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PROJECTIVE AND INDUCTIVE LIMITS OF DIFFERENTIAL
TRIADS

M. H. PAPATRIANTAFILLOU

ABSTRACT. We prove that in the category of differential triads projective and
inductive systems have limits.

1. INTRODUCTION

The geometry of differential manifolds is a very effective machinery to deal
with problems in many fields of pure mathematics and numerous applications. In
particular, it is the underlying mathematical theory for the contemporary (non-
quantum) mechanics, relativity and cosmology.

However, this machinery does not work when the smooth manifold structure
breaks down, for instance, when singularities appear, as the big bang or the black
holes. On the other hand, the differential manifold structure is so strong an as-
sumption, that it is not preserved under the most common operations on manifolds.
For example, one cannot pull-back or push-out an atlas by a continuous map. An
arbitrary subset of a manifold is not a manifold. The limit of a projective system
of manifolds is not, in general, a manifold. In some cases, as in the theory of jets,
it is a manifold, but it is infinite dimensional. Thus, the category of smooth, fi-
nite dimensional manifolds is not closed for projective limits. The same is true for
inductive limits of manifolds.

These deficiencies led many authors to introduce several generalizations of the
notion of manifolds (see, for instance, differential spaces [1, 5, 8, 9]), so that the dif-
ferential mechanism is preserved but the manifold structure is not needed. Among
these generalizations, the most recent and most general is that of differential tri-
ads, introduced by A. Mallios in [2], by replacing the the assumptions on the local
structure of the space X (charts, atlases) with assumptions on the existence of an
(algebraic) derivation on an arbitrary sheaf A of algebras on X, which plays the role
of the structural sheaf of germs of smooth functions. Differential triads generalize
smooth manifolds (and differential spaces) and also include (non-smooth) spaces
with very general, non-functional, structural sheaves. As it happens, any sheaf of
algebras may be regarded as the structural sheaf of a differential triad (Example
2.1(ii)).
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Analogously to the considerations on the space X, one may replace the usual
smooth maps between manifolds with an algebraically defined class of “differen-
tiable maps”, or “morphisms of differential triads”, giving rise to a category, de-
noted by DT, in which the category of manifolds is embedded [6].

Our aim in this paper is to prove that D7 is closed for the projective and
inductive limits of differential triads. To this end, we first prove that a projective
(resp. inductive) system of differential triads over the same base space has a limit
in DT (Propositions 3.2 and 3.3). Then, for a projective (resp. inductive) system
of differential triads over a projective system of base spaces, we construct a new
projective (resp. inductive) system of differential triads over the projective (resp.
inductive) limit of the base spaces, and we prove that their limit satisfies the
universal property of the projective (resp. inductive) limit for the initially given
family (Theorems 4.4 and 4.5).

2. PRELIMINARIES

Throughout the paper, K stands for R or C; if X is a topological space, Tx
denotes its topology. First we recall the main concept in our framework, introduced
by A. Mallios (see [2], or [3, Vol. II]):

Let X be a topological space, A a sheaf of unital, commutative, associative K-
algebras over X and 2 an A-module; i.e., © is a sheaf of K-vector spaces over X,
so that Q(U) is an A(U)-module, for every U € 7x. Besides, let 0 = (Ov)very :
A —  be a sheaf morphism. The triplet 6 = (A4, 9,) is said to be a differential
triad, if

i) 0 is K-linear, and

ii) O satisfies the Leibniz condition: for every (o, 8) € A xx A,

d(af) = ad(P) + BO().

