About the Orthogonality of derivatives of Orthogonal Polynomials on the unit circle

C. Suárez^�Dpto. de Matemática Aplicada. Universidad de Vigo. 36208 Vigo, Spain. csuarez@uvigo.es

Abstract

Given a monic polynomial sequence {ϕ_n(z)} verifying the following relation: ∀n ≥ 1 (z − α) ϕ0_n(z) n = ϕ_n(z) + β_nϕ_{n−1}(z)

with β_n, α ∈ C and β_n ≠ 0, we want to find the linear functional u defined on the vector space of Laurent polynomials and with values in C with respect to which the sequence {ϕ_n(z)} is orthogonal.

We also study some questions relative to the semiclassical character of u and the definite positive case.

1991 Mathematics Subject Classification. Primary: 33C45; Secondary: 42C05.

Key words and phrases: Orthogonal Polynomials, Semiclassical Polynomials, measures on the unit circle, regular functionals.

1 Introduction

Let Σ = span(z^n)_{n∈}Z be the linear space of Laurent polynomials with complex coefficients, Σ 0 its algebraic dual, P the linear space of complex polynomials and P_n the subspace of polynomials whose degrees are less than or equal to n.

�Research supported by the DGICYT under grant number PB93-1169.

Let H ⊂ Σ0 be the subspace of linear functionals which are hermitian. Then, u ∈ H has associated a Toeplitz matrix M = (u_{i−j} )_{i,j≥0}, with ∀ n ∈ Z, u_n = u(z^n) = u_{−n}.

We say that u ∈ H is regular (positive definite) if the quadratic form associated to M is regular (positive definite), that is, if for every n ∈ N the principal minors Δ_n = det(u_{i−j} )_{0≤i,j≤n} do not vanish (they are positive). Hence, u defines an inner product in P, given by ⟨P (z), Q(z)⟩ = u ( P (z)Q( 1 z ) ) . In particular, for a positive definite linear functional it is well known that a finite and positive Borel measure μ on the unit circle T exists such that ⟨u, P (z)⟩ = 1 2π ∫_{2π} 0 P (e^{iθ})dμ(θ), z = e^{iθ}. Considering a regular functional u ∈ H, an orthogonalization process yields one and only one monic orthogonal polynomial sequence related to T (M.O.P.S.), {ϕ_n(z)}_{n≥0}, such that

(i) ∀n ≥ 0, deg ϕ_n(z) = n, . (ii) ∀n ≥ 0, forallm ≥ 0, u ( ϕ_n(z)ϕ_m(^1_z ) ) = e_nδ_{nm} e_n =

Δ_n Δ_{n−1} ≠ 0, .

If we define the ∗n-operator by ϕ^∗_n(z) = z^nϕ_n(^1_z ), then the polynomials are related by the following mutually equivalent relations

∀n ≥ 1 ϕ_n(z) = zϕ_{n−1}(z) + ϕ_n(0)ϕ^∗_{n−1}(z), (R1)

∀n ≥ 1 ϕ_n(z) = (1 − |ϕ_n(0)|^2)zϕ_{n−1}(z) + ϕ_n(0)ϕ^∗_n(z), (R2) ∀n ≥ 1 ϕ^∗_n(z) = ϕ^∗_{n−1}(z) + ϕ_n(0)zϕ_{n−1}(z), (R3) ∀n ≥ 1 ϕ^∗_n(z) = (1 − |ϕ_n(0)|^2)ϕ^∗_{n−1}(z) + ϕ_n(0)ϕ_n(z) (R4) with |ϕ_n(0)| ≠ 1 (|ϕ_n(0)| < 1 in the definite positive case). Besides, the relation ∀n ≥ 1, 1 − |ϕ_n(0)|^2 =^{en}_{en}�_1 with e_0 = 1 allows us to rewrite the recurrence relations (R2) and (R4) as follows ∀n ≥ 1 ϕ_n(z) = e_n e_{n−1} zϕ_{n−1}(z) + ϕ_n(0)ϕ^∗_n(z), (R2)

∀n ≥ 1 ϕ^∗_n(z) = e_n e_{n−1} ϕ^∗_{n−1}(z) + ϕ_n(0)ϕ_n(z). (R4)

Conversely, for a monic polynomial sequence {ϕ_n(z)}_{n≥0} that verifies the previous relations with |ϕ_n(0)| ≠ 1, there is one and only one u ∈ H (up to a non-zero real factor) such that u ( ϕ_n(z)z^{−m} ) = e_nδ_{nm} 0 ≤ m ≤ n; n ≥ 0 with e_n ≠ 0.

