,}a(r_ε)) = 2Φ(−u_ε/2) + o(1), (19) gde u^2_ε = u^2(ε, r_ε) est~ znaqenie ffkstremal~noæ zadaqi

u^2(ε, r_ε) = inf 1 2 ∑ l∈Z1�^{v4l , pri ograniqeniØh} ∑ l∈Z1�^{v2l ≥ (rε/ε)2, ∑}l∈Z1�^{c2l v2l ≤ ε−2. (20)} Krome togo, uslovie nerazliqimosti prinimaet vid γ_ε(F_{σ,}a(r_ε)) → 1 pri u_ε → 0. (21) Rexenie ffkstremal~noæ zadaqi (20), imeet vid v̄^2_l = u^2_0(1 − (c_l/T )^2)_+ , (22) gde veliqiny u_0 > 0, T > 0 opredelØ¸tsØ iz sootnoxeniæ ∑ l∈Z1�^{v̄2l = u20 ∑}cl<T^{(1 − (cl/T )2) = (rε/ε)2, (23)} ∑ l∈Z1�^{c2l v̄2l = u20 ∑}cl<T^{c2l (1 − (cl/T )2) = (1/ε)2, (24)} T ≥ r^{−1}_ε → ∞, (25) pri fftom znaqenie ffkstremal~noæ zadaqi prinimaet vid

u^2_ε = 1 2 ∑ l∈Z1�^{v̄4l = 12 u40 ∑}cl<T^{(1 − (cl/T )2)2. (26)}

Sr. s teoremoæ 2 v [8].

100 ı. I. INGSTER, I. A. SUSLINA

Poloßim I_1 = ∑ c_l<T (1 − (c_l/T )^2), (27)

I_2 = ∑ c_l<T (c_l/T )^2(1 − (c_l/T )^2), (28)

I_0 = ∑ c_l<T (1 − (c_l/T )^2)^2 = I_1 − I_2. (29)

Iz (23), (24), (26) sleduet, qto T^2 = r^{−2}_ε I_1/I_2, (30) u^2_ε = 1 2 (r_ε/ε)^4I_0/I^2_1 . (31) Izuqim asimptotiku veliqin I_k, k = 0, 1, 2 pri T → ∞. My ispol~zuem veroØtnostnye metody izuqeniØ, baziru¸wiesØ na tehnike teorii bol~xih ukloneniæ.

DlØ l¸bogo u > 0 vvedem veroØtnostnu¸ meru P_u na Z, polagaØ P_u(l)=exp(−u|l|^{2σ} − Z(u)), Z(u)= Z_σ(u)=log ( ∑ l∈Z^{exp(−u|l|2σ)) > 0.} �ta mera opredelena korrektno, poskol~ku ∑ l∈Z^{exp(−u|l|2σ) ≤ 1 + 2 ∞∫}0^{exp(−ux2σ) dx = 1 + u−1/2σΓ(1/2σ)/σ.} PolagaØ u = m^{−2σ}, my poluqim ∑ l∈Z^{exp(−u|l|2σ) = m (m−1 ∑}l∈Z^{exp(−|l/m|2σ)) ∼ 2m ∞∫}0^{exp(−x2σ) dx} = u^{−1/2σ}Γ(1/2σ)/σ, pri u → 0, Z(u) = (1/2σ) log(1/u) + D + o(1), pri u → 0; (32) Z(u) ≍ 1, pri u ≍ 1, (33) gde D = log(Γ(1/2σ)/σ) = log(2Γ(1 + 1/2σ)).

OCENIVANIE I PROVERKA GIPOTEZ 101 Krome togo, spravedlivo sootnoxenie

Z(u) = log(1 + 2e^{−u} + o(e^{−u})) ∼ 2e^{−u} pri u → ∞. (34) Proverim (34). PolagaØ η = 2σ, budem imet~

G_u = ∑ l∈Z^{exp(−u|l|η) = 1 + 2e−u + exp(−2η u)f(u),} gde f(u) = ∑ 2≤|l|<∞ exp(−u(|l|^η − 2^η)). ˚sno, qto f(u) ubyvaet po u, i pri u > 1 1 ≤ f(u) ≤ f(1) ≤ exp(2^η)G_1 ≍ 1.

