Special Geometric Structures in String Theory Bonn, 8th–11th September, 2001

THE MATHEMATICAL FORMULATION OF THE M5–BRANE

ERIC BERGSHOEFF

Abstract. I discuss three issues in M5–brane theory. These issues have in common that they are much better understood in the context of strings and Dirichlet branes, or D–branes. D–branes and the M5–brane are related in the sense that the M5–brane can be considered as the strong coupling limit of the D4–brane. In this limit an extra worldvolume direction opens up. The first issue I discuss is how the non-Abelian Born–Infeld vector of the D–branes should generalize to non-Abelian two–form gauge fields living on the worldvolume of the M5–brane. Next, I discuss how the noncommutative geometry of D-branes generalizes to a non-commutative loop space geometry on the M5–brane. The third and last issue I discuss is how the noncommutative open strings recently discovered in the context of D–branes generalize to a noncommutative open membrane.

1. Introduction

String theory is considered to be the most promising candidate for solving the problem of the notorious infinities of quantum gravity (for a textbook, see [1, 2, 3, 4, 5]. The basic assumption underlying string theory is that the particles in nature are not pointlike but, instead, are described by the vibrational modes of little strings whose basic length scale is the Planck length. String theory predicts a finite number of massless particles, among which is the graviton as the carrier of the gravitational force, plus an infinite number of very heavy particles with a mass of the order of the Planck mass. The idea is that this infinite number of particles, massless and massive ones, controls the problemetic infinities of quantum gravity. To introduce fermions in the spectrum, like leptons and quarks, one must consider a supersymmetric string, or superstring, theory. In the low-energy limit, or at large distance scales, the superstring theory can be approximated by a supergravity theory. To avoid the occurrence of anomalies during the quantization procedure one usually starts with a superstring theory in D=10 spacetime dimensions. In a second step one rolls up six of the spatial dimensions in order to obtain four– dimensional physics. This rolling up of dimensions is called “compactification”. 1

Having gone from pointlike particles to string-like objects, i.e. objects with a one–dimensional extension or “1–branes”, it is natural to consider the further generalization to membranes or “2–branes”. Indeed in 1987 we proposed the D=11 supermembrane and conjectured that its low-energy limit was given by D=11 supergravity [6]. The interesting thing about D=11 supergravity is that it is the highest–dimensional supergravity theory one can construct^1. It was soon discovered that there were problems with the spectrum of the D=11 supermembrane when considered to be at the same footing as a fundamental D=10 superstring. For instance, the spectrum did not contain the massless fields of D=11 supergravity [7, 8].

In the mid-nineties there was a revival of interest in membranes and its higherdimensional partners, the “p–branes”, due to the progress made in understanding some of the nonperturbative features of string theory. In particular, it was discovered that, for large values of the string coupling constant, the spectrum of string theory contains p-branes for various values of p. In other words string theory really is a theory of strings and branes. Another discovery was that the D=10 superstring and D=11 supermembrane are related in the sense that the strong coupling linit of D=10 supergravity leads to the opening up of an extra dimension and D=11 supergravity [9]. It is unclear how to take this strong coupling limit of the complete D=10 superstring theory. It is supposed to lead to a so-called D=11 M-theory whose precise formulation is yet unknown.

We do know that the low–energy limit of M-theory is D=11 supergravity. This D=11 supergravity theory has not only membrane, or M2–brane, solutions [10] but also 5–brane, or M5–brane, solutions [11]. The M5–brane is the magnetic version of the M2–brane^2. The M5–brane is much less understood than the M2–brane. In the same way as the M2–brane is the strong coupling limit of the fundamental string, or F1–brane, the M5–brane is the strong coupling limit of the D4–brane. It is the purpose of this lecture to gain insight into the mathematical formulation of the M5–brane by making use of what we already know about the D–branes, in particular the D4–brane. Any progress in our understanding of the M5–brane is likely to lead to further insights into M–theory.

1We assume here a Minkowski signature of spacetime. The problem with going beyond D = 11 is that one must then introduce massless particles of spin higher than two and it is not known how to couple such high–spin particles to gravity.

2In general the magnetic version of a p–brane is a (D-p-4)–brane. Note that only in D=4 the magnetic version of a 0–brane (electron) is again a 0–brane (magnetic monopole).

2. D–branes

A particularly interesting class of branes in string theory are the D–branes [12]. They differ from the ordinary branes, or p–branes, in the sense that open strings can end on the D-brane. In fact, the D–branes are naturally described as open superstrings with the boundary condition that the endpoints of the open superstring is constrained to move on the worldvolume of the D-brane. These are called Dirichlet boundary conditions. The dynamics of ordinary p-branes are described by a Nambu-Goto action containg the (embedding) scalars of the p-brane, i.e. for each transverse direction there is a scalar. The extra structure of the D–brane (endpoints of open strings moving on its worldvolume) results in the existence of not only (embedding) scalars but also a so-called Born-Infeld (BI) vector that couples to the endpoints of the open string. The scalars and vectors together form a so-called Dirac-Born-Infeld (DBI) action. For zero scalars this action equals the Nambu-Goto, or Dirac, action while for zero vector the action equals the Born- Infeld action [13].

