Second Meeting on Quaternionic Structures in Mathematics and Physics Roma, 6-10 September 1999

EQUIVARIANT COHOMOLOGY RINGS OF TORIC HYPERKÄHLER MANIFOLDS

HIROSHI KONNO

Abstract. A smooth hyper Kähler quotient of a quaternionic vector space H^N by a subtorus of T^N is called a toric hyperKäler manifold. We determine the ring structure of the integral equivariant cohomology of a toric hyperKäler manifold.

1. Introduction

The topology of symplectic quotients has been studied intensively for recent two decades, using Morse theory and equivariant cohomology theory [Ki][JK]. However, the topology of hyperKähler quotients has not been studied well. In this note we study the topology of smooth hyperKähler quotients of a quaternionic vector space H^N by subtori of T^N , which we call toric hyperKähler manifolds. Originally Bielawski and Dancer introduced and studied toric hyperKähler manifolds in [BD], being influenced by [D], [A] and [Gu]. Especially they computed their Betti numbers. In [Ko] we determined the ring structure of the integral cohomology of toric hyperKähler manifolds. In this note we show that the method in [Ko] is enough to compute the integral equivariant cohomology rings. Since the topology of toric hyperKähler manifolds depends only on the subtori of T^N , we describe the ring structures of thier equivariant cohomology in terms of the subtori (Teorem 2.4). We also describe them in terms of the arrangement of hyperplanes which were associated to toric hyperKähler manifolds (Theorem 2.6).

In section 2 we review some basic properties of toric hyperKähler manifolds and state our main results. In section 3 we prove them.

This paper is a contribution to the Proceedings of the Second Meeting on Quaternionic Structures in Mathematics and Physics, Rome 6-10 September 1999. The author would like to thank the organizers for the successful meeting and hospitality.

1991 Mathematics Subject Classification. Primary 53C25; Secondary 14M25. Supported in part by Grant-in-Aid for Scientific Research (C) (No. 09640124), The Ministry of Education, Science, Sports and Calture, Japan. 231

232 HIROSHI KONNO

2. Main results

First let us recall the hyperKähler structure on a quaternionic vector space H^N . Let {1, I_1, I_2, I_3} be the standard basis of H. We define three complex structures on H^N by the multiplication of I_1, I_2, I_3 from the left respectively. We fix the identification i: H^N → C^N × C^N by i(ξ) = (z, w), where ξ = (ξ_1, . . . , ξ_N ) ∈ H^N , z = (z_1, . . . , z_N ), w = (w_1, . . . , w_N ) ∈ C^N and ξ_j = z_j + w_jI_2 for j = 1, . . . , N.

The real torus T^N = {α = (α_1, . . . , α_N ) ∈ C^N ||α_i| = 1} acts on H^N by (z, w)α = (zα, wα^{−1}). This action preserves the hyperKähler structure. Let Exp_T N : t^N → T^N be the exponential map and {X_1, . . . , X_N } ⊂ t^N be the basis satisfying Exp_T N ( ∑_N i=1 a_iX_i) = (e^{2π√−1a1} , . . . , e^{2π√−1aN} ) ∈ T^N . We define {u_1, . . . , u_N } ⊂ (t^N )^∗ to be the dual basis of {X_1, . . . , X_N } ⊂ t^N . Then the hyperKähler moment map

μ_T N = (μ_T N_{,1}, μ_T N_{,2}, μ_T N_{,3}): H^N → (t^N )^∗ ⊗ R^3,

is given by

μ_T N_{,1}(z, w) = π N∑ i=1 (|z_i|^2 − |w_i|^2)u_i

(μ_T N_{,2} + √ −1μ_T N_{,3})(z, w) = −2π √ −1 N∑ i=1 z_iw_iu_i. Let K be a subtorus of T^N with the Lie algebra k ⊂ t^N . Then we have the torus T^n = T^N /K and its Lie algebra t^n = t^N /k. We also have the following exact sequences. 0 −→ k^ι−→ t^{N π}−→ t^n −→ 0 0 ←− k^{∗ ι∗}←− (t^N )^{∗ π∗}←− (t^n)^∗ ←− 0 We remark that some π(X_i) may be zero and some ι^∗u_j may be zero. Since the torus K acts on H^N preserving its hyperKähler structure, we obtain the hyperKähler moment map

μ_K = (ι^∗ ⊗ id) ∘ μ_T N : H^N → k^∗ ⊗ R^3.

