Second Meeting on Quaternionic Structures in Mathematics and Physics Roma, 6-10 September 1999

HYPERHOLOMORPHIC FUNCTIONS IN R^4

SIRKKA-LIISA ERIKSSON-BIQUE

Abstract. Let H be the algebra of quaternions generated by e_1, e_2 and e_{12} satisfying e_1e_2 = e_{12} and e_ie_j +e_j e_i = −2δ_{ij} for i = 1, 2, 12. Any element x in H ⊕H may be decomposed as x = P x+Qxe_3 for quaternions P x and Qx. The generalized Cauchy- Riemann operator in R^4 is defined by D =^∂_{∂x0} +^∂_{∂x1} e_1 +^∂_{∂x2} e_2 +^∂_{∂x3} e_3. Leutwiler noticed that the power function (x_0 + x_1e_1 + x_2e_2 + x_3e_3)^m is the solution of the generalized Cauchy-Riemann system x_3Df + 2f_3 = 0 which has connections to the hyperbolic metric. We study solutions of the equation x_3Df + 2Q^′ (f) = 0 (the prime ′ is the main involution) called hyperholomorhic functions. If f = f_0 + f_1e_1 + f_2e_2 + f_3e_3 for some real functions f_0, f_1, f_2, f_3 then f is the solution of the generalized Cauchy-Riemann system stated earlier.

1. Introduction

Let H be the associative algebra of quaternions generated by e_1, e_2 and e_{12} satisfying the usual relations e^2_1 = e^2 = e^2_{12} = −1 e_1e_2 = e_{12} = −e_{12}.

Set e_1e_2 = e_{12}. The conjugation q of the quaternion q = t + xe_1 + ye_2 + ze_{12} is defined by q̄ = t − xe_1 − ye_2 − ze_{12}.

The involution^′ : H → H is the isomorphism defined by q^′ = t − xe_1 − ye_2 + ze_{12}.

The second involution^∗ : H → H , called reversion, is the anti-isomorphism defined by q^∗ = t + xe_1 + ye_2 − ze_{12}.

We consider the set H ⊕H with the usual addition and the multiplication defined by (u_1, u_2) (v_1, v_2) = (u_1v_1 − u_2v^′_2, u_1v_2 + u_2v^′_1) . (1) 125

It is known that H ⊕H ∼= Cℓ_{0,3}, where Cℓ_{0,3} is the Clifford algebra generated by the elements e_1, e_2 and e_3 satisfying the relation e_ie_j + e_je_i = −2δ_{ij} for the usual Kronecker delta δ_{ij}. The isomorphism φ : H ⊕H → Cl_{0,3} is given by φ (q_1, q_2) = q_1 + q_2e_3. We identify the space H ⊕H with Cl_{0,3}.

The elements x = t + xe_1 + ye_2 + we_3 for t, x, y, w ∈ R are called paravectors in H ⊕H . The space R^4 is identified with the set of paravectors. We also denote e_0 = 1.

The involution () ′ is extended to an isomorphism in H ⊕H by (q_1 + q_2e_3) ′ = q^′_1 − q^′_2e_3 (q_i ∈ H ) . (2) Note that e_3q = q^′e_3 (3) for any q ∈ H .

The involution ∗ is extended to H ⊕H as follows e^∗_3 = e_3, (ab)^∗ = b^∗a^∗ (a + b)^∗ = a^∗ + b^∗ and the conjugation by a = (a^∗)^′ = (a^′)^∗. Note that ab = ba.

Paravectors can be characterized as follows.

Lemma 1. An element x ∈ H ⊕H is a paravector if and only if 3∑ i=0 e_ixe_i = −2x^′. (4) Proof. It is easy to see that the equation (4) holds for all e_i with i = 0, ..., 3. Using the linearity we infer that it holds for all paravectors. Conversely, calculate first 3∑ i=0 e_ie_j e_ke_i = 2e_j e_k for 0 < j < k ≤ 3 3∑ i=0 e_ie_1e_2e_3e_i = −2e_1e_2e_3.

