Extension theory for Sobolev spaces on open sets with Lipschitz boundaries

Viktor I. Burenkov

Contents

Introduction 1. Notation 2. Sobolev spaces 3. General applications of extension theorems 4. The one-dimensional case 5. Classes of open sets 6. Pasting local extensions

References

Introduction

The main aim of this paper^1 is to give a complete exposition of the extension theory for Sobolev spaces for the case of open sets with Lipschitz boundaries.

Some results are known for more general open sets, and for some particular values of the parameters necessary and sufficient conditions are known ensuring validity of the extension theorem.^2 However, in that case the theory is not complete. On the other hand the case of open sets with Lipschitz boundaries is, and will be, the most important from the point of view of applications. For all these reasons we have restricted ourselves to this case.

The extension theory consists of three interconnected parts. The first, main, part is the construction of an extension operator

T : W^l_p(Ω) → W^l_p(R^n ), (T f)(x) = f(x), x ∈ Ω, (1)

1 This work was supported by the grants of European Association for Promotion of Fundamental Research (INTAS - 881 - 94) and Russian Foundation of Basic Research (RFBR - 96 - 01 - 01380).

2 At the recent conference “Functions spaces, partial differential equations and applications” in Rostock I have promised to pay DM 1, 000 to a mathematician who would give a complete solution of the extension problem for all admissible values of the parameters.

which is linear and bounded, where W^l_p(Ω) is the Sobolev space and Ω is an open set with a Lipschitz boundary. The second part is the construction of analogous operators for the semi-normed Sobolev spaces and other variants of Sobolev spaces. The third part is dedicated to sharp estimates of the minimal norm of extension operators, mentioned above.

We present here only those proofs, which are related directly to the extension procedure, and omit the proofs of auxiliary statements (giving references, where to find them).

The exposition is based mostly on the papers of the author, his pupils and co-authors [6], [10], [21], [11], [12], [32], [16], [28], [14], [25], [26], [27]. A brief information about other extension methods will also be given. As for further results, including the case of irregular open sets, for which an extension with preservation of smoothness is impossible, we shall give a very brief survey and references.

1 Notation

We shall use the following standard notation for sets:

N – the set of all natural numbers, N_0 – the set of all non-negative integers, R – the set of all real numbers, N^n_0 = N_0 × · · · × N_0

n−times

– the set of multi-indices (n is the natural number

which will be used exclusively to denote the dimension), R^n = R × · · · × R n-times , B(x, r) – the open ball of radius r > 0 centred at the point x ∈ R^n .

For α ∈ N^n_0 , α ≠ 0, we shall write: D^αf ≡ ∂^{α1 +···+αn} f ∂x^{α1}_1 · · · ∂x^{αn}_n – the (ordinary) derivative of the function f of

order α and D^α_wf ≡ ( ∂^{α1+···+αn} f ∂x^{α1}_1 · · · ∂x^{αn}_n ) w – the weak derivative of the function f of

order α.

For an open nonempty set Ω ⊂ R^n we shall denote by:

C(Ω) – the space of functions continuous on Ω,

C(Ω) – the Banach space of functions f uniformly continuous and bounded on Ω with the norm ‖f‖_{C(Ω)} = sup_{x∈Ω} |f(x)|, C^l(Ω) (l ∈ N) – the space of functions f defined on Ω such that ∀α ∈ N^n_0 , where |α| = α_1 + · · · + α_n = l, and ∀x ∈ Ω the derivatives (D^αf)(x) exist and D^αf ∈ C(Ω), C^l(Ω) (l ∈ N) – the Banach space of functions f ∈ C(Ω) such that ∀α ∈ N^n_0 , where |α| = l, and ∀x ∈ Ω the derivatives (D^αf)(x) exist and D^αf ∈ C(Ω) with the norm ‖f‖_Cl_{(Ω)} = ‖f‖_{C(Ω)} + ∑ |α|=l ‖D^αf‖_{C(Ω)},

C^∞(Ω) =^∞ ⋂ l=0 C^l(Ω) – the space of functions infinitely continuously differentiable on Ω, C^∞_0 (Ω) – the space of functions in C^∞(Ω) compactly supported in Ω.

Further notation will be introduced in the text.

2 Sobolev spaces

Definition 2.1. Let Ω ⊂ R^n be an open set, l ∈ N, 1 ≤ p ≤ ∞. The function f belongs to the Sobolev space W^l_p(Ω) if f ∈ L_p(Ω), if it has weak derivatives D^α_wf on Ω for all α ∈ N^n_0 satisfying |α| = l and ‖f‖_W l_{p(Ω)} = ‖f‖_{Lp(Ω)} + ∑ |α|=l ‖D^α_wf‖_{Lp(Ω)} < ∞.

Here ‖f‖_{Lp(Ω)} = (∫ Ω |f|^p dx )_{1/p}

for 1 ≤ p < ∞ and ‖f‖_{L∞(Ω)} = ess sup_{x∈Ω} |f(x)|.

Remark 2.1. In the one-dimensional case this definition is equivalent to the following: the function f is equivalent to a function h on Ω, for which the (ordinary) derivative h^{(l−1)} is locally absolutely continuous on Ω and ‖f‖_W l_{p(Ω)} = ‖f‖_{Lp(Ω)} + ‖f^{(l)}_w ‖_{Lp(Ω)} = ‖h‖_{Lp(Ω)} + ‖h^{(l)}‖_{Lp(Ω)} < ∞. Moreover, if Ω = (a, b) is a finite interval, the limits lim_{x→a+} h(x) and

lim_{x→b−} h(x) exist and one may define h on [a, b] by setting h(a) and h(b)

to be equal to those limits. Then h^{(s)}, s = 1, . . . , l − 1, exist and h^{(l−1)} is absolutely continuous on [a, b]. This follows from the Taylor expansion

h^{(s)}(x) = l−s−1∑

k=0 h^{(s+k)}(x_0) k! (x − x_0)^k + 1 (l − s − 1)! ∫_x x_0 (x − u)^{l−s−1}h^{(l)}(u) du, where x, x_0 ∈ (a, b) and s = 1, . . . , l − 1. Since h^{(l)} ∈ L_p(a, b), hence h^{(l)} ∈ L_1(a, b), the limits lim_{x→a+} h(x) and lim_{x→b−} h(x) exist. Consequently,

the right derivatives h^{(s)}(a) and the left derivatives h^{(s)}(b) exist and h^{(s)}(a) = lim_{x→a+} h^{(s)}(x), h^{(s)}(b) = lim_{x→b−} h^{(s)}(x). Finally, since h^{(l−1)}(x) =

h^{(l−1)}(x_0) + ∫_x x_0 h

(l)(u) du for all x, x_0 ∈ [a, b] and h^{(l)} ∈ L_1(a, b), it follows that h^{(l−1)} is absolutely continuous on [a, b].

Other variants of Sobolev spaces V^l_p (Ω), W^{l,...,l}_p (Ω) and V^{l,...,l}_p (Ω) are also of interest. They are characterized by the finiteness of the following norms: ‖f‖_V l_{p (Ω)} = ∑ |α|≤l ‖D^α_wf‖_{Lp(Ω)},

‖f‖_W l,...,l_{p (Ω)} = ‖f‖_{Lp(Ω)} + n∑ j=1 ‖ ‖ ‖ ‖ ( ∂^lf ∂x^l_j ) w ‖ ‖ ‖ ‖_{Lp(Ω)},

‖f‖_V l,...,l_{p (Ω)} = ‖f‖_{Lp(Ω)} + n∑ j=1 l∑ m=1 ‖ ‖ ‖ ( ∂^mf ∂x^m_j ) w ‖ ‖ ‖_{Lp(Ω)} respectively.

For a wide class of open sets with a quasi-resolved boundary (see definition in Section 5) W^l_p(Ω) = V^l_p (Ω) and the norms ‖ · ‖_W l_{p(Ω)} and ‖ · ‖_V l_{p (Ω)} are equivalent. Moreover, if Ω is a bounded domain with a quasi-resolved boundary, these norms are equivalent to ‖f‖_Ll_{p(Ω)} = ‖f‖_{L1(B)} + ∑ |α|=l ‖D^α_wf‖_{Lp(Ω)},

where B ⊂ Ω is an arbitrary ball. (See, for example, [19], Chapter 4.)^3

Definition 2.2. Let Ω be an open set, l ∈ N, 1 ≤ p ≤ ∞. The function f belongs to the semi-normed Sobolev space w^l_p(Ω) if f ∈ L^{loc}_1 (Ω), if it has weak derivatives D^α_wf on Ω for all α ∈ N^n_0 satisfying | α |= l and ‖f‖_wl_{p(Ω)} = ∑ |α|=l ‖D^α_wf‖_{Lp(Ω)} < ∞.

Another variant of semi-normed Sobolev spaces w^{l,...,l}_p (Ω) is also of interest. It is defined by the finiteness of the semi-norm ‖f‖_wl,...,l_{p (Ω)} = n∑ j=1 ‖ ‖ ‖ ( ∂^lf ∂x^l_j ) w ‖ ‖ ‖ L_p(Ω) . Remark 2.2. The initial idea of S. L. Sobolev was to study the spaces L^l_p(Ω), defined by the finiteness of the norm ‖ · ‖_Ll_{p(Ω)}, hence to study the properties of functions, for which only the L_p-norms of the weak derivatives of order l are finite, without additional assumptions such as finiteness of the L_p-norm of f in case of the space W^l_p(Ω) or finiteness of the L_p-norms of all weak derivatives of order less than l in case of the spaces V^l_p (Ω). One can verify that if ∑ |α|=l ‖D α wf‖_{Lp(Ω)} < ∞, then ‖f‖_{L1(B)} < ∞ for each ball B ⊂ Ω. Thus ‖f‖_{L1(Ω)} is added only to make the space L^l_p(Ω) a normed space, which is so if Ω is a domain. Moreover in this case for different balls B ⊂ Ω the L^l_p-norms are equivalent. (If Ω is a disconnected open set, then ‖ · ‖_Ll_{p(Ω)} is only a semi-norm.) Thus, the study of the spaces L^l_p(Ω) is “purely” related to the behaviour of the weak derivatives of order l.

However, as was noted above, the spaces L^l_p(Ω) differ from the spaces W^l_p(Ω) or V^l_p (Ω) only for “very irregular open sets”. For this reason usually the spaces W^l_p(Ω) or V^l_p (Ω) are considered, just because their definition is simpler in the sense that an additional ball is not involved. 3 The proof is direct and is based essentially on the one-dimensional inequalities for the norms of intermediate derivatives. Application of extension theorems in this case is not of interest because the statement is valid for such Ω, for which the extension theorem could be invalid.

Still more “pure” variant is the study of the spaces w^l_p(Ω). However, the fact that they are not normed spaces is sometimes inconvenient. On the other hand in some other cases it is useful to work with semi-norms ‖·‖_wl_{p(Ω)} themselves.

As for the spaces W^{l,...,l}_p (Ω), V^{l,...,l}_p (Ω) and w^{l,...,l}_p (Ω), they are to a certain extent anisotropic and are particular cases of purely anisotropic spaces W^{l1,...,ln} p (Ω), V^{l1 ,...,ln}_p (Ω) and w^{l1 ,...,ln}_p (Ω), whose definitions involve weak derivatives of different orders l_j with respect to different variables x_j . (They will not be considered in this article.) If Q is a parallelepiped with the faces parallel to the coordinate planes, finite or infinite, then W^{l,...,l}_p (Q) = V^{l,...,l}_p (Q) (= V^l_p (Q)) for 1 ≤ p ≤ ∞ and W^{l,...,l}_p (Q) = W^l_p(Q) for 1 < p < ∞, and the appropriate norms are equivalent. The first statement easily follows from the one-dimensional inequalities for intermediate derivatives (see, for example, [19]), while the second one, which is much more complicated, follows from the Marcinkiewicz multiplier theorem (see, for example, [56]).

If Ω is an arbitrary open set, then from the first statement it follows that for 1 ≤ p ≤ ∞, β ∈ N_0 satisfying |β| < l and^4 for each δ > 0, ‖D^β_wf‖_{Lp(Ωδ )} ≤ c_δ‖f‖_W l,...,l_{p (Ω)}, (2) where c_δ > 0 is independent of f.

In a continuation of this paper, for open sets Ω satisfying the cone condition (see definition in Section 5), it will be proved that W^{l,...,l}_p (Q) = V^{l,...,l}_p (Q) (= V^l_p (Q)) for 1 ≤ p ≤ ∞ and W^{l,...,l}_p (Q) = W^l_p(Q) for 1 < p < ∞, and the appropriate norms are equivalent. The proof will be based on the fact, mentioned above, that for Ω = R^n these equalities are valid, and on the extension theorem for the spaces W^{l,...,l}_p (Ω) for open sets with a Lipschitz boundary (see definition in Section 5).

We also note that clearly W^l_p(Ω) ⊂ w^l_p(Ω) and W^{l,...,l}_p (Ω) ⊂ w^{l,...,l}_p (Ω). Moreover, locally these spaces coincide, i.e., for each open set G with compact closure in Ω, W^l_p(Ω) | | |_G= w^l_p(Ω) | | |_G and W^{l,...,l}_p (Ω) | | |_G= w^{l,...,l}_p (Ω) | | |_G.

In the continuation of this paper it will be proved that for 1 ≤ p ≤ ∞ for bounded open sets satisfying the cone condition, W^l_p(Ω) = w^l_p(Ω) and W^{l,...,l}_p (Ω) = w^{l,...,l}_p (Ω). (These equalities are equalities of the sets of functions; the equivalence of appropriate norms and semi-norms is impossible.) Again the proofs will be based on the extension theorems, now for the spaces w^l_p(Ω), w^{l,...,l}_p (Ω) respectively, for open sets with a Lipschitz boundary.

4 For δ > 0, we denote Ω_δ = {x ∈ Ω : dist(x, ∂Ω) ≥ δ} and Ω^δ = ⋃ x∈Ω B(x, δ).

Finally, we recall that, due to the closedness of the weak differentiation, all considered spaces are complete: W^l_p(Ω), V^l_p (Ω), W^{l,...,l}_p (Ω), V^{l,...,l}_p (Ω) are Banach spaces^5 and w^l_p(Ω), w^{l,...,l}_p (Ω) are semi-Banach spaces.

Remark 2.3. The first exposition of the theory of Sobolev spaces was given by S. L. Sobolev himself in his book [60], later an extended exposition was given in his other book [61].

There are several books dedicated directly to different aspects of the theory of Sobolev spaces: R. A. Adams [1], V. G. Maz’ya [48], A. Kufner [45], S. V. Uspenskii, G. V. Demidenko and V. G. Perepelkin [66], V. G. Maz’ya and S. V. Poborchii [53], V. I. Burenkov [19]. In some other books the theory of Sobolev spaces is included into a more general framework of the theory of function spaces: S. M. Nikol’skii [56], O. V. Besov, V. P. Il’in and S. M. Nikol’skii [4], A. Kufner, O. John and S. Fučík [46], E. M. Stein [63], H. Triebel [64], [65]. Moreover, in many other books, especially on the theory of partial differential equations and functional analysis, there are chapters containing exposition of different topics of the theory of Sobolev spaces, adjusted to the aims of those books (we do not name them here). Also throughout the years a number of survey papers were published, containing exposition of the results on the theory of Sobolev spaces. We name some of them: S. L. Sobolev and S. M. Nikol’skii [62], S. M. Nikol’skii [55], V. I. Burenkov [7], O. V. Besov, V. P. Il’in, L. D. Kudryavtsev, P. I. Lizorkin and S. M. Nikol’skii [3], S. K. Vodop’yanov, V. M. Gol’dshtein and Yu. G. Reshetnyak [68], L. D. Kudryavtsev and S. M. Nikol’skii [44], V. G. Maz’ya [48].

3 General applications of extension theorems

The existence of a bounded extension operator (1) ensures that a number of properties of the space W^l_p(R^n ) or W^l_p(G), where G is a ball or a cube, are inherited by the space W^l_p(Ω) (in the last case Ω ⊂ G). In this section we shall prove and discuss a series of simple statements showing possible applications of different variants of extension theorems. We start with the simplest possible case.