Now we define a toric hyperKähler manifold.

Definition If ν ∈ k^∗ ⊗ R^3 is a regular value of the hyperKähler moment map μ_K and if the action of K on μ^{−1}_K (ν) is free, we call the hyperKähler quotient X(ν) = μ^{−1}_K (ν)/K a toric hyperKähler manifold. □ In fact X(ν) is a 4n dimensional hyperKähler manifold. The torus T^n = T^N /K acts on X(ν), preserving its hyperKähler structure.

EQUIVARIANT COHOMOLOGY RINGS 233

In [Ko] we discussed when the hyperKähler quotient becomes a toric hyperKähler manifold as follows.

Lemma 2.1. Fix an element ν = (ν_1, ν_2, ν_3) ∈ k^∗ ⊗ R^3. Then the following (1) and (2) are equivalent.

(1) ν ∈ k^∗ ⊗ R^3 is a regular value of the hyperKähler moment map μ_K . (2) For any J ⊂ {1, . . . , N}, whose number #J is less than dim k = N − n, ν_1, ν_2 and ν_3 are not simultaneously contained in the subspace of k^∗ which is spanned by {ι^∗u_j|j ∈ J}. Lemma 2.2. Let ν ∈ k^∗ ⊗ R^3 be a regular value of the hyperKähler moment map μ_K . Then the following (1) and (2) are equivalent. (1) The action of K on μ^{−1}_K (ν) is free.

(2) For any J ⊂ {1, . . . , N} such that {ι^∗u_j|j ∈ J} forms a basis of k^∗

t^N_Z = k_Z + ∑ j∈J^c ZX_j as a Z-module.

These lemmas lead the following property of a toric hyperKähler manifold, which was originally proved by [BD].

Proposition 2.3. Let X(ν) be a toric hyperKähler manifold. Then its diffeomorphism type is independent of the choice of ν.

Next we construct line bundles L_i on a toric hyperKähler manifold X(ν) for i = 1, . . . , N. Let χ_i : T^N → S^1 be a character defined by χ_i(α) = α_i. Define the action of T^N on μ^{−1}_K (ν) × C by ((z, w), v)α = ((zα, wα^{−1}), vχ_i(α)). This action induces a T^n-equivariant line bundle L_i = (μ^{−1}_K (ν) × C)/K on X(ν).

Let ET^n → BT^n be a universal T^n-bundle. Then we define the homotopy quotient of a T^n-space M by M_T n = (ET^n × M)/T^n. The equivariant cohomology H^∗_T n (M; Z) is by definition H^∗(M_T n ; Z). The T^n-equivariant line bundle L_i on X(ν) induces a line bundle L_i on X(ν)_T n . The equivariant first Chern class of L_i is defined by c_1(L_i) ∈ H^∗_T n (X(ν); Z).

Now we can state main result of this paper, which determines the ring structure of the integral equivariant cohomology of X(ν).

Theorem 2.4. Let X(ν) be a toric hyperKähler manifold and

Ψ: Z[u_1, . . . , u_N ] → H^∗_T n (X(ν); Z)

be a ring homomorphism, which is defined by Ψ(u_i) = c_1(L_i). Then the following holds.

(1) The map Ψ is a surjective ring homomorphism. (2) Let I be the ideal generated by all ∏ a_i≠0 ui for ∑_N i=1 a_iX_i ∈ k \ {0}. Then I = ker Ψ.