Iz fftogo sleduet, qto, esli u → ∞, to G_u = 1 + 2e^{−u} + O(exp(−2^ηu)) ∼ 1 + 2e^{−u}, (35) i sootnoxenie (34) spravedlivo.

Poloßim D(α, σ) = ∞∫ 0 y^{α−1}Z(y)dy < ∞. (36) V silu (32), (33), (34), integraly (36) shodØtsØ dlØ l¸bogo α > 0. Legko videt~, qto funkciØ Z(u) beskoneqno differenciruema pri u > 0.

Oboznaqim qerez Z^{(k)}(u) proizvodnu¸ k-go porØdka funkcii Z(u), u > 0. Analogiqno sootnoxeniØm (32)–(34) dlØ l¸bogo

k ∈ N budem imet~

(−1)^kZ^{(k)}(u) ≍ 1, pri u ≍ 1, (37) (−1)^kZ^{(k)}(u) ∼ (1/2σ)(k − 1)! u^{−k}, pri u → 0, (38) (−1)^kZ^{(k)}(u) ∼ 2e^{−u}, pri u → ∞. (39) IntegriruØ po qastØm, budem imet~ dlØ l¸byh α > 0, k ∈ N:

D_k(α, σ) = (−1)^k ∞∫ 0 y^{α+k−1}Z^{(k)}(y)dy = (α+k−1)(α+k−2) . . . α D(α, σ).

102 ı. I. INGSTER, I. A. SUSLINA V qastnosti,

D_1(α, σ) = − ∞∫ 0 y^αZ^′(y)dy = α D(α, σ). (40) Po otnoxeni¸ k vvedennoæ na Zmere P_u, rassmotrim sluqaænu¸ veliqinu X = |l|^{2σ}. V silu ravnomernoæ shodimosti poqlenno prodifferencirovannogo rØda na l¸bom kompakte iz (0, ∞), budem imet~ E_uX = −Z^′(u), Var_u X = Z^{′′}(u). (41) Krome togo, vvedem oboznaqeniØ

μ^4_u(X) = E_u(X − E_u(X))^4 = s^4_u(X) + 3(Var_u X)^2 , gde s^4_u(X) = Z^{(4)}(u) est~ 4-æ semiinvariant sluqaænoæ veliqiny X po mere P_u.

DlØ l¸bogo h > 0 poloßim u_k = a^2_k, P_{k,h} = P_{huk} , Z_h = ∑ k∈N^{Z(huk)} i vvedem prodakt-meru

P^∞_h = ∏ k∈N^{Pk,h,} sootvetstvu¸wu¸ posledovatel~nosti nezavisimyh sluqaænyh veliqin Y_k = u_k|l_k|^{2σ}, k ∈ N. Pri l = {l_k} ∈ Z^∞_∗ imeem

P^∞_h (l) = ∏ k∈N^{Pk,h(lk) = exp(−h ∑}k∈N^{uk|lk|2σ − Zh).} �ta mera opredelena na prØmom proizvedenii Z^∞ = ∏ k∈N^{Z.}

Zametim, qto ona sosredotoqena na mnoßestve Z^∞_∗ . Deæstvitel~no, mnoßestvo Z^n_∗ sostoit iz posledovatel~nosteæ l = (l_1, . . . , l_n, 0, . . . , 0 . . . ) i P^∞_h (Z^n_∗) = ∑ l∈Zn�^{exp(− n∑}k=1^{huk|lk|2σ − Zh) = exp(− ∞∑}k=n+1^{Z(huk)).}

OCENIVANIE I PROVERKA GIPOTEZ 103 Tak kak Z^∞_∗ = ⋃_∞ n=1 Z^n_∗, i rØd dlØ Zh shoditsØ, to

P^∞_h (Z^∞_∗ ) = lim_{n→∞} P^∞_h (Z^n_∗) = 1. Poloßim S = ∞∑ k=1 Y_k. Zametim, qto {S < H} ⊂ Z^∞_∗ dlØ l¸bogo H > 0 i P^∞_h (S < ∞) = 1. Rassmotrim funkcii f_j (t), j = 0, 1, 2

f_1(t) = 1 − t, f_2(t) = t(1 − t), f_0(t) = f^2_1 (t); 0 ≤ f_j (t) ≤ 1 pri t ∈ [0, 1].