Lemma 3.1. Let l ∈ N, β ∈ N^n_0 , |β| ≤ l, 1 ≤ p, q ≤ ∞. Suppose that ∀f ∈ W^l_p(R^n ) the inequality

‖D^β_wf‖_{Lq (R}n_) ≤ c_1‖f‖_W l_{p(R}n_), (3)

5 As usual, saying a “Banach space”, we ignore here the fact that the condition ‖f‖ = 0 is equivalent to the condition f ∼ 0 on Ω and not to the condition f = 0 on Ω.

where c_1 > 0 is independent of f, is valid. Let Ω ⊂ R^n be an open set such that there exists a bounded extension operator (1).

Then there exists c_2 > 0 such that ∀f ∈ W^l_p(Ω), ‖D^β_wf‖_{Lq (Ω)} ≤ c_2‖f‖_W l_{p(Ω)}. (4) Proof. Since T is an extension operator, we have ‖D^β_wf‖_{Lq (Ω)} ≤ ‖D^β_w(T f)‖_{Lq (R}n_) ≤ c_1‖T f‖_W l_{p(R}n_) ≤ c_1‖T ‖_W l_{p(Ω)→W} l_{p(R}n_)‖f‖_W l_{p(Ω)} = c_2‖f‖_W l_{p(Ω)}.

The above simple argument allows obtaining a more profound estimate for the norm of an extension operator from below.

For l, n ∈ N, 1 ≤ p ≤ ∞, let^6 M_{l,n,p} = {(β, q) : β ∈ N^n_0 , |β| < l, 1 ≤ q ≤ ∞ and (3) is valid} and let C^∗(R^n , n, l, β, p, q) and C^∗(Ω, n, l, β, p, q) be the sharp (minimal possible) values of c_1, c_2 respectively.

Lemma 3.2. Let l ∈ N, β ∈ N^n_0 , |β| ≤ l, 1 ≤ p, q ≤ ∞. Suppose that Ω ⊂ R^n is an open set and that inequality (4) holds.

If inequality (3) does not hold, then a bounded extension operator (1) does not exist.

If inequality (3) holds and there exists an extension operator (1), then ‖T ‖_W l_{p(Ω)→W} l_{p(R}n_) ≥ sup_{(β,q)∈Ml,n,p} C^∗(Ω, n, l, β, p, q) C^∗(R^n , n, l, β, p, q) . Proof. Since inequality (3) is valid with c_1 = C^∗(R^n , n, l, β, p, q), from the proof of Lemma 3.1 it follows that ‖D^β_wf‖_{Lq (Ω)} ≤ C^∗(R^n , n, l, β, p, q)‖T ‖_W l_{p(Ω)→W} l_{p(R}n_)‖f‖_W l_{p(Ω)}. Hence, C^∗(Ω, n, l, β, p, q) ≤ C^∗(R^n , n, l, β, p, q)‖T ‖_W l_{p(Ω)→W} l_{p(R}n_), and the desired inequality follows.

6 It is well known that (β, q) ∈ M_{l,n,p} if, and only if, 1 ≤ q ≤ ∞ if 1 ≤ p ≤ ∞ and |β| < l − n/p or p = 1 and |β| ≤ l − n, 1 ≤ q < ∞ if 1 < p < ∞ and |β| = l − n/p and 1 ≤ q ≤ pn/(n − pl) if 1 ≤ p < ∞ and |β| > l − n/p.

Lemma 3.2 will be used in Section 4 for establishing sharp estimates for the minimal norm of an extension operator.

Next we note that, by the properties of the spaces L_q(Ω) and W^l_p(Ω), the class of open sets in Lemma 3.1 can be widened and, starting with open sets for which a bounded extension operator (1) exists, inequality (4) can be proved for some open sets for which an extension operator (1) does not exist.

Lemma 3.3. Let l ∈ N, β ∈ N^n_0 , |β| ≤ l, 1 ≤ p, q ≤ ∞. Suppose that inequality (3) is valid and let Ω = ⋃_s k=1 Ω_k, where s ∈ N or s = ∞ if p ≤ q and s ∈ N if q < p, and Ω_k are open sets such that in the case s = ∞ the multiplicity of the covering {Ω_k}^∞_{k=1} is finite.

Suppose that for each k = 1, s there exists a bounded extension operator T_k : W^l_p(Ω_k ) → W^l_p(R^n ). If s = ∞, let also sup_{k∈N} ‖T_k‖ < ∞.

Then inequality (4) is also valid.

Proof. By the properties of the weak derivatives D^β_wf exists on Ω. Furthermore, if q < ∞, then by (3) and Jensen’s or Hölder’s inequality for sums, ‖D^β_wf‖_{Lq (Ω)} ≤ (_s∑ k=1 ∫ Ω_k |D^β_wf|^q dx )_{1/q}

≤ (_s∑ k=1 ∫ R^n |D^β_w(T_kf)|^q dx )_{1/q} ≤ c_1 (_s∑ k=1 ‖T_kf‖^q_{W lp(Rn)} )_{1/q}

≤ c_1M_1 (_s∑ k=1 ‖T_kf‖^p_{W lp(Rn)} )_{1/p} ≤ c_1M_1 (_s∑ k=1 ‖T_k‖^p‖f‖^p_{W lp(Ωk )} )_{1/p}

≤ c_1M_1 sup_{k∈N} ‖T_k‖ (_s∑ k=1 ‖f‖^p_{W lp(Ωk )} )_{1/p} , where M_1 = 1 if p ≤ q and M_1 = s^{1/q−1/p} if q < p.

Let κ be the multiplicity of the covering {Ω_k}^s_{k=1}. Then (_s∑ k=1 ‖f‖^p_{W lp(Ωk )} )_{1/p} ≤ l^n (_s∑ k=1 ∫ Ω_k |f|^p dx + ∑ |α|=l s∑ k=1 ∫ Ω_k |D^α_wf|^p dx )_{1/p}

≤ l^nκ^{1/p} (∫ Ω |f|^p dx + ∑ |α|=l ∫ Ω |D^α_wf|^p dx )_{1/p}

≤ l^nκ^{1/p}‖f‖_W l_{p(Ω)}, and the statement of the lemma follows.

Lemma 3.4. Let l ∈ N, m ∈ N_0 , m < l, 1 ≤ p, q ≤ ∞ and let Ω = ⋃_s k=1 Ω_k, where s ∈ N and Ω_k are bounded open sets for which there exist bounded extension operators T_k : W^l_p(Ω_k) → W^l_p(R^n ).

Suppose that the embedding W^l_p(Q) ⊂ L_q(Q) is compact for each cube Q, whose faces are parallel to the coordinate planes. Then the embedding W^l_p(Ω) ⊂ L_q (Ω) is also compact.

Proof. As in Lemma 3.3, it is enough to prove that the embedding W^l_p(Ω_k) ⊂ W^m_q (Ω_k ) is compact for each k = 1, s. Let the cube Q_k, whose faces are parallel to coordinate planes, be such that Ω_k ⊂ Q_k, and I_{Qk} and I_{Ωk} be the embedding operators, corresponding to the embeddings W^l_p(Q_k) ⊂ W^m_q (Q_k), W^l_p(Ω_k) ⊂ W^m_q (Ω_k) respectively, i.e., say, I_{Qk} : W^l_p(Q_k) → L_q(Q_k) and I_{Qk} f = f for f ∈ W^l_p(Q_k). In order to prove that the operator I_{Qk} is compact we note that

W^l_p(Ω)^{Tk}−→ W^l_p(R^n )^{R1k}−→ W^l_p(Q_k)^{IQk}−→ L_q(Q_k)^{R2k}−→ L_q(Ω_k ),

where R_{1k} : W^l_p(R^n ) → W^l_p(Q_k) and R_{2k} : L_q(Q_k) → L_q(Ω_k) are the restriction operators. Thus, I_{Ωk} = R_{2k}I_{Qk} R_{1k}T_k. Since the operators T_k, R_{1k} and R_{2k} are bounded and the operator I_{Qk} is compact, it follows that the operator I_{Ωk} is compact.

Next let us define a variant of (p, l)-capacity. For an open set Ω ⊂ R^n we put c_{p,l}(Ω) = inf{‖f‖^p_{W lp(Rn)} : f ∈ W^l_p(R^n ), f = 1 on Ω}. Lemma 3.5. Let Ω ⊂ R^n be an open set of finite measure and let l ∈ N, 1 ≤ p < ∞. Then for each extension operator (1), ‖T ‖_W l_{p(Ω)→W} l_{p(R}n_) ≥ ( c_{p,l}(Ω) meas Ω )_{1/p} . (5)

Proof. Since c_{p,l}(Ω) ≤ ‖T (1)‖^p_{W lp(Rn)} ≤ ‖T ‖^p_{W lp(Ω)→W lp (Rn)}‖1‖^p_{W lp(Ω)}, (5) follows.

Inequality (5) may be applied both for establishing estimates from above for (p, l)-capacity and for estimates from below for the norm of an extension operator. In [51], [52], [42] it was used for obtaining sharp estimates from below of the minimal norm of an extension operator.

Lemma 3.6. Let l ∈ N and let Ω = ⋃_s k=1 Ω_k, where s ∈ N or s = ∞ and Ω_k are open sets such that in the case s = ∞ the multiplicity of the covering {Ω_k}^∞_{k=1} is finite and for each k = 1, s there exists a bounded extension operator T_k : W^{l,...,l}_p (Ω_k) → W^{l,...,l}_p (R^n ). If s = ∞, let also sup_{k∈N} ‖T_k‖ < ∞. Then for 1 ≤ p ≤ ∞ W^{l,...,l}_p (Ω) = V^{l,...,l}_p (Ω) and for 1 < p < ∞ W^{l,...,l}_p (Ω) = W^l_p(Ω). Proof. Let 1 < p < ∞, f ∈ W^{l,...,l}_p (Ω) and let β ∈ N^n_0 satisfy |β| = l. By the properties of weak derivatives D^β_wf exists on Ω. Furthermore, since (see Section 2) W^{l,...,l}_p (R^n ) = W^l_p(R^n ) and the norms are equivalent, we have ‖D^β_wf‖^p_{Lp(Ω)} ≤ s∑ k=1 ∫ Ω_k |D^β_wf|^p dx ≤ s∑ k=1 ∫ R^n |D^β_w(T_kf)|^p dx

≤ M_1 s∑ k=1 ‖T_kf‖^p_{W l,...,lp (Rn)} ≤ M_1 s∑ k=1 ‖T_k‖^p ‖f‖^p_{W l,...,lp (Ωk )}

≤ M_1 sup_{k=1,s} ‖T_k‖^p s∑ k=1 ‖f‖^p_{W l,...,lp (Ωk )}

≤ M_1(n + 1)^{p−1} sup_{k=1,s} ‖T_k‖^p (_s∑ k=1 ∫ Ω_k |f_k|^p dx + n∑ j=1 s∑ k=1 ∫ Ω_k | | | | ( ∂^lf ∂x^l_j ) w | | | | p dx )

≤ M_2 κ sup_{k=1,s} ‖T_k‖^p (∫ Ω |f|^p dx + n∑ j=1 ∫ Ω | | | ( ∂^lf ∂x^l_j ) w | | |^p dx )

≤ M_2κ sup_{k=1,s} ‖T_k‖^p‖f‖^p_{W l,...,lp (Ω)}, where M_1 > 0 and M_2 = M_1(n + 1)^{p−1} depend only on n, l and p.

Hence the second statement of the lemma follows. The first statement is proved in a similar way. (If p = ∞, then the proof is simpler and there is no necessity to suppose in the case s = ∞ that the multiplicity of the covering {Ω_k}^∞_{k=1} is finite.)

Lemma 3.7. 1. Let l ∈ N, 1 ≤ p ≤ ∞ and let Ω = ⋃_s k=1 Ω_k, where s ∈ N and Ω_k are bounded open sets such that for each k = 1, s and for some δ_k > 0 there exists an extension operator T_k : w^l_p(Ω_k) → w^l_p((Ω_k )^{δk} ). Then W^l_p(Ω) = w^l_p(Ω).

2. The statement 1 is also valid if we replace w^l_p(·), W^l_p(·) by w^{l,...,l}_p (·), W^{l,...,l}_p (·) respectively.

Proof. Let f ∈ w^l_p(Ω). Since T_kf ∈ w^l_p((Ω_k )^{δk} ) and Ω_k ⊂ ((Ω_k)^{δk} )_{δk} , by (2) we have f = T_kf ∈ L_p(Ω_k). Hence f ∈ L_p(Ω) and the statement of the lemma follows.

Next we give several examples showing the advantage of constructing of an extension operator which is bounded both as

T : L_p(Ω) → L_p(R^n ) and T : W^l_p(Ω) → W^l_p(R^n ). (6)

First we note that from inequality (3), where 1 ≤ p = q ≤ ∞ and β ∈ N^n_0 satisfies |β| ≤ l − 1, it follows that for all ε > 0 and ∀f ∈ W^l_p(R^n ) ‖D^β_wf‖_{Lp(R}n_) ≤ c_1ε^{−|β|/(l−|β|)}‖f‖_{Lp(R}n_) + ε ‖f‖_wl_{p(R}n_) and ‖D^β_wf‖_{Lp(R}n_) ≤ c_3 ‖f‖^{1−|β|/l}_{Lp(Rn)} ‖f‖^{|β|/l}_{wlp(Rn)},

where c_3 = c^{1−|β|/l}_1 ( |β| l )_{−|β|/l} ( 1 − |β| l )_{−(1−|β|/l)} . Lemma 3.8. Let l ∈ N, 1 ≤ p ≤ ∞, β ∈ N^n_0 satisfy |β| ≤ l − 1 and let Ω ⊂ R^n be an open set such that there exists a bounded extension operator (6). Then 1) there exists c_4 > 0 such that for all ε > 0, ∀f ∈ W^l_p(Ω), ‖D^β_wf‖_{Lp(Ω)} ≤ c_4 ε^{−|β|/(l−|β|)}‖f‖_{Lp(Ω)} + ε‖f‖_W l_{p(Ω)}, 2) for each ε_0 > 0 there exists c_5 = c_5(ε_0) > 0 such that for all 0 < ε ≤ ε_0, ∀f ∈ W^l_p(Ω), ‖D^β_wf‖_{Lp(Ω)} ≤ c_5 ε^{−|β|/(l−|β|)}‖f‖_{Lp(Ω)} + ε‖f‖_wl_{p(Ω)}, 3) there exists c_6 > 0 such that ∀f ∈ W^l_p(Ω) ‖D^β_wf‖_{Lp(Ω)} ≤ c_6 ‖f‖^{1−|β|/l}_{Lp(Ω)} ‖f‖^{|β|/l}_{W lp(Ω)}.

Proof. Let ‖T ‖_0 = ‖T ‖_{Lp(Ω)→Lp(R}n_) and ‖T ‖_l = ‖T ‖_W l_{p(Ω)→W} l_{p (R}n_). 1) By (6) for all δ > 0, ‖D^β_wf‖_{Lp(Ω)} ≤ ‖D^β_w(T f)‖_{Lp(R}n_) ≤ c_1δ^{− |β|l−|β|} ‖T f‖_{Lp(R}n_) + δ‖T f‖_W l_{p(R}n_) ≤ c_1δ^{− |β|l−|β|} ‖T ‖_0 ‖f‖_{Lp(Ω)} + δ‖T ‖_l ‖f‖_W l_{p(Ω)}. Setting δ‖T ‖_l = ε, we obtain that for all ε > 0, ‖D^β_wf‖_{Lp(Ω)} ≤ ( c_1‖T ‖_0‖T ‖^{|β|/(l−|β|)} l ) ε^{−|β|/(l−|β|)}‖f‖_{Lp(Ω)} + ε‖f‖_W l_{p(Ω)}.

2) Also for 0 < ε ≤ ε_0, ‖D^β_wf‖_{Lp(Ω)} ≤ ( c_1‖T ‖_0‖T ‖^{|β|/(l−|β|)} l ε^{−|β|/(l−|β|)} + ε ) ‖f‖_{Lp(Ω)} + ε‖f‖_wl_{p(Ω)} ≤ ( c_1‖T ‖_0‖T ‖^{|β|/(l−|β|)} l + ε^{l/(l−|β|)} 0 ) ε^{−|β|/(l−|β|)}‖f‖_{Lp(Ω)} + ε‖f‖_wl_{p(Ω)}. 3) Finally, ‖D^β_wf‖_{Lp(Ω)} ≤ ‖D^β_w(T f)‖_{Lp(R}n_) ≤ c_3‖T f‖^{1−|β|/l}_{Lp(Rn)} ‖T f‖^{|β|/l}_{wlp(Rn)} ≤ c_3‖T ‖^{1−|β|/l} 0 ‖T ‖^{|β|/l}_l ‖f‖^{1−|β|/l}_{Lp(Ω)} ‖f‖^{|β|/l}_{W lp(Ω)}.