234 HIROSHI KONNO

Example Let π : t^5 → t^3 be a map such that 1. {π(X_1), π(X_2), π(X_3)} forms a basis of t^3 2. π(X_4) = −π(X_1) − π(X_2) 3. π(X_5) = −π(X_1) − π(X_3).

Then we have a toric hyperKähler manifold X(ν) for ν ∈ k^∗ ⊗ R^3 satisfying the condition mentioned above. Since k is spanned by

{X_1 + X_2 + X_4, X_1 + X_3 + X_5},

there are 4 types of elements in k as follows:

X_1 + X_2 + X_4, X_1 + X_3 + X_5, X_2 − X_3 + X_4 − X_5, 5∑ i=1 a_iX_iwhere a_i ≠ 0 for i = 1, . . . , 5.

Therefore Theorem 2.4 implies

H^∗_T 3 (X(ν); Z) ∼= Z[u_1, . . . , u_5]/I,

where the ideal I is generated by {u_1u_2u_4, u_1u_3u_5, u_2u_3u_4u_5}. □

It is worth mentioning the results in [Ko] here. Let p: X(ν)_T n → BT^n be the natural projection. If we fix x ∈ BT^n, then we can identify the fiber F_x = p^{−1}(x) with X(ν) and the ristriction of L_i to F_x is isomorphic to L_i. If we denote the embedding of F_x into X(ν)_T n by i: F_x → X(ν)_T n , then we have the map

Φ = i^∗ ∘ Ψ: Z[u_1, . . . , u_N ] → H^∗(X(ν); Z).

Then we proved the following theorem in [Ko], which determines the structure of the integral cohomology ring of X(ν).

Theorem 2.5. The map Φ is a surjective ring homomorphism. Moreover ker Φ is generated by ker Ψ and π^∗((t^n)^∗) ∩ ∑_N i=1 Zu_i.

Next we give another description of the ideal I in Theorem 2.4. We assume that X(ν) is a toric hyperKähler manifold with ν = (ν_1, 0, 0) ∈ k^∗ ⊗R^3. We fix an element h ∈ (t^N )^∗ such that ι^∗h = ν_1. Since every toric hyperKähler manifold X(ν^′) can be deformed to X(ν) with ν = (ν_1, 0, 0) ∈ k^∗ ⊗ R^3, this assumption does not lose any generality.

We associate an arragement of hyperplanes F_1, . . . , F_N in (t^n)^∗ to a toric hyperKähler manifold X(ν) with ν = (ν_1, 0, 0) ∈ k^∗ ⊗ R^3 by F_i = {p ∈ (t^n)^∗|⟨π^∗p + h, X_i⟩ = 0} for i = 1, . . . , N. We note that F_i = ∅ in ths case π(X_i) = 0, because ν = (ν_1, 0, 0) is a regular value of μ_K . We also note that the above arrangement of hyperplanes is determond by ν = (ν_1, 0, 0) up to parallel translation.

Then we have the following theorem.

EQUIVARIANT COHOMOLOGY RINGS 235

Theorem 2.6. Let X(ν) be a toric hyperKähler manifold with ν = (ν_1, 0, 0). Let I ⊂ Z[u_1, . . . , u_N ] be the ideal in Theorem 2.4 and I^′ ⊂ Z[u_1, . . . , u_N ] be the ideal generated by all ∏ j∈S u_j for ∅ ≠ S ⊂ {1, . . . , N} such that ⋂ j∈S F_j = ∅. Then we have I = I^′.

Since this theorem is essentially proved in [Ko], we omit it.

3. Proof of Theorem 2.4

In this section we prove Theorem 2.4. We prove it by induction on N. First we prove the theorem for N = 1. In this case we have k = {0} or k = t^1. Soppose k = {0}. In this case X(ν) is H with S^1-action. So we have H^∗_{S1} (X(ν); Z) ∼= H^∗_{S1} (point; Z), which is generated by Ψ(u_1). Therefore Ψ is surjective and ker Ψ = {0}. On the other hand, since k = {0}, we have I = {0}. So in this case Theorem 2.4 is true.