Hence comparing the components of the left and right side of the equality (4) we note that the equality (4) implies that x has to be a paravector.

The projection operators P : H ⊕H →H and Q : H ⊕H →H are defined by equations P (q_1 + q_2e_3) = q_1 and Q (q_1 + q_2e_3) = q_2 for q_i ∈ H . Applying (2) we note that P (a^′) = (P a)^′ and Q (a^′) = − (Qa)^′ . By virtue of (1) we obtain P (ab) = P aP b − Qa (Qb)^′ , (5) Q (ab) = P aQb + Qa (P b)^′ . (6) The notation f ∈ C^k (Ω) for a function f : Ω → H ⊕ H means that the real coordinate functions of f are k-times continuously differentiable on Ω ⊂ R^4 .

2. Hyperholomorphic functions The Cauchy Riemann operator is defined by Df = 3∑ i=0 e_i ∂f ∂x_i for a mapping f : Ω → H ⊕H , Ω ⊂ R^4 , whose components are partially differentiable. An operator D is defined by Df = ∂f ∂x_0 − 3∑ j=1 e_j ∂f ∂x_j . Note that DD = DD = △, where △ is the Laplace operator in R^4 . If Df = 0 the function f is called (left) monogenic. For the reference on properties of monogenic functions in the general case see [1] and for quaternions [21].

Using (5) we obtain P (Df) = 2∑ i=0 e_i ∂P f ∂x_i − ∂Q^′f ∂x_3 . (7) Similarly, the property (6) implies that Q (Df) = 2∑ i=0 e_i ∂Qf ∂x_i + ∂P^′f ∂x_3 . (8) The modified Cauchy-Riemann operator M is defined by

(Mf) (x) = (Df) (x) + 2 x_3 Q^′f and the operator M by ( Mf ) (x) = ( Df ) (x) − 2 x_3 Q^′f.

Note that

(Mf) (x) + ( Mf ) (x) = (Df) (x) + ( Df ) (x) = 2 ∂f ∂x_0 and Df = (D (f^′))^′ , Mf = (M (f^′))^′ . (9) Let Ω ⊂ R^4 be open. If f ∈ C^2 (Ω) and Mf (x) = 0 for any x ∈ Ω\ {x | x_3 = 0}, the function f is called hyperholomorphic in Ω. If f is hyperholomorphic in Ω and f = ∑_3 i=0 f_ie_i for some real functions f_i the function f is called an H-solution.

The H-solutions in R^3 were introduced by H. Leutwiler ([17]).They are notably studied in R^n by H. Leutwiler ([18], [19], [20]), H. Hempfling ([13], [14], [15]), J. Cnops ([4]), P. Cerejeiras ([3]) and S.-L. Eriksson-Bique ([6], [11], [8], [9]). In R^3 the hyperholomorphic functions are researched by W. Hengartner and H. Leutwiler ([16]) and in R^n by H. Leutwiler and S.-L. Eriksson-Bique ([11]).

Applying (7) and (8) for x_3Mf = 0 we obtain the following system.

Proposition 2. Let Ω be an open subset of R^4 and f : Ω → H ⊕H be a mapping with continuous partial derivatives. The equation Mf = 0 is equivalent with the system of equations

x_3 ( D_2 (P f) −^{∂(Qf)′}_{∂x3} ) + 2Q^′f = 0, D_2 (Qf) +^{∂P ′(f)}_{∂x3} = 0,

where D_2 =

∑_2 i=0 e_i^{∂f}_{∂xi} . Using the preceding result we infer the relation between monogenic and hyperholomorphic functions.

Proposition 3. Let Ω be an open subset of R^4 . Then if f : Ω → H ⊕H is monogenic and Qf = 0, then f is hyperholomorphic.