Examples 2.1. (i) Every C*-manifold X (k > 1) defines a differential triad: take
as A the sheaf of germs of local R-valued C*-functions on X, as (2 the sheaf of germs
of local C*~!-differential 1-forms and as 0 the sheafification of the usual differential
d. Thus, the concept of a differential triad generalizes that of a manifold. On the
other hand, manifolds are far from being alone in the new context, as the following
example shows:

(ii) Let (X,.A) be an algebraized space, that is, X is a topological space and A
is a sheaf of (commutative, associative, unital) K-algebras over X. We denote by
X (A) the set of all sheaf morphisms ¢ : A — A, which are K-linear and satisfy the
Leibniz condition (of course, for each ¢, (A, &, A) is a differential triad). X' (A) is an
A-module. We consider the dual A-module 2 := X (A)* and the sheaf morphism
d: A — Q, given by

Oa: X(A) — A: €& (0a)(&) := &(a), Va € A.

Then (A,0,9Q) is a differential triad. Thus, every algebraized space defines a dif-
ferential triad.
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Some other examples are found in [3].

Let f: X — Y be a continuous map and let Shx, Shy denote the categories
of sheaves over X, Y, respectively. We denote by f. : Shx — Shy the push-out
functor and by f*:Shy — Shx the pull-back functor induced by f.

Definition 2.2. Let 6x = (Ax, dx,Qx), oy = (Ay, dy, Qy) be differential triads
over the topological spaces X, Y, respectively. A morphism from 6x to dy is a

triplet (f, fa, fa), where

(i) f: X — Y is continuous;

(ii) fa : Ay — f«(Ax) is a unit preserving morphism of sheaves of K-algebras
over Y.

(iii) fo : Qv — f«(Qx) is an f4-morphism, i.e., it is a morphism of sheaves of
K-vector spaces over Y, with

falaw) = fa(a) fa(w), V(a,w) € Ay xy Qy;

(iv) the following diagram is commutative

Ay ﬁ’ fe(Ax)
Oy f*(aX)

Qy 7 fe(Q2x)

Following the classical terminology, we say that a continuous f : X — Y is
differentiable, if it can be completed to a morphism of differential triads (f, f4, fa)-

Differential triads and their morphisms form a category [6], denoted in the sequel
by DT . The identity morphism of a triad (A, 9,Q) over X is (idx, id4, idg) and
the composition of (f, fa, fo) and (g, g4, ga) is given by

(2.1) (gof, (gofla=g«(fa)oga, (go fla=g«(fa) o ga)

The differential triads over a fixed topological space X and the morphisms of the
form (idx, fa, fo) constitute a subcategory of DT, denoted by DTx.

Clearly, if the C*-manifolds X, Y (k > 1) are endowed with the differential triads
(Ax,0x,Qx), (Ay,dy,Qy) induced by their manifold structure, then every C*-
map f: X — Y is differentiable, with

fala) =aof, VaeAy(V),
folw) =wodf, YweQy(V),

for any V € 1y. Thus, the category of C*-manifolds is embedded in DT .
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If ox = (Ax,ax,ﬂx) € DIx, 6y = (.Ay,ay,Qy) € DTy and f : X —-Yis
continuous, then it is clear that the push-out of dx by f

fe(6x) = (fu(Ax), f«(0x), f«(Qx))
is a differential triad over Y and the pull-back of dy by f

f20y) = (f"(Ay), [*(Ov), f*(y))
is a differential triad over X. The following two results are already known ([7,
Theorems 3.1 and 3.4]).

Theorem 2.3. Let dx = (Ax,0x,x) € DTx and let f : X — Y be a continuous
map. If 'Y is endowed by the push-out f.(dx) of dx by f, then there is a mor-
phism (f, fa, fa) : 0x — f«(0x) in DT, i.e., f becomes differentiable. Besides,
f«(0x) satisfies the following universal property: if 6y = (Ay,0y,Qy) € DTy
and (f, fA,fQ) : 0x — dy is a morphism, then there exists a unique morphism
(idy,ga,90) : f«(0x) — Oy, so that

(2.2) (f, fa, fa) = (idy, g4, ga) o (f, fa, fa).