Suppose k = t^1. It is easy to see that the hyperKähler quotient X(ν) is a point without torus action. So we have ker Ψ = (u_1). On the other hand, since X_1 ∈ k, we have I = (u_1). So in this case Theorem 2.4 is true. Thus we proved Theorem 2.4 for N = 1.

From now on we assume that Theorem 2.4 is true up to N − 1. So we prove the theorem for N.

We begin with a few remarks.

Suppose that ι^∗u_N = 0, that is, k ⊂ t^{N−1} = ∑_{N−1} i=1 RX_i. In this case the action of K preserves the product structure H^{N−1} × H, where H = {(z_N , w_N )}. Moreover K acts on H trivially. Therefore the hyperKähler quotient X(ν) of H^N by K is a product of the hyperKähler quotient X_{(1)}(ν^{(1)}) of H^{N−1} by K and H itself. Here we note that X(ν) is a T^n-space, X_{(1)}(ν^{(1)}) is a T^{n−1} = T^{N−1}/K-space and H is a S^1-space, where S^1 is the group with the Lie algebra Rπ(X_N ). Let I_1 be the ideal and Ψ_1 : Z[u_1, . . . , u_{N−1}] → H^∗_{T n−1} (X_{(1)}(ν^{(1)}); Z) be the map in Theorem 2.4 for X_{(1)}(ν^{(1)}). Since X(ν)_T n is homotopy equivalent to X_{(1)}(ν^{(1)})_T n−1 ×H_S1 , H^∗_{S1} (H; Z) ∼= Z[u_N ] and Ψ_1 is surjective, we see that Ψ is surjective and ker Ψ is generated by ker Ψ_1. On the other hand, since k ⊂ t^{N−1}, we see that I is generated by I_1. By the assumption of the induction we have ker Ψ = I. That is, Theorem 2.4 is true in this case.

Suppose that π(X_N ) = 0, that is, X_N ∈ k. In this case the Lie algebra k is decomposed into the direct sum k = k_2 ⊕ RX_N , where k_2 = k ∩ ∑_{N−1} i=1 RX_i. Let K_2 be the corresponding Lie group to k_2. Then the hyperKähler quotient X(ν) of H^N by K is just the hyperKähler quotient X_{(2)}(ν^{(2)}) of H^{N−1} by K_2. Here we note that both X(ν) and X_{(2)}(ν^{(2)}) are T^n-spaces. Let I_2 be the ideal and Ψ_2 : Z[u_1, . . . , u_{N−1}] → H^∗(X_{(2)}(ν^{(2)}); Z) be the map in Theorem 2.4 for X_{(2)}(ν^{(2)}). Since X(ν)_T n = X_{(2)}(ν^{(2)})_T n and Ψ_2 is surjective, we see that Ψ is surjective and ker Ψ is generated by ker Ψ_2 and u_N . On the other hand, since k = k_2 ⊕ RX_N , we

236 HIROSHI KONNO

see that the ideal I is generated by I_2 and u_N . By the assumption of the induction we have ker Ψ = I. That is, Theorem 2.4 is true in this case.

¿From now on we assume that we have a fixed toric hyperKähler manifold X(ν) with π(X_i) ≠ 0, ι^∗u_i ≠ 0 for any i = 1, . . . , N. We may also assume that ν = (ν_1, 0, 0) ∈ k^∗ ⊗ R^3. We fix h ∈ (t^N )^∗ such that ι^∗h = ν_1. Then we have an arrangement of hyperplanes F_1, . . . , F_N in (t^n)^∗.