Another very important result is the extension of Favard’s theorem in the regular case: “given a sequence of complex numbers {a_n}_{n≥1} such that for every n, |a_n| ≠ 1, there exists one and only one M.O.P.S. {ϕ_n(z)} related to T such that ∀n ≥ 1 ϕ_n(0) = a_n”.

For orthogonal polynomials on the real line a wide literature about differential equations and other differential properties exists.

For orthogonal polynomials on the unit circle very few results are known. One kind of question concerns the study of M.O.P.S. satisfying second order differential equations whose coefficients are polynomials with degree independent of n. The introduction of semiclassical orthogonal polynomials allows to place a theoretical framework for this theory.

Given u ∈ H, we say that u is semiclassical if there exist two polynomials A(z) ≠ 0 and B(z) such that D ( A(z)u ) = B(z)u. The derivative of an hermitian linear functional is defined as ∀P ∈ Σ, ⟨Du, P (z)⟩ = −i⟨u, zP 0 (z)⟩ . If deg A(z) = p^′ and max {p^′ − 1, deg ((p^′ − 1)A(z) + iB(z))} = q, we say that u belongs to the class (p^′, q).

For the M.O.P.S. relative to a semiclassical linear functional appears a difference differential equation called structure relation. An interesting problem is the converse: if a M.O.P.S. on the unit circle satisfies an structure relation, is then the corresponding linear functional, semiclassical?

Considering the structure relation: (z − α) ϕ^′_n(z) n = ϕ_n(z) + β_nϕ_{n−1}(z), in this paper (Section 2) we obtain, by using the hypergeometric series, an explicit representation for the M.O.P.S. solution of the above differentialdifference equation. In this way we give an affirmative answer to the problem in a particular situation (see [2], [3], [4], [5], [7], [8], [9] among others.)

2 Representation of the polynomials.

In what follows, unless it is said the contrary, we assume that {ϕ_n(z)} is a M.O.P.S. on the unit circle with respect to a linear hermitian functional u verifying ∀n ≥ 1, (z − α) ϕ^′_n(z) n = ϕ_n(z) + β_nϕ_{n−1}(z) (∗) with α, β_n ∈ C and β_n ≠ 0.

2.1 Lemma. It follows from (∗) that ϕ_n(α) ≠ 0 and β_n = − ϕ_n(α) ϕ_{n−1}(α) . Proof.

Taking z = α and n = 1, 2, . . . in (∗).

2.2 Theorem. The sequence {ϕ_n(z)} admits the explicit representation

∀n ≥ 0 ϕ_n(z) = ϕ_n(α) (_n ∑ k=0 ( n k ) 1 ϕ_k(α) (z − α)^k ) (2.2)

Proof Taking derivatives in (∗) up to the (k − 1)-order (z − α) ϕ^{(k)}_n (z) n = n − (k − 1) n ϕ^{(k−1)}_n (z) + β_nϕ^{(k−1)}_{n−1} (z) 1 ≤ k ≤ n. (2.2.1)

Hence, putting z = α

ϕ^{(k−1)}_n (α) = − n (n − k + 1) β_nϕ^{(k−1)}_{n−1} (α). Substituting the value β_n given in 2.1 and continuing recursively:

ϕ^{(k−1)}_n (α) = n! (n − k + 1)! ϕ_n(α) ϕ_{k−1}(α) 1 ≤ k ≤ n. (2.2.2) Finally, the Taylor expansion of ϕ_n(z) in z = α besides (2.2.2) yields the statement.

2.3 Lemma.

(i) If ϕ_1(0) ≠ 0 then ∀n ≥ 2 ϕ_n(0) ≠ 0.

(ii) If ϕ_1(0) = 0 then ϕ_n(z) = z^n.

Proof (i) Assume that there exists n ≥ 2 such that ϕ_n(0) = 0. By (R1) ϕ_n(z) = zϕ_{n−1}(z) and β_n = −α. Substituting the last expressions in (∗) we obtain ϕ 0_n (z) = nϕ_{n−1}(z) (2.3.1) On the other hand, taking derivatives in the recurrence (R1) and using the previous relation, we get zϕ 0_{n−1} (z) = (n − 1)ϕ_{n−1}(z).