Theorem 2.4. Let 0y = (Ay,dy,Qy) € DTy and let f : X — Y be a continuous
map. If X is endowed by the pull-back f*(dy) of dy by f, then there is a mor-
phism (f, fa, fa) : f*(0y) — Oy in DT, i.e., f becomes differentiable. Besides,
f*(8y) satisfies the following universal property: if o0x = (Ax,0x,Qx) € DTx
and (f, fA,fg) : 0x — Jy is a morphism, then there exists a unique morphism
(idx,94,90) : 0x — f*(0y), so that

(23) (f7fAu.fQ) = (fafA7fQ)O(iangAagQ>~
3. PROJECTIVE AND INDUCTIVE LIMITS OVER X

In this section we prove that projective and inductive systems of differential
triads over the same base space X have limits in D7x.

Lemma 3.1. (i) Let (S;; fij)i>jer be a projective (resp. inductive) system of
sheaves and sheaf morphisms over X. Then the projective (resp. inductive) limit
of the system exists in Shx.

(i1) Let (Si; fij)izjer, (Ti;gij)i>jer be projective (resp. inductive) systems of
sheaves and sheaf morphisms over X and let (S,{fi}icr), (T,{gi}lic1) be their
projective (resp. inductive) limits. If (h; : S; — T;)ier is a morphism of projective
(resp. inductive) systems, then there exists a sheaf morphism h : & — T, with
gioh="h;o f; (resp. ho fi =g;0h;), for every i € I.

Proof. (i) For every open U C X, (S;(U); fg)iZjeI is a projective system. Besides,
if V is open with V' C U, the family of the restriction maps
piv : Si(U) — Si(V)
is a morphism of projective systems. We set
S(U) =1lim&;(U) , Ueéerx;
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oy ::liinpz‘-/U:S(U)—>S(V)7 VCUEerx.
(S(U), ply)vcuery is a presheaf over X, generating a sheaf S. Since S(U) is the
projective limit of (S;(U); g-)izjela there is a family of maps
frsw) —si(v), iel,
so that

(3.1) =157, VU€erx,i>j€cl.

For every i € I, (fY)very is a presheaf morphism. Let f; denote the induced sheaf

morphism. Then (S, {fi}ier) is the projective limit of (S;; fij)i>jer-

(ii) Each h; corresponds to a presheaf morphism (hY)ye,,. For a fixed U,
(RY : 8;(U) — Ti(U))ier is a morphism of projective systems, hence there is a
morphism hY : S(U) — T (U), so that hY o fV = g% o hY| for every i € I. Then,
(hY)ery is a presheaf morphism. Let h be the corresponding sheaf morphism.
The required equality h; o f; = g; o h is obtained from the respective equality for
the presheaf morphisms.

Analogous reasoning holds for inductive systems. O

Proposition 3.2. Let X be a topological space, (I,<) a directed set and
((As, 03, 0); (idx, fija, fijQ))i>jer

a projective system in DTx. Then there exist a differential triad (A, 9,8) over X
and a family of morphisms

(idx, fia, fia) : (A,0,9Q) — (A, 05, ), i € 1
that satisfy the universal property of the projective limit in DTy .
Proof. If ((A;,0;,%%); (idx, fija, fija))i>jer is a projective system of differential
triads, then (A;; fija)i>jer and (Q; fij)i>jer are inductive systems of sheaves
over X and (0;);es is a morphism of inductive systems. According to the previous
lemma, the inductive limit

exists, along with morphisms f;4 : A; — A and fio : Q; — Q, i € I, so that
do fia= fino0i, Viel,

that is, for every i € I, (idx, fia, fia) : 8 — 0; is a morphism in DTyx. The
universal property of the projective limit is readily checked. O

It is clear that the dual result also holds true. That is, we have
Proposition 3.3. Let X be a topological space, (I,<) a directed set and
((Ai, 05, ); (idx, fija, fije))i<jer

an inductive system in DTx. Then there are a differential triad (A, 0,Q) over X
and a family of morphisms

(idX7f’iA7fiQ) : (Alaalagz) - ("478a9)7 1€l
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that satisfy the universal property of the inductive limit in DTx .