To proceed the induction argument, we will recover the equivariant cohomology ring of X(ν) from the equivariant cohomology rings of X_{(1)}(ν^{(1)}) and X_{(2)}(ν^{(2)}), whose associated arrangements of hyperplanes are F_1 ∩ F_N , . . . , F_{N−1} ∩ F_N in F_N and F_1, . . . , F_{N−1} in (t^n)^∗ respectively. In [BD] Bielawski and Dancer computed the Betti numbers of X(ν) from the information of X_{(1)}(ν^{(1)}) and X_{(2)}(ν^{(2)}) by Mayer- Vietoris argument. Since we study the ring structure of the equivariant cohomology, we need futher argument as we explain below.

We begin with constructing X_{(1)}(ν^{(1)}). Let ρ: t^N → t^{N−1} be the projection such that ρ(X_i) = X_i for i = 1, . . . , N − 1 and ρ(X_N ) = 0. Since π(X_N ) ≠ 0, we have an isomorphism ρ|_k : k → k_1, where k_1 = ρ(k). Then we have the following diagrams. 0 −→ k^ι−→ t^{N π}−→ t^n −→ 0 ρ|_k ↓ ρ ↓ ρ ↓ 0 −→ k_1^{ι1}−→ t^{N−1 π1}−→ t^{n−1} −→ 0

0 ←− k^{∗ ι∗}←− (t^N )^{∗ π∗}←− (t^n)^∗ ←− 0 (ρ|_k)^∗ ↑ ρ^∗ ↑ ρ^∗ ↑ 0 ←− k^∗_1^{ι∗1}←− (t^{N−1})^{∗ π∗1}←− (t^{n−1})^∗ ←− 0 Since (ρ|_k)^∗ : k^∗_1 → k^∗ is an isomorphism, there exists ν^{(1)}_1 ∈ k^∗_1 uniquely such that (ρ|_k)^∗(ν^{(1)}_1 ) = ν_1. Let K_1 be the torus corresponding to k_1. Then the action of K_1 on H^{N−1} gives the hyperKähler moment map

μ_{K1} : H^{N−1} → k^∗_1 ⊗ R^3.

We set ν^{(1)} = (ν^{(1)}_1 , 0, 0). In [Ko] we showed the following.

Claim 1 (1) X_{(1)}(ν^{(1)}) = μ^{−1}_{K1} (ν^{(1)})/K_1 is a toric hyperKähler manifold with T^{n−1}- action.

(2) X_{(1)}(ν^{(1)}) is a hyperKähler submanifold of X(ν), which is preserved by T^n-action. (3) We can identify (t^{n−1})^∗ with F_N ⊂ (t^n)^∗ naturally. Moreover under this identification the associated arrangement of hyperplanes for X_{(1)}(ν^{(1)}) is F_1 ∩F_N , . . . , F_{N−1} ∩F_N in F_N .

EQUIVARIANT COHOMOLOGY RINGS 237

Next we construct X_{(2)}(ν^{(2)}). Let t^{N−1} = ∑_{N−1} i=1 RX_i and j : t^{N−1} → t^N be the inclusion. If we set k_2 = k ∩ t^{N−1}, then we have the following diagrams. 0 −→ k_2^{ι2}−→ t^{N−1} j|_{k2} ↓ j ↓ ↘^{π2} 0 −→ k^ι−→ t^{N π}−→ t^n −→ 0 0 ←− k^∗_2^{ι∗2}←− (t^{N−1})^∗ (j|_{k2} )^∗ ↑ j^∗ ↑ ↖^{π∗2} 0 ←− k^{∗ ι∗}←− (t^N )^{∗ π∗}←− (t^n)^∗ ←− 0 We remark that π_2 is surjective, because ι^∗u_N ≠ 0, that is, k_2 ⫋ k. Let K_2 be the torus corresponding to k_2. Then the action of K_2 on H^{N−1} gives the hyperKähler moment map

μ_{K2} : H^{N−1} → k^∗_2 ⊗ R^3.