Taking z = 0 it holds ϕ_{n−1}(0) = 0 for fixed n, with n ≥ 2. If n = 2 then ϕ_1(0) = 0 in contradiction with the hypothesis. If n ≥ 2, continuing recursively, we also reach ϕ_1(0) = 0.

(ii) We proceed by induction on n.

Since ϕ_1(z) = z, by (R1) it holds that ϕ_2(z) = z^2 +ϕ_2(0) and substituting this in (∗) for n = 2 it follows ϕ_2(0) = 0.

Let’s now assume that ϕ_n(z) = z^n. Then, ϕ_{n+1}(z) = z^{n+1} + ϕ_{n+1}(0) and proceeding in the same way as in the case n = 2 we obtain ϕ_{n+1}(0) = 0.

• Remark. If α = 0 necessarily ϕ_1(0) ≠ 0, since ∀n ϕ_n(α) ≠ 0. Hence, if ϕ_1(0) = 0, then α ≠ 0 and u is the functional associated to the Lebesgue measure which will be represented by L_1.

Throughout the Section 2 we assume that ϕ_1(0) ≠ 0.

2.4 Lemma. The following relations hold:

(i) ∀n ≥ 1 (1 − |ϕ_n(0)|^2)z(z − α) ϕ 0_n (z) n = [ (1 − |ϕ_n(0)|^2)z + β_n ] ϕ_n(z) − −β_nϕ_n(0)ϕ^∗_n(z). (ii) |α| = 1.

(iii) ∀n ≥ 2 nϕ_n(0) ϕ^∗_{n−1}(α) ϕ_{n−1}(α) − (n − 1)ϕ_{n−1}(0) ϕ^∗_{n−2}(α) ϕ_{n−2}(α) = ϕ_n(0)ϕ_{n−1}(0).

(iv) ∀n ≥ 1 nϕ_n(0) ϕ^∗_{n−1}(α) ϕ_{n−1}(α) = n∑ k=1 ϕ_k(0)ϕ_{k−1}(0).

Proof (i) Removing the polynomial ϕ_{n−1}(z) in (∗) with (R2). (ii) Applying the ∗n-operator in (∗) and substituting the relation (ϕ

0_n )^∗(z) = nϕ^∗_n(z) − z(ϕ^∗_n) 0 (z) ([9]) in the resulting expression we obtain ∀n ≥ 1 (1 − zα)(ϕ^∗_n) 0 (z) = −nαϕ^∗_n(z) − nβ_nϕ^∗_{n−1}(z). (2.4.1) Removing in (2.4.1) ϕ^∗_{n−1}(z) with (R4) ∀n ≥ 1 (1 − |ϕ_n(0)|^2)(1 − zα)(ϕ^∗_n) 0 (z) = = (−n) [ α(1 − |ϕ_n(0)|^2) + β_n ] ϕ^∗_n(z) + nβ̄_nϕ_n(0)ϕ_n(z). (2.4.2) Taking derivatives in (R3), multiplying by (1 − zα) and substituting (2.4.1) and (2.4.2) it follows

−(n + 1)α(1 − |ϕ_n(0)|^2)ϕ^∗_{n+1}(z) − (n + 1)β_{n+1}(1 − |ϕ_n(0)|^2)ϕ^∗_n(z) = = (−n) [ α(1 − |ϕ_n(0)|^2) + β_n ] ϕ^∗_n(z)+ + [ nβ̄_nϕ_n(0) + ϕ_{n+1}(0)(1 − |ϕ_n(0)|^2)(1 − zα) ] ϕ_n(z)+ +ϕ_{n+1}(0)(1 − |ϕ_n(0)|^2)z(1 − zα)ϕ

0_n (z). (2.4.3) Taking z = 0

∀n ≥ 0 nβ_n − (n + 1)β_{n+1} − α = ϕ_{n+1}(0)ϕ_n(0). (2.4.4) Next, applying (R3) in (2.4.3) and substituting β_{n+1} from (2.4.4) [ nβ_n|ϕ_n(0)|^2 + ϕ_{n+1}(0)ϕ_n(0)(1 − |ϕ_n(0)|^2) ] ϕ^∗_n(z) = = [ nβ̄_nϕ_n(0) + nϕ_{n+1}(0)(1 − |ϕ_n(0)|^2)αz + ϕ_{n+1}(0)(1 − |ϕ_n(0)|^2) ] ϕ_n(z)+ +ϕ_{n+1}(0)(1 − |ϕ_n(0)|^2)(1 − zα)zϕ