4. PROJECTIVE AND INDUCTIVE LIMITS IN DT

In this section we consider a projective system
(6; = (A, 0:,9); (fijs fija, fije))izjer
of differential triads §; over the base spaces X;, ¢ € I, I directed, and of morphisms
of differential triads (fi;, fija, fija) : 0; — &;, i > j € I. Our aim is to construct a
differential triad 6 = (A, 9,2) over some space X and a family of morphisms
(fi7 fiAa sz) 10— 6i7 (XS 17

that satisfy the universal property of the projective limit in D7 .
To this end, we consider the projective limit

(X := lim X;, {fitier)

of the projective system (X;; fi;)i>jer of topological spaces and continuous maps.
X will be the base space of the required differential triad.

Next, we consider the pull-backs f(d;), ¢ € I, which constitute a family of
differential triads over X. We have the following.

Lemma 4.1. Let (6; = (Ai, 05, 0); (fijs fija, fija))isjer be a projective system
in DT and let X; be the base space of 6;. If (X,{f:}ier) is the projective limit of
(Xi; fij)i>jer, then there exist connecting sheaf morphisms

JijA ff(Aj) — fi (A,

making (f7(Ai); gija)i>jer an inductive system of sheaves of algebras over X.
Similarly, there exist connecting sheaf morphisms

gija : 7 () = f (),
so that (fF(€4); gija)i>jer is an inductive system of fi(A;)-modules, i € I.

In order to prove Lemma 4.1 (and its dual, needed for the analogous considera-
tions for inductive limits), we need some additional information about the pull-bach
and the push-out functors, induced by a continuous f : X — Y. The crucial feature
is the existence of a natural transformation ¢f : id — f,f* between the covariant
functors id, f.f* : Shy — Shy, and a natural transformation ¢/ : f*f, — id

between the covariant functors f*f., id : Shx — Shx. For details we refer to
[10, 7.11]. We note that, for every B € Shy and V € 71y,

FFBYV) = fFB)(fHV) =T (fH(V), B),
where T¢(f~1(V),B) is the set of all continuous maps o : f~1(V) — B, with
a(z) € By(a, for every z € f~1(V), and (bl]; is given by

Oy B(V) = Ty(f1(V),B): B Bo f.
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Regarding ¢/, let A € Shy and
(z,5) € [ fe(A) = {(z,5) € X X fu(A) : 5 € fu( Ay -
Then there exist V € 7y and 5 € f.(A)(V) = A(f~(V)), so that r}/(z)(é) = s,
(rV))v/cvery being the restrictions of the presheaf (f.(A)(V))ver,.. We have
At s) = ol (s),

where (pY,)u/cuery are the restrictions of the presheaf (A(U))yery. The above
functors interact with each other, in the following way (see [7])

(4.1) fa ('l/}fc\) © ¢Jf1(,4) = Zdf*(A)a
(4.2) Wl sy 0 F1(0h) = idgs).

Regarding the way ¢ and ¥ behave with respect to the composition of maps, we
have

Lemma 4.2, Let f : X — Y and g : Y — Z be continuous. Then for every
AeShyx and C € Shz,

(4.3) VT =l o f1 (9 )
(4.4) 87 = 9.6 ) 0 68

Proof. Let (x,s) € (go f)*(go f)«(A). By definition, there are W € 7z and 5 €
(90 1) (A) (W) = Al(g o £) (W) such that ¥V, (5) = 5, where (rlf. Jwrcwer,
are the restrictions of (g o f).(A). Then

o of)~ ! _
witf(xas) = p;g 2 (W)(S)v

where (pf}, )urcuery are the restrictions of A. Now (z, s) coincides with
(z, (f(x),p‘g"(/f(gﬂ))@)) € f*g*g.f«(A), where (pI¥..)w'cwer, are the restrictions of
g« f«(A). Thus,