Proposition 4. Let f : Ω → H ⊕H be twice continuously differentiable on an open subset Ω of R^4 . Then MMf = MM f = △ (P f) − 2 x_3 ∂P f ∂x_n + ( △ (Qf) − 2 x_3 ∂Qf ∂x_3 + 2 x^2_3 Qf ) e_3,

where △ is the Laplacian in R^4 .

Proof. The property (8) implies that QMf = QDf + 2 x_3

Q (Q^′f) = D_2Qf + ∂P^′f ∂x_3 .

Hence we have MMf = DDf + 2D ( Q^′f x_3 ) − 2 x_3 ( (D_2Qf)^′ + ∂P f ∂x_3 ) . Since by (9) and (3) D ( Q^′f x_3 ) = DQ^′f x_3 + e_3Q^′f

x^2_3 = (DQf)^′ x_3 + = (D_2Qf)^′

x_3 − 1 x_3 ∂Qf ∂x_3 e_3 + Qf x^2_3 e_3,

we obtain MMf = △P f − 2 x_3 ∂P f ∂x_3 + ( △Qf − 2 x_3 ∂Qf ∂x_3 + 2 Qf x^2_3 ) e_3.

From the definitions we note that Mf + Mf = 2^{∂f}_{∂x0} . Hence we obtain

MM f + M^2f = 2M ( ∂f ∂x_0 ) = 2 ∂Mf ∂x_0 = ( M + M ) (Mf) = MMf + M^2f, which implies M Mf = MMf, completing the proof. Corollary 5. If f : Ω → H ⊕H is hyperholomorphic then x_3△P f − 2 ∂P f ∂x_3 = 0 (10) and −2Qf = x^2_3△ (Qf) − 2x_3 ∂Qf ∂x_3 . (11)

Conversely, if the equations (10) and (11) hold, then Mf is hyperholomorphic.

The equation (10) is the Laplace-Beltrami equation associated with the hyperbolic metric ds^2 = x^{−2}_3 ( dx^2_0 + dx^2_1 + dx^2 + dx^3 ) . The second equation (11) presents the eigenfunctions of the Laplace-Beltrami operator corresponding to the eigenvalue −2.

Using standard methods we obtain the following observation.

Lemma 6. Let u : Ω → R be twice continuously differentiable on an open subset Ω of R^4 . If u satisfies the equation

−2u (x) = x^2_3△u (x) − 2x_3 ∂u ∂x_3 (x) , x = (x_0, x_1, x_2, x_3)

(12) then the mapping g : Ω → R defined by

g (x) = {_{u(x)} x_3 , if x3 ≠ 0, ∂u ∂x_3 (x) , if x3 = 0,

is harmonic on Ω\ {x_3 = 0}. Moreover, if u ∈ C^3 (Ω), then g is harmonic on Ω. Proof. If x_3 ≠ 0, then △g = △u x_3 − 2∂u x^2_3∂x_3 + 2u x^3 . Using (12) we note that △g = 0. Since by (12)^{∂g}_{∂x3} =^1_2 △ u, we see that g ∈ C^2 (Ω) and therefore △g = 0 on Ω provided that u ∈ C^3 (Ω).

Proposition 7. If f : Ω → H ⊕H is hyperholomorphic and f ∈ C^3 (Ω), then △f is monogenic and therefore also harmonic.

Proof. Assume that f : Ω → H ⊕H is hyperholomorphic. Using preceding Lemma and △ = DD we obtain 0 = DDMf = DDDf + 2 △ ( Q^′f x_3 ) = D (△f) . Hence △f is monogenic and furthermore harmonic.

Example 8. Let f = u + iv be holomorphic in an open set Ω ⊂ C. We define the mapping π : R^4 → C by π (x_0, x_1, x_2, x_3) = x_0 + x_1i and the mapping ρ : R^4 → C by ρ (x_0, x_1, x_2, x_3) = x_0 + i √ x^2_1 + x^2 + x^2_3.