Let us consider the K-functional K(t, f, Ω) = inf_{g∈W lp (Ω)} ( ‖g‖_{Lp(Ω)} + t‖f − g‖_W l_{p(Ω)} ) , where t > 0, l ∈ N, 1 ≤ p ≤ ∞ and Ω ⊂ R^n is an arbitrary open set. Let ( L_p(Ω), W^l_p(Ω) ) θ,q, where 0 < q < ∞, 1 ≤ θ ≤ ∞, be an interpolation space with the norm ‖f‖_{(Lp(Ω),W} l_{p(Ω))θ,q} = (∫_∞ 0 (t^{−q} K(t, f, Ω))^θ dt t )_{1/θ}

if 1 ≤ θ < ∞ and ‖f‖_{(Lp(Ω),W} l_{p(Ω))∞,q} = sup_{t>0} (t^{−q} K(t, f, Ω)), if θ = ∞. ((L_p(Ω), W^l_p(Ω))_{θ,q} is the closure of W^l_p(Ω) with respect to this norm.)

Lemma 3.9. Let l ∈ N, 1 ≤ p ≤ ∞ and let Ω ⊂ R^n be an open set such that there exists a linear bounded extension operator (6).

Then for all 0 < m < l, 1 ≤ θ ≤ ∞

T : (L_p(Ω), W^l_p(Ω))_{θ,m} → (L_p(R^n ), W^l_p(R^n ))_{θ,m} and ‖T ‖_{(Lp(Ω),W} l_{p(Ω))θ,m →(Lp(R}n_{),W} l_{p(R}n_{))θ,m} ≤ max(‖T ‖_0, ‖T ‖_l). Proof. Since the operator T is linear, K(t, T f, R^n ) ≤ ‖T g‖_{Lp(R}n_) + t ‖T f − T g‖_W l_{p(R}n_) = ‖T g‖_{Lp(R}n_) + t ‖T (f − g)‖_W l_{p(R}n_) ≤ ‖T ‖_0 ‖g‖_{Lp(Ω)} + t ‖T ‖_l ‖f − g‖_W l_{p(Ω)} ≤ max(‖T ‖_0, ‖T ‖_l) (‖g‖_{Lp(Ω)} + t ‖f − g‖_W l_{p(Ω)}). Hence, K(t, T f, R^n ) ≤ max( ‖T ‖_0, ‖T ‖_l )K(t, f, Ω). Consequently, ‖T f‖_{(Lp(R}n_{),W} l_{p(R}n_{))θ,m} ≤ max ( ‖T ‖_0, ‖T ‖_l ) ‖f‖_{(Lp(Ω),W} l_{p(Ω))θ,m} .

It is well known (see, for example, [64]) that (L_p(R^n ), W^l_p(R^n ))_{θ,m}, where 1 ≤ p, θ ≤ ∞, 0 < m < l, coincides with the Nikol’skii-Besov space B^m_{p,θ}(R^n ) defined by the finiteness of the norm ‖f‖_Bm_{p,θ (R}n_) = ‖f‖_{Lp(R}n_) + (∫ R^n ( ‖Δ^σ_hf‖_{Lp(R}n_) |h|^m )_θ dh |h|^n )_{1/θ} , where σ ∈ N, σ > m and Δ^σ_hf is the difference of order σ of the function f with step h ∈ R^n . If θ = ∞, then ( ∫ R^n(·) θ |h|^{−n}) dh^{1/θ} should be replaced by sup_{h∈R}n_{,h≠0}(·). The definition is easily extended to open sets Ω ⊂ R^n : one should replace ‖ · ‖_{Lp(R}n_) by ‖ · ‖_{Lp((Ω)σ|h|)}.

Lemma 3.10. Let m > 0, 1 ≤ p, θ ≤ ∞ and let Ω ⊂ R^n be an open set such that there exists a linear extension operator T which is bounded as T : B^m_{p,θ}(Ω) → B^m_{p,θ}(R^n ) and, for some l ∈ N, l > m, is bounded in the sense (6).

Then (L_p(Ω), W^l_p(Ω))_{θ,m} = B^m_{p,θ}(Ω) and the norms are equivalent.

Proof. 1. Let f ∈ W^l_p(Ω) and t > 0. Then for each g ∈ W^l_p(R^n ), K(t, f, Ω) ≤ ‖g‖_{Lp(Ω)} + t ‖f − g‖_W l_{p(Ω)} ≤ ‖g‖_{Lp(R}n_) + t ‖T f − g‖_W l_{p(R}n_). Hence, K(t, f, Ω) ≤ K(t, T f, R^n ). Consequently, say for 1 ≤ θ < ∞, ‖f‖_{(Lp(Ω),W} l_{p(Ω))θ,m} = (∫_∞ 0 ( t^{−m}K(t, f, Ω) )_θ dt t )_{1/θ}

≤ (∫_∞ 0 ( t^{−m}K(t, T f, R^n ) )_θ dt t )_{1/θ} = ‖T ‖_{(Lp(R}n_{),W} l_{p(R}n_{))θ,m} ≤ M_1 ‖T f‖_Bm_{p,θ(R}n_) ≤ M_1 ‖T ‖_Bm_{p,θ(Ω)→B}m_{p,θ (R}n_)‖f‖_Bm_{p,θ(Ω)}, where M_1 > 0 is independent of f. 2. On the other hand ∀g ∈ W^l_p(Ω), ‖f‖_Bm_{p,θ(Ω)} ≤ ‖T f‖_Bm_{p,θ(R}n_) ≤ M_2 ‖T f‖_{(Lp(R}n_{),W} l_{p(R}n_{))θ,m} = M_2 (∫_∞ 0 ( t^{−m}K(t, f, R^n ) )_θ dt t )_{1/θ}

≤ M_2 max(‖T ‖_0, ‖T ‖_l) (∫_∞ 0 ( t^{−m}K(t, f, Ω) )_θ dt t )_{1/θ}

= M_2 max(‖T ‖_0, ‖T ‖_l) ‖f‖_{(Lp(Ω),W} l_{p(Ω))θ,m} , where M_2 > 0 is independent of f.

Sometimes the following corollary of Lemma 3.10 is useful.

Lemma 3.11. Let m > 0, l ∈ N, l > m, 1 ≤ p, θ ≤ ∞ and let Ω ⊂ R^n be an open set such that there exists a linear extension operator T bounded in sense (6).

If there exists a bounded linear extension operator T_1 : B^m_{p,θ}(Ω) → B^m_{p,θ}(R^n ), then also T : B^m_{p,θ}(Ω) → B^m_{p,θ}(R^n ) and is bounded.

Proof. Let f ∈ W^l_p(Ω) ⊂ B^m_{p,θ}(Ω). Then by Lemmas 3.9, 3.10, ‖T f‖_Bm_{p,θ(R}n_) ≤ M_1 ‖T f‖_{(Lp(R}n_{),W} l_{p(R}n_{))θ,m} ≤ M_1 max(‖T ‖_0, ‖T ‖_l) ‖f‖_{(Lp(Ω),W} l_{p(Ω))θ,m} ≤ M_2 ‖f‖_Bl_{p,θ(Ω)}, where M_1, M_2 are independent of f.

Finally, we give some comments about applications of extension operators which are bounded as T : L_p(Ω) → L_p(R^n ) and T : w^l_p(Ω) → w^l_p(R^n ). (7) First we note that if Ω is bounded or unbounded and such that for some α_0 ∈ N^n_0 satisfying |α_0| = l − 1, ‖x^{α0} ‖_{Lp(Ω)} < ∞, then operators T satisfying (7) do not exist. Indeed, if it were so, then by the same argument as in the proof of Lemma 3.8 one could prove that ‖D^β_wf‖_{Lp(Ω)} ≤ c_7 ‖f‖^{1−|β|/l}_{Lp(Ω)} ‖f‖^{|β|/l}_{wlp(Ω)} , (8) where c_7 > 0 is independent of f. Taking f(x) = x^{α0} (by the above assumptions x^{α0} ∈ W^l_p(Ω)), we arrive to a contradiction.

The analogue of Lemma 3.7 has the form:

Lemma 3.12. Let l ∈ N, 1 ≤ p ≤ ∞, β ∈ N^n_0 satisfy |β| ≤ l − 1 and let Ω ⊂ R^n be an open set such that there exists a bounded extension operator (7). Then 1) there exists c_8 > 0 such that for all ε > 0, ∀f ∈ W^l_p(Ω), ‖D^β_wf‖_{Lp(Ω)} ≤ c_8 ε^{−|β|/(l−|β|)} ‖f‖_{Lp(Ω)} + ε ‖f‖_wl_{p(Ω)}, 2) there exists c_7 > 0 such that ∀f ∈ W^l_p(Ω) inequality (8) is valid.

The proof is essentially the same as that of Lemma 3.8.

4 The one-dimensional case

We start with the simplest case of Sobolev spaces W^l_p(a, b), in which it is possible to give sharp two-sided estimates of the minimal norm of an extension operator T : W^l_p(a, b) −→ W^l_p(−∞, ∞).

Lemma 4.1. Let −∞ < a < b < c < ∞. If f is defined on [a, c] and is absolutely continuous on [a, b] and [b, c], then f is absolutely continuous on [a, c].

Proof. Given ε > 0, there exists δ > 0 such that for any finite system of disjoint intervals (α^{(1)}_i , β^{(1)}_i ) ⊂ [a, b] and (α^{(2)}_i , β^{(2)}_i ) ⊂ [b, c] satisfying the inequalities ∑ i (β^{(j)}_i − α^{(j)}_i ) < δ, j = 1, 2, the inequalities ∑ i |f(α^{(j)}_i ) − f(β^{(j)}_i )| < ε/2, j = 1, 2, hold. Now let (α_i, β_i) ⊂ [a, c] be a finite system of disjoint intervals satisfying ∑ i (β_i − α_i) < δ. If one of them contains b, denote it by (α^∗, β^∗) . Then ∑ i |f(α_i) − f(β_i)| ≤ ∑ i: (α_i,β_i)⊂[a,b] |f(α_i) − f(β_i)| + |f(α^∗) − f(b)| + |f(b) − f(β^∗)| + ∑ i: (α_i,β_i)⊂[b,c] |f(α_i) − f(β_i)| < ε. (If there is no such interval (α^∗, β^∗), then the summands |f(α^∗) − f(β^∗)| and |f(b) − f(β^∗)| must be omitted.) Lemma 4.2. Let l ∈ N, 1 ≤ p ≤ ∞, −∞ < a < b < c < ∞, f ∈ W^l_p(a, b) and g ∈ W^l_p(b, c). Then the pasted function h = { f on (a, b), g on (b, c), belongs to W^l_p(a, c) if, and only if,

f^{(s)}_w (b−) = g^{(s)}_w (b+), s = 0, 1, . . . , l − 1, (9)

where f^{(s)}_w (b−) and g^{(s)}_w (b+) are boundary values of f^{(s)}_w and g^{(s)}_w (see Remark 2.1).

If (9) is satisfied, then ‖h‖_W l_{p(a,c)} ≤ ‖f‖_W l_{p(a,b)} + ‖g||_W l_{p(b,c)}. (10)

Proof. Let f_1 and g_1 be the functions, equivalent to f and g, whose derivatives f^{(l−1)}_1 , g^{(l−1)}_1 exist and are absolutely continuous on [a, b], [b, c] respectively. Then f^{(s)}_1 (b) = f^{(s)}w (b−) and g^{(s)}_1 (b) = g^{(s)}w (b+), s = 0, 1, . . . , l − 1. If (9) is satisfied, then the function

h_1 = { f_1 on [a, b], g_1 on [b, c],

is such that h^{(l−1)}_1 exists and is absolutely continuous on [a, b]. Consequently, the weak derivative h^{(l)}_w exists on (a, b) and

h^{(l)}_w = { f^{(l)}_w on (a, b), g^{(l)}_w on (b, c).

Hence, inequality (10) follows.

If (9) is not satisfied, then for any function h_2 defined on [a, b], coinciding with f_1 on [a, b) and with g_1 on (b, c], the ordinary derivative h^{(l−1)}_2 (b) does not exist. Hence, the weak derivative h^{(l−1)}_w does not exist on (a, c) and h is not in W^{(l)}_p (a, c).

Lemma 4.3. Let l ∈ N, 1 ≤ p ≤ ∞. Then there exists a linear extension operator T : W^l_p(−∞, 0) −→ W^l_p(−∞, ∞), such that ‖T ‖_W l_{p(−∞,0)→W} l_{p(−∞,∞)} ≤ 8^l. (11) Idea of the proof. If l = 1, it is enough to consider the reflection operator, i.e., to set

(T_1f)(x) = f(−x), x > 0. (12)

If l ≥ 2, define (T_2f)(x) for x > 0 as a linear combination of reflection and dilations:

(T_2f)(x) = l∑ k=1 α_k(T_1f)(β_kx) = l∑ k=1 α_kf(−β_kx), (13) where β_k > 0 and α_k are chosen in such a way that

(T_2f)^{(s)}_w (0+) = f^{(s)}_w (0−), s = 0, 1, . . . , l − 1. (14)

Verify that ‖T_2‖_W l_{p(−∞,0)−→W} l_{p (−∞,∞)} < ∞ and choose β_k = k/l, k = 1, . . . , l, in order to prove (11).

Proof. Equalities (14) are equivalent to l∑ k=1 α_k(−β_k)^s = 1, s = 0, 1, . . . , l − 1. Consequently, by Cramer’s rule and the formula for Van-der-Monde’s determinant,

α_k = ∏ 1≤i<j≤l (β_i − β_j ) |_{βk =−1} ∏ 1≤i<j≤l (β_i − β_j )

= ∏ 1≤i<k (β_i + 1) ∏ k<j≤l (−1 − β_j ) ∏ 1≤i<k (β_i − β_j ) ∏ k<j≤l (β_k − β_j ) = ∏ 1≤j≤l,j≠k 1 + β_j β_j − β_k , k = 1, . . . , l.

(15)

If β_k = k/l, k = 1, . . . , l, then

α_k = (−1)^{k−1}k l + k ( 2l l )( l k )

and |α_k| ≤ 4^l k l ( l k ) . Therefore, setting y = −β_kx, we have

‖T_2f‖_W l_{p(0,∞)} = ‖T_2f‖_{Lp(0,∞)} + ‖(T_2f)^{(l)}_w ‖_{Lp(0,∞)} ≤ (_l∑ k=1 |α_k |β^{−1/p}_k ) ‖f‖_{Lp(−∞,0)} + (_l∑ k=1 |α_k|β^{l−1/p}_k ) ‖f^{(l)}_w ‖_{Lp(−∞,0)}

≤ (_l∑ k=1 |α_k |β^{−1/p}_k ) ‖f‖_W l_{p(−∞,0)} ≤ 4^l (_l∑ k=1 (k l )_{1−1/p}( l k )) ‖f‖_W l_{p(−∞,0)} ≤ (8^l − 1)‖f‖_W l_{p(−∞,0)}. Hence, inequality (11) follows if we take into account Lemma 4.2.

Remark 4.1. It follows from the above proof that the inequalities ‖T_2‖_wm_{p (−∞,0)→w}m_{p (−∞,∞)} ≤ 8^l, m ∈ N_0 , m ≤ l, also hold.