We now discuss three characteristic properties of D-branes. In the next Section we will discuss these three properties in the context of the M5-brane of M–theory.

(A) Yang–Mills. It has been shown that if one considers N coinciding D–branes the N Born–Infeld vectors are not the only massless vector fields. There are additional massless vectors arsing from strings that are stretched between the different D-branes. This leads to the following symmetry enhancement [14]: U(1) × · · · × U(1) N times −→ U(N) . (1)

In other words the U(1) Maxwell theory of a single D–brane gets extended to a U(N) Yang–Mills theory of N coinciding D–branes. In general this Yang-Mills theory is coupled to the (9–p) embedding scalars living on the worldvolume. It is not clear how to describe these scalars in the case of N coinciding D–branes. A special case is the D9–brane for which there are no transverse directions and hence no embedding scalars. To avoid the complication of how to describe the scalars it is often convenient to concentrate on this case.

One can view the number N as a deformation parameter of the worldvolume theory of the D–brane. There exists another deformation parameter, the basic string length ℓ_s or the Regge slope parameter α^′ = ℓ^2_s. The α^′–corrections deform the Maxwell theory into a BI theory where α^′ multiplies the higher-order BI curvatures in the action. One can also consider the two deformations at the same time, i.e. consider the α^′–corrections of N coinciding D–branes. The resulting worldvolume theory is called the non-Abelian Born–Infeld (NBI) theory but its complete structure is not known. For some recent progress, see e.g. [15, 16, 17]. We have sumarized the situation in the diagram below.

Maxwell^N⇒ Yang-Mills

α^′ ⇓ α^′ ⇓

B.I.^N⇒ N.B.I. ??

(B) Noncommutative Geometry. Recently, there has been an interest in considering D–branes in the background of a nonzero NS–NS B–field. Since this B–field occurs in the definition of the BI curvature

F = dV + B (2)

its effect is that F ≠ 0. This leads for instance to an effective open string metric and coupling constant: ( G^{−1}_{os} ) ab = η_{ab} − ( F^2 ) ab , (3) λ_{os} = √ −det (η_{ab} + F_{ab}) . (4)

It turns out that a non-zero B–field also leads to an effective noncommutative geometry of the worldvolume of the D–brane [18, 19]. One way to see this is to consider a particular decoupling limit [20] in which the bulk closed string states decouple from the worldvolume open string states. Furthermore the massive open string states decouple and one ends up with a field theory living on the worldvolume of the D–branes. In this limit, assuming that F is constant, the open string action describing the open string ending on the D–brane is dominated by its Wess–Zumino (WZ) term given by

S_{string} ∼ ∫ bound.

dτ F_{ab}X^aẊ^b . (5)

The subscript “bound.” indicates the boundary of the open string worldvolume, i.e. the worldline of its endpoints. The underlined terms effectively describe a standard vector coupling to a particle. It is well known, e.g. from the quantum Hall effect, that this coupling leads to a noncommutative geometry for those coordinates that couple to the vector. This is simply due to the reason that these coordinates occur with a linear time derivative in the action. Upon canonical quantization such terms lead to (noncommutative) Dirac brackets between the coordinates. To be more explicit let us assume that the nonzero components of F_{ab} are given by F_{rs} where r, s refer to a certain number of spatial directions: F = ( 0 0 0 F_{rs} ) . (6)

The spatial coordinates X^r and X^s then become noncommuting with noncommutativity proportional to the inverse of (F)_{rs}:

{X^r, X^s}^D = ( F^{−1} )_{rs} . (7)

Here {., .}^D denotes the Dirac bracket.

(C) Noncommutative Open strings. So far we only considered spacelike noncommutative coordinates. In the context of the D3–brane it is natural to also consider timelike noncommutative coordinates. In the case of the D3–brane the two cases are related to each other if one considers the S–duality in the presence of a nonzero B–field [21]. The reason of this is that under S–duality the magnetic (spatial) components of the 4 x 4 matrix F are converted into electric (involving time directions) components of F. We already mentioned that in the magnetic case a decoupling limit leads to a noncommutative Yang–Mills theory on the D–brane. It has been pointed out that in the electric case the massive open string states do not decouple and hence one is ending up with an open string theory instead of a field theory [21]. This open string theory is called a noncommutative open string (NCOS). I have summarized the situation in the diagram below.

magnetic field

S⇔ electric field ⇓ ⇓

nonc. Y.M. N.C.O.S.