hoo W )@, s) = o [ )@ (F(@), DYy () =
w,’;(lb?*(A)(f(w),p;Vf(m))(5))) =

-1 _ —1/, -1 _
= Ph@ " E) =l ),

(mV)vicvery being the restrictions of f.(A), and (4.3) is proved.
Let now W € 7z and a € C(W). Then

g*(¢£*(¢))W ° ¢ty (a) = d)g*(C)f—l(W)(a og)=aogo f= ¢<g;%5(a),

completing the proof. O
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Proof of Lemma 4.1. Let i < j € I and consider the commutative diagram

X fi e
i
fi !

X

Over X, we have the pull-backs f;(A;) and f;(A;) = f7 f;(A;). For each i € I,
the sheaf morphism f;;4 : A; — fi;j«(A;) induces a morphism

Fi(fija) « f55(A) — fi5 fige (Ai).
We consider the composition
Wl o [ (figa) : 15(A) — As
and we pull it back via f;, obtaining

gija = JE W5 o f5(figa)) = FE(AY) = JE15 (A — fr(A).

We prove that the family (f;(A;); ¢ija)i>jer is an inductive system of sheaves of
algebras over X. To this end, we prove that

GijA© JikA = JikA, Vixj=>kel
In fact,

GijA0gikA = fi (1/ff” o fii(fija)) o f; (ﬂff’k o fix(fira)) =
= F@L o f(fua) o FWRE o Fi(fra)) =
= f (qpfl] o ZJ(fZJ.A Ow fa o ]k:(f]kﬂ)))
Since )fir f;kfjk* — 1d is a natural transformatlon, we have
fijAo¢£1j ¢f,]*(A ) f;‘kkfjk*(fijA)a
hence
GijAa o Gika = fi (¢f” (%fcff* o fixfinx(fija) o fix(fika))) =
F W5 0 B WP 4y 0 Fiefine(Fiza) © fika)):

By virtue of (2.1), the expression fjx«(fija) © fixa in the last equality coincides
with (fjx o fij)4 = fika, consequently, we have

gijA o gikA = fi (@bf” o fii( vaﬂi(A o fix(fira))) =
= SR o F5WEE ) © FiFiwa)):
Combining the last equality with (4.3), we obtain
9ija © gika = 7 (W5 o fi(fika)) = gina.
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Analogously, we define
gisa = [T(0G o f5(fya));  izjelL
Then (f7(£%); gija)i>jer is an inductive system of f;"(A;)-modules. O
Lemma 4.3. With the assumptions of Lemma 4.1,
(fi'(6:); (idx,9ijas 9ij2))isjer
is a projective system of differential triads over X.
Proof. We prove that every
(idx, gija, gija) : fi(6:) — f7(9;)
is a morphism: It suffices to prove condition (iv) of Definition 2.2. We have
F2(8) 0 gija = 17(80) o f (W52 o £55(fig.0)) = £ @i 0wl o f55(fija)-
Since fii is a natural transformation,
B0 Wl = w7 o £5(fis(80)),
hence
F@)ogia = frWE o f5(£ie(3) o £y(fisa) =
= fi( g]‘cz] o fi5(fij«(9i) o fija))-
Condition (iv) for the morphism (f;;, fija, fij.4) implies that
fij«(0i) o fija = fijao0;
yielding, in turn,
Fr@)0gia = [iWh o fi(fijecdy) =
= FTWh! o f(fi0)) o £5(9)) = giza o £5(9)).
and the proof is complete. O

Theorem 4.4. Let (§; = (A;, 0;,); (fij, fija, fija))i>jer be a projective system
i DT and let X; be the base space of 0;. There exists a differential triad § =
(A,0,9) over the projective limit X of the base spaces, satisfying the universal
property of the projective limit in DT .

