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SEQUENCE OF DUALIZATIONS OF TOPOLOGICAL
SPACES IS FINITE

MARTIN MARIA KOVAR

ABSTRACT. Problem 540 of J. D. Lawson and M. Mislove in Open Prob-
lems in Topology asks whether the process of taking duals terminate
after finitely many steps with topologies that are duals of each other.
The problem for T3 spaces was already solved by G. E. Strecker in 1966.
For certain topologies on hyperspaces (which are not necessarily 71 ), the
main question was in the positive answered by Bruce S. Burdick and his
solution was presented on The First Turkish International Conference
on Topology in Istanbul in 2000. In this paper we bring a complete
and positive solution of the problem for all topological spaces. We show
that for any topological space (X, 7) it follows rdd = rdddd - pyrther,
we classify topological spaces with respect to the number of generated
topologies by the process of taking duals.

0. DEFINITIONS AND NOTATION

Through the paper we mostly use the standard topological notions. The
main source of definitions of some newer concepts is the paper [5] or the book
[6] in which the reader can find many interesting connections to modern,
computer science oriented topology. In this paper, all topological spaces
are assumed without any separation axiom in general. Let (X,7) be a
topological space. Recall that the preorder of specialization is a reflexive
and transitive binary relation on X defined by x < y if and only if x € cl{y}.
This relation is antisymmetric and hence a partial ordering if and only if X
is a Ty space. For any set A C X we denote

TA={x:xz >y for somey e A}

and
| A={z:2 <y for someyec A}.
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In particular, for a singleton x € X it is clear that | {z} = cl{z}. A
set is said to be saturated in (X, 7) if it is the intersection of open sets.
One can easily check that a set A is saturated in (X, 7) if and only if A =
1 A, that is, if and only if the set A is closed upward with respect to the
preorder of specialization of (X, 7). By the dual topology 7¢ for a topological
space (X, 7) we mean the topology on X generated by taking the compact
saturated sets of (X, 7) as a closed base. It is not very difficult to show that
the dual operator switches the preorder of specialization, that is, z < y in
(X,7) if and only if x > y in (X, 79). Let v be a family of sets. We say that
1) has the finite intersection property, or briefly, that v has f.i.p., if

for every P, Ps, ..., P € ¢ it follows PLN PN ---N P, # 3.

For the definition of compactness, we do not assume any separation axiom.
We say that a subset S of a topological space (X,7) is compact if every
open cover of S has a finite subcover. Let (X, 7) have a closed base ®. It is
well-known that S C X is compact if and only if for every family ( C ® such
that the family {S} U ¢ has f.i.p. it follows SN ((¢) # &, or equivalently,
if and only if every filter base n C ® such that every element of n meets S
the filter base 1 has a cluster point in S.

1. INTRODUCTION

Problem 540 of J. D. Lawson and M. Mislove [5] in Open Problems in
Topology (J. van Mill, G. M. Reed, eds., 1990) asks

e which topologies can arise as dual topologies and
e whether the process of taking duals terminate after finitely many
steps with the topologies that are duals of each other.

For Ty spaces, the solution of (2) follows simply from the fact that in
T1 spaces every set is saturated and hence the dual operator d coincide
with the well-known compactness operator p of J. de Groot, G. E. Strecker
and E. Wattel [3]. For more general spaces, the question (2) was partially
answered by Bruce S. Burdick who found certain classes of (in general, non-
T1) spaces for which the process of taking duals of a topological space (X, 7)
terminates by 794 = 7994 __ the lower Vietoris topology on any hyperspace,
the Scott topology for reverse inclusion on any hyperspace, and the upper
Vietoris topology on the hyperspace of a regular space. B. Burdick presented
his paper on The First Turkish International Conference on Topology in
Istanbul 2000 [1]. In this paper we will show that an analogous result, that
is, 794 = 7dddd 1)o]ds for arbitrary and general topological spaces without
any restriction.