3. The M5–Brane

D–branes are hyperplanes with open strings ending on them. There is a 1–form gauge field on the D–brane worldvolume that couples to the 0–brane endpoints of the open string. There is a natural generalization of this to open p–branes ending on q–branes (p < q) with a (p+1)–form gauge field living on the worldvolume of the q–brane that couples to the (p–1)–brane boundary of the open p–brane. String theory predicts that such objects exist in D=11 with p=2 and q=5, i.e. open M2–branes ending on an M5–brane^3. In fact, it was believed for some time that open M2–branes did not exist, see e.g. [22]. The reason for this is that the open superstring boundary conditions break the N=2, D=10 supersymmetry to a N=1, D=10 supersymmetry. Such a supersymmetry breaking is not possible in D=11 without breaking Lorentz invariance. It was only after the introduction of D–branes [12] that it was realized that a system of branes ending on branes naturally breaks Lorentz symmetry and hence an open M2–brane ending on a M5–brane could be defined [23, 24].

The M5–brane is the magnetic partner of the M2–brane in the sense that the M2–brane couples to the (electric) 3–form gauge potential of D=11 supergravity whereas the M5–brane couples to the (magnetic) dual 6–form potential. There is a 2–form potential living on the M5–brane that couples to the string boundary of the M2–brane. A nontrivial feature is that this worldvolume 2–form is selfdual. It is part of a N=2, D=6 tensor multiplet that also contains the 5 embedding scalars corrresponding to the transverse directions of the M5-brane. The tensor multiplet describes 8+8 (bosonic + fermionic) worldvolume degrees of freedom. The 5 embedding scalars X^μ (μ = 0, 1, · · · , 10)^4 occur via the worldvolume metric g_{ab} (a = 0, 1, · · · 5) and the 3 degrees of freedom described by the selfdual two form b occur via the worldvolume 3–form curvature H:

g_{ab} = ∂_aX^μ∂_bX^ν g_{μν} (X) : 5 d.o.f. (8) H = db + C(X) : 3 d.o.f. (9)

Here g_{μν} (X) is the D=11 gravity field and C(X) is the 3–form potential of D=11 supergravity.

3Branes living in a D=11 target spacetime are part of M-theory and therefore called M–branes. 4Note that 6 of the X^μ are gauge degrees of freedom due to the worldvolume reparametrizations.

The 3–form curvature H satisfies the following nonlinear selfduality condition [25]: C_a^dH_{dbc} = √ −detg 3! ϵ_{abcdef} H^{def} , (10) with the so–called Boillat metric given by [26]

C^{ab} =^{1√}_{1+ 1}

24 H^2 [( 1 + 1 12 H^2 ) g^{ab} − 1 4 ( H^2 )_{ab}] . (11)

It can be shown that the worldvolume equations of motion can be formulated in terms of this Boillat metric

Having discussed the necessary M5–brane preliminaries we are now in a position to discuss in which sense the three properties of D–branes discussed in the previous Section carry over to the M5–brane.

3.1. Non-abelian Two–form Gauge Fields. We mentioned that the Maxwell theory of a single D–brane gets extended to a U(N) Yang–Mills theory of N coinciding D–branes. We also know that the single Maxwell 1–form of the D4–brane, in the strong coupling limit, becomes the selfdual 2–form of the M5–brane. The question is what happens in the case of N coinciding M5–branes. Naively one would expect some kind of non-Abelian 2–form gauge theory, see the diagram below. Such a theory has not been constructed yet.

M5: 2–form^N⇒ ??

⇓ ⇓

Maxwell^N⇒ U(N) Y.M.

We assume here that the result can be described by a worldvolume field theory5. There is a theorem stating that this field theory cannot be local [27].

5It has been suggested that instead the worldvolume theory is described by a (nonperturbative, selfdual) string theory. If that is the case we assume that this string theory, in some limit, can be effectively described by a field theory.

One possible approach to find out what the worldvolume theory is that describes N coinciding M5–branes is to consider its reduction to five dimensions. In D=5 a Maxwell 1–form A_μ is (Poincaré) dual to an Abelian 2–form B_{μν} . To construct a non-Abelian 2–form gauge theory in five dimensions one should be able to extend the duality to the non-Abelian case and dualize a Yang–Mills vector A^I_μ into a Yang– Mills 2–form B_{μν}^I . This problem has already been considered in the seventies, see e.g. [28]. Sofar an explicit realization of the non–Abelian 2–form gauge theory on the M5–brane worldvolume has not been found yet. We have summarized the situation in the diagram below.

From several points of view one has come to the conclusion that whatever the worldvolume theory of N coinciding M5–branes is, it is bound to contain nonlocal structures. This is also natural given the fact that we are dealing with strings instead of particles moving in the worldvolume. I have tried, in collaboration with Chris Hull, to formulate such a nonlocal worldvolume theory, but sofar we did not succeed to give an explicit result that satisfies the test that, after dimensional reduction, it reproduces the (local) DBI worldvolume theory of the D4–brane.

A_μ^{duality}⇒ B_{μν}

⇓ ⇓

A_μ^{I non−abelian duality} ⇒ B_{μν}^I One way to naturally incorporate nonlocal structures, is to work with a loop space. A loop space ΣM of a manifold M is defined as the space of maps from the circle S^1 to the manifold M. In fact, we will encounter exactly these loop spaces in the next Subsection where we consider the M5–brane analogue of the D–brane noncommutative geometry.