0_n (z). (2.4.5) Finally, multiplying by z − α in (2.4.5) and removing ϕ0_n(z) with 2.4(i) ∀n ≥ 1 ϕ_n(0)A_n(z)ϕ^∗_n(z) = B_n(z)ϕ_n(z), with

A_n(z) = z [ nβ̄_nϕ_n(0) + ϕ_{n+1}(0)(1 − |ϕ_n(0)|^2) − αϕ_{n+1}(0)nβ_n ] − −α [ nβ_nϕ_n(0) + ϕ_{n+1}(0)(1 − |ϕ_n(0)|^2) ] + ϕ_{n+1}(0)nβ_n,

and B_n(z) is a polynomial of degree less than or equal to 1. Since ϕ_n(z) and ϕ^∗_n(z) have not common roots ([9]) A_n(z) = B_n(z) = 0 if n ≥ 2. From A_n(z) = 0 it follows that |α|^2 = 1.

(iii) From (2.4.4), substituting β_n and β_{n+1}:

(n + 1) ϕ_{n+1}(α) ϕ_n(α) − n ϕ_n(α) ϕ_{n−1}(α) − α = ϕ_{n+1}(0)ϕ_n(0).

Applying (R1) in ϕ_{n+1}(α) and ϕ_n(α) we obtain the desired formula.

(iv) Taking n = 1, 2, . . . in 2.4(iii) and adding up.

2.5 Theorem. For every n ≥ 1 it holds that ne_1 + ϕ^∗_1(α) ≠ 0.

Furthermore

∀n ≥ 0 ϕ_{n+1}(0) =

(n − 1)e_1 + ϕ^∗_1(α)

ne_1 + ϕ^∗_1(α) αϕ_n(0). (2.5)

Proof In the first place we prove that {ϕ_n(z)} admits the following repre-

sentation in terms of { ϕ 0_n (z) n }:

∀n ≥ 1 A_{n+1}ϕ_n(z) = (A_{n+1} − α)z ϕ 0_n (z) n + α ϕ 0_{n+1} (z) n + 1 . (2.5.1),

where A_{n+1} = − ϕ_{n+1}(0) ϕ_n(0) + ϕ_{n+1}(α) ϕ_n(α) . Writing the relation (∗) for n + 1 and applying (R1) ∀n ≥ 0 (z − α) ϕ 0_{n+1} (z) n + 1

= (z + β_{n+1})ϕ_n(z) + ϕ_{n+1}(0)ϕ^∗_n(z). (2.5.2)

Removing ϕ^∗_n(z) with (2.5.2) and 2.4(i) [ β_nϕ_n(0) ϕ 0_{n+1} (z) n + 1

+ ϕ_{n+1}(0)(1 − |ϕ_n(0)|^2)z ϕ 0_n (z) n ] (z − α) = = [( ϕ_{n+1}(0)(1 − |ϕ_n(0)|^2) + β_nϕ_n(0) ) z + β_n (β_{n+1}ϕ_n(0) + ϕ_{n+1}(0)) ] ϕ_n(z). (2.5.3) Taking z = α α [ ϕ_{n+1}(0)(1 − |ϕ_n(0)|^2) + β_nϕ_n(0) ] = −β_n [β_{n+1}ϕ_n(0) + ϕ_{n+1}(0)] . (2.5.4)

Substituting in (2.5.3) ϕ 0_{n+1} (z) n + 1 + ϕ_{n+1}(0)(1 − |ϕ_n(0)|^2) β_nϕ_n(0) z ϕ0_n(z) n =

= [ ϕ_{n+1}(0)(1 − |ϕ_n(0)|^2) + β_nϕ_n(0) β_nϕ_n(0) ] ϕ_n(z). (2.5.5) By substituting β_{n+1} = −ϕ_{n+1}(α)/ϕ_n(α) in (2.5.4) we obtain that the coefficient of ϕ_n(z) in (2.5.5) is αA_{n+1}.