Corollary 4.1. Let l ∈ N, 1 ≤ p ≤ ∞, −∞ < a < b < ∞. Then there exists a linear extension operator T : W^l_p(a, b) −→ W^l_p(2a − b, 2b − a), such that ‖T ‖_W l_{p(a,b)→W} l_{p(2a−b,2b−a)} ≤ 2 · 8^l. (16) Idea of the proof. Define

(T_3f)(x) = l∑ k=1 α_kf(a + β_k(a − x)) for x ∈ (2a − b, a), f(x) for x ∈ (a, b), l∑ k=1 α_kf(b + β_k(b − x)) for x ∈ (b, 2b − a), (17)

where α_k and β_k are the same as in (13), observe that T_3f is defined on (2a − b, 2b − a) since 0 < β_k ≤ 1, and apply the proof of Lemma 4.3. Corollary 4.2. Let l ∈ N, 1 ≤ p ≤ ∞, −∞ < a < b < ∞. Then there exists a linear extension operator T : W^l_p(a, b) −→ W^l_p(a − 1, b + 1) such that ‖T ‖_W l_{p(a,b)→W} l_{p(a−1,b+1)} ≤ 2 · 8^l ( 1 + (b − a)^{−l+1/p′} ) . (18) Proof. Let δ = min{1, b − a} and define

(T_4f)(x) = l∑ k=1 α_{k,δ} f(a + δβ_k(a − x)) for x ∈ (a − 1, a), f(x) for x ∈ (a, b), l∑ k=1 α_{k,δ} f(b + δβ_k(b − x)) for x ∈ (b, b + 1), (19)

where β_k are the same as in (17) and α_{k,δ} are such that^l ∑ k=1 α_{k,δ} (−δβ_k)^s = 1, s = 0, . . . , l − 1. Since by (14) |α_{k,δ} | ≤ (b − a)^{−l+1}|α_k|, applying the proof of Lemma 4.3 one arrives at (18).

In order to estimate the norm of an extension operator T : W^l_p(−∞, 0) → W^l_p(−∞, ∞) from below we prove the following statement, which reduces this problem to a certain type of extremal boundary-value problems.

For given a_0, . . . , a_{l−1} ∈ R let G^+_{p,l}(a_0, . . . , a_{l−1}) = inf_{f ∈W l} p(0,∞) f^{(k)}_w (0+)=a_k , k=0,...,l−1 ‖f‖_W l_{p(0,∞)}.

The quantity G^−_{p,l}(a_0, . . . , a_{l−1}) is defined in a similar way with (−∞, 0) replacing (0, ∞). Let

Q_{p,l} = sup |a_0|+···+|a_{l−1}|>0 G^+_{p,l}(a_0, a_1, . . . , a_{l−1}) G^−_{p,l}(a_0, a_1, . . . , a_{l−1})

= sup |a_0|+···+|a_{l−1}|>0 G^+_{p,l}(a_0, a_1, . . . , a_{l−1}) G^+_{p,l}(a_0, −a_1, . . . , (−1)^{l−1}a_{l−1}) . (20)

The latter equality follows if the argument x is replaced by −x in the definition of G^−_{p,l}. Moreover, it follows from (20) that for 1 ≤ p ≤ ∞, Q_{p,l} ≥ 1, l ∈ N, Q_{p,1} = 1. (21) Lemma 4.4. Let l ∈ N, 1 ≤ p ≤ ∞. Then ( 1 + Q^p_{,l} )_{1/p} ≤ inf_T ‖T ‖_W l_{p(−∞,0)→W} l_{p(−∞,∞)} ≤ 1 + Q_{p,l}. (22) (If p = ∞, then (1 + Q^p_{,l})^{1/p} must be replaced by Q_{∞,l}.) Idea of the proof. Apply the inequality ( ‖f‖^p_{W lp(−∞,0)} + ‖T f‖^p_{W lp(0,∞)} )_{1/p}

≤ ‖T f‖_W l_{p(−∞,∞)} ≤ ‖f‖_W l_{p(−∞,0)} + ‖T f‖_W l_{p(0,∞)}. (23)

In order to prove the first inequality (22) apply also the inequality ‖T f‖_W l_{p(0,∞)} ≥ G^+_{p,l}(a_0, . . . , a_{l−1}), (24) which, by the definition of G^+_{p,l}, holds for all a_0, . . . , a_{l−1} and for each extension operator T . In order to prove the second inequality (22) define,

∀ε > 0, the extension operator T_ε setting T_εf = g_ε for x ∈ (0, ∞), where g_ε ∈ W^l_p(0, ∞) is any function, which is such that g^{(k)}_{ε,w}(0+) = f^{(k)}_w (0−), k = 0, . . . , l − 1, and ‖g_ε‖_W l_{p(0,∞)} ≤ G^+_{p,l}(f(0−), . . . , f^{(l−1)}_w (0−)) + ε ‖f‖_W l_{p(−∞,0)}. (25)

Proof. 1. The second inequality in (23) is trivial since ‖h‖_{Lp(−∞,∞)} ≤ ‖h‖_{Lp(−∞,0)} + ‖h‖_{Lp(0,∞)}. The first inequality in (23) follows from Minkowski’s inequality for finite sums because ‖h‖_W l_{p(−∞,∞)} = ( ‖h‖^p_{Lp(−∞,0)} + ‖h‖^p_{Lp(0,∞)} )_{1/p}

+ ( ‖h^{(l)}_w ‖^p_{Lp(−∞,0)} + ‖h^{(l)}_w ‖^p_{Lp(0,∞)} )_{1/p}

≥ {( ‖h‖_{Lp(−∞,0)} + ‖h^{(l)}_w ‖_{Lp(−∞,0)} )_p

+ ( ‖h‖_{Lp(0,∞)} + ‖h^{(l)}_w ‖_{Lp(0,∞)} )_p}1/p

= ( ‖h‖^p_{W lp(−∞,0)} + ‖h‖^p_{W lp(0,∞)} )_{1/p} . 2. It follows from (23) and (24) that for each a_0, . . . , a_{l−1} ∈ R such that |a_0| + · · · + |a_{l−1}| > 0, ‖T ‖_W l_{p(−∞,0)→W} l_{p(−∞,∞)} = sup_{f ∈W l} p(0,∞),f ≁0 ‖T f‖_W l_{p(−∞,∞)} ‖f‖_W l_{p(−∞,0)} ≥ ( 1 + sup f ∈W^l_p(−∞,0) f^{(k)}_w (0−)=a_k ,k=0,...,l−1

( ‖T f‖_{W lp(0,∞)} ‖f‖_W l_{p(−∞,0)} )_p)_{1/p}

≥ ( 1 + ( G^+_{p,l}(a_0, . . . , a_{l−1}) )_p sup f ∈W^l_p(−∞,0) f^{(k)}_w (0−)=a_k , k=0,...,l−1 1 ‖f‖^p_{W lp(−∞,0)} )_{1/p}

= ( 1 + ( G_{+p,l}(a_0, . . . , a_{l−1}) G^−_{p,l}(a_0, . . . , a_{l−1} )_p)_{1/p} , and we arrive at the first inequality in (22).

3. Given ε > 0, by (23) and (26) we have

‖T_ε‖ ≤ 1 + sup f ∈W^l_p(−∞,0),f ≁0 ‖g_ε‖_W l_{p(0,∞)} ‖f‖_W l_{p(−∞,0)} ≤ 1 + ε + sup a_0,...,a_{l−1}∈R: |a_0|+···+|a_{l−1}|>0 sup f ∈W^l_p(−∞,0) f^{(k)}_w (0−)=a_k , k=0,...,l−1 G^+_{p,l}(a_0, . . . , a_{l−1}) ‖f‖_W l_{p(−∞,0)} = 1 + Q_{p,l} + ε

and the second inequality in (22) follows.

Corollary 4.3. Let 1 ≤ p ≤ ∞. Then

inf_T ‖T ‖_W 1_{p (−∞,0)→W} 1_{p (−∞,∞)} = 2^{1/p}.

Proof. By (22) and (21), ‖T ‖_W l_{p(−∞,0)→W} l_{p (−∞,∞)} ≥ 2^{1/p} for each extension operator T . On the other hand it is clear that for the extension operator T_1 defined by (12), ‖T_1‖_W l_{p(−∞,0)→W} l_{p(−∞,∞)} = 2^{1/p}.

Lemma 4.5. Let l ∈ N, 1 ≤ p ≤ ∞ and f ∈ W^l_p(0, ∞). Then

‖f‖_W l_{p(0,∞)} ≥ ‖ ‖ ‖^{l−1} ∑ k=0 f^{(k)}(0+) k! x^k ‖ ‖ ‖ L_p(0,(l!)^{1/l})

(26)

Proof. Let f ∈ W^l_p(0, ∞). Then for almost every x ∈ (0, ∞)

f(x) = l−1∑ k=0 f^{(k)}w (0+) x^k k! + 1 (l − 1)! ∫_x 0 (x − u)^{l−1} f^{(l)}_w (u) du,

where the f^{(k)}_w (0+), k = 0, 1, . . . , l − 1, are the boundary values of the weak derivatives f^{(k)}w . (See Remark 2.1.) Hence, by the triangle inequality for each a > 0, ‖ ‖ ‖ l−1∑ k=0 f^{(k)}w (0+) x^k k! ‖ ‖ ‖_{Lp(0,a)} ≤ ‖f‖^Lp^{(0,a)} + 1 (l − 1)! ‖ ‖ ‖ ‖ ∫_x 0 (x − u)^{l−1}f^{(l)}_w (u) du ‖ ‖ ‖ ‖_{Lp(0,a)}.

By Hölder’s inequality, ‖ ‖ ‖ ‖ ∫_x 0 (x − u)^{l−1} f^{(l)}_w (u) du ‖ ‖ ‖ ‖_{Lp(0,a)} ≤ ‖ ‖ ‖ ( x^{(l−1)p′ +1} (l − 1)p^′ + 1 )_{1/p}′ ‖f^{(l)}_w ‖_{Lp(0,x)} ‖ ‖ ‖_{Lp(0,a)} ≤ ((l − 1)p^′ + 1)^{−1/p′} ‖x^{l−1/p}‖_{Lp(0,a)}‖f^{(l)}_w ‖_{Lp(0,a)} = a^l(lp)^{−1/p}((l − 1)p^′ + 1)^{−1/p′} ‖f^{(l)}_w ‖_{Lp(0,a)} ≤ a^l l ‖f^{(l)}_w ‖_{Lp(0,a)} . Consequently, ‖ ‖ ‖ l−1∑ k=0 f^{(k)}_w (0+)x^k k! ‖ ‖ ‖_{Lp(0,a)} ≤ ‖f‖^Lp^{(0,a)} + a^l l! ‖f^{(l)}_w ‖_{Lp(0,a)}.

Setting a = (l!)^{1/l}, we get (26).

Corollary 4.4. For all l ∈ N, 1 ≤ p ≤ ∞, a_0, . . . , a_{l−1} ∈ R,

G^+_{p,l}(a_0, . . . , a_{l−1}) ≥ ‖ ‖ ‖ l−1∑ k=0 a_k k! x^k ‖ ‖ ‖_{Lp(0,(l!)1/l)}. (27) Lemma 4.6. For all l ∈ N, 1 ≤ p ≤ ∞ and every extension operator T : W^l_p(−∞, 0) → W^l_p(−∞, ∞), ‖T ‖_W l_{p(−∞,0)→W} l_{p(−∞,∞)} ≥ 0.3 · 2^ll^{−1/(2p)}. (28) Proof. In view of Corollary 4.3 it is enough to consider the case l ≥ 2. We set f_l(x) = { 0 for − ∞ < x ≤ −νa, (x + νa)^l for − νa ≤ x ≤ 0, where a = (l!)^{1/l} and ν = (pl + 1)^{1/(pl)}. With this choice of a and ν, ‖f_l‖_W l_{p(−∞,0)} = (νa)^{l+1/p} (pl + 1)^{1/p}

+ l!(νa)^{1/p} = 2 (νa)^{l+1/p} (pl + 1)^{1/p} .

Since l−1∑ k=0 f^{(k)}_l (0) k! x^k = (x + νa)^l − x^l ≥ (1 − (1 + ν)^{−l})(x + νa)^l

≥ (1 − 2^{−l})(x + νa)^l,

by (20) and (27) we have

Q_{p,l} ≥ G^+_{p,l}(f_l(0), . . . , f^{(l−1)}_l (0)) ‖f_l‖_W l_{p(−∞,0)} ≥ ‖ ‖ ‖ l−1∑ k=0 f^{(k)}_l (0)x^k k! ‖ ‖ ‖_{Lp(0,a)} ‖f_l‖_W l_{p(−∞,0)} ≥ (1 − 2^{−l}) ‖(x + νa)^l‖_{Lp(0,a)} ‖f_l‖_W l_{p(−∞,0)} = 1 − 2^{−l} 2 [( 1 + 1 ν )_{pl+1} − 1 ]_{1/p}

= 1 − 2^{−l} 2 [ (1 + (pl + 1)^{− 1pl} )^{pl+1} − 1 ]_{1/p}

= 2^l − 1 2 l^{−1/(2p)}p^{−1/(2p)} { 2^{−pl} √ pl [ (1 + (pl + 1)^{− 1pl} )^{pl+1} − 1 ]}_{1/p}

≥ 2^{−l} − 1 2 l^{−1/(2p)}p^{−1/(2p)}ξ^{1/p}, where ξ = min_{x≥2} φ(x) and for x > 0,

φ(x) = 2^{−x} √ x [( 1 + (1 + x)^{−1/x} )_{1+x} − 1 ] . One can prove that ξ = φ(2) > 1.03396 and φ(x) → 2 as x → +∞. Hence Q_{p,l} ≥ 2^{−l} − 1 2 l^{−1/(2p)}p^{−1/(2p)} ≥ 2^{−l} − 1 2 l^{−1/2p}e^{−1/(2e)} ≥ 0.4 · (2^l − 1)l^{−1/(2p)} ≥ 0.3 · 2^ll^{−1/(2p)}

and by (21) inequality (27) follows.

Remark 4.2. Estimate (27) is slightly better than in [19], p. 255, and [27]. Lemma 4.7. Let l ∈ N, −∞ < a < b < ∞, ε > 0. Then there exists a “cap-shaped” function η ∈ C^∞_0 (R) such that 0 ≤ η ≤ 1, η = 1 on (a, b), supp η ⊂ (a − ε, b + ε) and |η^{(k)}(x)| ≤ (4l)^kε^{−k}, x ∈ R, k = 0, . . . , l. (29)

Idea of the proof. Set η = ~ω^{γε}_{4(l+γ)} ∗ ω^ε_{2(l+γ)} ∗ · · · ∗ ω^ε_{2(l+γ)} l-times

∗χ_{(a−} ε_{2 ,b+} ε_{2 )}, (30)

where χ_{(a−} ε_{2 ,b+} ε_{2 )} is the characteristic function of the interval (a −^ε_2 , b +^ε_2 ), ω(x) = 1 − |x| if |x| ≤ 1, ω(x) = 0 if |x| > 1, ~ω is any non-negative infinitely differentiable kernel of mollification^7 and γ is a sufficiently small positive number. Apply Young’s inequality and the equality ‖ ‖(ω_{ε2(l+γ)} ∗ χ_{(a− ε2 ,b+ ε2 )})^′ ‖ ‖_{L∞(R)} = ‖ω_{ε2(l+γ)} ‖_{L∞(R)}. (One can find a detailed proof in [26] or [19] (Chapter 6).) Corollary 4.5. In the one-dimensional case ∀l ∈ N there exists a nonnegative infinitely differentiable kernel of mollification μ such that |μ^{(k)}(x)| ≤ (4l)^k, x ∈ R, k = 0, . . . , l. Proof. Define η by (30), where a = b = 0 and ε = 1, and apply the equality ‖f ∗ g‖_{L1(R)} = ‖f‖_{L1(R)} · ‖g‖_{L1(R)} for non-negative f, g ∈ L_1(R). Lemma 4.8. There exists c_2 > 0 such that for all l, m ∈ N, m < l, 1 ≤ p, q ≤ ∞, −∞ < a < b < ∞ and ∀f ∈ W^l_p(a, b), ‖f^{(m)}_w ‖_{Lq (a,b)} ≤ c^l_2 (b − a)^{1/q−1/p} (( l b − a )_m ‖f‖_{Lp(a,b)} + (b − a l )_{l−m} ‖f^{(l)}_w ‖_{Lp(a,b)} ) . (31)

The proof can be found in [19] (Chapters 3, 6).