3.2. Noncommutative Geometry. We now wish to consider the M5–brane in the presence of a nonvanishing D=11 3–form field C and investigate what the resulting geometry of the M5–brane worldvolume is. One immediate effect of C ≠ 0 is that the 3–form H H = db + C (12) is nonvanishing. To investigate the resulting geometry we consider, for constant H, a decoupling limit, discussed in [29], where the open membrane action is dominated by its Wess–Zumino term: S_{membrane} ∼ ∫ bound. dτdσ H_{abc}X^aẊ^bX^{′c} . (13) Here “bound.” indicates the string boundary of the open membrane. This string boundary lives on the M5–brane worldvolume.

For convenience we assume that the field strength H can be diagonalised as follows [20]:

H_{012} = −h √ 1 + ℓ^6_ph^2

, H_{345} = h . (14)

In the parameterisation (14) the action (13) splits into two independent Lagrangians for the two sets of coordinates X^α and X^a (α = 0, 1, 2; a = 3, 4, 5): S = h √ 1 + ℓ^6_ph^2 ∫ ∂M dτdσ ϵ_{αβγ} X^αẊ^βX^{′γ} (15) + h ∫ ∂M dτdσ ϵ_{abc}X^aẊ^bX^{′c} . (16) The action (13) is invariant under worldsheet reparameterisations: δ_ξX^α = ξ^i∂_iX^α , δ_ηX^a = η^i∂_iX^a , i = 0, 1 . (17) Note that, due to the absence of a worldsheet metric, there is no need to identify the vector fields ξ and η.

The equations of motion are:

ϵ_{αβγ}Ẋ^βX^{′ γ} = 0 , ϵ_{abc}Ẋ^bX^{′ c} = 0 . (18) Assume now that the string boundary inside the M5–brane has a noncompact extension in the time direction. In that case we can impose the gauge choice X^0 = τ. Substituting this into the equations of motion we obtain X^{′ α} = 0 , (19) which means that the spatial extension of the string must be in the a direction. Assuming that | ⃗X^′| ≠ 0 we obtain Ẋ^a = 0 , (20) which implies additional Dirichlet conditions in the a directions.

Let us continue by analysing the phase space dynamics of the three coordinates X^α = (X^0, X^1, X^2). The canonical momenta are given by

Π_α(σ) := δS δẊ^α(σ) = − h 3 ϵ_{αβγ} X^βX^{′γ} , (21)

indicating that there are 3 primary constraints ϕ_α(σ):

ϕ_a := Π_a + h 3 ϵ_{abc}X^bX^{′c} ≈ 0 . (22) The non–trivial canonical Poisson brackets are: {X^a(σ), Π_b(σ^′)} = δ^a_b δ(σ − σ^′) (23) and the nonzero Hamiltonian is given by H = ∫ dσ λ^a(σ)ϕ_a(σ) , (24)

where λ^a(σ) are three Lagrange multipliers. To proceed with the canonical analysis we study the consistency conditions ϕ̇_a(σ) = λ^b(σ)M_{ba}(σ) ≈ 0 , (25)

where {ϕ_a(σ), ϕ_b(σ^′)} = M_{ab}(σ)δ(σ − σ^′) , M_{ab} = h ϵ_{abc}X^{′c} . (26) Note that in the α space we can impose X^0 = τ and, via the equations of motion, X^{′ α} = 0. This implies that M_{αβ} = 0. In other words, the 3 primary constraints ϕ_α(σ) are all first class. There are no second class constraints in the 0, 1, 2 directions.

In contrast, let us now consider the canonical analysis of the three Euclidean coordinates X^a = (X^3, X^4, X^5). A similar analysis as above leads to the same result except that in this case we have assumed that | ⃗X^′| ≠ 0 and therefore M_{ab}X^{′ b} = 0 . (27) The matrix M_{ab} is thus non–degenerate in the two–dimensional subspace orthogonal to ⃗X^′. It is convenient to introduce a projection onto this subspace as follows (I = 1, 2):

P_I^a(σ)P_J^b(σ)δ_{ab} = δ_{IJ} , (28) δ^{IJ} P_I^a(σ)P_J^b(σ) = δ^{ab} − X^{′ a}X^{′ b} | ⃗X^′|^2 , (29)

ϵ^{IJ} P_I^a(σ)P_J^b(σ) = ϵ^{abc}X^{′ c} | ⃗X^′| . (30)

The three constraints ϕ_a now split into the two second class constraints

χ_I := P_I^aϕ_a , (31)

with the now non–degenerate matrix

{χ_I (σ), χ_J (σ^′)} := M_{IJ} (σ)δ(σ − σ^′) , M_{IJ} = P_I^aP_J^bM_{ab} , (32)

and one first class constraint

ϕ := X^{′a}ϕ_a ≡ X^{′ a}Π_a , (33)

which acts as the generator of σ–reparameterisations.