We set ν^{(2)}_1 = (j|_{k2} )^∗ν_1 ∈ k^∗_2 and ν^{(2)} = (ν^{(2)}_1 , 0, 0). In [Ko] we showed the following. Claim 2 (1) X_{(2)}(ν^{(2)}) = μ^{−1}_{K2} (ν^{(2)})/K_2 is a toric hyperKähler manifold with T^naction.

(2) The associated arrangement of hyperplanes for X_{(2)}(ν^{(2)}) is F_1, . . . , F_{N−1} in (t^n)^∗.

Let I_1, I_2 be the ideal in Theorem 2.4 and

Ψ_1 : Z[u_1, . . . , u_{N−1}] → H^∗_T n−1 (X_{(1)}(ν^{(1)}); Z)

Ψ_2 : Z[u_1, . . . , u_{N−1}] → H^∗_T n (X_{(2)}(ν^{(2)}); Z)

be the map in Theorem 2.4 for X_{(1)}(ν^{(1)}) and X_{(2)}(ν^{(2)}) respectively. Then by the assumption of the induction Ψ_i is surjective and ker Ψ_i = I_i. Moreover X(ν)_T n is homotopy equivalent to X_{(1)}(ν^{(1)})_T n−1 × BS^1, where S^1 is the group with the Lie algebra Rπ(X_N ). Therefore we have

~Ψ_1 : Z[u_1, . . . , u_N ] → H^∗_{T n} (X_{(1)}(ν^{(1)}); Z) ∼= H^∗_{T n−1} (X_{(1)}(ν^{(1)}); Z) ⊗ H^∗_{S1} (point; Z)

and ~Ψ_1 is surjective and ker ~Ψ_1 is generated by ker Ψ_1 = I_1.

The following claim shows how we can recover the equivariant cohomology ring of X(ν) from the equivariant cohomology rings of X_{(1)}(ν^{(1)}) and X_{(2)}(ν^{(2)}). Claim 3 (1) H^{2k+1}_T n (X(ν); Z) = 0 for each k ∈ Z.

(2) There exists the following short exact sequence for each k ∈ Z.

0 −→ H^{2k−2}_T n (X_{(1)}(ν^{(1)}); Z)^e−→ H^{2k}_T n (X(ν); Z)^r−→ H^{2k}_T n (X_{(2)}(ν^{(2)}); Z) −→ 0

(3) e(~Ψ_1(f(u_1, . . . , u_N )) = Ψ(f(u_1, . . . , u_N )u_N ) for f ∈ Z[u_1, . . . , u_N ]. (4) r(Ψ(g(u_1, . . . , u_N )) = Ψ_2(g(u_1, . . . , u_{N−1}, 0)) for g ∈ Z[u_1, . . . , u_N ]. Proof We have fixed h ∈ (t^N )^∗ and ν_1 = ι^∗h. In Claim 1 and Claim 2 we only assumed that ν = (ν_1, 0, 0) ∈ k^∗ ⊗ R^3 is a regular value of μ_K . Now we can choose

238 HIROSHI KONNO

h and ν_1 = ι^∗h such that all vertices ⋂ i∈S F_i for S ⊂ {1, . . . , N} with #S = n are contained in {p ∈ (t^n)^∗|⟨π^∗p + h, X_N ⟩ ≥ 0}. We set U_0 = {p ∈ (t^n)^∗|⟨π^∗p + h, X_N ⟩ = 0} = F_N U_1 = {p ∈ (t^n)^∗|⟨π^∗p + h, X_N ⟩ ≥ 0} U_2 = {p ∈ (t^n)^∗|⟨π^∗p + h, X_N ⟩ > 0} ~V_i = μ^{−1}_{T n} (U_i, (t^n)^∗, (t^n)^∗) for i = 0, 1, 2 V_i = μ^{−1}_T n (U_i, 0, 0) for i = 0, 1, 2, where μ_T n : X(ν) → (t^n)^∗ ⊗ R^3 is a hyperKähler moment map for the action of T^n on X(ν).