Corollary 4.6. If, in addition to the assumptions of Lemma 4.8, b−a ≤ 1, then ‖f^{(m)}_w ‖_{Lq (a,b)} ≤ c_2^l l^m (b − a)^{−m+1/q−1/p} ‖f‖_W l_{p(a,b)}. If, in addition to the assumptions of Lemma 4.8, b − a ≥ 1 and q ≥ p, then ‖f^{(m)}_w ‖_{Lq (a,b)} ≤ 2^{1/q} c_2^l l^m ‖f‖_W l_{p(a,b)}. (32) 7 I.e., ~ω ∈ C^∞_0 (Ω), supp ~ω ⊂ B(0, 1) and ∫ Rn ~ω dx = 1.

Lemma 4.9. Let l ∈ N, 1 ≤ p ≤ ∞, −∞ < a < b < ∞, b − a ≤ 1. There exists a linear operator T : W^l_p(a, b) → W^l_p(−∞, ∞), such that ‖T ‖_W l_{p(a,b)→W} l_{p (−∞,∞)} ≤ c_3^l l^l (b − a)^{l−1/p′} , (33)

where c_3 is a constant greater than 1. Idea of the proof. Consider the operator ( T_5f ) (x) = ( T_4f ) (x) η(x), x ∈ R, where η is the function constructed in Lemma 4.7 for ε = 1 and T_4 is defined by (19), assuming that (T_5f)(x) = 0 for x /∈ (a − 1, b + 1), and apply Corollary 4.6.

Proof. It follows by the Leibniz formula, (29), (32) and (18) that ‖T_5f‖_W l_{p(−∞,∞)} = ‖ηT_4f‖_{Lp(a−1,b+1)} + ‖(ηT_4f)^{(l)}_w ‖_{Lp(a−1,b+1)} ≤ ‖T_4f‖_{Lp(a−1,b+1)} + l∑ m=0 ( l m ) ‖η^{(l−m)}‖_{L∞(−∞,∞)} ‖(T_4f)^{(l)}_w ‖_{Lp(a−1,b+1)}

≤ ‖T_4f‖_{Lp(a−1,b+1)} + (_l∑ m=0 ( l m ) (4l)^{l−m}(2c_2)^ll^m ) ‖T_4f‖_W l_{p(a−1,b+1)} ≤ ( 1 + (16 c_2 l)^l ) ‖T_4f‖_W l_{p(a−1,b+1)} ≤ 4 ( 1 + (16 c_2 l)^l ) 8^l (b − a)^{−l+1/p′} ‖f‖_W l_{p(a,b)} ≤ c^l_3 l^l (b − a)^{−l+1/p′} ‖f‖_W l_{p(a,b)} , where c_3 = 32 (1 + 16c_2). Hence we obtain (33).

Lemma 4.10. Let l ∈ N, 1 ≤ p ≤ ∞, −∞ < a < b < ∞, b − a ≥ 1. There exists a linear extension operator T : W^l_p(a, b) → W^l_p(−∞, ∞) such that ‖T ‖_W l_{p(a,b)→W} l_{p(−∞,∞)} ≤ c^l_4 ( 1 + l^l (b − a)^{l−1/p′} ) , (34)

where c_4 is a constant greater than 1. Idea of the proof. Consider the operator (T_6f)(x) = (T_3f)(x) η(x), where η is the function constructed in Lemma 4.7 for ε = b − a and T_3 is defined by (17), and apply Lemma 4.8.

Proof. It follows by the Leibniz formula, (29), (31) and (16) that ‖T_6f‖_W l_{p(−∞,∞)} = ‖ηT_3f‖_{Lp(2a−b,2b−a)} + ‖(ηT_3f)^{(l)}_w ‖_{Lp(2a−b,2b−a)} ≤ ‖T_3f‖_{Lp(2a−b,2b−a)} + l∑ m=0 ( l m ) ‖η^{(l−m)}‖_{L∞(−∞,∞)}‖(T_3f)^{(m)}_w ‖_{Lp(2a−b,2b−a)} ≤ ‖T_3f‖_{Lp(2a−b,2b−a)} + l∑ m=0 ( l m ) (4l)^{l−m}(b − a)^{m−l} c_2^m (( l b − a )_m ‖T_3f‖_{Lp(2a−b,2b−a)}

+ ( b − a l )_{l−m} ‖(T_3f)^{(l)}_w ‖_{Lp(2a−b,2b−a)} )

≤ ‖T_3f‖_{Lp(2a−b,2b−a)} + (4l)^l (_l∑ m=0 ( l m ) c_2^m ) (b − a)^{−l} ‖T_3f‖_{Lp(2a−b,2b−a)}

+ 4^l l∑ m=0 ( l m ) c^m_2 ‖(T_3f)^{(l)}_w ‖_{Lp(2a−b,2b−a)} ≤ ( 1 + (4 (1 + c_2) )_l ( 1 + l^l(b − a)^{−l} ) ‖T_3f‖_W l_{p(2a−b,2b−a)} ≤ 2 ( 1 + (4 (1 + c_2) )_l 8^l ( 1 + l^l(b − a)^{−l} ) ‖f‖_W l_{p(a,b)} ≤ c^l_4 ( 1 + l^l(b − a)^{−l} ) ‖f‖_W l_{p(a,b)} ≤ c^l_4 ( 1 + l^l(b − a)^{−l+1/p′} ) ‖f‖_W l_{p(a,b)} , where c_4 = 16 (1 + 4 (1 + c_2)). Hence we obtain (34).

Remark 4.3. It follows from the proofs of Lemmas 4.9 and 4.10 that for all −∞ < a < b < ∞ there exists an extension operator T such that ‖T ‖_W m_{p (a,b)→W} m_{p (−∞,∞)} ≤ c^l_5 ( 1 + m^m (b − a)^{m−1/p′} ) , m ∈ N_0 , m ≤ l,

where c_5 is a constant greater than 1.

Now we consider estimates from below for the minimal norm of an extension operator.

Lemma 4.11. Let l ∈ N, 1 ≤ p ≤ ∞, ∞ < a < b < ∞. Then for every extension operator T : W^l_p(a, b) → W^l_p(−∞, ∞),

‖T ‖_W l_{p(a,b)→W} l_{p(−∞,∞)} ≥ 1 8 √ l ( 4 e )_l l^l (b − a)^{−l+1/p′} . (35) Remark 4.4. We shall discuss two proofs of Lemma 4.11. The first of them is a direct one: as in the proof of Lemma 4.6 it is based on the choice of a function f ∈ W^l_p(a, b), which is the “worst” for extension. The second one is based on Lemma 3.2. In both proofs the polynomials Q_{l−1;p} of degree l−1 closest to zero in L_p(0, 1) are involved, i.e., Q_{l−1;p} = x^{l−1}+a_{l−2}x^{l−2} +· · ·+a_0 and ‖Q_{l−1;p}‖_{Lp(0,1)} = inf_{b0 ,...,bl−2∈R} ‖x^{l−1} + b_{l−2}x^{l−2} + · · · + b_0‖_{Lp(0,1)}. We recall that Q_{l−1;∞}(x) = 2^{−l+1}R_{l−1}(2x − 1), where R_m is the Chebyshev polynomial of the first type: R_m(x) = 2^{−m+1} cos(m arccos x). Moreover, ‖Q_{l−1;p}‖_{Lp(0,1)} ≤ ‖Q_{l−1;∞}‖_{Lp(0,1)} ≤ ‖Q_{l−1;∞}‖_{L∞(0,1)} = 8 · 4^{−l}. (36) Idea of the first proof of Lemma 4.11. In the inequality ‖T ‖ = ‖T ‖_W l_{p(a,b)→W} l_{p(−∞,∞)} ≥ ‖T f‖_{Wp(−∞,∞)} ‖f‖_W l_{p(a,b)} set f(x) = (b − a)^{l−1} (l − 1)! Q_{l−1;p} ( x − a b − a ) , (37)

apply the following corollary of the Kolmogorov-Stein inequality ‖f^{(m)}_w ‖_{Lp(−∞,∞)} ≤ π 2 ‖f‖^{1−m/l} L_p(−∞,∞)‖f (l) w ‖^{m/l}_{Lp(−∞,∞)}, (38) where 0 < m < l and 1 ≤ p ≤ ∞, and the relation inf h∈W^1_p (−∞,a) h(a−)=1 ‖h‖_W 1_{p (−∞,a)} ≥ 1.

The second proof of Lemma 4.11. By Lemma 3.2, for every extension operator T : W^l_p(a, b) → W^l_p(−∞, ∞), ‖T ‖ ≡ ‖T ‖_W l_{p(a,b)→W} l_{p(−∞,∞)} ≥ C^∗((a, b), p, ∞, l, l − 1) C^∗((−∞, ∞), p, ∞, l, l − 1) . It follows from (3), where Ω = (a, b), q = ∞, β = l − 1 and f is defined by (37), and from (36) that C^∗((a, b),p, ∞, l, l − 1) ≥ ‖1‖_{L∞(a,b)} (b−a)^{l−1} (l−1)! ‖ ‖Q_{l−1;p} (_{x−ab−a} ) ‖ ‖ L_p(a,b) = (l − 1)! (b − a)^{−l+1/p′} ‖Q_{l−1;p}‖_{Lp(0,1)} ≥ 1 8 4^l(l − 1)! (b − a)^{−l+1/p′} . On the other hand, C^∗((−∞, ∞), p, ∞, l, l − 1) ≤ √ 2π. (This follows (see [19], p.134) by inequality (38).) Hence, applying Stirling’s formula, we get ‖T ‖ ≥ 4^{l−1}(l − 1)! 2 √ 2π (b − a)^{−l+1/p′} ≥ 1 8 √ l ( 4 e )_l l^l (b − a)^{−l+1/p′} .

Finally, we give a formulation of the main result of Section 4. Theorem 4.1. There exist c_6, c_7 > 0 such that for all l ∈ N, 1 ≤ p ≤ ∞ and −∞ ≤ a < b ≤ ∞, c^l_6 ( 1 + l^l (b − a)^{l−1/p′} ) ≤ inf_T ‖T ‖_W l_{p(a,b)→W} l_{p(−∞,∞)} ≤ c^l_7 ( 1 + l^l (b − a)^{l−1/p′} ) . (39)

Proof. If b − a = ∞, then (39) follows from (11) and (28). If b − a < ∞, then (39) follows from (33), (34) and (35).

5 Classes of open sets

We say that a domain H ⊂ R^n is an elementary domain with a resolved boundary with the parameters d, D, 0 < d < ∞, 0 < D ≤ ∞ if H = {x ∈ R^n : a_n < x_n < φ(x̄), x̄ ∈ W }, (40) where^8 diam H ≤ D, x = (x̄, x_n), x̄ = (x_1, . . . , x_{n−1}), W = {x̄ ∈ R^{n−1} : a_i < x_i < b_i, i = 1, . . . , n − 1}, −∞ ≤ a_i < b_i ≤ ∞, and a_n + d < φ(x̄), x̄ ∈ W. (41) If, in addition, φ ∈ C(W ), or φ ∈ C^l(W ) for some l ∈ N and ‖D^αφ‖_{C(W )} ≤ M if 1 ≤ |α| ≤ l where 0 ≤ M < ∞, or φ satisfies the Lipschitz condition |φ(x̄) − φ(ȳ)| ≤ M |x̄ − ȳ|, x̄, ȳ ∈ W , (42) then we say that H is an elementary domain with a continuous boundary with the parameters d, D, with a C^l-boundary with the parameters d, D, M, or with a Lipschitz boundary with the parameters d, D, M respectively.

Moreover, we say that an open set Ω ⊂ R^n has a resolved boundary with the parameters d, 0 < d < ∞, D, 0 < D ≤ ∞ and κ ∈ N if there exist open parallelepipeds V_j , j = 1, s, where s ∈ N for bounded Ω and s = ∞ for unbounded Ω, such that 1) (V_j )_d ∩ Ω ≠ ∅ and diam V_j ≤ D,

2) Ω ⊂^s ⋃ j=1 (V_j )_d,

3) for each ball B the number of V_j intersecting B is finite and the multiplicity of the covering {V_j }^s_{j=1} does not exceed κ, 4) there exist rotations λ_j , j = 1, s, such that λ_j (V_j ) = {x ∈ R^n : a_{ij} < x_i < b_{ij} , i = 1, . . . , n} and λ_j (Ω ∩ V_j ) = {x ∈ R^n : a_{nj} < x_n < φ_j (x̄), x̄ ∈ W_j }, where x̄ = (x_1, . . . , x_{n−1}), W_j = {x̄ ∈ R^{n−1} : a_{ij} < x_i < b_{ij} , i = 1, . . . , n − 1}, and a_{nj} + d < φ_j (x̄) < b_{nj} − d, x̄ ∈ W_j , (43) if V_j ∩ ∂Ω ≠ ∅. (If V_j ⊂ Ω, then φ_j (x̄) ≡ b_{nj} and the left inequality is satisfied since b_{nj} − a_{nj} ≥ 2 d.)

We note that λ_j (Ω ∩ V_j ) and, if V_j ∩ ∂Ω ≠ ∅, also λ^−_j ((^cΩ) ∩ V_j ) are elementary domains with a resolved boundary with the parameters d, D, where λ^−_j (x) = (λ_{j,1}(x), . . . , λ_{j,n−1}(x), −λ_{j,n}(x)). 8 One can verify that the set H defined by (40) is a domain if, and only if, the function φ is lower semicontinuous on W .

If an open set Ω ⊂ R^n has a resolved boundary with the parameters d, D, κ and, in addition, for some l ∈ N all functions φ_j ∈ C^l(W_j ) and ‖D^αφ_j ‖_{C(W j )} ≤ M if 1 ≤ |α| ≤ l, where 0 ≤ M < ∞ and is independent of j, or all functions φ_j satisfy the Lipschitz condition with the same constant M, then we say that Ω has a C^l-boundary (briefly ∂Ω ∈ C^l) with the parameters d, D, κ, M, or a Lipschitz boundary (briefly ∂Ω ∈ Lip 1) with the parameters d, D, κ, M respectively.

If all functions φ_j are continuous on W , we say that Ω has a continuous boundary with the parameters d, D, κ.

Finally, we say that an open set Ω ⊂ R^n has a quasi-resolved (quasicontinuous) boundary with the parameters d, D, κ if Ω = ⋃_s k=1 Ω_k, where s ∈ N or s = ∞, and Ω_k, k = 1, s, are open sets, which have a resolved (continuous) boundary with the parameters d, D, κ, and the multiplicity of the covering {Ω_k}^s_{k=1} does not exceed κ.

We call the set V_x ≡ V_{x,B} = ⋃ y∈B(x, y) a conic body with the vertex x constructed on the ball B (if x ∈ B, then V_x = B). A domain Ω star-shaped with respect to a ball B can be equivalently defined in the following way: ∀x ∈ Ω the conic body V_x ⊂ Ω.

Let us consider now the cone K ≡ K(r, h) = { x ∈ R^n : h r (_{n−1}∑ i=1 x^2_i )_{1/2} < x_n < h, 0 < (_{n−1}∑ i=1 x^2_i )_{1/2} < r } .

We say also that an open set Ω satisfies the cone condition with the parameters r > 0 and h > 0 if ∀x ∈ Ω there exists a cone K_x ⊂ Ω with the point x as vertex congruent to the cone K. Moreover, an open set Ω satisfies the cone condition if for some r > 0 and h > 0 it satisfies the cone condition with the parameters r and h.

Example 5.1. The domain Ω = {x ∈ R^n : −1 < x_n < 1 − |x|^γ , |x| < 1}, where x = (x_1, . . . , x_{n−1}), for γ ≥ 1 is an elementary bounded domain with a Lipschitz boundary and satisfies the cone condition. For 0 < γ < 1 it does not have a Lipschitz boundary and does not satisfy the cone condition.

Example 5.2. The domain Ω = {x ∈ R^n : −1 < x_n < |x|^γ , |x| < 1} satisfies the cone condition for each γ > 0. It has a Lipschitz boundary if, and only if, γ ≥ 1.

Example 5.3. Let us suppose that Ω = { (x_1, x_2) ∈ R^2 : −1 < x_2 < 1 if −1 < x_1 < 0, − 1 < x_2 < x^γ_1 if 0 ≤ x_1 < 1}, where 0 < γ < 1. Then Ω is a bounded elementary domain with a resolved boundary, which is not a quasi-continuous boundary.