Unlike for the 0,1,2 directions we have two second class constraints in the 3,4,5 directions. The presence of these two second class constraints leads to a nontrivial Dirac bracket between the X^a coordinates given by {X^a(σ), X^b(σ^′)} = − 1 h ϵ^{abc}X^{′c} | ⃗X^′|^2 δ(σ − σ^′) . (34)

The conclusion is that the membrane probe sees a noncommutative geometry in the a directions of the M5–brane worldvolume.

A basic difference with the D–brane case is that we are not dealing with points X^a but with loops X^a(σ). This leads us naturally to loop spaces. As a historical note, it is perhaps of interest to note that, whereas the idea of lightlike integrability applied to a superspace geometry naturally leads to the superspace constraints of Yang-Mills [30], the same idea when applied to a loop superspace geometry leads to the constraints of supergravity coupled to Yang-Mills [31]. In the latter work the definition of a loop space covariant derivative plays a central role. The gauge field part of this covariant derivative is given by the pull-back of the selfdual antisymmetric tensor, i.e. D_μ(σ) = δ δX^μ(σ) + b_{νμ}X^{′ ν} . (35)

The M5–brane with nonzero C field naturally leads us to consider a noncommutative version of loop space. The notion of a noncommutative loop space extending the notion of a noncommutative geometry has not yet been defined in the mathematics literature. One of the open questions is how to define the loop space analogue of the star product. A reparametrization independent definition of the star product has been given [32]. Moreover, a path integral description of this star product exists [33]. It is not clear how to extend this to loop spaces. It should lead to a generalized star product defining the product of two loop space functionals F [X(σ)] and G[X(σ)]: ( F ⋆ G )[ X(σ) ] . (36)

By now we have discussed two issues in M5–brane theory: the issue of non- Abelian 2–forms and the issue of noncommutative loop space. These two issues are not unrelated. It is believed that the natural framework to describe the M5–brane worldvolume theory, incorporating nonlocal structures for coinciding M5–branes, is a U(1) gauge theory on loop space. Following (35), the natural gauge field is given by the pull-back of the selfdual 2–form:

X^{′ν} b_{μν} . (37)

There are now two ways to deform the Abelian gauge theory: (1) a commutative to noncommutative deformation and (2) an Abelian to non-Abelian deformation. The noncommutative deformation implies that {X^μ, X^ν } ≠ 0 while the non-Abelian deformation means that b_{μν} → b^I_{μν} T^I :

noncommutative non − Abelian {X^μ, X^ν} ≠ 0 b^I_{μν}T^I It is known that in the case of noncommutative geometry a noncommutative U(1) gauge theory is related to a non-Abelian gauge theory [20]. Based on this it is natural to suggest that a noncommutative U(1) gauge theory on loop space is related to a non-Abelian loop space gauge theory. If correct, the two issues are indeed related.

3.3. Open Membranes. We now come to a discussion of our third, and last, issue. We have seen that, in the case of D–branes, a magnetic B–field leads to a noncommutative Yang–Mills theory but that an electric B–field leads to a noncommutative open string (NCOS). A NCOS theory can be defined for the other D–branes as well. In the case of the D4–brane it is natural to ask what the M– theory limit of NCOS is. It has been pointed out that, for the D4–brane, the strong coupling limit of NCOS, i.e. the limit of large values of the open string coupling constant G_{os}, is described by a noncommutative open membrane (NCOM) living on the M5–brane worldvolume [34, 35]. In this picture, for large values of the basic open membrane parameter ℓ_g, the NCOM is described by a field theory of non- Abelian 2–forms on the M5–brane worldvolume. The parameter ℓ_g is the analogue of the basic string length parameter ℓ_s, see the diagram below. Here R indicates the radius of the compactifying circle.

N.C.O.M. ℓg ⇒ Non. Ab. 2-forms G_{os} ⇓ ⇓ R

N.C.O.S. ℓs ⇒ Y.M.

A remarkable feature of the above picture is that the above diagram is precisely the worldvolume analogue of the target space picture relation between M-theory and string theory. Here the closed string coupling constant g_s takes over the role of the open string coupling constant G_{os} and the D=11 Planck length parameter ℓ_p plays the role of the open membrane parameter ℓ_g. In short, the target space analogue of the worldvolume diagram above is given by

M-theory ℓp ⇒ D=11 SUGRA g_s ⇓ ⇓ R IIA-superstring ℓs ⇒ IIA SUGRA

A natural question to ask is whether there is an effective open membrane metric, i.e. a membrane analogue of the effective open string metric G_{os} given in (3). The open membrane metric should, upon reduction, give rise to the open string metric. In view of this, it is convenient to consider the dimensional reduction of the M5– brane to the D4–brane in more detail. The 3–form curvature Ĥ reduces to a 2–form curvature F and a 3–form curvature H as follows:^6 Ĥ_{aby} ≡ F_{ab} , Ĥ_{abc} ≡ H_{abc} . (38) 6Hatted indices and fields refer to the M5–brane.