2. MAIN RESULTS

Through this paper, let ® denote a certain closed topology base of a
topological space (X, 7). Let ®@ be the collection of all compact saturated
sets in (X, 7) and hence the closed topology base of (X,79). Forn =2,3...
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let ®@" be the collection of all compact saturated sets in (X, 79" ') and
hence the closed topology base of (X,7%"). The following lemma is due to
Bruce S. Burdick [1]. We repeat it because of completeness.

Lemma 2.1 (B. S. Burdick, 2000)). Let C' be compact in (X,7) and P €
@4, Then C' N P is compact in (X, 7).

Proof. Let ¢ C ® be a filter base such that its every element meets C' N P.
Let

n={1(CnD):Dec).
Then n € ®¢ and {P} Un has fi.p. Since P € ®¥ it follows that there

exists some
zePnN([\n) #o.

Hence, z € PN 7 (C N D) for every D € ¢, which implies that there is some
t € C N D (depending on the choice of D) such that x > ¢t. Then

l{z}nCND+#o forevery D€ (,

so the collection

{Cru({l {z}}uQ)
has fi.p. Since C is compact and | {z} as well as every element of ( is
closed, there is some

yecnl{zin(occnrn()9.
Hence, y is a cluster point of the closed filter base ¢ in C' N P. O

Lemma 2.2. Let C € &, M € ¢p C ®% and let {C} U has fi.p. Then
there exist E(M) € M such that

{Cruy u{l{&(M)}}
has f.i.p.
Proof. Let

e={1(CNPiNP,N---NP): P,P,...,P, €}
From Lemma 2.1 it follows that ¢ C ®? and {M} U has f.i.p. Hence, since
M € &% is compact in (X, 7%), there exist
§M) e M ()
Then for every Py, Ps,..., P, € ¢ it follows that
EM)yet(CnPNPN---NPy)
so there exist t € C N PN Py,N---N P (depending on the choice of
P, Py, ..., P;) with &(M) > t. Then t € | {{(M)} which implies that
L{gMnNnCnPiNPyN---NP, # 2.

It follows that

{Cruyp u{l{&(M)}}
has f.i.p. O
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Lemma 2.3. Let C € &%, ¢ C &% and let {CY U has fi.p. Then for
every M € 1 there exist (M) € M such that

{CHU{l{e(M)}: M € 4}
has f.i.p.

Proof. Let ¢ = {M, : a < p} where 1 is an ordinal number. From Lemma 2.2
it follows that there exist £(My) € My such that

{CYUy U{l {&(Mo)}}

has f.i.p. Suppose that for some 5 < p and every a < [3 there exist {(M,,) €
M, such that, in the notation

Xa =9 U{L {£(M;)} : v <},
the family {C'} U x, has fip. Let x = Ua<[3 Xa- Obviously, the family
{C}Ux has f.i.p. and Mg € ¢ C x C ®%. Then, by Lemma 2.2 there exist
&(Mpg) € Mg such that
{Cuxu{l{&(Mp)}}
has f.i.p. But
xs = x U{l {£&(Mp)}}

which implies that the family {C'} U xg has fi.p. By induction, we have
defined £(Mpg) € Mg for every B < p. Obviously, the family

{CYU (| xp) ={CYUD U{L{E(Mp)} : B < i}
B<p
has f.i.p which implies that also its subfamily
{CHU{l{s(M)}: M € 4}
has f.i.p. O
Theorem 2.4. For any topological space (X, ) it follows ®* C dddd,

Proof. Let C € ®? and let ¢ C ®% be a family such that {C} U1 has f.i.p.
From Lemma 2.3. it follows that for every M € 1 there exist {(M) € M
such that