Poloßim T^2 = (2π)^{2σ}H, H → ∞.

SootnoxeniØ (27)–(29) moßno preobrazovat~ k sledu¸wemu vi- du: I_j = exp(Z_h)E_{h,∞} {f_j (S/H) exp(hS)1I_{S<H} } , j = 0, 1, 2. (42) Zdes~ i dalee E_{h,∞}(·) est~ matematiqeskoe oßidanie po mere P^∞_h .

Vyberem h = h(H) tak, qto E_{h,∞}S = H. (43) V silu (41), ffto sootnoxenie moßno preobrazovat~ k vidu H = ∑ k∈N^{Ehuk Yk = ∑}k∈N^{ukEhuk Xk = − ∑}k∈N^{ukZ′(huk). (44)} Zametim, qto H → ∞ vleqet h → 0. Deæstvitel~no, v silu (37), (39) dlØ l¸bogo h > 0 imeem −u_kZ^′(hu_k) ∼ 2u_k exp(−hu_k), pri u_k → ∞, i legko videt~, qto, esli h otdeleno ot 0, to pravaØ qast~ (44) ograniqena. Sledovatel~no, neobhodimo izuqit~ sootnoxenie (44) pri h → 0.

104 ı. I. INGSTER, I. A. SUSLINA

3.2.1. Sluqaæ stepennoæ posledovatel~nosti. Vvedem obozna-

qeniØ m = h^{−1/2α} → ∞, hu_k = (k/m)^{2α} = y^{2α}_k , y_k = k/m. Preobrazuem (44) k vidu H = − m h ( 1 m ∑ k∈N^{y2αk Z′(y2αk )) ∼ − mh ∞∫}0^{y2αZ′(y2α)dy = C1m1+2α,} gde, vvidu (40),

C_1 = − ∞∫ 0 y^{2α}Z^′(y^{2α})dy = −(2α)^{−1} ∞∫ 0 t^{1/2α}Z^′(t)dt = (2α)^{−1}D_1(1/2α, σ) = (2α)^{−2}D(1/2α, σ). (45) Takim obrazom, my pokazali, qto spravedlivy sledu¸wie sootnoxeniØ:

hH ∼ C_1m; H ∼ C_1m^{1+2α}. (46) Analogiqno,

Z_h = ∑ k∈N^{Z(huk) = m ( 1m ∑}k∈N^{Z(y2αk )) ∼ C0m, (47)} gde C_0 = ∞∫ 0 Z(y^{2α})dy = (2α)^{−1} ∞∫ 0 t^{1/2α−1}Z(t)dt = (2α)^{−1}D(1/2α, σ). (48) Oboznaqim σ^2_h = Var_{h,∞} S, s^4_h = ∑ k∈N^{s4huk (Yk),} μ^4_h = ∑ k∈N^{μ4huk (Yk) = s4h + 3 ∑}k∈N^{Var2huk (Yk). (49)}

OCENIVANIE I PROVERKA GIPOTEZ 105 ProvedØ analogiqnye vyqisleniØ, budem imet~ σ^2_h = ∑ k∈N^{Varhuk Yk = ∑}k∈N^{u2kZ′′(huk)} = m h^2 ( 1 m ∑ k∈N^{y4αk Z′′(y2αk ))} ∼ m h^2 ∞∫ 0 y^{4α}Z^{′′}(y^{2α})dy ≍ m h^2

, (50) ∑ k∈N^{Var2huk (Yk) = ∑}k∈N^{u4k(Z′′(huk))2 = mh4 ( 1m ∑}k∈N^{y8αk (Z′′(y2αk ))2)} ≍ m h^4

= h^{−(4+1/2α)}; (51)

s^4_h = ∑ k∈N^{u4kZ (4)(huk) = mh4 ( 1m ∑}k∈N^{y8αk Z (4)(y2αk ))} ≍ m h^4

= h^{−(4+1/2α)}. (52) SootnoxeniØ (49)–(52) vlekut ∑ k∈N^{μ4huk (Yk)} ( ∑ k∈N^{Varhuk Yk)2 = μ} 4 h σ^4_h ≍ 1 m → 0 pri H → ∞. (53)

Poloßim λ_h = (S − H)/σ_h. Uslovie (53) po teoreme LØpunova ØvlØetsØ dostatoqnym dlØ asimptotiqeskoæ N (0, 1)-normal~nosti sluqaænoæ veliqiny λ_h po P^∞_h -veroØtnosti.