Taking z = α in (2.5.1) and from (2.2.2) and (R1)

∀n ≥ 1 A_{n+1} = α ϕ_{n+1}(0)ϕ^∗_n(α) ϕ_1(0)ϕ_n(α) . (2.5.6)

Taking derivatives in (2.5.1), considering in the resulting expression z = α and applying (2.2.2) and (R1)

[(n − 1)A_{n+1} + α] ϕ_2(0)ϕ^∗_1(α) ϕ_1(α) = nα ϕ_{n+1}(0)ϕ^∗_n(α) ϕ_n(α) , substituting (2.5.6) α ϕ_{n+1}(0)ϕ^∗_n(α) ϕ_n(α) [(n − 1) ϕ_2(0)ϕ^∗_1(α) ϕ_1(α)ϕ_1(0) − n] = −α ϕ_2(0)ϕ^∗_1(α)

ϕ_1(α) .

Taking into account that ϕ^∗_1(α) = e_1 + ϕ_1(0)ϕ_1(α), from 2.4(iii) we obtain ϕ_2(0)(e_1 +ϕ^∗_1(α)) = ϕ_1(0)ϕ_1(α) ≠ 0. Removing ϕ_2(0) in the above expression: ∀n ≥ 1 ϕ_{n+1}(0)ϕ^∗_n(α) ϕ_n(α) (ne_1 + ϕ^∗_1(α)) = ϕ^∗_1(α)ϕ_1(0), (2.5.7)

¿From (2.5.7) it holds that ne_1 + ϕ^∗_1(α) ≠ 0. ¿From (2.5.7) and (2.5.6) we obtain A_{n+1}. If we insert this result in the value A_{n+1} given in (2.5.1) − ϕ_{n+1}(0) ϕ_n(0) + ϕ_{n+1}(α) ϕ_n(α) = α ϕ^∗_1(α) ne_1 + ϕ^∗_1(α) .

Expanding ϕ_{n+1}(α) by (R1) and substituting (2.5.7)

ϕ_{n+1}(0) ϕ_n(0) = − ϕ^∗_1(α) ne_1 + ϕ^∗_1(α)

(α − ϕ_1(0)) + α.

¿From (R2) after some easy calculations we obtain the desired result.

2.6 Corollary.

∀n ≥ 1 |ϕ_n(0)|^2 =

|ϕ_1(α)|^2|ϕ_1(0)|^2 |(n − 1)e_1 + ϕ^∗_1(α)|^2

. (2.6)

Proof By (2.5.7).

In what follows,_2F_1(a, b; c; z) is the usual notation for the hypergeometric series (see [6] and [10])

2F_1(a, b; c; z) = 1 + +∞∑ ν=1 (a)_ν (b)_ν (c)_ν z^ν ν! , where

(x)_n =

Γ(x + n)

Γ(x)

= x(x + 1) . . . (x + n − 1) n = 1, 2 . . . .

2.7 Theorem If we denote γ = ϕ_1(0)ϕ_1(α)/e_1. Then {ϕ_n(z)} admits the following equivalent representations: ∀n ≥ 1 ϕ_n(z) =

Γ(γ + n)Γ(γ + 1) Γ(γ)Γ(γ + 1 + n) α^n_2F_1(−n, γ + 1; −γ − n + 1; αz). (2.7)(1)

ϕ_n(z) =

Γ(2ℜγ + 1 + n)Γ(γ + 1) Γ(2ℜγ + 1)Γ(γ + 1 + n) α^n_2F_1(−n, γ +1; 2ℜγ +1; 1−αz). (2.7)(2)

Proof.

Using (R4), one should observe that the denominator in (2.5) can be written (n + 1)e_1 + ϕ^∗_1(α) − e_1 = (n + 1)e_1 + ϕ_1(0)ϕ_1(α) = e_1[(n + 1) + γ], and using (R2) in the numerator of ϕ_{n+1}(0)

nαe_1 + ϕ_1(α) − αe_1 = nαe_1 + ϕ_1(0)ϕ^∗_1(α) = αe_1(n + γ). Hence ∀n ≥ 0 ϕ_{n+1}(0) = n + γ n + 1 + γ αϕ_n(0) (2.7.1) with γ ≠ −n.