Then the function f ∘ π is hyperholomorphic in the set {x | π (x) ∈ Ω}. Moreover the function ~f defined by ~f (x) = u ∘ ρ (x) + x^1e^1 + x^2e^2 + x^3e^3 √ x^2_1 + x^2 + x^2_3 v ∘ ρ (x) is hyperholomorphic in the set {x | ρ (x) ∈ Ω} (see [17, p.157]).

Proposition 9. The space of hyperholomorphic functions in an open subset Ω of R^4 forms a right quaternionic vector space. Proof. Let q ∈ H . Using (6) we notice that

M (fq) = (Df) q + 2 Q^′ (fq) x_3 = (Mf) q, implying the assertion.

The following result is easy to see.

Lemma 10. Let Ω be an open subset of R^4 and f : Ω → H ⊕H be hyperholomorphic. Then^{∂f}_{∂xl} is hyperholomorphic for l = 0, 1, 2.

Product of hyperholomorphic functions is not necessarily hyperholomorphic. Theorem 11. Let Ω be an open subset of R^4 and f : Ω → H ⊕H be hyperholomorphic. Then the product f (x) x is hyperholomorphic if and only if f is an H-solution. Proof. Assume that f : Ω → H ⊕H and f (x) x are hyperholomorphic. Then by (6) we have 0 = M (fx) = (Df) x + 3∑ i=0 e_ife_i + 2 Q^′ (fx) x_3

= (Df) x + 2 Q^′f (P x) x_3 + 2 P^′ (f) Q^′x

x_3 + 3∑ i=0 e_ife_i. Since P x = x − x_3e_3 and Qx = x_3 we obtain

0 = (Mf) x + 3∑ i=0 e_ife_i − 2Q^′fe_3 + 2P^′ (f) = 3∑ i=0 e_ife_i + 2f^′.

By virtue of Lemma 1 we find out that f is para vector valued. The converse statement is proved similarly.

Corollary 12. The function x^m is an H-solution.

Theorem 13. Let Ω be an open subset of R^4 and F : Ω → H ⊕H be hyperholomorphic. Then the function f (x) = F (x) x^{−1} is hyperholomorphic in Ω\{0} if and only if it is paravector valued.

Proof. Assume that F : Ω → H ⊕H and f (x) = F (x) x^{−1} are hyperholomorphic. Since F (x) = (F (x) x^{−1}) x we obtain from the preceding theorem that (F (x) x^{−1}) is para vector valued. On the other hand, assume that f is vector valued and F is hyperholomorphic. Then by (6) and Lemma 1, we conclude

0 = MF = (Mf) x + n∑ j=0 e_jfe_j + 2f^′ = (Mf) x

and therefore f is also hyperholomorphic. Corollary 14. The function x^{−m} is an H-solution.

Theorem 15. Let Ω be an open subset of R^4 and f : Ω → H ⊕H twice continuously differentiable. Then f is hyperholomorphic if and only if for any a ∈ Ω and any ball

B (a, r) with B (a, r) ⊂ Ω there exists a continuous differentiable mapping H from B (a, r) into H satisfying the equations f = DH (13) and x_n △ H − 2 ∂H ∂x_n = 0 (14) on B (a, r) . Proof. Assume that a mapping H : B (x, r) → H satisfies (14) and f = DH. Since DD = △ we have x_3Df = x_3 △ H. The equality −2^{∂H}_{∂xn} = Q^′f follows from Qfe_3 = QDH = −e_3 ∂H ∂x_n . Hence Mf = 0 and therefore f is hyperholomorphic.