Preobrazuem (42) k sledu¸wemu vidu:

I_j = exp(Z_h + hH)E_j, E_j = E_{h,∞} (g_{j,H} (λ_h) exp(hσ_hλ_h)1I_{λh<0}) , j = 0, 1, 2, (54) gde g_{1,H} (λ_h) = −σ_hλ_h/H, g_{2,H} (λ_h) = (1 + σ_hλ_h/H)g_{1,H}(λ_h), g_{0,H} (λ_h) = g^2_{1,H} (λ_n) = g_{1,H} (λ_h) − g_{2,H}(λ_h).

106 ı. I. INGSTER, I. A. SUSLINA Kak pokazyva¸t predyduwie vyqisleniØ, σ_h/H ≍ m^{−1/2} → 0. ˚sno, qto E_j ≤ 1. S drugoæ storony, esli λ_h ∈ (−2δ, −δ), gde δ > 0 l¸boe fiksirovannoe qislo, to pri dostatoqno bol~xom H g_{1,H}(λ_h) ≥ δσ_h/H, g_{2,H}(λ_h) ≥ (1 − 2δσ_h/H)δσ_h/H, g_{0,H} (λ_h) ≥ (δσ_h/H)^2.

Takim obrazom,

E_j ≥ (δσ_h/H)^2 exp(−2δhσ_h) P^∞_h (λ_h ∈ (−2δ, −δ)) ≥ exp(−2δhσ_h − O(log(m))), v silu P^∞_h (λ_h ∈ (−2δ, −δ)) ≍ 1, qto sleduet iz asimptotiqeskoæ normal~nosti λ_h. Ispol~zuØ (46), (47), (50), iz (54), imeem log(I_j ) = Z_h + hH + o(hσ_h)− O(log m) = Cm + o(m^{1/2} ), C = C_0 + C_1. (55) Bolee togo, dlØ l¸bogo B > 0 spravedlivo

g_1(λ_h) ≥ g_2(λ_h) ≥ g_1(λ_h)(1 − Bσ_h/H), esli λ_h ∈ (−B, 0], E_{h,∞} ( g_{j,H} (λ_n) exp(hσ_hλ_h)1I_{{λh<−B}} ) ≤ exp(−Bhσ_h) = o(E_j). Ots¸da imeem I_1 ∼ I_2. (56) Iz (30), (31), (56) sleduet, qto

T^2 = (2π)^{2σ}H ∼ r^{−2}_ε , u^2_ε ≍

I_0 H^2ε^4I^2_1

. (57)

Opredelim kritiqeskie radiusy r^∗_{p,ε} iz sootnoxeniØ u^2_ε ≍ 1. V silu (55), (57), (46) ffto vleqet sledu¸wee uravnenie dlØ opredeleniØ m,

4 log ε^{−1} = 2 log H + Cm + o(m^{1/2}) = Cm + o(m^{1/2}).

OCENIVANIE I PROVERKA GIPOTEZ 107 Snova ispol~zuØ (46), poluqim m ∼ 4 C log ε^{−1}, r^∗_{p,ε} ∼ (2π)^{−σ} H^{−1/2} ∼ A/(log ε^{−1})^{α+1/2}, gde A =(2π)^{−σ} C^{−1/2}_1 (C/4)^{α+1/2}, C = C_0 + C_1 = D(1/2α, σ)(2α + 1)(2α)^{−2}.

Legko videt~, qto iz sootnoxeniØ (57) sleduet u_ε → ∞, esli liminf r_ε/r^∗_{p,ε} > 1 i u_ε → 0, esli limsup r_ε/r^∗_{p,ε} < 1. Teorema 2.1 (1) dokazana.