On the other hand, from (R1), (R4) and (2.5.7) it holds that β_n = − 2ℜγ + n γ + n α, then ϕ_n(α) can be written in terms of γ

∀n ≥ 1 ϕ_n(α) = (2ℜγ + 1)(2ℜγ + 2) . . . (2ℜγ + n) (γ + 1)(γ + 2) . . . (γ + n)

(2.7.2) with 2ℜγ ≠ −n, ∀n ≥ 1. Putting z = 0 in (2.2.1) we obtain the first expression in the statement, so that if 1 ≤ k ≤ n − 1 then

ϕ^{(k)}_n (0) = n! (n − k)! γ(γ + 1) . . . (γ + n − k − 1) (γ + k + 1) . . . (γ + n) α^{n−k} . Hence, writing the Taylor expansion of ϕ_n(z) in z = 0, we obtain

ϕ_n(z) = γ(γ + 1) . . . (γ + n − 1) (γ + 1)(γ + 2) . . . (γ + n) α^n[1 +

(−n)(γ + 1) 1!(−γ − n + 1) αz+

+ (−n)(−n + 1)(γ + 1)(γ + 2) 2!(−γ − n + 1)(−γ − n + 2)

(αz)^2 + . . . + + . . . + (−n)(−n + 1) . . . (−1)(γ + 1) . . . (γ + n) n!(−γ − n + 1) . . . (−γ − 1)(−γ) (αz)^n]. The second expression in the statement is obtained from (2.2) and (2.7.2)

ϕ_n(z) = ϕ_n(α)[1 +

(−n)(γ + 1) 1!(2ℜγ + 1) (1 − αz)

+ (−n)(−n + 1)(γ + 1)(γ + 2)

2!(2ℜγ + 1)(2ℜγ + 2)

(1 − αz)^2+

+ . . . + (−n)(−n + 1) . . . (−1)(γ + 1) . . . (γ + n) n!(2ℜγ + 1) . . . (2ℜγ + n) (1 − αz)^n].

Next, we shall discuss the reciprocal of the theorem 2.7.

2.8 Theorem. Let α, γ be complex numbers, such that |α| = 1, γ ≠ 0 and ∀n ∈ N, 2ℜγ + n ≠ 0. Then the sequence defined by ϕ_0(z) = 1 and ∀n ≥ 1 ϕ_n(z) given as in (2.7)(1) is a M.O.P.S. related to T which verifies the relation (∗).

Proof The conditions under the parameters α and γ warrant that ϕ_n(0) ≠ 0 y |ϕ_n(0)| ≠ 1. We obtain the relation (∗) for ϕ_{k+1}(z) with k ≥ 1 from the theory of hypergeometric series ([6]), using the following formula:

(−1)^n (a)_n(c − b)_n (c)_n (1 − z)^{a−1}_2F_1(a + n, b; c + n; z) = d^n dz^n [(1 − z)^{a+n−1}_2F_1(a, b : c; z)]

where a = −k − 1, b = γ + 1, c = −γ − k, n = 1 and

ϕ_k(αz) = ϕ_k(0)_2F_1(−k, γ + 1; −γ − k + 1; z).

For ϕ_1(z) the formula is verified directly.

3 The associated functional.

Throughout Section 3 we assume that u_n = u(z^n), with n ≥ 0, and u_0 = 1.

3.1 Corollary. If {ϕ_n(z)} is defined by (2.7)(1) then:

∀n ≥ 0 u_{n+1} = γ(γ − 1)(γ − 2) . . . (γ − n) (γ + 1)(γ + 2) . . . (γ + n + 1) (−α)^{n+1}.

Proof We proceed by induction on n.

Due to the orthogonality of {ϕ_n(z)} with respect to u it holds u (ϕ_n(z)) = 0, then u(z) = u_1 = −ϕ_1(0) = −^γ_{γ+1} α. Hence, the result is true for n = 1.