Now we consider the cohomology exact sequence for (X(ν), ~V_2). −→ H^l_T n (X(ν), ~V_2; Z) −→ H^l_T n (X(ν); Z) −→ H^l_T n ( ~V_2; Z) −→ H^{l+1}_T n (X(ν), ~V_2; Z) −→ In [BD] it was shown that ~V_2 is T^n-equivariant homotopy equivalent to X_{(2)}(ν^{(2)}).

Therefore we have H^l_T n ( ~V_2; Z) ∼= H^l_T n (X_{(2)}(ν^{(2)}); Z).

By the same argument we also showed in [Ko] that (V_1, V_2) is a T^n-equivariant deformation retract of (X(ν), ~V_2). Moreover the neighbourhood W of V_0 in V_1 can be identified with the neighborhood of V_0 in E = L_N |_{V0} by the T^n-equivariant map i: W → E, which is defined by i([z_1, w_1, . . . , z_{N−1}, w_{N−1}, z_N , 0]) = [(z_1, w_1, . . . , z_{N−1}, w_{N−1}, 0, 0), z_N e^{2π√−1ϕ(z,w)}], where [. . . ] denotes equivalence class. If [z, w] ∈ V_1, then z_iw_i = 0 for i = 1, . . . , N −1 and w_N = 0. Moreover V_0 is defined by the equation z_N = 0 in V_1. So we have H^l_T n (X(ν), ~V_2; Z) ∼= H^l_T n (V_1, V_2; Z) ∼= H^l_T n (E, E \ V_0; Z).

V_0 is not smooth, but it is a T^n-equivariant deformation retract of X_{(1)}(ν^{(1)}). Moreover E = L_N |_{V0} is the ristriction of ~E = L_N |_{X(1)(ν}(1)_). Therefore we have H^l_T n (E, E \ V_0; Z) ∼= H^l_T n ( ~E, ~E \ X_{(1)}(ν^{(1)}); Z) ∼= H^{l−2}_T n (X_{(1)}(ν^{(1)}); Z), where the second isomorphism is Thom isomorphism. Thus we have H^l_T n (X(ν), ~V_2; Z) ∼= H^{l−2}_T n (X_{(1)}(ν^{(1)}); Z).

Moreover by the assumption of the induction we have H^{2k+1}_T n (X_{(1)}(ν^{(1)}); Z) ∼= H^{2k+1}_T n (X_{(2)}(ν^{(2)}); Z) ∼= 0.

Therefore we proved the claim. □

Now we prove the first part of Theorem 2.4. Claim 4 Ψ is surjective.

EQUIVARIANT COHOMOLOGY RINGS 239

Proof Fix any a ∈ H^{2k}_T n (X(ν); Z). Since Ψ_2 is surjective, there exists f ∈ Z[u_1, . . . , u_{N−1}] such that r(a) = Ψ_2(f(u_1, . . . , u_{N−1})) = r(Ψ(f(u_1, . . . , u_{N−1}))).

Since a − Ψ(f(u_1, . . . , u_{N−1})) ∈ ker r, there exists b ∈ H^{2k−2}_T n (X_{(1)}(ν^{(1)}); Z) such that e(b) = a − Ψ(f(u_1, . . . , u_{N−1})). Since ~Ψ_1 is surjective, there exists g ∈ Z[u_1, . . . , u_N ] such that b = ~Ψ_1(g(u_1, . . . , u_N )).

Thus we have a = Ψ(f(u_1, . . . , u_{N−1})) + e(b)

= Ψ(f(u_1, . . . , u_{N−1})) + e(~Ψ_1(g(u_1, . . . , u_N ))) = Ψ(f(u_1, . . . , u_{N−1}) + g(u_1, . . . , u_N )u_N ). □ Finally we show the second part of Theorem 2.4.

Claim 5 I = ker Ψ.