The selfduality relation (10) of Ĥ reduces to a nonlinear relation between H and F which can be used to solve for H in terms of F as follows: 1 3! ϵ_{abcde}H^{cde} = D_0F_{ab} + (F^3)_{ab} √ D . (39)

The 5 × 5 matrix D is defined in terms of F as

D ≡ −det (η_{ab} + F_{ab}) = D_0 +^1_8 (tr F^2)^2 −^1_4 tr F^4

rank4

, (40)

with D_0 given by

D_0 = 1 − 1 2 tr F^2 . (41)

The terms in (40) underbraced with “rank 4” indicate the terms that are nonvanishing if D is a rank 4 matrix. They do vanish whenever D is of rank 2. In that case we have D = D_0. Note that, in our conventions, tr F^2 > 0 (< 0) for electric (magnetic) F. This leads to the following inequalities for F:

0 < D_0 < 1 : electric , D_0 > 1 : magnetic . (42)

Concerning the open membrane metric, it was been pointed out that, in the decoupling limit, the open membrane equals the Boillat metric (11) upto a conformal factor z [35]:

Ĝ^{âb̂}_{OM} = z Ĉ^{âb̂} . (43)

Recently, the explicit expression for the conformal factor has been calculated for the case that F is a matrix of rank 2. The result is given by [36]

z^{−3} = K − √ K^2 − 1 , K ≡ √ 1 + 1 24 Ĥ2 . (44)

The calculation of [36] was based upon the assumption that the open membrane metric, upon reduction, should give rise to (i) the open string metric G_{os} given in (3) and (ii) the open string coupling constant λ_{os} given in (4). This was combined with the fact that, on the other hand, the effective open string coupling constant λ_s has already been calculated in string theory. Comparing the string theory expression with what follows from dimensional reduction fixes the conformal factor z. The same expression for the conformal factor can be obtained, from a rather different point of view, by deformation techniques [37].

We should note that the analysis of [36] only works if the electric reduction is taken in the 1,2 direction. This assumes that we use the parametrization (14) and that the spatial extensions of the membrane are in the 1,2 directions. It does not work if we reduce in the 3,4,5 directions. Indeed, only in the case that we reduce in the 1,2 directions, the dimensional reduction is a double dimensional reduction with the membrane reducing to a string. The rank 2 case leads to the additional simplifications that D = D_0 and the fact that the OM–metric is diagonal:

• Electric rank 2 reduction : 1,2

D_0 = D, diagonal OM-metric

In a recent work we considered the case of a general rank 4 reduction [38]. The extra parameter with respect to the rank 2 reduction corresponds to the angle that describes the components of the reduction direction in the 1,2 and the 3,4,5 directions:

• general rank 4 reduction: 1,2 + 3,4,5

We found that the open membrane metric leads to the open string metric provided the conformal factor is given by

z^{−3} = 1 2 (D_0 + 1) −

√_1 4 (D_0 − 1)^2 + (D_0 − D) √ D . (45)

Note that for D = D_0 this expression reduces to the rank 2 expression given in (44). Once the conformal factor is fixed the open membrane metric is determined and its dimensional reduction leads to a prediction for the open string coupling constant λ_{os}. This prediction should be compared with the string theory calculation which in the rank 4 case reads [20]: λ_{os} = √ D . (46) Instead, we find

λ^4_{os} = ( √ D)^2 × ( 1 2 (D_0 + 1) − √ 1 4 (D_0 −1)^2 + (D_0 − D) ) . (47)

The two expressions obviously do not coincide. In hindsight, the reason that the analysis of [36] only works for the rank 2 case is clear. Only in that case can we reduce along one of the spatial directions of the membrane yielding an open string. In a general rank 4 reduction one of the 3,4,5 transverse directions of the open membrane is involved in the reduction. For a mixed 1,2 (worldvolume) and 3,4,5 (tranverse) reduction we expect to obtain a bound state of an open string with an open D2–brane. Such a system is not described by the open string coupling constant λ_{os}.

The noncommutativity of an open string NCOS theory is described by a 2–form noncommutativity parameter θ^{ab}. Such a 2–form parameter naturally follows from the reduction of a 3–form open membrane parameter which we denote as the OM theta parameter. We expect that this 3–form parameter, if it exists, can teach us something about the geometry of the open membrane in the same way as the theta prameter of NCOS tells us about the noncommutative geometry of the underlying worldvolume.