Proof. By Lemma 4.3, there exists a projective system
(f7(8:); (idx, gija, Gija))i>jer
of differential triads over X. Let
(6 = (A,0,9Q), {(idx, gia, gia) bier)

be the limit of this system in D7x (see Proposition 3.2). For every i € I, we
consider the composition

(fia hiAa hZQ) = (fla d)ﬁq: {271) © (idX7giAagiQ)a
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of the morphisms
(idx, gia, gio) : 6 — f7(6i),
(Fin 84 06+ £7(6:) — 6.

That is, we set

(4.5) hia == fix(gina hiq = fi«(gia) ©

) o
(cf. (2.1)). We will prove that ((A 0, Q) {(fis hia, hiq) }ier) is the projective limit
of the initial projective system (;; (fis, fija, fija))i>jer-
First we prove that, for every i > j € I,

(fijs fija, fija)) o (fis hias hia) = (fj, hja, hja).
In virtue of (2.1), it suffices to prove that
hja = fije(hia) o fija,  hja = fij(hio) o fija.
For the first equality we have (see (4.5))
hja = fis(gja)o ¢£{j = (fij o fi)«(gia © gija) o ¢ﬁjofi =
= figefir(9i4) © fijufin(9i0) 0 6127

fi
Q;

and
Jij«(hia) o fija = fijefix(gia) © fij*(éﬁf}i) o fija-
Thus, it suffices to prove that
fijefin(gija) © ¢f”of1 = fij*((ls_/fii) o fijA.

Taking into account the definition of g;;4, along with (4.4) and the naturality of
o7 and of ¢, we obtain

fij*fi*(gijA) ¢f” i = fzg*[fz*f Wf” © ;;'(fij.A))oqsfi ) } ¢f” =

= fiploli, 0 W o S (fua)] 0 0l =

= [ige(05) 0 figu 7Y 0 fisufi(fija) © ¢f” =

= fipe(@h) 0 Fisu(@l) 0 677 4y 0 Fija
and the required equality is a result of (4.1). The analogous equality for h;q is
proved in a similar way.

Finally, we prove that ((A,0,Q),{(fi,hia, hia)}ier) is unique. In fact, let
(A, d, Q) be a differential triad over some topological space X and
(hishias hig) : (A,0,9Q) — (A;,0;,9), i€l

a family of morphisms, with

(fijs fijas fija) o (his hiashio) = (hj, hja, hia),
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for every i > j € I. Since (X, {fi}icr) is the projective limit of (X;; fi;)i>jer, there

exists a continuous map h : X — X, with f; o h = h;, for every ¢ € I. We set
o fi * (T RS 1 * (T
kia == wh*(./i) o fi(hia), ki = T/Jh*(@) o fi'(hia) -
We check that
(4.6) (hykias ko) (A,0,Q) — f7(Ai, 05, Q)
is a morphism and
(idx, gijA; gija) © (b, kia, ki) = (b, kja, kja),
for every i > j € I. The family (4.6) can be viewed as a family
(idx, kia, ki) : (he(A), ha(), ha(Q)) — fi(Ai, 05, )
of morphisms in D7x. Since (A, 9,Q) is the projective limit of the system
(fF(Ai, 05, ), (idx, gija, gijo)) in DTx, there exists a unique
(idx,ha, hq) : (he(A), hae(), he(Q)) — (A,0,Q),
so that
(idx, gia, gia) o (idx, ha, ha) = (idx, kia, kia), Vi€l
Then (idx,ha, hg) corresponds to a unique morphism
(hyha,ho) : (A,0,9) — (A,0,9)
satisfying o
(fishiashig) o (hshasha) = (hi, hia, hig), Vi€,
and the proof is complete. O

It is now trivially checked that dual arguments give the following

Theorem 4.5. Let ((A;,0;, %), (fij, fija, fija))i>jer be an inductive system in
DT and let X; be the base space of (A;, 0;,8;). There exists a differential triad
(A,0,9) over the inductive limit X of the base spaces, satisfying the universal
property of the inductive limit in DT .
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