3.2.2. Sluqaæ ffksponencial~noæ posledovatel~nosti. Ana-

logiqno razdelu 3.2.1 poloßim h = exp(−2λm), m → ∞, hu_k = exp(2λ(k − m)) = y(k − m), y(j) = exp(2λj) i perepixem (44): −hH = ∞∑ k=1 y(k − m)Z^′(y(k − m)) = ∑ −m+1≤j<∞ y(j)Z^′ (y(j)) = S_1 + S_2 + S_3, gde S_1 = ∑ −m+1≤j<−M y(j)Z^′ (y(j)), S_2 = ∑ −M≤j<M y(j)Z^′ (y(j)), (58) S_3 = ∑ M≤j<∞ y(j)Z^′ (y(j)), M ≍ log m → ∞. (59) Ispol~zuØ sootnoxeniØ (37)–(39) pri k = 1 i v silu exp(x) ≥ 1 + x > x, exp(−x) ≤ 1/x, x exp(−x) ≤ 1/x ∀ x > 0, (60) my poluqim asimptotiku −S_1 ∼ m 2σ , −S_2 ≍ M, 0 ≤ −S_3 ≤ 2 ∑ j≥M y^{−1} (j) = 2 ∑ j≥M exp(−2λj) = o(1).

108 ı. I. INGSTER, I. A. SUSLINA Ots¸da sleduet asimptotika hH ∼ m 2σ , H ∼ m exp(2λm) 2σ , m → ∞. (61) Ocenim veliqinu Z_h. Analogiqno predyduwemu, imeem

Z_h = ∑ k∈N^{Z(huk) = ∞∑}k=1^{Z(y(k−m)) = ∑}−m+1≤j<∞^{Z(y(j)) = S1 +S2 +S3,} gde S_l, l = 1, 2, 3 est~ summy podobnye summam (58)–(59). Ispol~- zuØ sootnoxeniØ (32)–(34), (60) poluqim

S_1 = D(m − M − 1) − λ σ ∑ −m+1≤j<−M j + o(m)

= Dm + λm(m − 1) 2σ + o(m), S_2 = ∑ −M≤j<M Z(y(j)) = O(M Z(y(−M ))) = O(M^2) = o(m),

S_3 = o(1).

Takim obrazom

Z_h = λm^2 2σ + D_1m + o(m), D_1 = D − λ 2σ . (62)

Analogiqnye vyqisleniØ i (37)–(39) pri k = 2, 4 privodØt k podobnym (50)–(52), sootnoxeniØm

h^2σ^2_h = h^2 ∑ k∈N^{Varhuk Yk = ∑}k∈N^{y2(k − m)Z′′(y(k − m)) ∼ m2σ ,} (63) h^4 ∑ k∈N^{Var2huk (Yk) = ∑}k∈N^{y4(k − m)(Z′′(y(k − m)))2 ≍ m;}(64) h^4s^4_h = ∑ k∈N^{y4(k − m)Z (4)(y(k − m)) ≍ m.} (65) SootnoxeniØ (49), (63)–(65) vlekut (53) i asimptotiqesku¸ N (0, 1)-normal~nost~ sluqaænoæ veliqiny λ_h = (S − H)/σ_h po P^∞_h -veroØtnosti.

OCENIVANIE I PROVERKA GIPOTEZ 109 Sledu¸wie rassußdeniØ povtorØ¸t rassußdeniØ 3.2.1, naqinaØ s sootnoxeniæ (54). Ispol~zuØ (61), (62) analogiqno (55), poluqim

log(I_j ) = Z_h +hH +o(hσ_h)−O(log m) = (λ/2σ)m^2 +D_2m+o(m), (66) gde D_2 = D_1 + 1/2σ. Dalee my poluqaem (56), (57). Opredelim kritiqeskie radiusy r^∗_{exp,ε} iz sootnoxeniØ u^2_ε ≍ 1. V vidu (66), (57), ots¸da nahodim uravnenie dlØ opredeleniØ m,

4 log ε^{−1} = (λ/2σ)m^2 +2 log H +D_2m+o(m) = (λ/2σ)m^2 +D_3m+o(m), (67) gde D_3 = D_2 + 4λ. Iz (67) sleduet m = ( 8σ λ log ε^{−1} )_{1/2} + E_1 + o(1), E_1 = − σD_3 λ . (68)