One can show that the product P̂ of the 3–form curvature Ĥ and the Boillat metric Ĉ reduces, in an electric rank 2 reduction, to the NCOS theta parameter upto a conformal factor:

P̂^{âb̂ĉ} = Ĥ^{âb̂d̂}Ĉ_{d̂}^ĉ ⇒

θ^{ab el. rank 2}= −z^3P̂^{yab} . (48)

The conformal factor z is defined in (44). Due to the presence of this conformal factor, this reduction does not reproduce the correct answer for a general rank 4 reduction for the same reasons as we explained in the OM metric case. However, it turns out that, in the rank 2 case, the choice of an OM theta parameter is not unique. There is another choice, called Ŵ , which exactly, i.e. without a conformal factor, reduces to the NCOS theta parameter [37]. This choice is given by the 3–form curvature Ĥ and two Boillat metrics:

Ŵ^{âb̂ĉ} = Ĥ^{âd̂ê}Ĉ_{d̂}^{b̂}Ĉ_ê^ĉ ⇒

θ^{ab rank 2}= Ŵ^{yab} . (49)

It has been shown that, unlike the P̂ –parameter, the Ŵ parameter has the correct scaling behaviour in the OM-theory limit [37]. It therefore seems that only Ŵ can be identified as the correct OM theta parameter.

In the same way that the 2–form theta parameter θ of NCOS describes a noncommutative geometry the existence of a natural 3–form OM theta parameter Ŵ suggests a relation with a non–associative geometry. In the same way that θ occurs in the string theory expression of the two–point functions the 3–form Ŵ naturally occurs in the expression of the OM three-point functions. Unfortunately, at the moment we are not able to calculate 3–point functions within OM theory.

4. Conclusions

In this lecture I have described three recent issues in M5–brane theory. Some recent progress is that the correct expressions for the OM–metric and the OM–theta parameter have been identified [36, 37, 38].

Much is still unknown about the M5–brane and the string boundary/OM theory living on its worldvolume. In this lecture I have described three open problems which, if we believe that M-theory exists, should have a natural resolution. The first problem deals with the formulation of a non-Abelian gauge theory of 2–forms on the M5–brane worldvolume. The second problem concerns which kind of noncommutatve geometry describes the worldvolume of N coinciding M5–branes. The third and last problem deals with the formulation of an open membrane theory on the M5–brane worldvolume.

What I have tried to indicate in this lecture is that, although we do not know the solutions to these three problems, it is very suggestive that the resolution requires the use of new (already existing as well as yet to be discovered) mathematics. It has been suggested in the recent literature that notions like “noncommutative loop space” [29], “non-associative geometry” [39] and “(non–Abelian) gerbes” [40] are expected to enter a proper mathematical formulation of the M5–brane.

I have given here a physicists point of view of how new mathematical notions are expected to enter a proper mathematical formulation of the M5–brane. Much further work needs to be done to arrive at a proper mathematical formulation. My hope is that the mathematicians at this workshop may get inspired by these problems and that they may motivate them to further investigate the mathematical aspects of these isssues.

Acknowledgements

The work discussed in this lecture is based on [29, 35, 38]. I would like to thank my collaborators David Berman, Jan-Pieter van der Schaar and Per Sundell for the many discussions I shared with them. I would like to thank the organizers of the workshop for their kind invitation to give this lecture and I would like to thank the participants for providing such a stimulating environment. This work was supported by the European Commission RTN program HPRN-CT-2000-00131, in which E.B. is associated with Utrecht University.

References

[1] M. B.Green, J. H.Schwarz and E.Witten, Superstring theory Vol. 1: Introduction,.

Cambridge, Uk: Univ. Pr. ( 1987) 469 P. ( Cambridge Monographs On Mathematical Physics).

[2] M. B.Green, J. H.Schwarz and E.Witten, Superstring theory Volume 2: Loop amplitudes, anomalies and phenomenolology,. Cambridge, Uk: Univ. Pr. ( 1987) 596 P. ( Cambridge Monographs On Mathematical Physics).

[3] D.Lust and S.Theisen, Lectures on string theory, Lect. Notes Phys. 346 (1989) 1–346.

[4] J.Polchinski, String theory. Vol. 1: An introduction to the bosonic string,. Cambridge, UK:

Univ. Pr. (1998) 402 p.

[5] J.Polchinski, String theory. Vol. 2: Superstring theory and beyond,. Cambridge, UK: Univ.

Pr. (1998) 531 p.

[6] E.Bergshoeff, E.Sezgin and P. K.Townsend, Supermembranes and eleven-dimensional supergravity, Phys. Lett. B189 (1987) 75–78.

[7] B.de Wit, J.Hoppe and H.Nicolai, On the quantum mechanics of supermembranes, Nucl.

Phys. B305 (1988) 545.

[8] B.de Wit, M.Luscher and H.Nicolai, The Supermembrane is unstable, Nucl. Phys. B320 (1989) 135.

[9] E.Witten, String theory dynamics in various dimensions, Nucl. Phys. B443 (1995) 85–126,

hep-th/9503124.

[10] M. J.Duff and K. S.Stelle, Multi-membrane solutions of D = 11 supergravity, Phys. Lett.

B253 (1991) 113–118.

[11] R.Gueven, Black p-brane solutions of D = 11 supergravity theory, Phys. Lett. B276 (1992) 49–55.