Example 5.4. Let Ω = {(x_1, x_2) ∈ R^2 : 0 < x_1 < 1, x^γ_1 < x_2 < 2 x^γ_1 } where 0 < γ < ∞, γ ≠ 1. Then ∂Ω is not a quasi-resolved boundary while cΩ satisfies the cone condition.

Example 5.5. For the elementary domain Ω defined by (40) the Lipschitz condition (42) means geometrically that ∀x ∈ ∂Ω the cones K^+_x = {y ∈ R^n : y_n < φ(x̄) − M|x̄ − ȳ|}, K^−_x = {y ∈ R^n : φ(x̄) + M|x̄ − ȳ| < y_n} are such that K^+_x ∩ ^W ⊂ Ω, K^−_x ∩ ^W ⊂^cΩ, where ^W = {x ∈ R^n : x̄ ∈ W, a_n < x_n < ∞}. Example 5.6. Let Ω = {(x_1, x_2) ∈ R^2 : x_2 < φ(x_1)}, where φ(x_1) = −|x_1|^γ if x_1 ≤ 0, φ(x_1) = x^γ_1 if x_1 ≥ 0 and γ > 0. Then the function φ satisfies a Lipschitz condition on R if, and only if, γ = 1, while Ω has a Lipschitz boundary in the sense of the above definition for each γ > 0.

Lemma 5.1. If an open set Ω ⊂ R^n has a Lipschitz boundary with the parameters d, D, κ and M, then both Ω and^cΩ satisfy the cone condition with the parameters r, h depending only on d, M and n.

Lemma 5.2. 1. A bounded open set Ω ⊂ R^n satisfies the cone condition if, and only if, there exist s ∈ N and elementary bounded domains Ω_k, k = 1, . . . , s, with Lipschitz boundaries with the same parameters such that Ω = ⋃_s k=1 Ω_k.

2. An unbounded open set Ω ⊂ R^n satisfies the cone condition if, and only if, there exist elementary bounded domains Ω_k, k ∈ N, with Lipschitz boundaries with the same parameters such that 1) Ω = ⋃_∞ k=1 Ω_k, and 2) the multiplicity of the covering κ ({Ω_k}^∞_{k=1}) is finite.

6 Pasting local extensions

We start by reducing the problem of extensions to the problem of local extensions.

Lemma 6.1. Let l ∈ N, 1 ≤ p ≤ ∞ and let Ω ⊂ R^n be an open set. Moreover, let U_j ⊂ R^n , j = 1, s, where s ∈ N or s = ∞, be open sets such that Ω ⊂ s⋃ j=1 (U_j )_δ

for some δ > 0. If s = ∞, suppose, in addition, that the multiplicity of the covering κ ≡ κ({U_j }^s_{j=1}) is finite.

1. Suppose that for all j = 1, s there exist bounded extension operators

T_j : ^V^l_p (Ω ∩ U_j ) → V^l_p (U_j ), (44)

where ^V^l_p (Ω ∩ U_j ) = {f ∈ V^l_p (Ω ∩ U_j ) : supp f ⊂ Ω ∩ U_j }. If s = ∞, suppose also that sup_{j∈N} ‖T_j ‖ < ∞. Then there exists a bounded extension operator

T : V^l_p (Ω) → V^l_p (R^n ). (45)

Moreover,

‖T ‖ ≤ c_1 sup_{j=1,s} ‖T_j ‖, (46)

where c_1 > 0 depends only on n, l, δ and κ. If all the T_j are linear, then T is also linear.

2. The statement 1 also holds if one replaces the space V^l_p (·) by the space V^{l,...,l}_p (·). 3. If Ω has a quasi-resolved boundary, then the statement 1 also holds if one replaces the space V^l_p (·) by the space W^l_p(·).

4. If Ω satisfies the cone condition, then the statement 1 also holds if one replaces the space V^l_p (·) by the space W^{l,...,l}_p (·).

Idea of the proof. Assuming, without loss of generality, that (U_j )_δ ∩ Ω ≠ ∅ construct functions ψ_j ∈ C^∞(R^n ), j = 1, s, such that the collection {ψ^2_j }^s_{j=1} is a partition of unity corresponding to the covering {U_j }^s_{j=1}, i.e., the following properties hold: 0 ≤ ψ_j ≤ 1, supp ψ_j ⊂ U_j , ∑_s j=1 ψ^2_j = 1 on Ω and ∀α ∈ N^n_0 satisfying |α| ≤ l, ‖D^αψ_j ‖_{L∞(R}n_) ≤ M_1, where M_1 depends only on n, l and δ. For f ∈ V^l_p (Ω) set T f = s∑ j=1 ψ_j T_j (fψ_j ) on R^n . (47)

(Assume that ψ_j T_j (fψ_j ) = 0 on^c(U_j ).)

Proof. 1. Let η_j ∈ C^∞(R^n ) be “cap-shaped” functions satisfying 0 ≤ η_j ≤ 1, η_j = 1 on (U_j )_{δ/2}, η_j = 0 on^c((U_j )_{δ/4}) and |D^αη_j (x)| ≤ M_2 δ^{−|α|}, α ∈ N^n_0 , where M_2 depends only on n and α. Then 1 ≤^s ∑ j=1 η^2_j ≤ κ on^s ⋃ j=1 (U_j )_{δ/2}.

Further, let η ∈ C^∞_b (R^n ), η = 1 on Ω, η = 0 on^c(^s ⋃ j=1 (U_j )_{δ/2}). One can

construct functions ψ_j by setting ψ_j = η_j η (_s∑ i=1 η^2_i )_{−1/2} on^s ⋃ i=1 (U_i)_{δ/2} as-

suming that ψ_j = 0 on^c(^s ⋃ i=1 (U_i)_{δ/2}).

2. The operator T defined by (47) is an extension operator. For, let x ∈ Ω. If x ∈ supp ψ_j for some j, then ψ_j (x)(T_j (fψ_j ))(x) = ψ^2_j (x) f(x). If x /∈ supp ψ_j , then ψ_j (x)(T_j (f ψ_j ))(x) = 0 = ψ^2_j (x) f(x). So (T f)(x) = ∑_s j=1 ψ^2_j (x) f(x) = f(x).

3. Let α ∈ N^n_0 and |α| = l. If s ∈ N, then

D^α_w(T f) = s∑ j=1 D^α_w(ψ_j T_j (f ψ_j )) on R^n . (48)

If s = ∞, then (48) still holds, because on^c(^s ⋃ j=1 (U_j )_{δ/2}) both sides of (48)

are equal to 0 and ∀x ∈^s ⋃ j=1 (U_j )_{δ/2} the number of sets (U_j )_{δ/2} intersecting

the ball B(x, δ/2) is finite. Otherwise there exists a countable set of U_{js} , s ∈ N, satisfying (U_{js} )_{δ/2} ∩ B(x, δ/2) ≠ ∅. Hence x ∈ U_{js} , and we arrive to a contradiction since κ({U_j }^∞_{j=1}) < ∞. Consequently, there exists s_x ∈ N such that supp(ψ_j T_j (fψ_j )) ∩ B(x, δ/2) ≠ ∅ for j > s_x. So T f = s_x∑

j=1 ψ_j T_j (f ψ_j ) on B(x, δ/2). Hence,

D^α_w(T f) = s_x∑

j=1 D^α_w(ψ_j T_j (f ψ_j )) = ∞∑ j=1 D^α_w(ψ_j T_j (f ψ_j )) on B(x, δ/2).

Therefore, by the appropriate properties of weak derivatives, (48) with s = ∞ follows.

4. Let α ∈ N^n_0 and α = 0 or |α| = l. In (47) , for all x ∈ R^n , and in (48), for almost all x ∈ R^n , the number of nonzero summands does not exceed κ. Hence, by Hölder’s inequality for finite sums, |D^α_w(T f)|^p ≤ κ^{p−1} s∑ j=1 |D^α_w(ψ_j T_j (fψ_j ))|^p

almost everywhere on R^n and consequently, ∫ R^n |D^α_w(T f)|^p dx ≤ κ^{p−1} s∑ j=1 ∫ R^n |D^α_w(ψ_j T_j (fψ_j )) |^p dx. 5. Therefore, ‖T f‖_V l_{p (R}n_) ≤ M_3 (_s∑ j=1 ‖ ψ_j T_j (fψ_j ) ‖^p_{V lp (Rn)} )_{1/p} , where M_3 depends only on n, l and κ. Since supp ψ_j ⊂ U_j , by the Leibniz formula, we have

‖ψ_j T_j (fψ_j ) ‖_V l_{p (Ω)} ≤ M_4 ‖ T_j(fψ_j ) ‖_V l_{p (Uj )} ≤ M_4 ‖ T_j ‖ ‖ fψ_j ‖_V l_{p (Ω∩Uj )} ≤ M_5 ‖T_j ‖ ‖f‖_V l_{p (Ω∩Uj )}, (49)

where M_4 and M_5 depend only on n, l and δ. Now, as in the proof of Lemma 3.3,

‖T f‖_V l_{p (R}n_) ≤ M_6 sup_j ‖T_j ‖ ‖f‖_W l_{p(Ω)},

where M_6 depends only on n, l, δ and κ. Hence (45) follows. 6. In case of the spaces V^{l,...,l}_p (·) we obtain (49) again by the Leibniz formula. Hence, statement 2 of the lemma follows.

7. In case of the spaces W^l_p(·) the application of the Leibniz formula requires also the inequality ‖D^β_wg‖_{Lp(Ω)} ≤ M_7 ‖g‖_W l_{p(Ω)}, (50) where |β| < l and M_7 is independent of g. (First for g = ψ_j T_j (fψ_j ), then for g = fψ_j .) If Ω has a quasi-resolved boundary, then this inequality holds (see [19], Chapter 4).

8. In case of the spaces W^{l,...,l}_p (·) one needs the inequality ‖ ‖ ‖ ‖ ( ∂^mg ∂x^m_k ) w ‖ ‖ ‖ ‖_{Lp(Ω)} ≤ M^8 ‖g‖W^{l,...,l}p (Ω), (51) where k = 1, . . . , n, m = 1, . . . , l − 1 and M_8 is independent of g. In a forthcoming paper we shall prove this inequality for open sets Ω satisfying the cone condition, using the extension theorem^9 for the spaces W^{l,...,l}_p (Ω) for open sets with a Lipschitz boundary.

Remark 6.1. Suppose that in Lemma 6.1 the operators T_j satisfy the additional condition

f ∈ ^V^l_p (Ω ∩ U_j ) =⇒ supp T_j f ⊂ U_j . (52)

In this case the operator T may be constructed in a simpler way with the help of a standard partition of unity {ψ_j }^s_{j=1}, i.e., ∑_s j=1 ψ_j = 1 on Ω. We assume that T_j (fψ_j )(x) = 0 if x ∈ U_j and set T f = s∑ j=1 T_j (fψ_j ) on R^n .

The operator T is an extension operator. For, let x ∈ Ω. If x ∈ U_j , then (T_j (fψ_j ))(x) = ψ_j (x) f(x), and if x /∈ U_j , then (T_j (fψj))(x) = 0 = ψ_j (x) f(x). Thus (T f)(x) = ∑_s j=1 ψ_j (x) f(x) = f(x). Note also that for f ∈ V^l_p (Ω), because of (52), we have T_j (fψ_j ) ∈ V^l_p (R^n ) and ‖ T_j (fψ_j ) ‖_V l_{p (R}n_) = ‖ T_j (fψ_j ) ‖_V l_{p (Uj )}.

Remark 6.2. The method of pasting local extensions of Lemma 6.1 cannot be applied to the spaces w^l_p(Ω) and w^{l,...,l}_p (Ω) since estimates (50) and (51) do not hold if we replace W^l_p(Ω) by w^l_p(Ω), W^{l,...,l}_p (Ω) by w^{l,...,l}_p (Ω) respectively. In Lemmas 6.2–6.3 another method of pasting local extensions will be described, which is applicable also to the spaces w^l_p(Ω) and w^{l,...,l}_p (Ω).

Lemma 6.2. Let l ∈ N, 1 ≤ p ≤ ∞ and let Ω be an open set. Moreover, let Ω_j ⊂ R^n , j = 1, s where s ∈ N, be open sets such that Ω ≡ Ω_0 ⊂ Ω_1 ⊂ · · · ⊂ Ω_s and Ω^δ ⊂ Ω_s for some δ > 0.

1. Suppose that for all j = 1, s there exist bounded extension operators

T_j : w^l_p(Ω_{j−1}) → w^l_p(Ω_j ).

9 For this reason we shall not be able to apply Lemma 6.1 for the spaces W^{l,...,l}_p (Ω). (We shall apply Lemmas 6.2–6.3 instead.)

Then there exists a bounded extension operator T : w^l_p(Ω) → w^l_p(Ω^δ ). (53) If all T_j are linear, then T is also linear.

2. The statement 1 also holds if one replaces the space w^l_p(·) by w^{l,...,l}_p (·). 3. The statement 1 also holds if one replaces the space w^l_p(·) by W^l_p(·), W^{l,...,l}_p (·), V^l_p (·) or V^{l,...,l}_p (·). Moreover, in this case in (53) Ω^δ could be replaced by R^n .

Proof. We set T = T_s · · · T_1. Then T is an extension operator and ‖T ‖_wl_{p(Ω)→w}l_{p(Ω}δ_) ≤ s∏ j=1 ‖T_j ‖_wl_{p(Ωj−1 )→w}l_{p(Ωj )}. (54)

The second statement is proved in the same way.

In order to prove the third statement, let η ∈ C^∞(R^n ) be such that η = 1 on Ω and supp η ⊂ Ω^{δ/2}, and set, for f ∈ W^l_p(Ω), ~T f = η T f. Since ∀g ∈ W^l_p(Ω^δ ), ‖ηg‖_W l_{p(Ω}δ_) ≤ A ‖g‖_W l_{p(Ω}δ_), where^{10} A is independent of f, we have ‖ ~T ‖_W l_{p(Ω)→W} l_{p(R}n_) ≤ A s∏ j=1 ‖T_j ‖_W l_{p(Ωj−1 )→W} l_{p (Ωj )}. (55) The case of other spaces in statement 3 is similar.

The proof being quite clear, the problem is in choosing appropriate Ω_j . In the most simple case of the n-dimensional unit cube Ω = (0, 1)^n one can take Ω_{j,1} = (0, 2)^j × (0, 1)^{n−j} , j = 1, . . . , n, and Ω_{j,2} = (−2, 2)^j × (0, 2)^{n−j} , j = 1, . . . , n. Then Ω ⊂ Ω_{1,1} ⊂ Ω_{2,1} ⊂ · · · ⊂ Ω_{n,1} ⊂ Ω_{1,2} ⊂ Ω_{2,2} ⊂ · · · ⊂ Ω_{n,2} ⊃ Ω^δ , where δ = 1.

For the general case of an open set with a Lipschitz boundary this can be done with the help of the following statement.

Lemma 6.3. Let Ω be an open set with a Lipschitz boundary, satisfying the definition in Section 5 with the parallelepipeds V_j , j = 1, s, and with the 10 This follows by the Leibniz formula and inequality (2).

parameters d, D, κ and M. Moreover, suppose^{11} that if V_j ∩ V_k ∩ Ω = ∅, then V_j ∩ V_k = ∅.

Given 0 < d_1 < d, M_1 > M and γ > 0, there exists an open set Ω_1 with a Lipschitz boundary, satisfying the definition in Section 5 with the parallelepipeds V^{(1)}_j , j = 1, s, and with the parameters d_1, D, κ and M_1, for which

V^{(1)}_1 = V_1, (V_j )_{d−d1} ⊂ V^{(1)}_j ⊂ V_j , j = 2, s,

(if V_j ∩ V_1 = ∅, then V^{(1)}_j = V_j ),

Ω ⊂ Ω_1 ⊂ Ω ∪ (Ω^γ ∩ V_1), ∂Ω ∩ V_1 ⊂ Ω_1,

and there exists ϱ, depending only on d, d_1, M, M_1 and γ, such that ( Ω ∪ (V_1)_{d/2} )_ϱ ⊂ Ω_1. For the case s ∈ N see the proof in [12].