Ispol~zuØ (61) i (68) nahodim H ∼ m 2σ exp(2λm) ∼ E_2(log ε^{−1})^{1/2} exp ( 4 √ 2λσ log ε^{−1} ) , r^∗_{exp,ε} ∼ (2π)^{−σ}H^{−1/2} ∼ A_1(log ε^{−1})^{−1/4} exp ( −2 √ 2λσ log ε^{−1} ) , gde E_2 = exp(2λE_1) √ 2 λσ , A_1 = 1 (2π)^σ E_2^{1/2} . Iz (57) legko videt~, qto u_ε → ∞, esli liminf r_ε/r^∗_{exp, ε} > 1, i u_ε → 0, esli limsup r_ε/r^∗_{exp, ε} < 1. Teorema 2.1 (2) dokazana. �

3.3. Dokazatel~stvo teoremy 2.2. Otmetim vnaqale obwiæ re-

zul~tat v zadaqe ocenivaniØ, vyteka¸wiæ iz [10].

Predloßenie 2. Pust~ F^α_{p,σ} mnoßestvo, opredelennoe sootno-

xeniØmi (15), (17), (16), a E^2_{ε,∞} ØvlØetsØ rexeniem ffkstremal~- noæ zadaqi na mnoßestve vewestvennyh posledovatel~nosteæ {v_l, l ∈ Z^∞_∗ }: E^2_{ε, ∞} = ε^2 sup ∑ l∈Z1�^{v2lv2}l^{+ 1 , pri uslovii ∑}l∈Z1�^{c2l v2l ≤ ε−2. (69)}

Togda R_ε(F^α_{p,σ}) ≤ E_{ε,∞}. (70)

110 ı. I. INGSTER, I. A. SUSLINA Posledovatel~nost~ {v̄^2_l }, l ∈ Z^∞_∗ , na kotoroæ dostigaetsØ ffkstremum v (69) imeet vid

v̄^2_l = (T /c_l − 1)_+ (71)

(poloßim v̄^2_l = ∞, esli c_l = 0), gde veliqiny T = T_ε > 0 takovy, qto ∑ c_l<T c^2_l v̄^2_l = T^2 ∑ c_l<T (c_l/T − (c_l/T )^2) = ε^{−2}, (72)

i znaqenie ffkstremuma predstavlØetsØ v vide

E^2_{ε,∞} = ε^2 ∑ c_l<T (1 − c_l/T ). (73)

Predpoloßim, qto T_ε → ∞, togda R_ε(F^α_{p,σ}) ≥ E_{ε,∞}(1 + o(1)). Sovmestno s (70) ffto vleqet R_ε(F^α_{p,σ}) ∼ E_{ε,∞}. (74) Asimptotiqeski minimaksnaØ ocenka ØvlØetsØ ocenkoæ lineænogo vida: f^∗_ε = ∑ c_l<T α^∗_{ε,l}X(ϕ_l), α^∗_{ε,l} = 1 − c_l/T. Dokazatel~stvo. Zadaqa minimaksnogo ocenivaniØ dlØ fflli-

psoidov obwego vida byla izuqena v [10]. OboznaqeniØ [10] v naxem sluqae sootvetstvu¸t σ_l = ε, a_l = c^2_l , P = 1 (imeetsØ nesuwestvennaØ raznica v tom, qto l ∈ Zv [10] i l ∈ Z^∞_∗ v naxem sluqae). Sootnoxenie (19) v [10] sootvetstvuet

N (t) = #{l ∈ Z^∞_∗ : c_l ≤ t} = #{l ∈ Z^{k(t)} : c_l ≤ t} < ∞ ∀ t > 0, (75)

gde k(t) ∈ N takovo, qto (k(t) − 1)^{2α}(2π)^{2σ} < t ≤ k(t)^{2α}(2π)^{2σ}. �to vypolneno dlØ rassmatrivaemyh norm. Ispol~zuØ lemmu 1 v [10] i, polagaØ T = μ^{−1/2}, v_l = θ_l/ε, my prihodim k ffkstremal~noæ zadaqe (69). Posledovatel~nost~, na kotoroæ dostigaetsØ ffkstremum, imeet vid (71), (72), pri fftom znaqenie ffkstremuma moßet byt~ predstavleno v vide (73). Sledovatel~no, neravenstvo (70) spravedlivo (sm. [10, teorema 1 (1)]).