[12] J.Polchinski, Dirichlet-Branes and Ramond-Ramond Charges, Phys. Rev. Lett. 75 (1995) 4724–4727, hep-th/9510017.

[13] M.Born and L.Infeld, Foundations of the new field theory, Proc. Roy. Soc. Lond. A144 (1934) 425–451.

[14] E.Witten, Bound States Of Strings And p-Branes, Nucl. Phys. B460 (1996) 335–350,

hep-th/9510135.

[15] E. A.Bergshoeff, A.Bilal, M.de Roo and A.Sevrin, Supersymmetric non-abelian Born-Infeld revisited, JHEP 07 (2001) 029, hep-th/0105274.

[16] A.Bilal, Higher-derivative corrections to the non-abelian Born- Infeld action, Nucl. Phys.

B618 (2001) 21–49, hep-th/0106062.

[17] P.Koerber and A.Sevrin, Testing the α^3 term in the non-abelian open superstring effective action, JHEP 09 (2001) 009, hep-th/0109030.

[18] A.Connes, M. R.Douglas and A.Schwarz, Noncommutative geometry and matrix theory:

Compactification on tori, JHEP 02 (1998) 003, hep-th/9711162.

[19] M. R.Douglas and C. M.Hull, D-branes and the noncommutative torus, JHEP 02 (1998) 008, hep-th/9711165.

[20] N.Seiberg and E.Witten, String theory and noncommutative geometry, JHEP 09 (1999) 032, hep-th/9908142.

[21] R.Gopakumar, J.Maldacena, S.Minwalla and A.Strominger, S-duality and noncommutative gauge theory, JHEP 06 (2000) 036, hep-th/0005048.

[22] E.Bergshoeff, E.Sezgin and P. K.Townsend, Properties of the eleven-dimensional super membrane theory, Ann. Phys. 185 (1988) 330.

[23] A.Strominger, Open p-branes, Phys. Lett. B383 (1996) 44–47, hep-th/9512059. [24] P. K.Townsend, D-branes from M-branes, Phys. Lett. B373 (1996) 68–75, hep-th/9512062. [25] P. S.Howe and E.Sezgin, Superbranes, Phys. Lett. B390 (1997) 133–142, hep-th/9607227. [26] G. W.Gibbons and P. C.West, The metric and strong coupling limit of the M5-brane, J.

Math. Phys. 42 (2001) 3188–3208, hep-th/0011149.

[27] X.Bekaert, M.Henneaux and A.Sevrin, Chiral forms and their deformations, Commun.

Math. Phys. 224 (2001) 683–703, hep-th/0004049.

[28] M. B.Halpern, Field strength and dual variable formulations of gauge theory, Phys. Rev.

D19 (1979) 517.

[29] E.Bergshoeff, D. S.Berman, J. P.van der Schaar and P.Sundell, A noncommutative M-theory five-brane, Nucl. Phys. B590 (2000) 173–197, hep-th/0005026.

[30] E.Witten, Twistor-like transform in ten-dimensions, Nucl. Phys. B266 (1986) 245. [31] E.Bergshoeff, P. S.Howe, C. N.Pope, E.Sezgin and E.Sokatchev, Ten-dimensional supergravity from lightlike integrability in loop superspace, Nucl. Phys. B354 (1991) 113–128.

[32] M.Kontsevich, Deformation quantization of Poisson manifolds, I, q-alg/9709040. [33] A. S.Cattaneo and G.Felder, A path integral approach to the Kontsevich quantization formula, Commun. Math. Phys. 212 (2000) 591–611, math.qa/9902090.

[34] R.Gopakumar, S.Minwalla, N.Seiberg and A.Strominger, OM theory in diverse dimensions, JHEP 08 (2000) 008, hep-th/0006062.

[35] E.Bergshoeff, D. S.Berman, J. P.van der Schaar and P.Sundell, Critical fields on the M5-brane and noncommutative open strings, Phys. Lett. B492 (2000) 193–200,

hep-th/0006112.

[36] J. P.Van der Schaar, The reduced open membrane metric, JHEP 08 (2001) 048,

hep-th/0106046.

[37] D. S.Berman, M.Cederwall, U.Gran, H.Larsson, M.Nielsen, B.Nilsson and P.Sundell, Deformation independent open brane metrics and generalized theta parameters,

hep-th/0109107.

[38] E.Bergshoeff and J. P.Van der Schaar, Reduction of open membrane moduli,

hep-th/0111061.

[39] C. M.Hofman and W. K.Ma, Deformations of closed strings and topological open membranes, JHEP 06 (2001) 033, hep-th/0102201.

[40] J.Kalkkinen, Non-Abelian gerbes from strings on a branched space-time, hep-th/9910048.

Centre for Theoretical Physics, University of Groningen, Nijenborgh 4, 9747 AG Groningen, The Netherlands

E-mail address: e.a.bergshoeff@phys.rug.nl