Lemma 6.4. 1. Let l ∈ N, 1 ≤ p ≤ ∞. Suppose that for each bounded elementary domain H ⊂ R^n , defined by (40), with a Lipschitz boundary with the parameters d, D and M there exists a bounded linear extension operator

T_H : ~W^l_p(H) → W^l_p(V ), where V = {x ∈ R^n : a_i < x_i < b_i, i = 1, . . . , n − 1, a_n < x_n < ∞}, ~W l_p(H) = {f ∈ W l_p(H) : supp f ⊂ H ∩ V } and ‖T_H ‖ ≤ c_2, where c_2 > 0 depends only on n, l, p, d, D and M.

Then for each open set Ω ⊂ R^n with a Lipschitz boundary^{12} there exists a bounded linear extension operator

T : W^l_p(Ω) → W^l_p(R^n ).

Moreover, ‖T ‖ ≤ c_3, where c_3 > 0 depends only on n, l, p, d, D, κ and M. 2. The statement 1 also holds if the space W^l_p(·) is replaced by V^l_p (·). 11 This requirement does not restrict the generality. One can prove that given the collection of parallelepipeds satisfying the conditions 1)–4) of Section 5 with the parameters s, d, D, κ and M, another collection of s̃ parallelepipeds could be constructed such that the conditions 1)–4) are satisfied with some other parameters d̃, ~D, κ̃ which depend only on d, D and κ and the same M, and this additional condition is also satisfied. (See [12].)

12 If Ω is bounded, then it is enough to suppose that ‖TH ‖ < ∞ for each bounded elementary domain H.

Proof. By the assumptions of the lemma for all j = 1, s there exist bounded extension operators

T_j : ^W^l_p(λ_j (Ω ∩ V_j )) → W^l_p(λ_j (V_j )).

Let (Λ_j f)(x) = f(λ_j (x)) and define

T^{(1)}_j = Λ_j T_j Λ^{(−1)}_j .

We note that Λ^{(−1)}_j : ^W^l_p(Ω ∩ V_j ) → ^W^l_p(λ_j (Ω ∩ V_j )), Λ_j : ^W^l_p(λ_j (V_j )) → ^W l_p(V_j ) and ‖ Λ_j ‖, ‖ Λ^{(−1)}_j ‖ do not exceed some quantity depending only on n and l. Hence,

T^{(1)}_j : ^W^l_p(Ω ∩ V_j ) → W^l_p(V_j ) and ‖ T^{(1)}_j ‖ ≤ ‖ Λ_j ‖ · ‖ T_j ‖ · ‖Λ^{(−1)}_j ‖ ≤ M_1 ‖ T_j ‖, where M_1 depends only on n and l.

If Ω is bounded, then s ∈ N and by Lemma 6.1 there exists a bounded linear extension operator T : W^l_p(Ω) → W^l_p(R^n ). If Ω is unbounded, then s = ∞ and by the definition of an open set with a C^l- or Lipschitz boundary each bounded elementary domain λ_j (Ω ∩ V_j ) has the same parameters d, D, M. Hence, by the assumptions of the lemma ‖T_j ‖ ≤ c_2. Moreover, in this case the multiplicity of the covering {V_j }^∞_{j=1} is finite. Thus, Lemma 6.1 is applicable, which ensures the existence of a bounded linear extension operator T : W^l_p(Ω) → W^l_p(R^n ).

In case of the spaces V^l_p (·) the proof is similar.

Remark 6.3. In the assumptions of Lemma 6.4 the condition T_H : ~W l_p(H) → W l_p(V ) can be replaced by T_H : ~W l_p(H) → W l_p(H γ ∩ V ) for some γ > 0, which depends only on n, d and M. This follows since one can construct another extension operator T^{(1)}_H : ~W^l_p(H) → W^l_p(V ) by setting T^{(1)}_H f = η T_H f, where η ∈ C^∞(V ) is such that η = 1 on H, supp η ⊂ H^γ ∩V and, for |α| ≤ l, ‖D^αη‖_{C(V )} ≤ c_4, where c_4 > 0 depends only on l, d and M. (To do this one can mollify the characteristic function of H^{ϱ/2} with step of mollification equal to ϱ/4, where ϱ = dist(H, ∂(H^γ )), and note that ϱ ≥ c_5, where c_5 > 0 depends only on n, d and M.) Hence ‖T^{(1)}_H ‖ ≤ c_6, where c_6 > 0 depends only on n, l, p, d, D and M.

Lemma 6.5. Let l ∈ N, 1 ≤ p ≤ ∞. Suppose that for each bounded elementary domain H ⊂ R^n , defined by (40), with a Lipschitz boundary with the parameters d, D and M, for some γ > 0, which depends only on n, d and M, there exists a bounded linear extension operator T_H : w^l_p(H) → w^l_p(H^γ ∩ V ) and ‖T_H ‖ ≤ c_7, where c_7 > 0 depends only on n, l, p, d, D and M.

Then for each open set Ω ⊂ R^n with a Lipschitz boundary^{13} there exists δ > 0, which depends only on n, d and M, and a bounded linear extension operator T : w^l_p(Ω) → w^l_p(Ω^δ ).

Moreover, ‖T ‖ ≤ c_8, where c_8 > 0 depends only on n, l, p, d, D, κ and M. Proof. 1. If s ∈ N, then by Lemma 6.3 there exist open sets Ω_1, . . . , Ω_s with Lipschitz boundaries such that Ω ⊂ Ω_1 ⊂ · · · ⊂ Ω_s, further Ω_s ⊃ Ω^ϱ for some ϱ > 0 and Ω_k ⊂ Ω_{k−1} ∪ (Ω^γ_{k−1} ∩ V_k), k = 1, . . . , s (Ω_0 ≡ Ω). Next we note that, for some rotation λ_k, λ_k (Ω_{k−1} ∩ V_k) is a bounded elementary domain with a Lipschitz boundary. Hence, by the assumptions of the lemma, there exists a bounded linear extension operator

T^{(1)}_k : w^l_p(λ_k (Ω_{k−1} ∩ V_k)) → w^l_p((λ_k (Ω_{k−1}))^γ ∩ λ_k (V_k)).

For a function g defined on λ_k (Ω_{k−1} ∩ V_k), let (Λ_kg)(x) = g(λ_k(x)), x ∈ Ω_{k−1} ∩ V_k. For f ∈ w^l_p(Ω_{k−1} ∩ V_k), we define T^{(2)}_k f = Λ_kT^{(1)}_k Λ^{−1}_k f. Since the operators Λ_k : w^l_p(λ_k (Ω_{k−1} ∩ V_k )) → w^l_p(Ω_{k−1} ∩ V_k), Λ^{−1}_k : w^l_p(Ω_{k−1} ∩ V_k) → w^l_p(λ_k (Ω_{k−1} ∩ V_k ))

(56)

are bounded, the operator T_k : w^l_p(λ_k (Ω_{k−1} ∩ V_k)) → w^l_p(Ω^γ_{k−1} ∩ V_k ) is a bounded linear extension operator. Moreover, ‖T_k‖ ≤ c_9, where c_9 > 0 depends only on n, l, p, d, D, and M.

13 If Ω is bounded, then it is enough to suppose that ‖TH ‖ < ∞ for each bounded elementary domain H .

Finally, for f ∈ w^l_p(Ω_{k−1}), we set (T_kf)(x) = f(x) if x ∈ Ω_{k−1} and (T_kf)(x) = (T^{(2)}_k f)(x) if x ∈ Ω_k \ Ω_{k−1}. Clearly, the operator T_k : w^l_p(Ω_{k−1}) → w^l_p(Ω_k) is also bounded, since ‖T_kf‖_wl_{p(Ωk )} ≤ ‖f‖_wl_{p(Ωk−1 )} + ‖T^{(2)}_k f‖_wl_{p(Ω}^γ_{k−1 ∩Vk )} ≤ ( 1 + ‖T^{(2)}_k ‖_wl_{p(Ωk−1 ∩Vk )→w}l_{p(Ω}^γ_{k−1∩Vk )} ) ‖f‖_wl_{p(Ωk−1 )}. Hence, T = T_s · · · T_1 : w^l_p(Ω) → w^l_p(Ω^δ ) is a bounded linear extension operator. However, by (54) it follows that ‖T ‖ ≤ c̃_8, where c̃_8 > 0 depends only on n, p, d, D, M and on s instead of κ.

2. If s = ∞, one should split the infinite collection of the parallelepipeds {V_j }^∞_{j=1} in a finite union of disjoint infinite subcollections, each of which consists of disjoint parallelepipeds: {V_j }^∞_{j=1} =^m ⋃ μ=1 {V_{kμ}}^∞_{k=1}, where m ∈ N,

V_{kμ} ∈ {V_j }^∞_{j=1}, {V_{kμ}}^∞_{k=1} ∩{V_{kμ̃}}^∞_{k=1} = ∅ if μ ≠ μ̃ and V_{kμ} ∩V_{k̃μ} = ∅ if k ≠ k̃. Moreover, without loss of generality we assume that for each parallelepiped V_j either V_{kμ} ∩ V_j = ∅ or V_{k̃μ} ∩ V_j = ∅ (k ≠ k̃). We also note that this can be done in such a way that m does not exceed some quantity, depending on n, d, D and κ. By Lemma 6.3, applied to Ω and V_{k1}, there exist open sets Ω_k, k ∈ N, with Lipschitz boundaries with the parameters d/2, D, κ and 2M and with the parallepipeds V^{(k)}_j such that Ω ⊂ Ω_{k1} ⊂ Ω ∪(Ω^γ ∩V_{k1}), ∂Ω ∩V_{k1} ⊂ Ω_{k1} and, for some ϱ > 0 depending only on d, M and γ, (Ω ∩ (V_{k1})_{d/2})^ϱ ⊂ Ω_{k1}. We note that V^{(k)}_{k1} = V_{k1}. Moreover, if j is such that V_j ∩ V_{k1} = ∅ (briefly j ∈ J_{k1}), then V^{(k)}_j = V_j , otherwise (V_j )_{d/2} ⊂ V^{(k)}_j ⊂ V_j . Next we consider the parallelepipeds ~V_j , j ∈ N, such that ~V_j = V^{(k)}_j for j ∈ ^J_{k1} = N \ J_{k1}, k ∈ N, and ~V_j = V_j for j ∈ ⋂_∞ k=1 J_{k1}, and the set Ω_1 = ⋃_∞ k=1 Ω_{k1}. (Since ^J_{k1} ∩ ^J_{k̃1} = ∅, k ≠ k̃, ~V_j are well-defined.) It follows that Ω_1 is an open set with a Lipschitz boundary with the parallelepipeds ~V_j and with the parameters d/2, D, κ and 2M. In view of the properties of V^{(k)}_j and Ω_{k1} we have that Ω ⊂ Ω_1 ⊂ Ω ∪ ( Ω^γ ∩ (_∞⋃ k=1 V_{k1} )) , ∂Ω ∩ (_∞⋃ k=1 V_{k1} ) ⊂ Ω_1 and ( Ω ∩ (_∞⋃ k=1 (V_{k1})_{d/2} ))_ϱ ⊂ Ω_1.

(We have taken into account that (A ∪ B)^ϱ = A^ϱ ∪ B^ϱ.) As was noted in the first step of the proof, by assumptions of the lemma for each k ∈ N there exists a bounded linear extension operator T_{k1} : w^l_p(Ω ∩ V_{k1}) → w^l_p(Ω^γ ∩ V_{k1}). Moreover, ‖T_{k1}‖ ≤ c_9, k ∈ N. We define the extension operator T_1 for f ∈ w^l_p(Ω_1) by setting T_1f = T_{k1}f on Ω_{k1}, k ∈ N. Since (Ω_{k1} \ Ω) ∩ (Ω_{k̃1} \ Ω) = ∅ for k ≠ k̃, the operator T_1 is well-defined. Moreover, T_1 : w^l_p(Ω) → w^l_p(Ω_1) and is bounded. Indeed, if p < ∞, then ∀f ∈ w^l_p(Ω), ‖T_1f‖^p_{wlp(Ω1)} = ( ∑ |α|=l ‖D^α_w(T_1f)‖_{Lp(Ω1)} )_p

≤ l^{np} ∑ |α|=l ∫ Ω_1 |D^α_w(T_1f)|^p dx

= l^{np} ∑ |α|=l (∫ Ω |D^α_wf|^p dx + ∞∑ k=1 ∫ Ω_{k1} \Ω |D^α_w(T_{k1}f)|^p dx )

≤ l^{np} ( ‖f‖^p_{wlp(Ω)} + ∞∑ k=1 ‖T_{k1}f‖^p_{wlp(Ωγ ∩Vk1)} )

≤ l^{np} ( ‖f‖^p_{wlp(Ω)} + c^p_9 ∞∑ k=1 ‖f‖^p_{wlp(Ω∩Vk1)} )

≤ l^{np} ( ‖f‖^p_{wlp(Ω)} + c^p_9l^{np} ∞∑ k=1 ∑ |α|=l ∫ Ω∩V_{k1} |D^α_wf|^p dx )

≤ l^{np} (1 + c^p_9l^{np}) ‖f‖^p_{wlp(Ω)}. Hence, for 1 ≤ p < ∞,

‖T_1‖_wl_{p(Ω)→w}l_{p(Ω1 )} ≤ l^n (1 + c_9l^n) .

If p = ∞, the argument is similar.

In a similar way, starting from Ω_1, with the help of Lemma 6.3 we construct an open set Ω_2 ⊃ Ω_1 with a Lipschitz boundary and an appropriate extension operator T_2, and so on. Thus we obtain open sets Ω_1, Ω_2, . . . , Ω_m with Lipschitz boundaries such that Ω ⊂ Ω_1 ⊂ · · · ⊂ Ω_m, and ( Ω_{μ−1} ∩ (_∞⋃ k=1 (V_{kμ})_{d/2} ))_ϱ ⊂ Ω_μ, and bounded linear extension operators T_k : w^l_p(Ω_{k−1}) → w^l_p(Ω_k), k = 1, . . . , m (Ω_0 ≡ Ω), satisfying the estimate ‖T_k‖_wl_{p(Ωk−1)→w}l_{p(Ωk )} ≤ l^n (1 + c_9l^n) . Finally, we note that

Ω^ϱ = ( Ω ∩ (_∞⋃ j=1 (V_j )_{d/2} ))_ϱ = ( Ω ∩ (_m⋃ μ=1 ∞⋃ k=1 (V_{kμ})_{d/2} ))_ϱ

⊂ m⋃ μ=1 ( Ω_{μ−1} ∩ (_∞⋃ k=1 (V_{kμ})_{d/2} )) ⊂ m⋃ μ=1 Ω_μ = Ω_m.

(We have taken into account that (A ∩ B)^ϱ ⊂ A^ϱ ∩ B^ϱ.) Hence, T = T_m · · · T_1 : w^l_p(Ω) → w^l_p(Ω^δ ) is a bounded linear extension operator. Moreover, by (54) ‖T ‖ ≤ c_8, where c_8 > 0 depends only on n, p, d, D, M and κ.

3. We also note that if s ∈ N, then we can apply the same procedure as in the second step of the proof, and we shall obtain the desired estimate for ‖T ‖, thus, improving the estimate established in the first step of the proof.

Lemma 6.6. 1. Let l ∈ N, 1 ≤ p ≤ ∞. Suppose that for each bounded elementary domain H ⊂ R^n , defined by (40), with a Lipschitz boundary with the parameters d, D and M and for each rotation λ there exists a bounded linear extension operator T_{H,λ} : w^{l,...,l}_p (λ(H)) → w^{l,...,l}_p (λ(V )) and ‖T_{H,λ}‖ ≤ c_{10}, where c_{10} > 0 depends only on n, l, p, d, D and M.

Then for each open set Ω ⊂ R^n with a Lipschitz boundary there exists δ > 0, depending only on n, d and M, and a bounded linear extension operator T : w^{l,...,l}_p (Ω) → w^{l,...,l}_p (Ω^δ ). Moreover, ‖T ‖ ≤ c_{11}, where c_{11} > 0 depends only on n, l, p, d, D, κ and M.

2. The statement 1 also holds if one replaces w^{l,...,l}_p (·) by W^{l,...,l}_p (·) or V^{l,...,l}_p (·). In this case Ω^δ can be replaced by R^n .