Conversely assume that f : Ω → H ⊕H is hyperholomorphic. Set P f = f_0 + f_1e_1 + f_2e_2 + f_{12}e_{12}. Let B (a, r) be a ball in R^4 centered at a = (a_0, ..., a_n) satisfying B (a, r) ⊂ Ω. Let s_i : (B (a, r) ∩ {x | x_3 = a_3})~ → R be a twice continuously differentiable solution of the Poisson equation (which exists for example by [2, p.171] ) △s_i (x̃) = f_i (x̃, a_3) .

for i = 0, 1, 2, 12 and a ball B ((a_0, a_1, a_2) , r). Set s = ∑ i⊂{0,1,2,12} siei and define a mapping H : B (a, r) → H by H (x) = − ∫_{x3} a_3 Q^′f (x̃, t) dt + D_2s. Then we have by Proposition 2 DH (x) = e_3 2Q^′f (x) − ∫_{xn} a_n D_2Q^′f (x̃, t) dt + D_2D_2s

= Q_2f (x) e_n + ∫_{xn} a_n ∂P f ∂x_n (x̃, t) dt + (P f) (x̃, a_n) = f (x) . Since the image space of H is H we note that Qfe_3 = −e_3 ∂H ∂x_3 . Using the assumption f is hyperholomorphic we obtain 0 = x_3Df + 2Q^′f = x_3DDH − 2 ∂H ∂x_3 . Hence the mapping H satisfies (14), completing the proof.

Hyperholomorphic functions may be obtained from H-solutions as follows. Theorem 16. A mapping f is hyperholomorphic on a ball B (a, r) ⊂ R^4 if and only if there exist H-solutions g_i such that f = g_0 + g_1e_1 + g_2e_2 + g_{12}e_{12}.

Proof. Assume that f is hyperholomorphic on a ball B (a, r) ⊂ R^4 . Applying Theorem 15 we find a mapping H from B (a, r) into H satisfying the equations (14) and f = DH. Denote H = h_0 + h_1e_1 + h_2e_2 + h_{12}e_{12} for real functions h_i. Then the mapping g_i = Dh_i is vector valued and therefore an H-solution. Clearly we have f = g_0 + g_1e_1 + g_2e_2 + g_{12}e_{12}.

Corollary 17. If f is hyperholomorphic on Ω, then it is real analytic on Ω\ {x_3 = 0}. Moreover, if f ∈ C^3 (Ω)is hyperholomorphic on Ω, then it is real analytic on Ω. Proof. The H-solutions are real-analytic by [8, Theorem 4]. Hence the preceding theorem implies the statement.

The fundamental homogeneous polynomial H-solutions are defined as follows. Definition 18. The homogeneous polynomials L^α_m are defined for any multi-index α ∈ N^2_0 and a non-negative integer m by

L^α_m = 1 α! ∂^{|α|}x^{m+|α|} ∂x^α . The homogeneous polynomial H-solution T^α_m of degree m is defined by ∂T^α_m ∂x^α = α!x^2_3e_3

and T^α_m (x) = 0 for any x with x_3 = 0.

Theorem 19. The set {L^α_m | |α| ≤ m}∪{T^α_m| |α| = m − n + 1} is a basis of the right H -module of homogeneous hyperholomorphic polynomials of degree m. Proof. Using [8, Theorem 4] we obtain that the set in question is a basis of the right H -module generated by the homogeneous polynomial H-solutions of degree m. If f is a homogenous hyperholomorphic polynomial of degree m, then by Theorem 16 there exists homogeneous polynomial H-solutions p_i of degree m satisfying f = ∑ i∈{0,1,2,12} piei. Hence it is also a basis of the right H -module of homogeneous

hyperholomorphic polynomials of degree m.

Theorem 20. Let f ∈ C^3 (Ω) be hyperholomorphic in a neighborhood of a point x = (x_0, x_1, x_2, 0). Then there exist constants b_k (α) , c (α) ∈ H such that f = ∞∑ k=0 k∑ |α|=0 L^α_k b_k (α) + ∑ |α|=k−2 T^α_k c_k (α)

Proof. Assume that f ∈ C^3 (Ω) is hyperholomorphic in a neighborhood of a point x = (x_0, x_1, x_2, 0). If T (y) = y + a for a ∈ R^4 with the last coordinate a_3 = 0 then f ∘ T is also hyperholomorphic. Hence we may assume that x = 0. Since f is hyperholomorphic, f is real analytic and therefore admits the presentation

f (y) = ∑ β∈N^{n+1}_0 a (β) y^β. in some neighborhood B_r (0). Applying M we obtain

0 = Mf (y) = ∞∑ k=0 M ∑ |β|=k a (β) y^β .