Sootnoxenie (74) ustanovleno v [10], teorema 1 (2) pri uslovii r = ε^{−2}E^2_{ε,∞} → ∞. �to uslovie sleduet iz T_ε → ∞ (smotri takße [8, teorema 1]). �

OCENIVANIE I PROVERKA GIPOTEZ 111

Dokazatel~stvo teoremy 2.2 (1). Poloßim T^2 = (2π)^{2σ}H i I_{es,1} = ∑ c_l<T (1 − c_l/T ), (76) I_{es,2} = ∑ c_l<T (c_l/T )(1 − c_l/T ). (77)

Iz sootnoxeniæ (72), (73) sleduet, qto T^2 = 1/(ε^2I_{es,2}), E^2_{ε,∞} = ε^2I_{es,1}. (78) Poloßim f_{es,1} = 1 − √ t, f_{es,2} = √ t(1 − √ t). Pust~ a_k = k^α, α > 0. Takße kak pri dokazatel~stve teoremy 2.1, my moßem preobrazovat~ sootnoxeniØ (76), (77) k vidu I_{es,j} = exp(Z_h)E_{h,∞} {f_{es,j}(S/H) exp(hS)1I_{S<H} } , j = 1, 2. (79) Analogiqno punktu 3.2, iz fftogo sleduet I_{es,1} ∼ I_{es,2} i E^2_{ε,∞} ∼ T^{−2}. Opredelim h pri pomowi sootnoxeniØ (43). Kak i v punkte 3.2.1 imeem H ∼ C_1m^{1+2α}, gde m = h^{−1/2α} i C_1 opredeleno sootnoxeniem (45). Analogiqno (55),

log I_{es,j} = Cm + o(m^{1/2}), C = C_0 + C_1, j = 1, 2, gde C_0 opredeleno sootnoxeniem (48). Sledovatel~no, ispol~zuØ pervoe iz sootnoxeniæ (78), my budem imet~ log I_{es,j} = Cm + o(m^{1/2}) = 2 log ε^{−1} + O(log m).

�to vleqet

m ∼ 2 log ε^{−1}/C, T^2 ∼ (2π)^{2σ}C_1(2 log ε^{−1}/C)^{1+2α}. Ots¸da,

R_ε(F^α_{p,σ}) ∼ E_{ε,∞} ∼ T^{−1} ∼ ((2π)^{2σ} C_1(2 log ε^{−1}/C)^{1+2α})^{−1/2} = B/(log ε^{−1})^{α+1/2}, gde B = (2π)^{−σ} C^{−1/2}_1 (C/2)^{α+1/2}. �

112 ı. I. INGSTER, I. A. SUSLINA

Dokazatel~stvo teoremy 2.2 (2). Pust~ ak = exp(λk), λ > 0.

My sleduem sheme rassußdeniæ razdela 3.2.2. Analogiqno (61) imeem hH ∼ m 2σ , H ∼ m exp(2λm) 2σ , m → ∞. Analogiqno (66) poluqim

log(I_{es,j}) = Z_h + hH + o(hσ_h) − O(log m) = (λ/2σ)m^2 + D_2m + o(m),

gde D_2 = D_1 + 1/2σ i D_1 opredeleno (62). Napomnim, qto T^2 = (2π)^{2σ}H. Ispol~zuØ pervoe sootnoxenie (78) imeem

log I_{es,j} = (λ/2σ)m^2 + D_2m + o(m) = 2 log ε^{−1} − 2λm + O(log m).

�to vleqet m ∼ 2 √ σ λ log ε^{−1} + E_{es,1}, T^2 ∼ E_{es,2} √ log ε^{−1} exp(4 √ λσ log ε^{−1}), gde E_{es,1} = −2σ − σ λ D_2, E_{es,2} = (2π)^{2σ} exp(2λE_{es,1})/ √ λσ. Ots¸da

R_ε(F^α_{p,σ})∼ E_{ε,∞} ∼ T^{−1} ∼(E_{es,2})^{−1/2}(log ε^{−1})^{−1/4} exp(−2 √ λσ log ε^{−1}).�

Literatura

1. M. S. Ermakov, Minimaksnoe obnarußenie signala v gaussovskom belom xume.— TeoriØ veroØtnosteæ i ee primen. 35, No. 4 (1990), 704–715.