¿From (2.7)(1) it holds u (_2F_1(−n, γ + 1; −γ − n + 1; αz)) = 0, and after the induction step it holds the following

1 + (−n)(−γ) 1!(−γ − n + 1) + (−n)(−n + 1)(−γ)(−γ + 1) 2!(−γ − n + 1)(−γ − n + 2) + . . . +

+ . . . + (−n)(−n + 1) . . . (−2)(−γ)(−γ + 1)(−γ + n − 2) (n − 1)!(−γ − n + 1)(−γ − n + 2) . . . (−γ − 1) =

= − (γ + 1)(γ + 2) . . . (γ + n) (γ + n − 1)(γ + n − 2) . . . γ α^nu_n. Using the theory of hypergeometric series, the left-hand side of the above expression can be written as follows

2F_1(−n, −γ; −γ − n + 1; 1) − γ(γ − 1) . . . (γ − n + 1) (−γ − n + 1)(−γ − n + 2) . . . (−γ)

= − (γ + 1)(γ + 2) . . . (γ + n) (γ + n − 1)(γ + n − 2) . . . γ α^nu_n, and because_2F_1(−n, −γ; −γ − n + 1; 1) = 0 ([6] and [10]), we observe that the result holds.

3.2 Theorem. u is a semiclassical functional that belongs to the class (1, 1) if and only if u = L_1 or u is given by 3.1.

Proof See [9]. 3.3 Corollary D[(z − α)u] = iϕ^∗_1(α) e_1

(z + ϕ_1(0))u, where ∀P (z) ∈ Λ Du(P (z)) = −iu(zP^′(z)). Proof See [9]. 3.4 Corollary (z − α)Du = i(γz + αγ)u.

Proof Applying in (3.3) the following rule ([9]) D(A(z)u) = A(z)Du + izA^′(z)u, A(z) ∈ Σ. 3.5 Corollary The sequence {ϕ_n(z)} verifies the following hypergeometric differential equation z(α − z)ϕ 00_n (z) + [(−γ + n − 2)z − (γ + n − 1)α] ϕ

0_n (z) + n(γ + 1)ϕ_n(z) = 0.

Proof See [9].

4 The positive definite case.

Since the case ϕ_1(0) = 0 corresponds to the Lebesgue measure, here we will limit ourselves to the case ϕ_1(0) ≠ 0 or γ ≠ 0.

4.1 Theorem u is positive defined if and only if |ϕ_1(0)| < 1 or equivalently 2ℜγ > −1.

Proof Taking into account that u is positive definite if and only if ∀n ≥ 1 |ϕ_n(0)|^2 < 1 and 2.6.

4.2 Theorem. We denote: G(z) = 1 + 2 ∑_{+∞} n=1 u_nz^n. This function satisfies the following linear differential equation z(z − α)G^′(z) − (γz + γα)G(z) = (γz − γα).

Proof ¿From 3.1 it holds G(z) = −1 + 2 (_2F_1(1, −γ; γ + 1; αz)). Using the following relation of hypergeometric series (see [6]) (c − a)_nz^{c−a−1}(1 − z)^{a+b−c−n}_2F_1(a − n, b; c; z) = = d^n dz^n [z^{c−a+n−1}(1 − z)^{a+b−c}_2F_1(a, b; c; z)] for n = 1 we obtain the equation given in the statement.

4.3 Theorem If α = e^{iψ} and 2ℜγ > −1, then the sequence {ϕ_n(z)} is orthogonal with respect to the following weight function μ 0 (θ) = sin ( θ − ψ 2 )_{γ+γ} e^{i θ2 (γ−γ)} 0 ≤ θ ≤ 2π

Proof We prove that 1 2π ∫_{2π} 0 ϕ_n(e^{iθ})e^{−imθ} dμ(θ) = k_nδ_{nm} with 0 ≤ m ≤ n and k_n > 0.

Let I_{nm} be the above integral, then from 2.7(2)

I_{nm} = C_n ∫_{2π} 0 2F_1 ( −n, γ + 1; 2ℜγ + 1; −2e^{i π+θ} �ψ_2

sin( θ − ψ 2 ) ) e^{−imθ}dμ(θ), with

C_n = 1 2π Γ(2ℜγ + n + 1)Γ(γ + 1) Γ(2ℜγ + 1)Γ(γ + n + 1) e^{inψ}. Expanding the polynomial under the integral in powers of z, the integrals to calculate are as follows: i_{km} = ∫_{2π} 0 sin ( θ − ψ 2 )_{2ℜγ+k} e^{iθ(iℑγ−m+ k2 )}dθ =

= ∫_{2π+ψ} ψ sin ( θ − ψ 2 )_{2ℜγ+k} e^{iθ(iℑγ−m+ k2 )}dθ. with the change of variable t =^{θ−ψ}_2 we obtain i_{km} = 2e^{iψ(iℑγ−m+ k2 )} ∫_π 0 (sin t)^{2ℜγ+k} e^{2it(iℑγ−m+ k2 )}dt whose value is (see [6])

i_{km} = 2e^{i(ψ+π)[iℑγ−m+ k2 ]} π 2^{2ℜγ+k} Γ(2ℜγ + k + 1) Γ(γ + k + 1 − m)Γ(γ + 1 + m) , with 0 ≤ k ≤ n.