Proof First we show I ⊂ ker Ψ. To do this, we show that all generators of I belong to ker Ψ. Take ∅ ≠ S ⊂ {1, . . . , N} such that ⋂ j∈S F_j = ∅. According to Theorem 2.6, it is sufficient to show ∏ j∈S u_j ∈ ker Ψ.

Suppose N ∈ S. Since ⋂ j∈S\{N}(Fj ∩ FN ) = ⋂ j∈S F_j = ∅, according to Claim 1 and Theorem 2.6, we have ∏ j∈S\{N} u_j ∈ I_1 = ker Ψ_1 ⊂ ker ~Ψ_1.

Therefore, according to Claim 3, we have Ψ( ∏ j∈S u_j) = e(~Ψ_1( ∏ j∈S\{N} u_j)) = 0.

Thus we proved ∏ j∈S u_j ∈ ker Ψ in the case N ∈ S. Here we used the assumption π(X_N ) ≠ 0. However we have assumed π(X_i) ≠ 0 for any i. So we use the same argument in the case i ∈ S. Thus we proved I ⊂ ker Ψ.

Next we show ker Ψ ⊂ I. For f(u_1, . . . , u_N ) ∈ ker Ψ we have to show f ∈ I. First we rewrite f(u_1, . . . , u_N ) = g_1(u_1, . . . , u_{N−1}) + g_2(u_1, . . . , u_N )u_N .

Since 0 = r(Ψ(f(u_1, . . . , u_N ))) = Ψ_2(g_1(u_1, . . . , u_{N−1})), we have that g_1(u_1, . . . , u_{N−1}) ∈ ker Ψ_2 = I_2. Since I_2 ⊂ I ⊂ ker Ψ, we have g_2(u_1, . . . , u_N )u_N ∈ ker Ψ. We have to show g_2(u_1, . . . , u_N )u_N ∈ I.

240 HIROSHI KONNO

Since 0 = Ψ(g_2(u_1, . . . , u_N )u_N ) = e(~Ψ_1(g_2(u_1, . . . , u_N )))

and e is injective, we have g_2(u_1, . . . , u_N ) ∈ ker ~Ψ_1 = I_1Z[u_N ]. According to Claim 1 and Theorem 2.6, we have I_1u_N ⊂ I. So we have g_2(u_1, . . . , u_N )u_N ∈ I. Thus we proved ker Ψ ⊂ I. So we finish the proof of Claim 5. □ Thus we finish the proof of Theorem 2.4.

References

A. M.Audin, The Topology of Torus Actions on Symplectic Manifolds, Birkhäuser, Boston, 1991 BD. R.Bielawski, A.Dancer, The Geometry and Topology of Toric HyperKähler Manifolds, to appear in Commun.Anal.Geom.

D. T.Delzant, Hamiltoniens périodiques et images convexe de l’application moment, Bull.Soc.Math.France 116 (1988) 315-339 Go. R.Goto, On toric hyper-Kähler manifolds given by the hyper-Kähler quotient method, in ‘Infinite Analysis’, World Scientific (1992) 317-338 Gu. V.Guillemin, Moment Maps and Combinatorial Invariants of Hamiltonian T^N -spaces, Birkhäuser, Boston, 1994 HKLR. N.Hitchin, A.Karlhede, U.Lindström and M.Roček, Hyperkähler metrics and supersymmetry, Commun.Math.Phys. 108 (1987) 535-589 JK. L.Jeffrey, F.Kirwan, Localization for nonabelian group actions, Topology 34 (1995) 291-327 Ki. F.Kirwan, Cohomology of Quotients in Symplectic and Algebraic Geometry, Princeton University Press, Princeton, 1984 Ko. H.Konno, Cohomology Rings of Toric HyperKähler Manifolds, preprint

Graduate School of Mathematical Sciences, University of Tokyo, 3-8-1 Komaba Meguro-ku, Tokyo, 153-8914, Japan

E-mail address: konno@ms.u-tokyo.ac.jp