2. I. A. Ibragimov i R. Z. Has~minskiæ, Odna zadaqa statistiqeskogo ocenivaniØ v gaussovskom belom xume. — Doklady AN SSSR 236, No. 6 (1977), 1300–1302.

3. I. A. Ibragimov and R. Z. Khasminskii, Some estimation problems on Infinite

dimensional Gaussian white noise. — In: Festschrift for Lusien Le Cam. Research papers in Probability and Statictics, Springer-Verlag, NY (1997), 275–296.

4. ı. I. Ingster, O minimaksnom neparametriqeskom obnarußenii signala v gaussovskom belom xume. — Problemy peredaqi informacii 18,No. 2 (1982), 61–73.

5. Yu. I. Ingster, Asymptotically minimax testing of nonparametric hypotheses. — In:

Proc. 4th Vilnius Conference on Probab. Theory and Math. Stat., VNU Science Press, 1 (1987), 553–573.

6. Yu. I. Ingster, Asymptotically minimax hypothesis testing for nonparametric alter-

natives. I, II, III. — Math. Methods Statist. 2 (1993) 85–114, 171–189, 249–268.

OCENIVANIE I PROVERKA GIPOTEZ 113 7. Yu. I. Ingster and I. A. Suslina, Nonparametric Goodness-of-Fit Testing under

Gaussian Model.— Lectures Notes in Statistics. 169, Springer-Verlag, New York (2002).

8. Yu. I. Ingster and I. A. Suslina, On estimation and detection of smooth function

of many variables. — Math. Methods Statist., 14, No. 3 (2005), 299–331.

9. M. Nussbaum, Optimal~naØ fil~traciØ funkcii mnogih peremennyh v gaussovskom belom xume. — Problemy peredaqi informacii 19, No. 3 (1983), 23–29.

10. M. S. Pinsker, Optimal~naØ fil~traciØ kvadratiqno-integriruemyh funkciæ v gaussovskom xume. – Problemy peredaqi informacii 16, No. 2 (1980), 52–68.

11. A. V. Skorohod, Integrirovanie v gil~bertovom prostranstve. Nauka, M. (1975).

12. Ch. Stone, Additive regression and other nonparametric models. — Ann. Stat. 13,

No. 2 (1985), 689–705.

On estimation and detection of infinite-variable function

Yuri Ingster and Irina Suslina

We observe an unknown infinite-variable function f = f(t), t = (t_1, . . . , t_n, . . .) ∈ [0, 1]^∞, in the white Gaussian noise of a level ε > 0. We suppose that, in each variable, there exist 1-periodical σ-smooth extensions of functions f(t) on R^∞. Taking a quantity σ > 0 and a positive sequence a = {a_k}, we consider the set F_{σ,}a that consists of functions

f such that^∞ ∑ k=1 a^2_k‖∂^σf/∂t^σ_k ‖^2 ≤ 1. We consider the cases a_k = k^α and

a_k = exp(λk), α > 0, λ > 0. We want to estimate a function f ∈ F_{σ,}a or to test the null hypothesis H_0 : f = 0 against alternatives f ∈ F_{σ,}a(r_ε) where the set F_{σ,}a(r) consists of functions of f ∈ F_{σ,}a such that ‖f‖_2 ≥ r.

In the estimation problem, we obtain the asymptotics (as ε → 0) of the minimax quadratic risk. In the detection problem, we study the sharp asymptotics of minimax separation rates r^∗_ε that provide distiguishability in the problems.

Postupilo 10 noØbrØ 2005 g.

S. Peterburgskiæ gosudarstvennyæ fflektrotehniqeskiæ universitet (L�TI)

E-mail: ingster@pdmi.ras.ru

S. Peterburgskiæ gosudarstvennyæ universitet informacionnyh tehnologiæ, mehaniki i optiki

E-mail: isuslina@mail.ru