{CYu{l{e(M)}: M € 4}
has f.i.p. But C' is compact in (X, 7) and for every M € 1, the sets
LM} = cl{g(M)} € M
are closed. Hence
g#Cn(({L{En}: Mevh) cCn(v).
It follows that C' is compact in (X, 7%). But C is saturated in (X, 7) which

is the same as C is saturated in (X, 7%). Hence C € ®944, O

Corollary 2.5. For any topological space (X, T) it follows 94 = pdddd,
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Proof. From Theorem 2.4 it follows that ®¢ C ®%9 which implies that
®dd O @dddd - Applying Theorem 2.4 to the space (X, 7%) we obtain that
(I)dd C q)dddd‘ 0

Corollary 2.6. For any topological space (X, T) it follows 79 = rdddd,

3. SOME CLASSIFICATION NOTES

Now, let e be an identity operator on the class of all topological spaces,
i.e. e(T) = 7 for a topology 7 of a space (X, 7). Then e, d, dd and ddd form,
with the composition operation o, a commutative monoid having the unit
element e and the following multiplicative table:

e d dd | ddd

e d dd | ddd
d|d dd |ddd|dd

dd | dd |ddd|dd |ddd
ddd | ddd | dd | ddd | dd

Table 1.

@ | O

Then it is natural to introduce the following classes G, G2 = G2, U G2, ,
Gz = G3, UG53, UGz, and G4 of topological spaces, where:

G = {(X,T) ZTd:T},

Gy, = {(X,T) :7dd = T}, G, = {(X,T) c 7 = Td},

Gy = {(Xﬂ') ; pdddd Tdd} = Top.

Obviously, each class G, consists exactly of those topological spaces such
that the process of taking duals generates at most n = 1,2, 3,4 different
topologies while the class G4 contains all topological spaces. Hence, we
suggest the following terminology:

Definition 3.1. We say that a topological space (X, 7) is n-generative if
n =1,2,3,4 is the least number such that (X, 7) belongs to the class G,,.

Propostion 3.2. The classes Gy, satisfy the following relationships:
(i) G = Gga = Gga N GQb = GQa N G3c
(ii) sz = G3b N Gs,
(iii) G3 = G3, UGS,
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The proof is an easy consequence of the definitions of the classes G,, and
the identity dd = dddd of Corollary 2.6. We leave it to the reader. Hence,
the relationships between the classes GG, can be described by the following

diagram:
G4
Gs, Gs,

Ga, \ Go,
N,

Diagram 1.

Since for 17 spaces the dual operator d coincide with the compactness
operator p of J. de Groot, G. E. Strecker and E. Wattel [3] we immediately
obtain that G1 g Gga g ng g G4, G1 g sz g ng and ch g G4 (the
paper [2] is a good source of proper examples of such spaces, see also the
section 4). Hence it remains to determine whether the class Go, is a proper
subclass of the class G, .

Lemma 3.3. Let 7 = 7@ for a topological space (X, 7). Then for every
subset A C X it follows that T A= ] A.

Proof. Let 2 € X. Then | {z} =cl, {z} and T {2} = cl_a {z}. Since 7 = 7¢
it follows that T {z} =] {z}. Then

TA = UxeAT {l’}

= U:cEA l {SL’}
- | A

O

Lemma 3.4. Let | A= | A for every subset AC X. IfS € ®% qnd H €
then SN H € &%,

Proof. Take ¢ C ®? such that the family {S N H} U has f.i.p. We put
p=1{1(HND): Dec}.

It follows that n € ®? and the family {S} U7 has fi.p. Since S € %, we
have

Sn((n) # 2.

It follows that there exist some x € SN (7). Then z € T (H N D) for every
D € (. Hence, there exist t € H N D (depending on the choose of D) such
that > t. Obviously, z € D for every D € ¢ C ®¢ since the elements of
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®¢ are saturated and hence closed upward with respect to the specialization
preorder. Since H is a closed set, it follows that

H=|H=1TH
which implies that x € H. Therefore, we have
reSNHN())
and so SN H € &%, O

Propostion 3.5. The equality G2, = G3, holds.