Since M (∑ |β|=k a (β) y β ) is a homogeneous polynomial of degree k we infer

M ∑ |β|=k a (β) y^β = 0.

This implies that ∑ |β|=k a (β) y β is hyperholomorphic. Applying Theorem 19 we obtain the result.

References

[1] F. Brackx, R. Delanghe and F. Sommen, Clifford Analysis, Pitman, Boston, London, Melbourne, 1982.

[2] Axler, S., Harmonic function theory, Springer, New York (1992).

[3] P. Cerejeiras, Decomposition of analytic hyperbolically harmonic functions. Proceedings of Clifford Algebras and their Applications Aachen, Kluwer, Dordrecht (1998), 45–51.

[4] J. Cnops, Hurwitz pairs and applications of Möbius transformation, Ph.D. thesis, Univ. Gent, 1994.

[5] J. Gilbert and M. Murray, Clifford algebras and Dirac operators in harmonic analysis, Cambridge studies in advanced mathematics 26, Cambridge, New York (1991).

[6] S.-L. Eriksson-Bique, Comparison of quaternionic analysis and its modification, To appear in the Proceedings of Delaware, 1–16.

[7] S.-L. Eriksson-Bique, The binomial theorem for hypercomplex numbers, Ann. Acad. Sci. Fenn.

24 (1999), 225–229.

[8] S.-L. Eriksson-Bique, Real analytic functions on modified Clifford analysis, Submitted for publication, 1–10.

[9] S.-L. Eriksson-Bique, On modified Clifford analysis, To appear in Complex Variables,1–22. [10] S.-L. Eriksson-Bique and H. Leutwiler, On modified quaternionic analysis in R^3 , Arch. Math.

70 (1998), 228–234.

[11] S.-L. Eriksson-Bique and H. Leutwiler, Hypermonogenic functions, To appear in Proceedings of the fifth international conference in Clifford algebras and their applications, Ixtapa, Mexico, 1999, 1–16.

[12] W. K. Hayman, Power series expansions for harmonic functions, Bull. London. Math. Soc. 2 (1970), 152–158.

[13] Th. Hempfling, Beiträge zur Modifizierten Clifford-Analysis, Dissertation, Univ. Erlangen- Nürnberg, August, 1997.

[14] Th. Hempfling, Multinomials in modified Clifford analysis, C, R. Math. Rep. Acad. Sci. Canada 18 (2,3) (1996), 99-102.

[15] Th. Hempfling and H. Leutwiler, Modified quaternionic analysis in R^4 . Proceedings of Clifford Algebras and their Applications Aachen, Kluwer, Dordrecht (1998), 227–238.

[16] W. Hengartner, H. Leutwiler, Hyperholomorphic functions in R^3. To appear.. [17] H. Leutwiler, Modified Clifford analysis, Complex Variables 17 (1992), 153–171. [18] H. Leutwiler, Modified quaternionic analysis in R^3 . Complex Variables 20 (1992), 19–51. [19] H. Leutwiler, More on modified quaternionic analysis in R^3 , Forum Math. 7 (1995), 279–305. [20] H. Leutwiler, Rudiments of a function theory in R^3 , Expo. Math 14 (1996), 97-123. [21] A. Sudbery, Quaternionic analysis, Math. Proc. Cambridge Philos. Soc. 85 (1979), 199–225.

Acknowledgment. This research is supported by the Academy of Finland.

University of Joensuu, Department of Mathematics, P.O.Box 111, 80101 Joensuu, Finland