Substituting i_{km} in I_{nm}

I_{nm} = 2πC_nΓ(2ℜγ + 1) Γ(γ + 1 + m)Γ(γ + 1 − m) e^{i(ψ+π)[ℑγ−m]} 1 2^{2ℜγ 2}

F_1(−n, γ+1; γ+1−m; 1) If m ≤ n − 1

2F_1(−n, γ + 1; γ + 1 − m; 1) =

Γ(γ + 1 − m)Γ(n − m) Γ(γ + 1 + n − m)Γ(−m)

= 0. (See [6])

For m = n, we use the following relation (see [6]):

Γ(γ + 1) Γ(γ + 1 − n) z^{γ−n}_2F_1(−n, γ + 1; γ + 1 − n; z) = d^n dz^n [z^γ (1 − z)^n] .

Taking derivatives in the right-hand side and putting z = 1 in the last expression we get

Γ(γ + 1) Γ(γ + 1 − n)^2

F_1(−n, γ + 1; γ + 1 − n; 1) = (−1)^nn!.

Substituting the previous in I_{nn} we obtain I_{nn} = (2ℜγ + 1)(2ℜγ + 2) . . . (2ℜγ + n) |γ + 1|^2|γ + 2|^2 . . . |γ + n|^2

I_{00} ≠ 0.

5 A special case.

If |α| = 1, γ ∈ R − {0} and 2γ ≠ −n, then ∀n ≥ 1 ϕ_n(z) = γ γ + n α^n_2F_1(−n, γ + 1; −γ − n + 1; αz)

is a M.O.P.S. related to T.

Taking ψ_n(z) = ϕ_n(αz) we obtain ψ_n(0) =^γ_{γ+n} α^n. For α = ±1 we have the reflection parameters corresponding to the Jacobi weight.

6 References.

[1] Alfaro, M.; Alfaro, Ma. P.; Guadalupe, J.J. and Vigil, L. Correspondance entre suites de polinômes orthogonaux et functions de la boule unité de H^∞_0 (D). Lect. Nontes in Math. Vol. 1171. pp. 158-163. Springer Verlag. Berlin 1985.

[2] Alfaro, M. and Marcellan, F. Recent trends in orthogonal polynomials on the unit circle. IMACS Annals on comput. and appl. math. Vol 9, Nos 1-4. pp. 3-14. J.C. Baltzer Ag , Scientific Publishing Company. Switzerland, 1991.

[3] Garcia L. P. Distribuciones y polinomios ortogonales. Doctoral Dissertation. Pub. Seminario Mat. García de Galdeano, SERIE II, Sec. 2 32, 1991.

[4] Geronimus, Y. Orthogonal Polynomials. Consultants Bureau. New York, 1961.

[5] Geronimus, Y. Polynomials orthogonal on a circle and their applications. Trans. Amer. Math. Soc. Vol 3, Serie 1. pp. 1-78, 1962.

[6] Magnus, W.; Oberhettinger, F.; Tricomi, F.G. Higher Transcendental functions. McGraw-Hill Book Company, INC. Vol. I. Original Edition 1953. Reprint Edition 1981.

[7] Maroni, P. Prolégomènes à l’étude des polynômes orthogonaux semiclassiques. Annal. di Mat. Pura ed Appl. (4) 149. pp. 165-184, 1987.

[8] Szegö, G. Orthogonal polynomials. Amer. Math. Soc. Colloq. Publ. 23. Providence, R. I, 1939. Four edition 1975.

[9] Tasis Montes , C. Polinomios ortogonales relativos a la circunferencia unidad. Doctoral Dissertation. University of Cantabria, 1989.

[10] Whitakker, E.T. and Watson, G.N. A course of Modern Analysis. Cambridge University Press, 1927.