Proof. Let (X,7) be a space that belongs to the class G3,. Then 794 = 7ddd,
Applying Lemma 3.3 to the space (X, 7%) we obtain that for any subset
A C X it follows that T A = | A. We will show that (X, 7) belongs to the
class G3,. It follows from Theorem 2.4 that dd C P44l Conversely, let
S € ®%d Tt means that S is compact saturated in (X, 79%) which is the
same as in (X, 79). Hence S € ®%dd — §dd by Corollary 2.5. We will
show that S € ®?. Let ¢ C ® be a family such that {S} U ¢ has fi.p. We
put
n={SNH:HEeC(}.

It follows from Lemma 3.4 that n C ®9 and, obviously, the family {S} Un
has f.i.p. Then

SN =sn("n # 2.

which implies that S € ®?. Then ®¢ = &% and so 7% = 794, Hence, the
space (X, 7) belongs to the class G,. Now, we have that G35, C G5, and
Go, = G3, N G3, by Proposition 3.2. Together it gives that G, = G3,. U

Corollary 3.6. The equality G3 = G, holds.

Now, we can slightly improve Diagram 1:

Gy

Ggu/ 3\G2b
N

Diagram 2.

The two following simple results give a partial answer to the question
which topologies can arise by the process of taking duals.
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Corollary 3.7. Let (X, 7) be a topological space such that T arise as a dual
topology. Then (X, T) belongs to the class Gs and does not belong to the
class G, \ G1.

Proof. If 7 = 0% where ¢ is a topology on X, then

Td — O_dd — o_dddd — 7_ddd‘

Hence (X, 7) belongs to the class G3. Suppose that (X,7) belongs to the

class G,. Then

gdd — ~d _ _dd _ _ddd
which implies that (X, o) belongs to the class G3,. By Proposition 3.5 it
follows that G3, = Go, and so

T=0%=0% =74

Hence, (X, 7) belongs to the class G. O

Corollary 3.8. Let (X, 7) belongs to the class Ga. Then T arise as a dual
topology.

Question 3.9. Is it true that all spaces of G5 arise as duals? Or conversely,
does there exist a space (X, 7) belonging to the class G3 such that there is
no topology o with ¢% = 77

4. EXAMPLES

The following examples are due to J. de Groot, H. Herrlich, G. E. Strecker,
E. Wattel (Examples from 4.1 to 4.4, see [2]) and B. S. Burdick (Example
4.5, [1]) and we repeat them because of completeness. In the most cases,
their listed properties follow directly from the fact that for 77 spaces the
dual operator d and the compactness operator p of [3] coincide.

Example 4.1. Every compact T5 space belongs to the class G.

Example 4.2. Every non-compact Hausdorff k-space belongs to the class
G2, but does not belong to the class G;.

Example 4.3. Let W = w; be the first uncountable ordinal with its natural
order topology, N be the discrete space of all natural numbers, ¥ = W x N
be their product space. Let a ¢ Y, b ¢ Y, a #b. Weset X =Y U{a,b} and
define the closed subbase ® for the topology 7 of the space (X, 7): A subset
F C X belongs to @ if and only if fulfills at least one of the following three
conditions:

(i) F is a compact subset of Y.
(ii) There are « € W, n € Nwith F = {(8,n) : 6 > a} U{a}
(iii) There are a € W, B € W, n € N with

F={(y,m):a<~vy<8,n<m}uib}
Then (X, 7) belongs to the class G, but does not belong to the class G.
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Example 4.4. Let X =NU {z} for some z € N \ N with the topology 7
induced from the Cech-Stone compactification SN of N. Then (X, 7) belongs
to the class GG3 but does not belong to the class Ga.

Example 4.5. Let (X, 7) be the first uncountable ordinal X = w; with the
topology

7={[0,0) N\ F:0 < a<w,F is finite} .
Then (X, 7) belongs to the class G4 but does not belong to the class G3
(since 7% is cocountable, 7 is cofinite and 799 is discrete).
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