Proof. The proof is actually the same as the proof of Lemma 6.5. The only distinction is that now we do not use the fact that the operators (56) where w^l_p(·) is replaced by w^{l,...,l}_p (·), W^{l,...,l}_p (·) or V^{l,...,l}_p (·), are bounded.^{14} In case of the spaces W^{l,...,l}_p (·) the same operator T is a bounded linear extension operator as T : W^{l,...,l}_p (Ω) → W^{l,...,}_p (Ω^δ ). Next let a function η ∈ C^∞(R^n ) be such that η = 1 on Ω, supp η ⊂ Ω^δ and, for |α| ≤ l, ‖D^αη‖_{C(R}n_) ≤ c_{12}, where c_{12} > 0 depends only on n, l and δ.

We set ~T f = η T f and, as in the proof of Lemma 6.3, it follows that ~T : W l,...,l_p (Ω) → W l,...,_p (Rn ) is a bounded linear extension operator. More-

over, ‖ ~T ‖ ≤ c_{13}, where c_{13} > 0 depends only on n, l, p, d, D, κ and M.

The case of the spaces V^{l,...,l}_p (Ω) is similar.

References

[1] R. A. Adams, Sobolev spaces. Academic Press, New York 1975. [2] V. M. Babich, On the extension of functions (Russian). Uspekhi Mat. Nauk 8 (1953), 111–113.

[3] O. V. Besov, V. P. Il’in and L. D. Kudryavtsev, P. I. Lizorkin and S. M. Nikol’skii, Embedding theory for classes of differentiable functions of several variables (Russian). Proc. Sympos. in honour of the 60th birthday of academician S. L. Sobolev, Inst. Mat. Sibirsk. Otdel. Akad. Nauk. SSSR, Nauka, Moscow 1970, 38–63.

[4] O. V. Besov, V. P. Il’in and S. M. Nikol’skii, Integral representation of functions and embedding theorems (Russian). 1st ed., Nauka, Moscow 1975; 2nd ed., Nauka, Moscow 1996 (Russian); English transl. of 1st ed., Vols. 1, 2, Wiley, 1979.

[5] Yu. D. Burago and V. G. Maz’ya, Some problems of the potential theory and function theory for domains with irregular boundaries. Zap. Nauchn. Semin. Leningr. Otd. Mat. Inst. Steklov 3 (1967), 1–152 (Russia); English transl.: Seminars in Math., V. A. Steklov Math. Inst., Leningrad 3 (1969).

[6] V. I. Burenkov, Some properties of classes of differentiable functions in connection with embedding and extension theorems (Russian). Ph.D. thesis, Moscow, Steklov Math. Inst. (1966), 145 pp.

14 If p = 1 or p = ∞, then (56), where w^l_p(·) is replaced by w^{l,...,l}_p (·), W^{l,...,l}_p (·) or V^{l,...,l} p (·), does not hold.

If 1 < p < ∞, then it holds, but in case of the spaces w^{l,...,l}_p (·) these operators are not bounded. (In case of the spaces W^{l,...,l}_p (·) or V^{l,...,l}_p (·) they are bounded.) However, these statements, in the framework of this paper, follow from the extension theorems for the spaces w^{l,...,l}_p (Ω), W^{l,...,l}_p (Ω), V^{l,...,l}_p (Ω) respectively and could not be used in the proof of this lemma.

[7] V. I. Burenkov, Embedding and extension theorems for classes of differentiable functions of several variables defined on the whole space (Russian). Itogi Nauki i Tekhniki: Mat. Anal. 1965, VINITI, Moscow 1966, 71–155; English transl.: Progress in Math. 2, Plenum Press, 1968.

[8] V. I. Burenkov, On regularized distance (Russian). Trudy MIREA. Issue 67.

Mathematics (1973), 113–117.

[9] V. I. Burenkov, On the density of infinitely differentiable functions in Sobolev spaces for an arbitrary open set (Russian). Trudy Mat. Inst. Steklov 131 (1974), 39–50; English transl.: Proc. Steklov Inst. Math. 131 (1974).

[10] V. I. Burenkov, On the extension of functions with preservation and with deterioration of the differential properties (Russian). Dokl. Akad. Nauk SSSR 224 (1975), 269–272; English transl.: Soviet Math. Dokl. 16 (1975).

[11] V. I. Burenkov, On a certain method for extending differentiable functions (Russian). Trudy Mat. Inst. Steklov 140 (1976), 27–67; English transl.: Proc. Steklov Inst. Math. 140 (1976).

[12] V. I. Burenkov, On the extension of functions with preservation of semi-norm (Russian). Dokl. Akad. Nauk SSSR 228 (1976), 779–782; English transl.: Soviet Math. Dokl. 17 (1976).

[13] V. I. Burenkov, On partitions of unity (Russian). Trudy Mat. Inst. Steklov 150 (1979), 24–30; English transl.: Proc. Steklov Inst. Math. 150 (1979).

[14] V. I. Burenkov, Investigation of spaces of differentiable functions with irregular domain (Russian). D.Sc. thesis, Steklov Math. Inst., Moscow 1982, 312 pp.

[15] V. I. Burenkov, On estimates of the norms of extension operators (Russian).

9-th All-Union school on the theory of operators in function spaces. Ternopol. Abstracts (1984), 19–20.

[16] V. I. Burenkov, Extension of functions with preservation of Sobolev seminorm (Russian). Trudy Mat. Inst. Steklov 172 (1985), 81–95; English transl.: Proc. Steklov Inst. Math. 172 (1985).

[17] V. I. Burenkov, Extension theorems for Sobolev spaces. In: Proc. of the conference “Functional analysis, partial differential equations and applications” in honour of V. Maz’ya, held in Rostock, 31. 08.–4. 09. 1998 (to appear).

[18] V. I. Burenkov, On sharp constants in the inequalities for the norms of intermediate derivatives on a finite interval, II (Russian). Trudy Mat. Inst. Steklov 173 (1986), 38–49; English transl.: Proc. Steklov Inst. Math. 173 (1986).

[19] V. I. Burenkov, Sobolev spaces on domains. B.G. Teubner, Stuttgart 1998. [20] V. I. Burenkov, Compactness of embeddings for Sobolev and more general spaces and extensions with preservation of some smoothness. To appear.

[21] V. I. Burenkov and B. L. Fain, On the extension of functions in Sobolev spaces from a strip with deteriorations of class (Russian). Deposited in VINITY Ac. Sci. USSR, No 2511–74 (1975), 12 pp.

[22] V. I. Burenkov and B. L. Fain, On the extension of functions in anisotropic spaces with preservation of class (Russian). Dokl. Akad. Nauk SSSR 228 (1976), 525–528; English transl.: Soviet Math. Dokl. 17 (1976).

[23] V. I. Burenkov and B. L. Fain, On the extension of functions in anisotropic classes with preservation of the class (Russian). Trudy Mat. Inst. Steklov 150 (1979), 52–66; English transl.: Proc. Steklov Inst. Math. 150 (1979).

[24] V. I. Burenkov and M. L. Gol’dman, On the extension of functions in Lp (Russian). Trudy Mat. Inst. Steklov 150 (1979), 31–51; English transl.: Proc. Steklov Inst. Math. 150 (1979).

[25] V. I. Burenkov and A. L. Gorbunov, Sharp estimates for the minimal norm of an extension operator for Sobolev spaces (Russian). Dokl. Akad. Nauk SSSR 330 (1993), 680–682; English transl.: Soviet Math. Dokl. 47 (1993).

[26] V. I. Burenkov and A. L. Gorbunov, Sharp estimates for the minimal norm of an extension operator for Sobolev spaces (Russian). Izv. Ross. Akad. Nauk Ser. Mat. 61 (1997), 1–44.

[27] V. I. Burenkov and G. A. Kalyabin, Lower estimates of the norms of extension operators for Sobolev spaces on the halfline. To appear in Math. Nachr.

[28] V. I. Burenkov and E. M. Popova, On improving extension operators with the help of the operators of approximation with preservation of the boundary values (Russian). Trudy Mat. Inst. Steklov 173 (1986), 50–54; English transl.: Proc. Steklov Inst. Math. 173 (1986).

[29] V. I. Burenkov, B.-W. Schulze and N. N. Tarkhanov, Extension operators for Sobolev spaces commuting with a given transform. Glasgow Math. J. 40 (1998), 291–296.

[30] A. P. Calderón, Lebesgue spaces of differentiable functions and distributions.

Proc. Sympos. Pure Math. IV (1961), 33–49.

[31] S. K. Chua, Extension theorems on weighted Sobolev spaces. Indiana. Univ.

Math. 117 (1992), 1027–1076.

[32] B. L. Fain, The extension of functions from an infinite cylinder (Russian).

Trudy Mat. Inst. Steklov 140 (1976), 277–284; English transl.: Proc. Steklov Inst. Math. J. 140 (1979).

[33] B. L. Fain, On extension of functions in Sobolev spaces for irregular domains with preservation of the smoothness exponent (Russian). Dokl. Akad. Nauk SSSR 285 (1985), 296–301; English transl.: Soviet Math. Dokl. 30 (1985).

[34] N. Garofalo and D. M. Nhieu, Lipschitz continuity, global smoothness approximation and extension theorems for Sobolev functions in Carnot- Carathéodory spaces. Preprint, Purdue Univ. (1996).

[35] V. M. Gol’dshtein, Extension of functions with first generalized derivatives from planar domains (Russian). Dokl. Akad. Nauk SSSR 257 (1981), 268– 271; English transl.: Soviet Math. Dokl. 23 (1981).

[36] V. M. Gol’dshtein and Yu. G. Reshetnyak, Foundations of the theory of functions with generalized derivatives and quasiconformal mappings (Russian). Nauka, Moscow 1983; English transl.: Reidel, Dordrecht 1989.

[37] V. M. Gol’dshtein and V. N. Sitnikov, On extension of functions in the class W^1_p across Hölder boundaries (Russian). In “Embedding theorems and their applications”. Trudy Semin. S. L. Sobolev, Novosibirsk 1 (1982), 31–43.

[38] V. M. Gol’dshtein and S. K. Vodop’yanov, Prolongement des fonctions de classe L^1_p et applications quasiconformes. C. R. Acad Sci. Paris Sér. A 290 (1983), 453–456.

[39] D. A. Herron and P. Koskela, Uniform and Sobolev extension domains. Proc.

Amer. Math. Soc. 114, 2 (1992), 483–489.

[40] M. R. Hestenes, Extension of the range of a differentiable function. Duke Math. J. 8 (1941), 183–192.

[41] P. W. Jones, Quasiconformal mappings and extendability of functions in Sobolev spaces. Acta Math. 147 (1981), 71–88.

[42] G. A. Kalyabin, The least norm estimates for certain extension operators from convex planar domains. In: Conference in Mathematical Analysis and Applications in Honour of L. I. Hedberg’s Sixtieth Birthday. Abstracts. Linköping 1996, pp. 55–56.

[43] V. N. Konovalov, A criterion for extension of Sobolev spaces W^{(r)}_∞ on bounded planar domains (Russian). Dokl. Akad. Nauk SSSR 289 (1986), 36–39; English transl.: Soviet Math. Dokl. 33 (1986).

[44] L. D. Kudryavtsev and S. M. Nikol’skii, Spaces of differentiable functions of several variables and the embedding theorems (Russian). Contemporary problems in mathematics. Fundamental directions. V. 26 (1988). Analysis – 3. VINITI, Moscow, 5–157.

[45] A. Kufner, Weighted Sobolev spaces. John Wiley and Sons, Chichester 1985. [46] A. Kufner, O. John and S. Fučík, Function spaces. Academia, Prague & Noordhoff International Publishing, Leyden 1977.

[47] E. H. Lieb and M. Loss, Analysis. Amer. Math. Soc. 1997. [48] V. G. Maz’ya, Sobolev spaces (Russian). LGU, Leningrad 1984; English transl.: Springer-Verlag, Springer Series in Soviet Mathematics, Berlin 1985.

[49] V. G. Maz’ya and S. V. Poborchii, On extension of functions in Sobolev spaces to the exterior of a domain with a peak vertex on the boundary (Russian). Dokl. Akad. Nauk SSSR 275 (1984), 1066–1069; English transl.: Soviet Math. Dokl. 29 (1984).

[50] V. G. Maz’ya and S. V. Poborchii, Extension of functions in Sobolev spaces to the exterior of a domain with a peak vertex on the boundary I (Russian). Czechoslovak Math. J. 36 (1986), 634–661.

[51] V. G. Maz’ya and S. V. Poborchii, Extension of functions in Sobolev spaces to the exterior of a domain with a peak vertex on the boundary II (Russian). Czechoslovak Math. J. 37 (1987), 128–150.

[52] V. G. Maz’ya and S. V. Poborchii, Extension of functions in Sobolev spaces on parameter dependent domains. Math. Nachr. 178 (1996), 5–41.

[53] V. G. Maz’ya and S. V. Poborchii, Differentiable functions on bad domains.

World Scientific Publishing, Singapore 1997.

[54] S. M. Nikol’skii, On the solutions of the polyharmonic equation by a variational method (Russian). Dokl. Akad. Nauk SSSR 88 (1953), 409–411.

[55] S. M. Nikol’skii, On embedding, extension and approximation theorems for differentiable functions of several variables (Russian). Uspekhi Mat. Nauk 16 (1961), 63–114; English transl.: Russian Math. Surveys 16 (1961).

[56] S. M. Nikol’skii, Approximation of functions of several variables and embedding theorems. 1st ed., Nauka, Moscow 1969 (Russian); 2nd ed., Nauka, Moscow 1977 (Russian); English transl. of 1st ed., Springer-Verlag, Berlin 1975.

[57] E. M. Popova, On improving extension operators with the help of the operators of approximation with preservation of the boundary values (Russian). In: “Function spaces and applications to differential equations”, Peoples’ Friendship University of Russia, Moscow (1992), 154–165.

[58] V. S. Rychkov, On restrictions and extensions of Besov and Triebel-Lizorkin spaces with respect to Lipschitz domains. To appear.

[59] R. T. Seeley, Extension of C^∞-functions defined in halfspace. Proc. Amer.

Math. Soc. 15 (1964), 625–626.

[60] S. L. Sobolev, Applications of functional analysis in mathematical physics.

1st ed.: LGU, Leningrad 1950 (Russian). 2nd ed.: NGU, Novosibirsk 1963 (Russian). 3rd ed.: Nauka, Moscow 1988 (Russian). English translation of 3rd ed.: Translations of Mathematical Monographs, 90, Amer. Math. Soc., Providence, RI 1991.

[61] S. L. Sobolev, Introduction to the theory of cubature formulae (Russian).

Nauka, Moscow 1974.

[62] S. L. Sobolev and S. M. Nikol’skii, Embedding theorems (Russian). Vol. 1, Proc. Fourth All-Union Math. Congress, 1961, Nauka, Leningrad 1963, 227– 242; English transl.: Amer. Math. Soc. Transl. (2), 87 (1970).

[63] E. M. Stein, Singular integrals and differentiability properties of functions.

Princeton Univ. Press, Princeton 1970.

[64] H. Triebel, Theory of function spaces. Birkhäuser, Basel 1983; and Akad.

Verlag. Geest & Portig, Leipzig 1983.

[65] H. Triebel, Theory of function spaces. II. Birkhäuser, Basel 1992. [66] S. V. Uspenskii, G. V. Demidenko and V. G. Perepelkin, Embedding theorems and their applications to differential equations (Russian). Nauka, Novosibirsk 1984.

[67] S. K. Vodop’yanov, V. M. Gol’dshtein and T. G. Latfullin, A criterion for extension of functions in class L^1_2 from unbounded planar domains (Russian). Sibirsk. Mat. Zh. 34 (1979), 416–419; English transl.: Siberian Math. J. 34 (1979).

[68] S. K. Vodop’yanov, V. M. Gol’dshtein and Yu. G. Reshetnyak, On geometric properties of functions with first generalized derivatives (Russian). Uspekhi Mat. Nauk 34 (1979), no. 1(205), 3–74; English transl.: Russian Math. Surveys 20 (1985).

[69] H. Whitney, Analytic extension of differentiable functions defined in closed sets. Trans. Amer. Math. Soc. 36 (1934), 63–89.

[70] W. P. Ziemer, Weakly differentiable functions. Springer-Verlag, New York 1989.

[71] N. Zobin, Whitney’s problem: extendability of functions and intrinsic metric.

C. R. Acad. Sci. Paris 320, 1 (1995), 781–786.